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SEQUENTIAL FOURIER-FEYNMAN TRANSFORM,
CONVOLUTION AND FIRST VARIATION

K. S. CHANG, D. H. CHO, B. 8. KIM, T. S. SONG, AND I. YOO

ABSTRACT. Cameron and Storvick introduced the concept of a sequential
Fourier-Feynman transform and established the existence of this transform for
functionals in a Banach algebra S of bounded functionals on classical Wiener
space. In this paper we investigate various relationships between the sequen-
tial Fourier-Feynman transform and the convolution product for functionals
which need not be bounded or continuous. Also we study the relationships
involving this transform and the first variation.

1. INTRODUCTION AND PRELIMINARIES

The concept of an L; analytic Fourier-Feynman transform for functionals on clas-
sical Wiener space (Cy[0, T], m) was introduced by Brue in [1]. In [2], Cameron and
Storvick introduced an Lo analytic Fourier-Feynman transform on classical Wiener
space. In [15], Johnson and Skoug developed an L, analytic Fourier-Feynman
transform theory for 1 < p < 2 that extended the results in [2] and gave various
relationships between the Ly and Lo theories. In [12], Huffman, Park and Skoug
defined a convolution product for functionals on classical Wiener space and they
obtained various results on the analytic Fourier-Feynman transform and the con-
volution product [13, 14]. In [16], Park, Skoug and Storvick investigated various
relationships among the first variation, the convolution product and the analytic
Fourier-Feynman transform for functionals on classical Wiener space which belong
to the Banach algebra S introduced by Cameron and Storvick in [3].

Recently, Chang, Kim, Song and Yoo studied analytic Fourier-Feynman trans-
form, convolution and the first variation for functionals on abstract Wiener space,
product abstract Wiener space and the space of abstract Wiener space valued con-
tinuous functions [8, 9, 10, 11] which extended the results in [12, 13, 14, 16]. For a
detailed survey of previous work, see [17].

On the other hand, Cameron and Storvick gave a simple definition of the se-
quential Feynman integral which is applicable to a rather large class of functionals
[4]. In [5], they used the sequential Feynman integral to define a sequential Fourier-
Feynman transform and established the existence of the sequential Fourier-Feynman
transform for functionals in the Banach algebra S introduced by Cameron and
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Storvick in [4]. Moreover they showed that the set of sequential Fourier-Feynman
transforms {I', : p € R} forms an abelian group of isometries of S.

In this paper we study the sequential Fourier-Feynman transform, convolution
and first variation of functionals which need not be bounded or continuous. In
Section 2, we prove the existence of the sequential Fourier-Feynman transform and
a translation theorem for functionals of the form F(x) = G(z)¥(x(T)), where G is
in the Banach algebra Sand ¥ = Uy + U, where ¥; € L1 (R) and ¥y is the Fourier
transform of a complex Borel measure of bounded variation on R.

In Section 3, we show that the sequential Fourier-Feynman transform of the
convolution product is a product of the sequential Fourier-Feynman transforms for
functionals studied in Section 2. We also obtain Parseval’s relation for functionals
in S.

Finally, in Section 4, we study relationships involving the sequential Fourier-
Feynman transform and the first variation. The transform can be taken with respect
to the first or the second argument of the variation.

Let Cy[0, T'] be the space of continuous functions z(t) on [0, T'] such that 2 (0) = 0.
Let a subdivision o of [0,T] be given:

c:0=1p<n < - <7y =T,

and let X = X (¢) be a polygonal curve in Cy[0, 7] based on a subdivision o and
the real numbers & = {&;}, that is,

X(t)=X(t,0,¢)
where
~ —1 t— T
X(t,0,8) = Eh—1(Th — 1) + &(t — Th1)
Tk — Tk—1
when 7,1 <t < 7%, k = 1,2,--- ;m and & = 0. If there is a sequence of

subdivisions {o,}, then o, m and 73 will be replaced by o, m,, and 7, k.

Let g # 0 be a given real number and let F'(z) be a functional defined on a subset
of Cy[0,T] containing all the polygonal curves in Cy[0,T]. Let {0, } be a sequence
of subdivisions such that ||o,|| — 0 and let {\,} be a sequence of complex numbers
with Re A, > 0 such that A,, — —iq. Then if the integral in the right hand side of
(1.1) exists for all n and if the following limit exists and is independent of the choice
of the sequences {0, } and {)\,}, we say that the sequential Feynman integral with
parameter q exists and is denoted by

(1.1)
/ " F(@) de= Jim o0, | {5 /0 O 00| )} F(X( 0, 8))

where

VoA = (%)m/2 H(Tk - Tk71)71/2~

k=1
Let

Wi(o, 3 =Yo 0 exp{f%/o dj; (t,o f)‘ }

:(%)M/2 ﬁ(Tk )1 eXp{—g zm: (§x — Er—1) }

T — T
1 - Tk k—1
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—

Thus in terms of W)y (o, §), the sequential Feynman integral can be written

sty . . .
/ F@)de= tim | W (om EF(X(om &) dE

n—oo Jpmny

Let D[0,T] be the class of elements x € Cy[0,T] such that x is absolutely con-
tinuous on [0, T and its derivative z’ € Ly[0, T'.

Definition 1.1. Let ¢ be a nonzero real number. For y € D[0,T], we define the
sequential Fourier-Feynman transform I';(F') of F' by the formula

sty
(1.2) LW = [ty

if it exists.

Definition 1.2. Let ¢ be a nonzero real number. For y € D[0,T], we define the
convolution (F * G), of F' and G by the formula

(1.3) (F % G)yly) = /qu F(yj;)c(y\;;) dx

if it exists.

Definition 1.3. Let y € Cy[0,T]. The first variation of F' in the direction y is
defined by the formula

(1.4) SF(xly) = %F(l‘ + hy)|h=o

if it exists.

Remark 1.4. Cameron and Storvick [5] defined the sequential Fourier-Feynman
transform by the formula

sfl/q
(1.5) LW = [ Pt y)ds

for y € D[0,T]. The two definitions (1.2) and (1.5) are essentially the same. For
more discussions, see Remark 3.5.

For u,v € L3[0,T] and = € Cy[0,T], we let

T
<u,v>:/0 u(t)v(t) dt

and .
(wa) = [ u(t) de )

the Paley-Wiener-Zygmund stochastic integral. For a subdivision o of [0, T], we let

Tk
= [ o
Tk—1
for k = 1,--- ,m. If there is a sequence of subdivisions {0}, then (v, 1), will be
replaced by (v, 1), .
Let M = M(L2[0,T]) be the class of complex measures of finite variation defined
on B(L3[0,T]), the Borel measurable subsets of L3[0,T]. A functional F' defined on
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a subset of Cy[0, T] that contains D[0, T} is said to be an element of S = S(L3[0, T])
if there exists a measure f € M such that for x € D[0,T],

(1.6) Fa) = [ Pl )

Cameron and Storvick showed in [4] that each functional F € S is sequential
Feynman integrable and

(17) / " Fa) de = / o exp{fz%llvl\ﬁ}df(v)-

Moreover they showed in [5] that for each functional F' € S, its sequential Fourier-
Feynman transform exists and is given by

)
(18) LW = [ efifos) - o IblE} ).
L3[0,T] q
We finish this section by introducing three lemmas which are useful in Section 2
and Section 3.

Lemma 1.5 (Lemma 3.2 in [4]). Let v € L3[0,T]. Let {o,} be a sequence of
subdivisions of [0, T] such that ||o,|| — 0. Define the averaged function vy, for v
on o, by

0, 1)k .
vy (t)z %7 Zan,k71§t<7—n,k7 k:]-a , My,
" 0, ift=T
Then
(19) Tim_ [, [} = o).

The following lemma is essentially the same as Lemma 1 in [6]. But we rewrite
it with our notation.

Lemma 1.6. Let v € L3[0,T]. Let o be a subdivision of [0,T] and let Re A > 0.
Let

(1.10)
Jo,/\(fmvv)
A G —&-1)” | < & — &
= —— 1 .
,YU’)\/Rmfl exp{ 2 Tk — Tk—1 +ZZ<U, > Tk — Tk— 1}d§1 dgm !

k=1 k=1

Then we have
(1.11)

LA 2 )
Jm)\(fm,v)— (27T—T) ox { 2)\T 2)\ k_Tk 1 T( )\5 +22£m<v 1>)}

Using Lemma 1.5, we easily obtain the followmg lemma.

Lemma 1.7. Let v and {o,} be given as in Lemma 1.5. Let {\,} be a sequence of
complex numbers such that Re A, > 0 and A\, — —iq as n — oco. Let J,, x, (£, v)
be given by (1.11) with o, \ and &, replaced by oy, A, and §. Then we have

—iaN\1/
(112) Tim o, (60) = () exp{ (6 0)
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where
(1.13) Kq(6,0) = 5 50,1 = 5o ol + 5(a® + 260, 1),

2. SEQUENTIAL FOURIER-FEYNMAN TRANSFORM

In [6], Cameron and Storvick established the sequential Feynman integrability
of functionals of the form
F(z) = G(2)¥(x(T)),
where G € 8 and ¥ need not be bounded or continuous.
In this section we prove the existence of the sequential Fourier-Feynman trans-
form and a translation theorem for such functionals.

Theorem 2.1. For xz € D[0,T], let
(2.1) F(z) = G(2)¥(x(T)),
where G € 8 is given by (1.6) with corresponding measure g in M and ¥ € Li(R).

Then for each nonzero real q, the sequential Fourier-Feynman transform T'y(F) of
F exists and is given by

R = o [ explite. /)y (€ o) (Eu(T) de dglo)

for y € D]0,T], where K4(§,v) is given by (1.13).

Proof. Let 0 : 0 =19 < 71 < -+ < Ty, = T be a subdivision of [0,T], let A be a
complex number with Re A > 0, and let

— — —

Toa(F) = [ WA P (X (.0 8) + 9)
_ AN G = &) ey AL
—oa [ e~} e S L SLURRLE
By (2.1) and (1.6), we have for y € D|[0,T],
LA _ - e —Sk—1 .,
o o= [ en(iow = i)

(&m +y(T)) dg(v).
Using the Fubini theorem and Lemma 1.6, we have

LA(F) = / / Tos(Ems 0) expli{v, ) }U (€ + y(T)) dém dg(v),
L»[0,T] JR

where J; 5 (&m,v) is given by (1.11).

Now let {o,} be a sequence of subdivisions of [0, 7] such that ||oy,|| — 0, and
let {\,} be a sequence of complex numbers such that Re A,, > 0 and \,, — —iq as
n — oo. Then we have

I, (F) = / / T 2, (€,0) exp{iv, ¥ )} V(€ + y(T)) d€ dg(v).
Ly[0,1] JR

But by the Schwartz inequality,

1 o <U’ 1>$L,k

f<”a1>2*27 SO,

=1 Tn,k — Tn,k—1
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and so we apply the dominated convergence theorem and use Lemma 1.7 to conclude
that

lim I, 1, (F)= 2;’; 1/2/ OT]/exp{Z 0,0} + Ko, 0) YU (€ + y(T)) dé dg(v),

and this completes the proof. O

In [4], Cameron and Storvick gave a translation theorem for the sequential Feyn-
man integral for functionals in S. In our next corollary, we give a translation
theorem for functionals we considered in Theorem 2.1.

Corollary 2.2. Let F' be given as in Theorem 2.1 and let y € D[0,T]. Then for
each nonzero real q, each side of the following equation exists and
sf,

e [ ety =eo{ Dz} [ e el o) i

Proof. Let B
F(z) = F(z)exp{—iq(y’,z)}.
Using (2.1) and (1.6), we have for z € D0, T7,

Fo)= [ explitw - ay'. o)} dofe) W(a(T).
L[0,T)

Let g be a measure in M defined by

(2.4) 9(E) = g(E+qy')

for E € B(L2[0,T]). Then

)= [ explifw.a’)} dglw) W(a(T))
L2[0,T)
which is of the form (2.1). Thus by Theorem 2.1,

B0 = (7)) [ [ et mpee deds.

Using the expressions (1.13), (2.4) and lettlng E=n+y(T), we have

)(0) =( 22 1/2/ / iq ) 2
L (F K —
(OO =(57) " f L ee{i )+ Kamo - )3}

W(n+y(T))dndg(v
Hence we have proven that
~ iq
Ly(F)(0) = exp{ =1y I3} T (F) ()
which completes the proof of Corollary 2.2. O
Let 7 be the set of functions ¥ defined on R by

(2.5) U(r) :/Rexp{irs} dp(s)

where p is a complex Borel measure of bounded variation on R.
For s € R, let ¢(s) be the function v such that v(t) = s for 0 < ¢t < T'; thus
¢ : R — Ls[0,T] is continuous. For E € B(L2[0,T7]), let

(2.6) W(E) = p(¢~'(E)).
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Thus ¢» € M. Transforming the right hand member of (2.5), we have for = €
DJo, T],

(2.7) W(2(T)) = / exp{i(u, ')} dip (),

L»[0,T)

and W(z(T)), considered as a functional of z, is an element of S.

Theorem 2.3. For x € D[0,T], let F(z) = G(z)¥(2(T)) where G € S and U € T
are given by (1.6) with corresponding measure g in M and (2.5) respectively. Then
for each nonzero real q, the sequential Fourier-Feynman transform T'y(F) of F

exists, belongs to S and is given by

= expl i{v+ s,y _ L v+ s||? s v
e rBw= [ [ epfitrsy) g sl dots) oo
fory € D[0,T].

Proof. Because S is a Banach algebra, and G and ¥ (x(T)) are in S, we see that
F e S. By (1.6) and (2.7), we have for 2 € D0, T,

F(z) = / exp{i(v+u,z")} dg(v) dip(u).
L3[0,T]

Making the substitution w = v + u on the inner integral, we have

F)= [ expfitw.a) b dug(w - u) diw).

L3[0,T)
Then by the unsymmetric Fubini theorem (Theorem 6.1 in [3]), we have
F(x) = / exp{i(w,z")} dh(w),
L2[0,T)
where h is a complex measure on B(Lz[0,T]) defined by
(2.9 ME) = [ o= w i),
L3[0,T]

Now, by applying (1.8) to the expression for F' above, we have

) 1
(210) LW = [ efitwy) - el dhw)
L2[0,T) q
for y € D[0,T]. By Theorem 6.1 in [3] and the transformation v = w — u, we have

L)) = [

1
expifv +u,y’) — o[l +ul3 ; dg(v) dib(u).
L2[0,T] { < Y 2q” HQ} g(v) dip(u)

Using (2.6) and the Fubini theorem, we obtain (2.8).
Finally from (2.10), it is easy to see that

LW = [ expifw.y)) dhw),

L3[0,7)

where h is a complex Borel measure on B(L[0,T]) defined by
o e
W(E) = [ e~ llwl} dnw)

and so I'y(F) belongs to S. O
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Corollary 2.4. Let F be given as in Theorem 2.3 and let y € D[0,T]. Then our
translation theorem (2.3) holds.

Proof. Without loss of generality, we may assume that F' € S. Let F (z) be given
as in the proof of Corollary 2.2. By the same method as in the proof of Corollary
2.2, we write for z € D[0,T]

)= [ expfitw, o)} df(w).
L2[0,T)
where f is the measure on B(L[0,T]) defined by f(E) = f(E+qy’). Now by (1.8),
( / _ i,
Ly (F)(0) = / o gl = a8} ) = exo{ =T I o F) )

and this completes the proof. (I

From Theorems 2.1, 2.3, Corollaries 2.2, 2.4 and the linearity of the sequential
Feynman integral, we have the following results.

Theorem 2.5. For x € D[0,T], let F(x) = G(2)¥(2(T)) where G € S and ¥ =
U1+Wy € L1(R)+T. Then for each nonzero real q, the sequential Fourier-Feynman
transform T'y(F) of F exists, and T'y(F)(y) for y € D[0,T] is equal to the sum of
the right hand side of equations (2.2) and (2.8).

Corollary 2.6. Let F be given as in Theorem 2.5 and let y € D[0,T]. Then our
translation theorem (2.8) holds.

3. CONVOLUTION PRODUCT FOR THE SEQUENTIAL
FOURIER-FEYNMAN TRANSFORM

In this section we show that the sequential Fourier-Feynman transform of the
convolution product is a product of the sequential Fourier-Feynman transforms for
the functionals studied in Section 2.

We begin with the existence theorem for the convolution product for functionals
in S.

Theorem 3.1. Let F; € S be given by (1.6) with corresponding measures f; in M
for j =1,2. Then for each nonzero real number ¢, the convolution (Fy *Fy), exists,
belongs to S and is given by

(3.1 (Fix Pyt = |

) , i )
€ U1 + V2, — —||V1 — VU df+ (v1) dfs (v
L3017 Xp{\/ﬁ< 1 2 y> 4(]H 1 2”2} fl( 1) fg( 2)

fory € D[0,T].

Proof. Let o and A be given as in the proof of Theorem 2.1 and let

— —

LA (F1, Fy) = B WA(U,E)Fl(y+X\/('§’U’5))F2(y —X\/(-i,a,ﬁ)) dE

Using (1.6), the Fubini theorem, we have for y € D[0,T]

Io\(Fy, Fy) = /L%[O’T] Ja,x(%) eXp{%@l + Uz,y'>} df1(v1) dfz(v2),
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where

m

U1 — U2 A Ek_gk 1
5es(1552) o e 3 35 =l

%im—vz, §r — &k 1} dE

Tk—Tk 1

Using the integration formula

/Rexp{—a§2 + b} dE = (2)1/2 exp{—g}

when Rea > 0 and b € R, we have

J ,\(Ul_vg) :exp{—i . <U1_U2’1>i}
7 \/E 4)\k:1 Tk — Tk—1 '

Let {0,} and {\,} be given as in the proof of Theorem 2.1. Then we have
(3.2)

V1 — V2 )
Is, \, (F1, F2) = / Jor A exp v1 +w2,y") ¢ dfi(v1) dfa(ve),
e vk tv,1 I} )
where
J (m—m) . { Ul_v2’1>721,k}
- =expy—— » —————2 1
noAn \/5 P )\n =1 Tn,k — Tn,k—1
By Lemma 1.5,

. v — U2\ _ AT 2}
Jim Jon, (5 ) = e =gl — el

Now applying the bounded convergence theorem to (3.2), we obtain (3.1).
Let u be a set function on B(L3[0,T)), defined by

u(B) = [ exp{ =l =l dfs o) o).

Then p € M(L23[0,T]). Define a function ¢ : L3[0,T] — L2[0,T] by ¢(v1,v2) =
\%(vl + ). Then ¢ is a Borel measurable function and so k = po ¢! is in M.
Using the change of variable theorem, we have

(3.3) (Fy % Fy)y(y) = / explifu,y')} dh(u),

L»[0,7]

and this completes the proof. O

Theorem 3.2. Let I, j = 1,2, be given as in Theorem 3.1. Then for each nonzero
real number g and for y € D[0,T], Ty((F1 * F2)4)(y) exists and

(3.4 y((Fy+ F2)o) ) = Do (F) (75)a(F2) (5)-

Proof. From the expression (3.3) and (1.8), we have

65) LR ELw = [ ep{ituy) - 5 3} di)

L»[0,T]
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for y € D[0,T]. Using the definition of k, we rewrite I';(F} * F3),(y) as
7 )
C(F R = [ e{ ot m) = ol + el dh 00 d(0o)
L2[0,T) V2 2q

which is equal to the right hand side of (3.4). O

Theorem 3.3. Let F}, j = 1,2, be given as in Theorem 3.1. Then for each nonzero
real number q, Parseval’s relation

(3.6) /qurm)(f)r( >(7)dy—/
holds.

Proof. From (3.4), we have

sfy

AP () v

sf_q4 sf_q
| () (L) ar= [ @ s R @
Moreover from (3.5), we have
(3.7) L (Fy * Fy), / o exp{iu,y’)} dk(u),

where k € M is a measure on B(L,[0,7]) defined by

(E) = [ e~ Jul} dkta)

and k is the measure given in the proof of Theorem 3.1. Applying (1.7) to the
expression (3.7), we obtain

sf_ .
g ?

[ rE s Edy = [ exp{ =L llo - vl dh o) o).
L3[0,T) q

On the other hand, using (1.6) and (1.7), it is easy to see that the right hand side of
(3.6) is equal to the right hand side of the last expression above, and this completes
the proof. |

Remark 3.4. From a careful look at the expressions (3.1), (3.3) and (3.7), and the
proof of Theorem 3.3, we easily obtain the following alternative form of Parseval’s
relation:

sf_4 sfq
[ et E = [ BwEC-pdy
for every nonzero real number gq.

Remark 3.5. If we adopt Cameron and Storvick’s definition of the sequential Fourier-
Feynman transform ((1.5) in Section 1), then the equality (3.6) still holds true, but
relationship (3.4) should be

To((Fy x B2y ) (0) = Lol (5 )Ta(F2) (5.

On the other hand, if we adopt Cameron and Storvick’s definition of the sequential
Fourier-Feynman transform and if we define the convolution product by the formula

(FeGlul) = [ o P()6(Ms) e
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then the equality (3.4) still holds true, but (3.6) should be

[ () (L) ar= [ ()L ay

for every nonzero real number g.

From now on, we investigate the convolution product for functionals of the form
F(z) = G(x)¥(z(T)), where G € S and ¥ need not be bounded or continuous.

Theorem 3.6. For j = 1,2 and x € DI[0,T], let Fj(z) = Gj(z)¥;(z(T)) where
G; € S is given by (1.6) with corresponding measures g; in M and ¥; € L1(R) N
Ls(R). Then for each nonzero real number g and for y € D[0,T], the convolution
product (Fy * Fy)q(y) exists and is given by

(3.8)

e (58" [ ol s k(e )

‘111( (135+£)‘112< 7:/5 5) d€ dgi (v1) dga(v2),

where K4 (&,v) is given by (1.13).

Proof. Let {o,} and {\,} be given as in the proof of Theorem 2.1 and let

—

Lo\, (B, Fo) = - Wi, (ng)ﬂ(y i X\(/.’;mg))Fz(y — X\(/.’;mg)) dé.

Using the expression (1.6), the Fubini theorem and Lemma 1.6, we have

vl — U2 1 ,
I, (F1, F2) =/ /Jomxn (fa )eXp{— v + U2,y }
L2[0,T] /R \/§< )

vy (ya:}; 5) Uy (y(:’:}i 5) d¢ dgi (v1) dga(v2)

where J, x,(&,v) is given by (1.11). Now, the fact that ¥;, ¥y € Ly(R) and the
Schwartz inequality justify the application of the dominated convergence theorem
to the last expression above; so by Lemma 1.7, we have the desired result. O

Theorem 3.7. Let F;,j = 1,2, be given as in Theorem 3.6. Then for each nonzero
real number q and for y € DI[0,T), the sequential Fourier-Feynman transform
L, ((Fy + Fa)q)(y) exists and

(3.9) Cy((Fy * B2)o)y) = To(F) (5 )TalF) ( 75)-

Proof. Let {0, } and {\,} be given as in the proof of Theorem 2.1 and let

Io'n7)\n((F1 * F2)q) = Wi, (o, ) (Fy * F2)q(X('a On, 1) +y) dij.
Rmn
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Using the expression (3.8), the Fubini theorem and Lemma 1.6, we have

fzq 1/2/ / V1 +vz)
Fy x F o 1,
ny n(( 1* 2) 27TT LQOT RQ Tu n \/i

exp{ﬁ<vl + v2,y > (57 \/— )}
wy (M Yy (M2 g g o) dao),
where J, A, (n,v) and K (£, v) are given by (1.11) and (1.13) respectively. By

the same reason as in the proof of Theorem 3.6, we apply dominated convergence
theorem to the last expression above and so by Lemma 1.7, we have that

(i
T, ((Fy * F:
(E om0 () [ [ eo{Jgtn e

Kq@,#) +Kq(n, vl\;%w)}%(y(T)\J/r;Jrf)

0, <M\/§n—f) dn d€ dgy (v1) dga (v2).

A direct calculation shows that

v + V2 n+& n—=£
S )R 5) = K () K ()
Kl 50) v )R R
and finally using (2.2) we obtain (3.9). d
Theorem 3.8. For j = 1,2 and x € D[0,T], let Fj(z) = G;(x)¥;(x(T)) where
G; € S is given by (1.6) with corresponding measures g; in M and ¥; € T is given
by (2.5) with corresponding complex Borel measures pj. Then for each nonzero real

number q and for y € DI[0,T], the convolution product (Fy = F»)4(y) exists and is
given by

I,

(Fy * Fy), / / exp vl—l—vg—i—sl—l—Sg, "
(3.10) Lilo,T] R

+ ol = va 51— sal fdp(s) dp(s2) doa (1) dg(v2).
Moreover T, ((Fy * F»)q)(y) exists and

(3.11) Cy((Fy * B2)o)y) = To(F) (5 ) TalF) (5)-

Proof. From the first part of the proof of Theorem 2.3, we know that F} is in S.
Hence we apply Theorem 3.1 to conclude that

_ K N oy — w2
Fr B = [ e et wny) = ol sl dha ) dhogo)

where h; is the complex measure defined by (2.9) with corresponding measures g;
and ;. Using Theorem 6.1 in [3] and the transformation w; = v; + u;, we have

)
F, x F. = expy —(vy + uy + v + Uz, Y’
(F1x F2)q(y) /L%[OT] Xp{\/i< 1 1 2 2,Y)

_ 4L'QHU1 +up — v — qu%} dgl(vl) diyn (ul) dgo(v2) d'(/}2(u2).
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Now, the Fubini theorem and the change of variable theorem give (3.10). Since
F; € S, equation (3.11) follows immediately from Theorem 3.2. O

Theorem 3.9. For j = 1,2 and x € D[0,T], let Fj(z) = G;(x)¥;(x(T)) where
G; € S is given by (1.6) with corresponding measures g; in M, ¥q € L1(R) and
Uy € T is given by (2.5) with corresponding complex Borel measure ps. Then for
each nonzero real number q and fory € D[0,T], the convolution product (F1*F2)4(y)
exists and is given by

(3.12)

(Fy % F3)(y) _Zq 1/2/ / U + g+ 5,y
* _
R 27TT L2[0,T] JR2 exp V2 (1 o2+ 5y

(6 ) b (M Y de o) don () i),
where K4(&,v) is given by (1.13). Moreover I'y((F1 * F2)q)(y) exists and

(3.13) (B * F2)o) ) = Do (F) (75)Pa(F2) (75)-

Proof. As we know from the proof of Theorem 2.3, F5 is expressed by
Fy(x) = / exp{i(wa, ')} dha(ws),
L5[0,T]

where hs is the complex measure defined by (2.9) with corresponding measures go
and 1. Replacing Uy by the constant function 1, go by hs and ve by we whenever
they occur in the proof of Theorem 3.6, we have

Fier) =() [ [ ew{ o+ )
1% I'o exp ’Ul wo,Y
1 2’/TT LQ[OT]

K, (g, \;5 )}\111 (%)df gy (v1) dha(ws).

Using (2.9), Theorem 6.1 in [3], the transformation va = ws — uz and (2.6), we
obtain (3.12).

The existence of T'y((F1 * F2),) can also be obtained from the proof of Theorem
3.7 by replacing W5 by 1, go by hy and vo by wy. Hence we have

—'Lq 1/2 v1 + w2
I, s ((F #F (s )
R IR = D Y IR O

eXp{ﬂ(U1+w2, y') + K, (5 w)}

V2
v, (Mﬂ”‘%) dn dg dgy (v1) dha(ws).

LSing (111) aIld (1 13) ere Iite thB above BXFIBSSiCn as
nsAn 12 O'n U],wg (S v w?)
27 T [2 0, T R2 \/—2 y

y(T)+n+¢
V2

R,\,L(W7§,U1,w2)‘lfl< )dndfdgl(vl)dh2(w2)7
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where

)‘n 1/2 12 1 My 12
Pon, (01, w2) = (5 X{M__ (o1 4wy, 1)2

27T AT W & Tofe — Tn k1
o —wa 1)~ oy — w3}
4qT 1 2, 4(] 1 2112
and
1
Ry, (n,&,v1,wa) = exp{ 2T[ Ant® 4 V2in(vy +wa, 1) +iq€? + V20 (vy — wo, 1>]}-

Letting o = ’7—\}'—5 and 3 = ’7_ , we have

2i(ws, 1) — (An +ig)or
2T

RAn (nafa U1, 1U2) :exp{_ n4;2qﬁ2 +
An —iq o i<U171>
T Yt a}-

Hence evaluating the integral with respect to 3, we obtain

(3.14)

—Z 1/2 47T 1/2
o= B =(5) " [ () P )

B

exp{ ﬁ<’l)1 + wa,Y > + m[%@vz, ].> — (/\n + iQ)Oé]Z

Sl P %a@h 1), (y\(/Tﬁ)

AT + Oé) do dgl (’Ul) dhg (wg)

Now by the Schwartz inequality
1 s A (v twa,1)2 )
(v w2, 1)” — kgl —F =<0

Tnk — Tn,k—1

and a direct calculation shows that

%i(ws, 1) — (A + ig)al® — 20 “at} <o,

1
Re{ A, — iq)T[ AT

Now we apply the dominated convergence theorem to the expression (3.14) to con-
clude that

—zq 1/2 i ) i )
Ly ((F1* F2)q)(y) 27rT L30.T] exp 7 (0 +w2,y>—2—q|\w2|\2

) dadgy (v1) dha(w2).

+ Kq(a,vl)}\lll(
Finally, from (2.2) and (1.8) we obtain (3.13). O

From Theorems 3.6, 3.7, 3.8, 3.9 and the linearity of the sequential Feynman
integral, we have the following result.

Corollary 3.10. For j =1,2 and xz € D[0,T], let F;(z) = G;(z)¥;(z(T)) where
G, € S is given by (1.6) with corresponding measures g; in M and V; = W; +V,, €
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Li(R) N Ly(R) + T. Then for each nonzero real number q and for y € D[0,T],
(F1 % Fy)y(y) and Ty((Fy * F),)(y) exist and

(3.15) Cy((Fy = B2)o)w) = To(F) (5 ) Ta(F) (5)-

4. SEQUENTIAL FOURIER-FEYNMAN TRANSFORM AND THE FIRST VARIATION

In this section we study the sequential Fourier-Feynman transform and the first
variation of functionals studied in Sections 2 and 3.
We begin with the formula for the first variation of functionals in F' € S.

Theorem 4.1. Let F € S8 be given by (1.6) with fL2[0 7] [[v]]2 |df (v)] < oo and let
y € D[0,T]. Then for each x € D[0,T], the first variation §F (x|y) exists, belongs
to S as a function of x € D[0,T] and is given by

(4.1) SF(zly) = /L exp{i(v, ')} df,(v)

)

for x € D[0,T], where f, is given by

(4.2) fy(B) =i /E (0,4} df (v)
for E € B(L»0,T)).

Proof. For x,y € D[0,T], we have

0

OF (z|y) = o /L2[07T] exp{i(v, 2’ + hy') } df (v)

Since
/ .M 1dF ()] < 12 / lollz 1df (0)] < oo,
LQ[O,T] L2[0,T]

we can take the partial derivative under the integral sign, so
SFGly) = [ ito/)explite,a’)} )
L[0,T]
and we obtain (4.1). Since

Ifyll < Hy’llz/L [[0ll2 df (v)] < oo,

o,

fy € M, and we complete the proof. O

Theorem 4.2. Let F be given as in Theorem 4.1. Let y € D[0,T] and let q be a
nonzero real number. Then

(4.3) Ly(0F (-[y))(x) = 0T F(xy)
for x € D[0,T].

Proof. Using the expressions (1.8) and (4.1) we have

LGP = [ epfitwa’) = ol dfy (o).

L»[0,T] 2q
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On the other hand, using the expression (1.8) and taking the partial derivative
under the integral sign, we have

0 ) i
Tl =g ([ epfitea’ + )~ gl o),

. / - / 7’ 2
= i(v,y ) exps i{v,x') — —||v df (v).
/LM @) espfitv.a') = -l } 4 (v)
By (4.2) we obtain (4.3). O

Theorem 4.3. Let F be given as in Theorem 4.1. Let € D[0,T] and let q be a
nonzero real number. Then

(4.4) Ly(0F (z]-))(y) = 0F (z[y)
fory € D[0,T].
Proof. Let {o,} and {\,} be given as in the proof of Theorem 2.1 and let

— — —

Lo, 2, (6F (2])) = - Wi, (00, §)0F (2| X (- 0, &) +y) dE

By Theorem 4.1 we have for y € D[0, T

2 . / .mn fk_gk—l
OF (x| X (- 0n,8) +y) = yY) + B —
@Xeondtn=[ (i) DI )

Tn,k — Tn,k—1
exp{i(v,2)} df (v).

The Fubini theorem and a direct calculation show that

Iy, 5, (0F(z|)) = / i(v,y) exp{i{v,2’) } df (v).

L[0T
Hence
lim I, », (6F(z|)) = / i{v,y") exp{i{v, ')} df (v),
nee L2[0,T]
and by Theorem 4.1, the proof is completed. O

From now on, we investigate the first variation of functionals of the form F(z) =

G(2)T(x(T)).

Theorem 4.4. Let F(z) = G(z)¥(2(T)), = € D[0,T], where G € S is given by
(1.6) with fLQ[O 71 Ivll2 [dg(v)] < 00, and ¥ € L1 (R) with W' exists. Lety € D[0,T].
Then

(4.5) OF (zly) = 0G(x[y)¥ (2(T)) + G(z)¥'(x(T))y(T)

for x € D[0,T]. Also the right hand side of (4.5) can be expressed explicitly using
(4.1) and (1.6).

Proof. For z,y € D[0,T], we have

SF (aly) = (G + hy)W((T) + hy(T)co,

and this is equal to the right hand side of (4.5). O
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Theorem 4.5. Let F' be given as in Theorem 4.4 and suppose that V' € L1 (R).
Let y € D[0,T] and let g be a nonzero real number. Then

(4.6) Ly(0F (-[y))(x) = 0T F(xy)

for x € D[0,T].

Proof. First note that 6G(+|y) € S with corresponding measure g,, where g, is the
measure induced by g as f, was induced by f in (4.2). Using Theorem 2.1 we have

Ly (0G(-|y) ¥ ((T))) (=)

7“] 1/2 ‘ /
(27TT /L2[0,T] /RGXP{W,»T )+ Kq(§,0) 1P (& + 2(T)) d€ dgy (v)

for x € D[0,T). Similarly, since ¥’ € L;(R), we have
Ly (GO)W'((T) ()

—zq 1/2 o /
(27TT /];2[07T] /ReXp{Z<U,x )+ Ky (§,0) V(€ +2(T)) d dg(v)

for x € D[0,T]. Hence by (4.5) and (4.2),

P =(o) [ [ eliter) + Ko o)

[i{0,y")U(€ + (T)) + V(€ + x(T))y(T)] d dg(v).

On the other hand, using (2.2) and taking the partial derivative under the integral
sign, we see that 0I'j(F')(z|y) can also be expressed as the right hand side of the
last expression above, and this completes the proof. O

Theorem 4.6. Let F be given as in Theorem 4.4. Let x € D[0,T] and let q be a
nonzero real number. Then

(4.7) Lq(6F (z]-))(y) = 0F (xly)
fory € D[0,T].
Proof. Obviously the sequential Fourier-Feynman transform of a constant function

is the constant itself. Moreover it is easy to see that if we let H(y) = y(T),
y € D[0,T], then

Ly(H)(y) = H(y) = y(T).

Hence using the relationship (4.5) for §F(z|y) and applying Theorem 4.3, we have
Lg(0F (x])(y) =Tq(0G(z]-)) () ¥ (2(T)) + G(x)¥'(x(T))y(T)
=0G(z[y)¥(x(T)) + G(x) ¥ (x(T))y(T).
Equation (4.7) now follows from (4.5). O

Theorem 4.7. Let F(z) = G(x)¥(z(T)), = € D[0,T], where G € S is given as in
Theorem, 4.4 and ¥ € T is given by (2.5) with [, |s||dp(s)| < co. Let y € D[0,T].
Then

(48)  OF(aly) =i / . / 0+ 5,5") explifo + 5,2/)} dp(s) dg(v)

for x € D[0,T].
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Proof. As we see in the proof of Theorem 2.3, F belongs to S. Moreover by Theorem
6.1 in [3] and the transformation v = w — w, it is easy to see that

/L2[O,T] lwll2 |dh(w)] < / / ([vll2 + [s]) [dp(s) | dg(v)]
—IIpH/ ol ldg(o)| + gl [ I/ do(s)] < .

where ||g|| and ||p|| denote the total variation of g and p, respectively. Applying
Theorem 4.1 to the expression for F', we have

Faly) =i / (w, /) exp{i{w, ')} dhw)
LQ[O,T]

where h is given by (2.9). Using Theorem 6.1 in [3] and transforming v = w — u
once more, we have

Falp) =i [ (o uy/) explifo +u,a')} dg(o) o)
L2[0,T)
where ¢ is given by (2.6). Finally (2.6) and the Fubini theorem give (4.8). d

Now we apply Theorems 4.2 and 4.3 to the functional F' in Theorem 4.7 to obtain
the following results.

Theorem 4.8. Let F' be given as in Theorem 4.7. Let q be a nonzero real number.
Then

(4.9) Ly(0F(-|y))(z) = 0L F(z|y)
and
(4.10) Ly(6F (z]))(y) = 6F (z]y)

for x,y € D[0,T].

From Theorems 4.4, 4.7 and the linearity of the sequential Feynman integral, we
have

Corollary 4.9. Let F(z) = G(z)¥(x(T)), = € D[0,T], where G € S is given as
in Theorem 4.4 and ¥ = ¥y + Uy € Li1(R) + T with ¥} exists and Vs satisfies
Jz Isl1dp(s)| < oo. For any x,y € D[0,T], 6F(x|y) exists and is equal to the sum
of the right hand sides of equations (4.5) and (4.8).

From Theorems 4.5, 4.6, 4.8 and the linearity of the sequential Feynman integral,
we have

Corollary 4.10. Let F be given as in Corollary 4.9. Let q be a nonzero real
number. Then

(4.11) Lq(6F(x])(y) = 0F (zly).
In addition, if ¥} € L1(R), then
(4.12) Lq(0F (y)) () = 0T F(x]y)

for all z,y € D[0,T].
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Remark 4.11. We thank the referee for calling our attention to the paper of Cameron
and Storvick [7], where, for functionals F we considered in Theorem 2.5, they
showed that for each nonzero real ¢ the sequential Feynman integral of F' with
parameter ¢ and the analytic Feynman integral of F' with parameter ¢ both exist
and are equal. This implies that for each F(x) = G(z)¥(x(T)) where G € § and
U =T, + Ty € L1(R) + 7, if either the sequential Fourier-Feynman transform of
F exists or the analytic Fourier-Feynman transform of F' exists, then both exists
and equality holds. The same conclusions follow for the convolution products of
functionals in S.

Hence all of the results established for the sequential Feynman integral setting
in Section 2 also hold for the analytic Feynman integral setting. Moreover, using
results in [7], Theorems 3.1, 3.2, 3.3 and Remark 3.4 in Section 3 can also be
obtained from Theorems 3.2, 3.3, 3.4 and equation (3.9a) in [13], respectively. In
the same way, Theorems 4.1, 4.2 and 4.3 in Section 4 can also be obtained from
Lemma 3.1, Theorems 3.2 and 3.3 in [16], respectively.
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