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THEORY OF VALUATIONS ON MANIFOLDS, III
MULTIPLICATIVE STRUCTURE IN THE GENERAL CASE

SEMYON ALESKER AND JOSEPH H. G. FU

ABSTRACT. This is the third part of a series of articles where the theory of
valuations on manifolds is constructed. In the second part of this series the
notion of a smooth valuation on a manifold was introduced. The goal of this
article is to put a canonical multiplicative structure on the space of smooth val-
uations on general manifolds, thus extending some of the affine constructions
from the first author’s 2004 paper and, from the first part of this series.

0. INTRODUCTION

In convexity there are many geometrically interesting and well known examples
of valuations on convex sets, including Lebesgue measure, the Euler characteristic,
surface area, mixed volumes, and affine surface area. For a description of older
classical developments on this subject we refer to the surveys [17], [16]. For general
background on convexity we refer to the book [18].

Approximately during the last decade there has been significant progress in this
classical subject, leading to new classification results for various classes of valua-
tions, and to the discovery of new structures on them. This progress has shed new
light on the notion of valuation, permitting an extension to the more general setting
of valuations on manifolds, and to sets which are not necessarily convex (a concept
which in any case has no meaning on a general manifold). The development of the
theory of valuations on manifolds was started by one of the authors in the first two
parts [4], [5] of the present series of articles.

In [5] the notion of smooth valuation on a smooth manifold was introduced.
Roughly put a smooth valuation can be thought of as a finitely additive C-valued
measure on a class of nice subsets; this measure is required to satisfy some additional
assumptions of continuity (or rather smoothness) in some sense. The basic examples
of smooth valuations on a general manifold X are smooth measures on X and
the Euler characteristic. Moreover the well known intrinsic volumes of convex
sets can be generalized to provide examples of smooth valuations on an arbitrary
Riemannian manifold; these valuations are known as Lipschitz-Killing curvatures.

The goal of this article is to put a canonical multiplicative structure on the space
of smooth valuations on a general smooth manifold. When the manifold is an affine
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space the multiplicative structure was defined in [4] (in the more specific situation
of valuations polynomial with respect to translations it was defined in [3]). The
construction of the product on general manifolds presented in this article uses the
construction from [4] for the affine case in combination with tools from geometric
measure theory. Roughly it works as follows. Choosing a coordinate atlas for X,
one uses the product of valuations on R™, defined by the construction of [4], to
define the product locally. Then one shows that the products obtained on each
coordinate patch coincide on pairwise intersections, and that the result does not
depend on the choice of atlas. This step uses geometric measure theory.
Let us denote by V*°(X) the space of smooth valuations on X. The product

Vo (X) x VR(X) — V(X)

defined in this article is a continuous map, with respect to which V*°(X) becomes
a commutative associative algebra with unit (where the unit is the Euler charac-
teristic).

In [5] it was shown that the assignment to any open subset U C X

Uw— V=(U),

with the natural operations of restriction, defines a sheaf of vector spaces on X
denoted by V. The multiplicative structure on smooth valuations defined in this
article commutes with restriction to open subsets. Hence V' becomes a sheaf of
commutative associative algebras with unit. Further properties of the multiplicative
structure are studied in the fourth part of this series [6].

The article is organized as follows. Section 1 contains some background; it does
not contain new results. There we also fix some notation used throughout the
article. In Section 2 we discuss normal cycles; the exposition follows mostly [10]-
[13]. Then we explain how to use normal cycles to construct valuations. We also
recall related results from geometric measure theory. In Section 3 we prove some
auxiliary results of a technical nature. The main part of the article is Section 4,
where we present a construction of the product on smooth valuations and prove
that it is independent of the choices involved.

1. BACKGROUND

In Subsection 1.1 we fix some notation which will be used throughout the article.
In Subsection 1.2 we recall some results from [1] and deduce from them Corollary
1.2.2, which will be used later on. In Subsection 1.3 we recall some necessary facts
from the theory of valuations and some results from [4] and [5].

1.1. Notation. Let V be a finite dimensional real vector space.

e Let (V') denote the family of convex compact subsets of V.

e Let R>( denote the the set of non-negative real numbers.

e For a manifold X let us denote by |wx| (or just by |w]| if it does not lead to
confusion) the line bundle of densities over X.

e For a smooth manifold X let P(X) denote the family of all simple subpolyhedra
of X. (Namely P € P(X) iff P is a compact subset of X locally diffeomorphic to
RF x R%,* for some 0 < k < n. For a precise definition see [5], Subsection 2.1.)

e We denote by P (V) the oriented projectivization of V. Namely P, (V) is the
manifold of oriented lines in V' passing through the origin.
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e For a convex compact set A € K(V) let us denote by hy the supporting
functional of A, ha: V* — R. It is defined by

ha(y) := sup{y(z)|z € A}.

e Let L denote the (real) line bundle over P, (V*) such that its fiber over an
oriented line I € P, (V*) is equal to the dual line I*.

e A subset A of a Euclidean space V is said to have positive reach (or to be
semi-convez) if there exists € > 0 such that for any x € V with dist (x, A) < € there
exists a unique point y € A with dist (x,y) = dist (z, A) (cf. [8]). The reach of A is
defined to be the supremum of all such . Note that A is convex iff reach(4) = cc.

1.2. Some convexity. First let us recall some results from [1]. Let K = (K, Ko,
..., K) be an s-tuple of compact convex subsets of V. Let r € NU{co}. For any p €
C"(V, |wyv|) consider the function Mz F' : RS — C,where RY = {(A1,...,As) [A; >
0}, defined by

(Mgp)(A1, .. As) = H(Z AiKG).

1.2.1. Theorem ([1]). (1) Mzp € C™(R%) and Mg is a continuous operator from
C(V, fov]) to CT(RY).

(2) Assume that a sequence p™) converges to i in C"(V,|wy|). Let Ki(m), K;, 1
=1,...,s, m € N, be conver compact sets in V, and for everyi=1,...,s, Ki(m) —
K; in the Hausdorff metric as m — co. Then Mgmp™ — Mg in C"(R%) as
m — 00.

1.2.2. Corollary. Letr € N. Let R > 0. Then there exists a constant C depending
onr, R, and n only such that for any p € C™(V,|wy|) and any K € K(V') contained
in a centered Fuclidean ball of radius R one has

a’l‘

|W|OM(K+ > xiA)| < C-lpllercrpy - [[IIhallez e, qre)-

i=1 i=1
Proof. Consider the functional

Y: C"(V, |wy|) x K(V)™ = C
given by

87'

(KA. A = ——————
¢(M7 y 411, ) T) 8)\18>\r

i=1

By Theorem 1.2.1 v is a continuous map. Clearly v is linear with respect to u
and symmetric with respect to Ay, ..., A,.. Moreover 1 is Minkowski additive with
respect to each of Ay, ..., A,. (Minkowski additivity, say with respect to A1, means
that

V(s K aA] + BAY, Ay, Ay) = anp(p; K3 AL Ay, ..o, Ay)
+61/)(/~L7K7A€I_I7A27 .. 7A7“)
for any a, 8 > 0, A}, A} € K(V).)
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Let h € C?(Py(V*),L). Then h can be presented as
(1) h=ha —han
where har, har € C?(Py(V*), L) are supporting functionals of convex compact sets
A A" € K(V) respectively, and
(2) max{||ha||c2, (v [harllcz@, (v} < cllbllcze, (vey)

where c is a constant depending on n only. Indeed let us take hyr = h+T-hp, A” =
T - D where D is the unit Euclidean ball, and T > 0 is a large enough constant
depending on [|h]|c2(p, (v+)). Now let us extend 9 to a functional

b: CT(V, |wy|) x K(V) x (C*(P4(V7), L))" — C
by linearity. More precisely let
(1 K hay oo hy) € C7(ViJwy|) x K(V) x (C2(P4(VF), L))

Let us define 9 (; K hy, . . ., hy) recursively on the number of non-convex functions
among hq, ..., h,. If this number is equal to zero, there is nothing to define. Assume
we have defined zZ for k—1 < r not necessarily convex functions. Let us define it for
k such functions. We may assume that h;, ¢ > k are convex. Choose a presentation

(3) hk:hA;C—hA;C/
as in (1), and satisfying (2). Now define

¢(,u;K; hl,...,hkfl,hk,hkdu,...,hr) =

w(,uf;Kth;-~'ahk—1;hA§€7hk+la~~>hr) 7w(p;K;hl,...,hk_l,hA;C/,hk_H,...,hr)

where the right hand side is defined by the assumption of induction.

It is easy to see that the extension 15 is well defined (i.e. it does not depend on
the choice of presentation (3)). Next ¢ is continuous due to (2), and it is linear
with respect to hq, ..., h,. Now Corollary 1.2.2 follows from a very general, simple,
and well known lemma as follows.

1.2.3. Lemma. Let X be a compact topological space. Let Fy,..., F; be locally
convexr C-linear topological spaces. Let

(ZSZXXFlX"'XFtH(C

be a continuous map which is linear with respect to the last t arguments.
Then there exist continuous semi-norms ||-||1,...,||-||t on F1,..., Fy respectively
such that for any x € X, & € Fy,...,& € F; one has

t
1=1

Thus Corollary 1.2.2 is proved. (]
1.3. Some valuation theory.

1.3.1. Definition. a) A function ¢ : K(V) — C is called a valuation if for any
Ky, K; € K(V) such that their union is also convex one has
P(K1 U Ky) = ¢(K1) + ¢(Ka) — (K1 N K3).

b) A valuation ¢ is called continuous if it is continuous with respect to the
Hausdorff metric on (V).
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For classical theory of valuations we refer to the surveys of McMullen-Schneider
[17] and McMullen [16]. For general background from convexity we refer to Schnei-
der [18].

In [4] one has introduced a class SV (V') of valuations called smooth valuations.
We refer to [4] for an axiomatic definition. Here we only mention that SV (V) is
a C-linear space (with the obvious operations) with a natural Fréchet topology.
In this article we will need another description of SV(V), given in Theorem 1.3.2
below.

Let us denote by €L the (complex) line bundle over P, (V*) whose fiber over
I € P, (V*) is equal to I* ®g C (where I* denotes the dual space to [).

Note that for any convex compact set A € (V) the supporting functional h 4
is a continuous section of CL: hy € C(P,(V*),CL).

1.3.2. Theorem ([4], Corollary 3.1.7). There exists a continuous linear map

T: @G C=V x PV, [wy| RELH) — SV(V)
k=0
which is uniquely characterised by the following property: for any k = 0,1,...,n,
any p € C®(V,|wy|), any strictly conver compact sets Ai, ..., Ar with smooth
boundaries, and any K € K(V) one has

o a
T(p®ha, B Rhy)(K) = m’OM(K+ > Ay

i=1
where \; > 0 in the right hand side.
Moreover the map T is an epimorphism.

In [5] one has introduced for any smooth manifold X a class of finitely additive
measures on the family of simple subpolyhedra P(X). This class is denoted by
Vo (X). Tt is a C-linear space (with the obvious operations). Then V°°(X) has a
natural Fréchet topology. Moreover in the case of a linear space V', the restriction
of any element ¢ € V°(V) to (V)N P(V) has a (unique) extension by continuity
in the Hausdorff metric to K(V), and this extension belongs to SV (V). Thus one
gets a linear map

Ve (V) — SV(V).
In [5], Proposition 2.4.10, the following result was proved.

1.3.3. Proposition. The map V>°(V) — SV(V) constructed above is an isomor-
phism of Fréchet spaces.

2. VALUATIONS AND NORMAL CYCLES

2.1. Normal cycles for convex sets. Let V' be a real vector space with finite
dimension n. Let K € (V). Let x € K.

2.1.1. Definition. The tangent cone to K at z is the closure of the set {y € V|3e >
0z +ey e K}. We denote it by T, K.

It is easy to see that T, K is a closed convex cone.

2.1.2. Definition. The conormal cone to K at z is the set

Nor*(K,z) :={y € V*| y(z) < O0Vx € T, K}.



1956 SEMYON ALESKER AND JOSEPH H. G. FU

Thus Nor*(K, z) is also a closed convex cone. Also put

Nor*(4) := | J ({#} x Nor*(K,z)).

Fixing a euclidean metric (,) on V, it will be convenient to define Nor(A) C V xV
as the image of Nor*(A) under the induced identification V' x V* ~ V x V. Finally,
we put

Nory (K) = {(z,v) € Nor(K) : |v| = 1}.

It is easy to see that Nor™(K) (resp. Nor(K)) is a closed n-dimensional subset of
T*V =V xV* (resp. TV) invariant with respect to multiplication by non-negative
numbers acting on the second factor.

Observe that Nor(K), and hence Nor*(A) as well, is biLipschitz homeomorphic
to V: putting pa : V — A for the nearest point projection, V maps onto Nor(A)
via the map P4 : z — (pa(z),x — pa(x)), with inverse induced by (z,y) — = + y.
It is clear that P4: V — V x V is a proper map.

It is useful to think of these objects as defining integral currents in the tangent
and cotangent bundles of V. Given a smooth manifold M, put Q¥(M) for the space
of all compactly supported C* differential forms of degree k on M. We recall (]9])
that the space I (M) of integral currents of dimension k on M is the space of all
continuous linear functionals T : Q¥ (M) — R with the properties

e There is a sequence of bounded measurable subsets E;, Es,--- C R* and
locally Lipschitz maps f; : F; — M such that

=1

where [E] denotes the operation of integration of a k-form over E. Note
that by Rademacher’s theorem the derivative of f exists almost everywhere,
and constitutes a bounded measurable function. Thus the pull-backs f*¢
are integrable over the E;, so the pushed forward currents f;.[F;], given by

fulBd@) = [ 170,

are well-defined.
e For each compact set C' C M we have massc(T) < 0o, where

massc(T) = sup{T(6) : supp 6 € C, || 6 o< 1}.

Here || - ||o denotes the C%-norm.
e For each compact C C M,

massc (0T < oo.
Here OT is the current of dimension k — 1 given by 0T (v) := T'(dy).

Equipping M with a smooth Riemannian metric, the coflat seminorm | ¢ |
of a form ¢ € QF(M) is given by

| ¢ 7= max{|| ¢ [lo, I| ¢ [lo}-
Given C' C M, we put
1T 1|5 = sup{|T(#)| :]| & |’ < 1,supp & C C}.
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This is the restriction to the lattice I (M) of the flat seminorm relative to C. In
the case C' = M we will omit the superscript. The local flat topology on I (M)
is determined by the condition that 77,75, -+ — T iff

1T =T =0
for every compact C C M.

Remark. Related to the flat seminorms is the integral flat metric
F(T) := inf{massps(R) + massp;(S) : R € [;(M), S € Ij1 (M), T = R+ 9S}.

Clearly
1T ("< F(T).

We now fix an orientation of V' and define the conic normal cycle of A to be
the integral current

(4) N(A) := Py, [V] € I,(V x V),

where [V] denotes the fundamental class of V. By [9], 4.1.14 and 4.1.24, the image
of an integral current under a proper Lipschitz map is well-defined, and belongs
to the class of integral currents. Note that ON(A) = Pa,[V] = Pa.d[V] = 0.
Likewise we define the conic conormal cycle N*(A4) € I,(V x V*) as the image of
N(A) under the identification V x V' — V x V* = T*V arising from the euclidean
structure. (Note that the image of N*(A) under the antipodal map on the V*
factor is identical to the characteristic cycle of A.) It is easy to see that the
supports of N(A), N*(A) are Nor(A), Nor*(A) respectively, and that Nor*(A) and
N *(A) are independent of the choice of Euclidean metric.

Recall that (V) denotes the metric space of all compact convex subsets of V|
endowed with the Hausdorff metric. We endow I,,(V x V*) with the topology of
local flat convergence.

2.1.3. Lemma. N* is continuous as a map K(V) — L,(V x V*).

Proof. Let Ap, Aq,--- € K(V), with A; — Ay. Clearly the nearest point projections
pa, converge uniformly to pa,, hence P4, — P4, uniformly as well. It now follows
from the discussion in 4.1.14 of [9], and the definition of N*, that N*(4;) — N*(Ay)
in the local flat topology. O

It is convenient to introduce a different characterization of N *(A). We say that
a current in I,,(V x V*) is Lagrangian if it annihilates the ideal of all multiples
of the canonical symplectic form w. The terminology is motivated by the obvious
fact that if M C V x V* is a smooth oriented n-dimensional submanifold, then the
current given by integration of n-forms over M is Lagrangian iff M is a Lagrangian
submanifold of V' x V* in the usual sense.

2.1.4. Lemma. If A € K(V), then N*(A) is a Lagrangian current.

Proof. If A has smooth boundary and non-empty interior, then N* (A) decomposes
as the sum of two terms. The first is integration over the image of A itself under
the zero map V' — V*. This current is obviously Lagrangian. The second is
integration over the bundle of outward conormal rays to the smooth hypersurface
0A. The conormal bundle of a submanifold is a classical example of a Lagrangian
submanifold, hence the second term is Lagrangian as well.
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As is well known, every element A € (V') may be approximated in the Hausdorff
metric by a sequence Aj, Ao, ... of smooth bodies with non-empty interior. By
Lemma 2.1.3, the conic conormal cycles N* (4;) converge in the locally flat topology
to N *(A). But locally flat convergence implies weak convergence, so the latter
current must annihilate the symplectic ideal since the the former do. O

We now recall the main theorem of [10].

2.1.5. Theorem. Let W be an oriented real vector space of dimension n. If f :
W — R is locally Lipschitz, then there is at most one closed Lagrangian integral
current T € 1,(W x W*) such that

o T is locally vertically bounded, i.e. supp T N(C x W*) is compact for every
compact C C W; and

o if¢: W xW* — R is a smooth compactly supported function and dvoly
is a (positive) volume form for W, then

(5) T(¢pmyydvoly) = /W o(x,df (x)) dvoly

where my: W x W* — W s the canonical projection.

If f is convex, then this T exists.

Here my : W x W* — W denotes the projection to the first factor. We will call
this current T the differential cycle of f, denoted here by D(f).

Remarks. 1. The differential df(x) exists for almost every x by Rademacher’s
theorem. The resulting map df is measurable, so (5) makes sense.

2. The point is that if f is smooth, then the current D(f) is simply integration
over the graph of the differential df. If f is convex, then the graph of the subgradient
of f is a Lipschitz submanifold of W x W* and inherits a natural orientation from
that of W; the differential current D(f) is then given by integration over the graph
of the subgradient.

3. In fact a stronger form of the theorem is true: the condition that f be locally
Lipschitz may be replaced by the statement f € VVlloc1 (i.e. df € L},,); and the first
condition on 7" may be replaced by the requirement that the restriction 7' (C' x W*)
have finite mass for every compact C C W.

Sketch of proof. It is enough to show that if T satisfies the first condition, and
additionally annihilates all functional multiples of mj;,d voly,, then T' = 0. The
proof of this statement is modeled on a well-known fact about smooth Lagrangian
submanifolds L C T*W with the property that my |L is a submersion: locally,
such a submanifold is a fiber bundle over its image A C W, with fibers of the
form dg(z) + v:A, where g is a smooth function and vfA is the conormal fiber
to A at z (cf. [14]). In particular, the fibers are unbounded. A weak form of this
description applies to a rectifiable Lagrangian carrier of L on the set of points where
the projection to W has maximal rank. |

Given A € K(V), we denote by ha : V* — R the support function of A given by
(6) ha(\) := sup A(z).
z€A

It is well known, and easy to prove, that h4 is sublinear, i.e. convex and positively
homogeneous of degree 1 [18]. In particular it is Lipschitz, hence differentiable for



THEORY OF VALUATIONS ON MANIFOLDS, III 1959

a.e. y € V* by Rademacher’s theorem. In this case the differential dh4()\) € V has
a particular geometric meaning:

2.1.6. Proposition. If hy is differentiable at A € V*, then x := dha(\) € V is the
unique point in A at which X supports A, i.e. such that \(A) C (—oo, A\(z)].

Proof. [18], Corollary 1.7.3. O

2.1.7. Proposition. Leti: V xV* — V*xV denote the interchange map i(z,y) =
(y,x). If Ae K(V), then

(7) i.N*(A) = D(h,).

Proof. Tt is enough to check that i, N* (A) satisfies the conditions of Theorem 2.1.5
for f = hy. The first is trivial: since N* (A) is supported in A x V* it is clear that
i N* (A) is supported in V* x A and hence is even globally vertically bounded.

To prove the second, we pass to the dual setting using our fixed euclidean struc-
ture (-,-) on V. Abusing notation, we again denote by hy : V' — R the support
function

ha(@) = sup(z.y).
yeEA

Put qa(y) = y — pa(y), and let p1,pa : V x V — V be the projections to the
first and second factors, respectively. We must show that for smooth compactly
supported functions ¢ : V x V — R,

—

(8) i N(A) (o pt dvoly) = /V (2, Vha(z)) da.

Recalling (4) , the left-hand side may be expressed as

O iPaVieridwly) = | Pirepidvly)

(10) = /V o(y — pa(y),pa(y))Paps dvoly (y)
(11) = [ etanpat)as dvolv )

(12) = [ ¢(aa). Thataatu)as dvolv (v),

by Proposition 2.1.6. Since qgl(y) is a singleton for a.e. y € V, the desired relation
(8) follows from the change of variables formula. O

In fact the inverse map to N* is also well-defined and continuous:

2.1.8. Corollary. If A, B € K(V) and N*(A) = N*(B), then A = B. If Ay, Ay, As,
o€ K(V) and N*(A;) — N*(Ao) in the local flat topology, then A; — Ay in the
Hausdorff metric topology.
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Proof. It N*(A) = N*(B), then D(h4) = D(hp) by Proposition 2.1.7. It follows
at once that dhy = dhp a.e. in V*. Since a Lipschitz function on a euclidean space
with derivative a.e. equal to zero is constant, and h4(0) = hp(0) = 0, we conclude
that ha = hp. Therefore A = B.

To prove the second statement, note first that all of the A; must lie within a
sufficiently large fixed compact subset of V: for there exists a smooth differential
form k1 on T*V such that N*(A)(k1) is the mean breadth of A, for all A € K(V)
(cf. [11]). Thus the mean breadth of the A; converges to that of Ag. But the mean
breadth of a convex body dominates its diameter, so we conclude that the diameters
of the A; are uniformly bounded. Furthermore there exists another smooth differ-
ential form kg such that if ¢ : V — R is a smooth compactly supported function
whose restriction to Ay is equal to 1, then N*(Ag)(7*pro) = 1 where 7: T*V — V
is the canonical projection. Thus N* (A;)(m*pro) # 0 for all sufficiently large 1,
and in particular A; = 7(supp N *(4;)) has a non-empty intersection with supp ¢
for such .

Thus the Blaschke Selection Theorem implies that there exists a subsequence
Ay converging in the Hausdorff metric to some By € (V). By Lemma 2.1.3,
]\7*(A0) = lim;/_ o N*(Ai/) = N*(BO); by the assertion above, Ay = By. Since
this outcome is independent of the chosen convergent subsequence it follows that
the entire sequence of the A; converges to Ag. O

2.1.9. Proposition. If f,g,min(f,g) : W — R are convez, then

D(max(f,g)) + D(min(f,g)) = D(f)+ D(g).

Proof. 1t is enough to show that D(f)+ D(g) — D(min(f, g)) satisfies the conditions
of Theorem 2.1.5, with f replaced by the function max(f,g). All of them are
immediate except for the last one, and for this it is enough to show that

{d(max(f,9))(z), d(min(f, g))(x)} = {df (x), dg(x)}

for a.e. € W at which all four differentials exist (which happens a.e. in W by
Rademacher’s theorem).

This is obvious when f(x) # g(x). On the other hand, let E denote the set
of points x such that f(z) = g(x) and both of f,g are differentiable at . By
classical measure theory, F has density 1 at a.e. point x € E. If x is such a point,
then clearly df(z) = dg(x). Therefore this common value is also equal to both
dmax(f,g)(x) and dmin(f, g)(x). O

2.1.10. Corollary. If A,B,AUB € K(V), then
(13) N*(AU B) + N*(AN B) = N*(A) + N*(B).

Proof. It AU B € K(V), then haup = max(ha,hp) and hanp = min(ha,hp).
Therefore (13) follows at once from Propositions 2.1.7 and 2.1.9. O

It is sometimes convenient to instead consider the (non-conic) normal cycle
N(A) in the tangent sphere bundle V' x S(V'), and the corresponding conormal
cycle N*(A) in the cotangent ray bundle V x P (V*). To define N(A),let r : V —
[0,00) denote the length function induced by the fixed euclidean metric. Then

(14) N(4) = g. ((N(A4),7 0 p2, 1)) €T, 1 (V x S(V),
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where (T, f, c) denotes the slice of the current 7" by the function f at the value ¢
(cf. [9],4.3) and g : V x (V — {0}) — V x S(V) is the normalizing map (x,y) —
(z, %) Note that the slicing operation is well-defined for a.e. ¢ whenever T is
an integral current and f is a Lipschitz function whose restriction to the support
of T is proper, and may be thought of as the intersection of 7" with the level set
f~Y(c). In the present case the slice is well-defined at every value of r since, putting
Oc(z,y) := (z,cy) for ¢ > 0,

(N(A), 7, a) = 0o (N(A), 7, %>

— this in view of the facts

Oc.N(A) = N(A),

rof,=cr
and the general formula
<h*T7 fﬂ C> = h*<T7 f © ha C>

(cf. 9], 4.3.2(7)).

The conormal cycle N*(A) is then the image of N(A) under the natural map
V x S(V) =V x P, (V*) induced by the euclidean metric. It is clear that N*(A)
does not depend on the choice of this metric. Recall that V' x Py (V*) carries a
natural contact structure, and a choice of metric even determines a particular global
contact 1-form. The current N*(A) is Legendrian in the sense that it annihilates
every element of the ideal generated by any such 1-form.

The conic normal cycle may be reconstructed from the normal cycle in a canon-
ical way. Given a manifold M, put Ij,(M) for the space of all compactly supported
integral currents of dimension k on M, where the topology on this space is de-
termined by the condition that T; — Ty € I¢(M) iff T; — Tp in the local flat
topology and all of the T; are supported in a single compact set C C M. Define
F:VxSWV)xR =V xV by flz,v;t) := (z,tv). Also define g : VxR =V
by g(x,t) := tz and put h : V x S(V) — V for the projection. Now define
v I (Vx S(V)) = L (V x V) by

(15) AT) 1= £. (T x [0,50)) + g. (hT x [0,1])  [0].

Since f is proper this map is continuous in view of the topology given above on
I¢ _,. If 9T = 0, then the first factor in the second term above may be characterized
as the unique compactly supported current in V' with boundary equal to h.T.

2.1.11. Proposition. If A € K(V), then v(N(A)) = N(A).

Proof. For v > 0, put A, := {z € V : dist (x,A) = r}. Then N(A) = Pa.[41]
and the map @ : (z,t) — t(x — pa(z)) + pa(z) is an orientation-preserving locally
biLipschitz homeomorphism A4; x (0,00) — V'\ A. These maps satisfy the relations
PaoQ = fo(Pyxid),
hoPjy=pa.
Therefore
h«N(A) = pa.[A1] = O[A],
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and, using the characterization above of the second term in (15),
N(A) := Pa.[V]
= Pa[A] + Pa. [V \ A]
= [A] x [0] + Pa.Q.[A1 x (0,00)]
= 9+(0[A] < [0,1]) x [0] + f+ (Pas[Ax] x [0, 00])
— g-(h.N(A) x [0,1]) x [0] + f. (N(4) x [0,00])
as claimed. (]
It is immediate from the definition that the normal and conormal cycles share

the basic properties of their conic counterparts described above. For brevity we
give the explicit statements only in the conormal case:

2.1.12. Proposition. N* is a continuous injection K(V) — I,_1(V x P (V*)),
and the inverse map (defined on the image) is continuous, where the topology on
L,—1(V x PL(V*)) is the local flat topology. N* is a valuation in the sense that if
A,B,AUB e K(V), then N*(AUB) + N*(ANn B) = N*(A) + N*(B).

Put C’b1 for the normed space of all C'-smooth differential forms ¢ of degree
n—1on (V x P (V*)), with finite coflat norm. The preceding discussion yields
the following.

2.1.13. Theorem. The map K(V) x C} — R given by
(4,9) — N*(A)(¢)

15 continuous.

Remark. The space Cbl may be replaced by the space of all flat cochains (cf. [20],
p. 233) with finite coflat norm.

Proof. Suppose Ay, A, -+ — Ag in K(V) and ¢1, ¢o, -+ — ¢o in C}. By Proposi-
tion 2.1.12, given € > 0 there is M € N such that

| N*(Ai) = N*(Ao)) [ls <&,
| ¢ — o I” < e
for : > N. Thus
IN*(A:)(65) — N*(Ao) (o)
< INF(Ai)(di) = N*(Ao)(¢4)] + [N*(Ao)(d:) — N™(Ao)(¢o)|
<[ N*(Ai) = N*(Ao) [ls]| ¢i |I” +mass(N*(Ao)) || ¢i — o llo
<e(ll ¢o |I” +e + mass N* (4p)),

which proves the desired assertion. O

2.2. Normal cycles for more general sets. Normal cycles are also available for
a wide class of sets other than convex ones. First let us define it in the class of sets
presentable as finite unions of convex compact sets. Let

N
(16) X =|JA, 4 eK(V).

i=1
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Set
N*(X) = > (=N A,
I1c{1,...,N},I#0 icl
N*(X) := > (DTN () 4.
Ic{1,...,N},I#0 el

Using Corollary 2.1.10 it is easy to check that the definitions of N*(X) and N*(X)
do not depend on a choice of presentation (16).

Let us define N*(X) and N*(X) where X is a compact smooth submanifold with
boundary. For any point « € X let us define the tangent cone to X at x, denoted
by T, X, as the set

T,X := {¢ € T, V| there exists a C* —map ~: [0,1] — X such that 7/(0) = &}

It is easy to see that T, X coincides with the usual tangent space if x is an interior
point of X, and it is a halfspace if z belongs to the boundary of X. Define

(17) Nor*(X) == | —(TuX)°
reX

where for a convex cone C in a linear space W one denotes C° its dual cone in W*:
C°:={ye W y(z) >0 for any = € C}.

Clearly Nor*(X) is invariant under the group Rs of positive real numbers acting
on the cotangent bundle 7%V by multiplication along the fibers. The sets Nor(X)
and Nor; (X) are now defined as in Definition 2.1.2.

The corresponding current N*(X) is more naturally constructed in the more
general context of semi-convex sets X (cf. [21], [8]). Put px : Xjo,) — X for the
nearest point projection to X, defined for the set Xjo .y := {x € V : dist (v, X) < r},
where r := reach(X) of X, and Px(z) := (px(z),x — px(x)). Put

N'(X) == Px.[Xj.m],

where the domain X|g .y inherits its orientation from V. Choose a diffeomorphism
f:[0,r) = [0,00), and put F(z,v) := (m,f(\v\)ﬁ) Now put

N(X):= F,N'(X).

From this current we may construct the currents N*(X), N(X), N*(X) as in the
remarks surrounding (14). It is easy to see that if X is convex, then these definitions
of N*(X) and N*(X) coincide with the previous ones. Furthermore supp N*(X) =
Nor*(X) and supp N(X) = Nor; (X).

The normal cycle of subanalytic subsets was defined in [13] using tools from geo-
metric measure theory (in fact Theorem 3.2 of [13] gives a unique characterization
of the normal cycle of an arbitrary compact set in R™, dual to Theorem 2.1.5). A
similar notion of characteristic cycle of subanalytic subsets was introduced inde-
pendently in [15] using tools from sheaf theory.

Conormal cycles transform in a natural way under diffeomorphisms. We will
only need this fact in the smooth case:

2.2.1. Lemma. Let X C V be a compact domain with smooth boundary, and U D X
an open neighborhood. Let f : U — W C V be an orientation-preserving diffeo-
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morphism, and let f : U x PL(V*) — W x P (V*) be the natural lift of f defined
by

Then

FN*(X) = N*(f(X)).
Proof. It is clear that f maps the manifold of outward conormal lines to 9X diffeo-
morphically onto that of f(0X) = df(X). The cycles N*(X) and N*(f(X)) are
the fundamental classes of these manifolds, and therefore f, N*(X) = £N*(f(X)).

To see that the sign is positive, we note that the orientations of the fundamental
classes are determined by the relations

p1N*(X) = 0[X], p1.N*(f(X)) = O f(X)].
Since f preserves orientation by hypothesis,

1 f N (X) = f0[X] = O[f (X)] = pr.N*(£(X)),

which establishes the claim. O

M. Zéhle has proved the following fundamental approximation theorem:

2.2.2. Theorem. Let X C V be a compact domain with smooth boundary. There
exists a sequence of polyhedra Py, Po,--- C'V such that

lim N(P;)) = N(X).
Proof. This is [21], Theorem 1. The proof given there may be simplified as follows.

One may show, along the lines of [21] or [12], that there exists a sequence of
polyhedra P; and a constant C' < oo such that

(18) mass(N(P;)) < C,
(19) supp N(F;) — supp N(X),
(20) 7] — [X]

Clearly the relation (20) implies that O[P;] — 9[X].

By the compactness theorem for integral currents ([19]) and the constancy the-
orem ([9], p. 357), the relations (18) and (19) imply that there is a subsequence
N(Py) — kN(X) for some integer k. Thus 0[Py] = n.N(Py) — km.N(X) =
kO[X], so (20) implies that £k = 1. Since this is independent of the subsequence
chosen, the result follows. O

2.2.3. Corollary. In the scenario of Theorem 2.2.2 we also have

lim N(P,) = N(X).

11— 00

Proof. This follows at once from Theorem 2.2.2 and Proposition 2.1.11 since the
map 7 occurring there is continuous. ]
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3. AUXILIARY RESULTS

The goal of this section is to prove some technical results which will be used in
the construction of the product on valuations in Section 4. The main results of this
section are Lemmas 3.1.10, 3.1.12, and Proposition 3.1.13.

Let V be an n-dimensional real vector space. As usual we fix a Euclidean metric
on V. In this section we will also fix a compact smooth n-dimensional submanifold
with boundary X’ € V x V which projects diffeomorphically onto its images in V
under both projections p1,p2: V x V. — V. We also fix a compact submanifold
with boundary X C X’ such that X N 90X’ = (). We will denote throughout this
section

ﬁl ’ 52 : X/ -V
as the restrictions of the projections p1, ps respectively to X'.

For a domain Q C V with smooth boundary let us denote by k1(Q,s),...,
kn—1(), s) the principal curvatures at a point s € 9.

3.1.1. Lemma. Let Aq,..., A CV be compact strictly convex subsets with smooth
boundaries. Then there exists a constant C > 0 (depending on these subsets) such
that for any A1, ..., Ay > 0 with Z§:1>\i =1 one has for any 1 <1 <n-—1

k

1

< kl(z)\iAiaS) <C
=1

Ql

for any s € 6(2?21 ANiAi).

Proof. For convenience let us fix on V' an orthonormal coordinate system (z1, ...,
Zn). The principal curvatures k;(A) of a strictly convex compact set A can be
estimated from both sides via the eigenvalues of the Hessian of the supporting

functional Hess(ha) = (82:2»’(})2‘) restricted to the tangent bundle to the unit
10T j

sphere T'S"~1. Let us denote that H; :== Hess(ha,)|rgn-1,i=1,...,k.

Let us denote by ¢’ and C’ the minimum and the maximum respectively over the
unit sphere S”~! of all the eigenvalues of all H;’s. Then clearly 0 < ¢/ < C' < oc.
Then

O NI Tdn 1 <Y NH; < (O N)C - Tdy 1.

The lemma follows. ]

3.1.2. Proposition. Let ég,d1 > 0 be given. Suppose X C V is a compact subset
with reach(X) > dp. Suppose also that A CV is a strictly convex compact set with
smooth boundary, containing the origin in the interior, and such that all principal
curvatures ky of OA satisfy ky > d1. Then for any 0 < e < §p61, the map

€ae: VXPL(V")x[0,1] =V
given by

fA,E(pv n, t) =p +e- chA(n)
is a homeomorphism of N(X) x (0,1] onto (X +cA)\X.

For the proof we will need the two assertions, both known, of the following
lemma.
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3.1.3. Lemma. o Ifreach(X) > o and n; € Nor(X,x;),i = 0,1, with |ng| =
[ni| =1, then
(21) (Il — o, N1 — no) Z —561|$1 — .Z‘0|2.
o Let A be a convex body with smooth boundary, with all principal curvatures
k; > 01. Suppose x; € OA, with outward normals n;, i = 0,1. Then
(22) (lEl — X, N1 7710) 251‘.%1 7.%0‘2.

Proof. The first assertion follows at once from [8], Theorem 4.8 (7).

The second assertion may be deduced as follows. It is easy to see using Schur’s
theorem ([7]) that if B is a ball of radius §; ' passing through z¢, and with outward
normal ng there, then B D A. On the other hand an elementary calculation shows
that (no,zo — p) > %1|p — x¢|? for every p € B. In particular (ng,ro — x1) >
%1|:El — x0/?. Adding this to the analogous inequality for z; gives (22). a
Proof of Proposition 3.1.2. The proposition is equivalent to the assertion that if
r < 6001, then there is no translate p — rA of r(—A) with interior disjoint from X
and intersecting X in two distinct points.

Suppose there is such a translate, with zg,z1 € X N (p —r4), ¢ # 1. Let
a; :=r~Y(p—x;) € OA, and let n; be the outward unit normals to A4 at a;, i = 0, 1.
By (22),

(23) r~Yxg — 21,m1 — no) = (a1 — ag,n1 — ng) > d1lay — agl? = 617 3|z — 20]?
or

(24) (.Z‘O —1,Nn1 — ’I’LQ) Z 7“_1(51|I1 — IolQ.

On the other hand it is clear that n; € Nor(X, x;), so (21) gives

(25) (1‘0—1‘1,111 —’I’Lo) S 50_1|$0—2131|2.

Thus r > §pd1, as claimed. O

Recall that we denote by L the (real) line bundle over P, (V*) whose fiber over
[ € P, (V™) is equal to the space of R-valued linear functionals on I. Let us denote
by H := C>®(P(V*), L) the Fréchet space of C*°-smooth sections of L. Clearly H
coincides with the space of smooth functions on V*\{0} which are homogeneous of
degree one.

3.1.4. Lemma. Consider the maps
EHXV xPL(V*)x[0,1] =V
defined by
(26) ¢&(hyp,n,t) =p+t-Vh(n),
and
E:H X C®V, |wy|) = CF(V x PL (V) x [0,1],Q" @ p o)
defined by
E(h,n) = (&(h,-))"n
where E(h,-): V x Py (V*) x [0,1] = V is defined by (26).

Then = is an infinitely smooth map (of infinite dimensional manifolds), and it
is linear with respect to the second argument.



THEORY OF VALUATIONS ON MANIFOLDS, III 1967

Proof. Is obvious. O

For k € Z4 let us denote by Eg, % times the k-th differential of = at 0 with
respect to the first argument. Namely for hy,...,hy € H,n € C=(V,|w|)

- 0" - *
Eg(hiy oo hi,n) = YN lo <£(§ )\ihi)> n-
P

Thus
Ep: HE x (V) |wy|) — C=(V x P4 (V*) x [0,1], 2™ @ p*o)
is a continuous map linear with respect to all £ 4+ 1 arguments.

By the L. Schwartz kernel theorem, =, extends canonically to a continuous linear
operator

(27) Ep: C°(V x (P (V) Jwy | R LEF) — C°(V x P4 (V) x [0,1], Q" @ p*o).

(Note that we denote this operator by the same letter Zy.)
Let us also denote

(28) 0: C®(V x Po(V*) x [0,1], Q2" @ p*o) — V=(V)

as the canonical map given by integration with respect to the normal cycle times
the segment [0, 1]. Namely (©(w))(P) = fN*(P)x[o yw for any P e P(V).

3.1.5. Lemma. Let ¢ € V=°(V). Assume that there exist k € N, sequences of
smooth densities {un}35_; C C®(V,|wy|), and {B4}¥_, CK(V),i=1,...,k, of
strictly convex compact sets with smooth boundaries, containing the origin in the
interior, and such that

1) for any compact subset T CV and any L € N

0 k
(29) Z ||,uN||CL(T) : H ||hB']iV||CL(S"*1) < 0Q;
N=1 i=1

2) for any K € K(V)NP(V) one has

oo ak

k
(30) Y(K) = Z m|OMN(K+ ZAz’Bziv)-
N=1 i=1

Then one has

(31) b= 3005k (v @ hpy @ @y
=1

where the last series converges in the space V> (V).

Proof. The inequality (29) implies that the series > n_; pn ® hpy © -+ ® hgy
converges in C°(V x (P4 (V*))*, |wy| ® L¥F). Hence the series on the right hand
side of (31) converges in V°(V') due to the continuity of ©® and Z. Let us denote
its limit by ¥’

By Lemma 2.4.5 of [5] any smooth valuation is defined uniquely by its values on
sets from K(V)NP(V). Hence it is enough to check that for any K € K(V)NP(V)
one has
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By continuity we may assume that

o k .
V) = 55 (K + Y N\BY)

i=1

for any K € K(V)NP(V), and thus ¢ = (O o Z,)(u @ hprt @ -+ @ hgk).
Fix K € K(V)NP(V). By Lemma 3.1.1 and Proposition 3.1.2 the map Nor; (K) x
(0,1] — V given by
k

i=1

is a homeomorphism of Nor; (K) x (0, 1] onto (K+Zf=1 NiBY\K for 0 < Ap,..., Ak
< 1. Hence

k
}(5(2 AiVhp)

i=1

k .
W+ Yo NB = () +

= N*(K)x (0,1

k
() + [ =3 Ao ).
N*(K)x(0,1] ; b

Hence
w(r) = | Selhar, .. hge )
N*(K)x[0,1]
=((©0Z)(p@hp @ - @ hpr)) (K) =¥/ (K). 0

We will also need the following simple lemma.

3.1.6. Lemma. For any subsets T CV xV, A,BCV, and any xo € V one has
(T +(AxB)Nn({zo} x V) ={z0} x (po(T Np7 (zg — A)) + B).

Proof. We have

(T+ (Ax B)) N ({zo} x V) = (T + (A x {0})) n ({20} x V) + ({zo} x B).
Then we have for any y € V'

(w0, y) € (T + (A x{0})) N ({zo} x V)
S3dreV3aeAst. +a=uz9and (z,y) €T
& 3Ar e Vst (z,y) € TNpy (o — A).

The result follows. O

In general we will denote by || - [|o the Co-norm of a map.

3.1.7. Lemma. Let D,D' C V be compact domains with smooth boundaries, and
let g: DD’ be a diffeomorphism. Let K C D be a compact convex subset, and put
6 for the distance from K to the complement of D. Then

) 1y - 1y - _
(32)  reachg(K) > mm{2 I D) llo " D) llg™ Il D29 Iol}-
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Proof. Suppose reachg(K) < 2 || D(g7") ||'. Let € > 0 be given. Then there
exist points ¢ € V' and xg,x1 € K, xg # 1, such that

. o 1y -
la = g(w:)| = dist (¢, 9(K)) < 5 [ D(g™") [lo ",
lg — g(x;)] <reachg(K)+e, i=0,1.
We may assume for simplicity that 2o = g(z¢) = 0. The mean value theorem implies
that the distance from g(K) to the complement of D’ is at least § || D(g™") || >
2|q|, so by the triangle inequality the line segment joining 0 to g(z1) lies in D’.
Since 0 and g(x1) both lie on the sphere of radius |g| about g, it follows that
2 2
g\T1 Z1
(33) (4.9(e1)) = T 5 21
2 2
by the mean value theorem. Abbreviating L := Dg(0) and letting L be its adjoint,
it is clear that L(q) € Nor(K,0). Thus by (33),

I D(g™) Ilg™

|21 |?
2

< (g9(z1) — L(x1), q)

|21|?
< . | D%g o |ql

by Taylor’s theorem and the Cauchy-Schwartz inequality. Thus
reach g(K) +e > |q| 2| D(g™") 5 | D39 llg" -
O

3.1.8. Lemma. Let X C X' C V x V be submanifolds as in the beginning of this
section. Assume moreover that p1(X) is convez.

Then there exists 6 > 0 (depending on the C?-norm of the map (p2 Opf1)|p1(X’)
and its inverse, and the distance from X to OX' only) such that for any A € K(V)
and any x € V the set (X + (A x {0})) N ({z} x V) is either empty or has reach at
least § as a subset of {x} x V.

Proof. Lemma 3.1.6 and the assumptions imply that

(34) (X +(Ax{0})Nn{z} x V= {z} x (B2 057 )(p2(X) N (z — A)).

Now the proof follows immediately from Lemma 3.1.7. (]
From Lemmas 3.1.6 and 3.1.8 we immediately deduce the following corollary.

3.1.9. Corollary. Let X C X' C V xV be as at the beginning of this section.
Assume that p1(X) is convez.
Then for any x € V and any 1 € V°(V) one has

P((X 4+ (A x{0}) N ({z} x V) = ((Br o Py )«) (p(X) N (z — A))
where p1,pa: X' — V are the restrictions of the projections pi,ps to X'.
3.1.10. Lemma. (1) The function
Y V() x C(V, |wy|) x KV)F xRE, — €
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defined by
k
(¢7Ma Ka Ala teey Ak; )\13 ceey )\k) 'l) / ¢(K N (l’ - ZAZAZ))dM(x)
zeV i=1
with ¢ € V=(V),u € C®(V,|w|), (K, AL, ..., A¥) € K(V)k*TL N\, > 0, is a con-
tinuous function which is C*-smooth on V=(V) x C®(V, |w|) x RE, for fized
(K, A, ... AF) e K(V)k+L,

(2) Fix R > 0, k € N. Then there exist a constant C, a positive integer L € N,
and continuous seminorms || - || and || - ||" on V°(V) and C*(V,|wy]|) respec-
tively depending on n, k, and R only, such that for any strictly convex compact sets
AY . AR with smooth boundaries, and any K € K(V) such that K is contained
in the centered Euclidean ball of radius R, one has an estimate
(35)

o / k ' k
T QE N (=) NA))dp@)| < [|o]l - [lull"- ] | lhasllcrsa-r.
|a>\1”.5)\k|0 vev ; | H Atl|CE(Sn—1)

i=1

Proof. By Theorem 1.3.2 there exists a continuous epimorphism of Fréchet spaces

T: POV x PV, wy| R LFF) - SV(V)(&V>(V))
k=0
which is uniquely characterized by the property that for any K € K(V'), any strictly
convex compact sets with smooth boundary Ay, ..., Ak, and any v € C(V, |wy|)
one has

" :
im1

By the Banach inverse mapping theorem the map 7 induces an isomorphism of
Fréchet spaces

(EB C(V x Py (V¥ Jwy | K L%) JKerT =SV (V)(&V2(V).
k=0

Let us consider the composition of v with 7. Thus for any 0 < I < n we get a
map

T OV x Py (V)L wy | BLE) x C=(V, lwy|) x K(V)F x RE, — C.
Also consider the canonical (I 4 1)-linear map
(36)  C®(Viw]) x (CF(P4(V), L)) = C=(V x P (VF)!, |w| & L)
Composing 7, with the map (36) we get the map
(37) T C®(V,|w|) x (C®(Py(V*), L) x C°(V,|w|) x K(V)EF! x R’;O —C

which is uniquely characterized by the following property: for any up,v €
C>(V,|wy|), any B',...,B' € K(V) being strictly convex compact sets with
smooth boundaries, and any K, A', ..., A¥ € (V) one has

T (vihg, .. hg s KA AR )
al

k l
= P oE——— _ LAt nj
/wEV a,ul ce 8/.” |OV (K n (117 Z )\ZA )) + E ﬂJB dM(.’L')

i=1 j=1
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Using the L. Schwartz kernel theorem it is easy to see that in order to prove
Lemma 3.1.10 it is enough to show that for any 0 < ! < n the map 7;” has the
following properties:

(1) 7, is C>=-smooth for fixed K, AL, ... Ak;

(2) for any R > 0 there exists a continous semi-norm || - || on C*°(V, |wy|) such
that for any K € K(V) contained in the origin symmetric Euclidean ball of radius
R, and any strictly convex compact sets with smooth boundaries By, ..., B; € K(V)
one has an estimate

ak
38 | T (v;By,..., B u; K, A, o Ak AL, A
B8 g oo™ (i B B vy A da, o M)
k 1
(39) < [wl-[lull - T hadlez@. oy - TT 1RB; 2@y vey-
i=1 j=1
In order to prove the last inequality let us observe that for fixed A\1,...,A\x >0

k !
/ v Kn(z— Z NiAp) + Zuij du(x)
zeV i— -
(40) 1 7j=1

k l
= (WEV)(AEK) + (O XA Y 1iB)))
i=1 j=1

where A: V — V x V is the diagonal imbedding. Now the inequality follows from
Corollary 1.2.2. Corollary 1.2.2 also implies the smoothness of 7,”. O

3.1.11. Lemma. Let X C X' C VXV be as at the beginning of this section. Assume
that p1(X) is convex. Let A € K(V). Let

pV=(00Z)(¥®@hp1 @ - ®hp),

where BY, ..., B' are strictly convex compact sets with smooth boundaries and con-
taining the origin in their interiors. Let u,v be smooth densities on V. Then there
exists € > 0 depending on X and X' only such that the function f: [0,e]' — C
defined by

l
s osp) = (B V)X + (A x (3 wiBY)
i=1
is C'°°-smooth. Moreover

o 1
@) gl o) = [ (0o 53)) (1)1 (& = A)(o).

Proof. Let us choose € > 0 such that for any z € V' the map
N(X+Ax{0h)Nn{z} xV)) x(0,1] =V
given by (p,n,t) —p+t Zli:l 1;Vhgi(n) is a homeomorphism of
N{(X+Ax{0})n{z} xV)) x(0,1]
onto its image

l
(Pz((X +Ax{0}) n({z} xV)) + ZNiBi) \ (P2((X + A x{0}) N ({z} x V)))

i=1
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for 0 < pq,...,p; < e. Such an € exists due to Lemmas 3.1.8, 3.1.1, and Proposition
3.1.2.
Let us denote
l

Fluns o) = (RRV)(X + (Ax (Y miBY).

i=1

We have

- /evdmx)u<<<X+Ax{0}>m<{x}xv +{} % zuz )

=/ du(x)/ ( Zuzhgz ) v
sev N(X+AxoNn{a} V) x|

[ aut) | ”
zeV N((X+Ax{oDN{z}xV))x[0,1]

where 7, = (f(Zizl wihpi, )) v. Consider the natural projection

¢: VxPL (V") x[0,1] =V x P, (V™).

Set
Ny =GNy, € CF(V % ]I”+(V*),Q"_1 ® p*o)

(here g, denotes integration along the fibers). Using Lemma 2.2.1 and the relation
(34), we compute
(42) f(/j/17"'7/’[’l)
(43) — [ duta) [ T

zeV N*(X+(Ax{0})N({z}xV))
(44) [ auw [ -

zeV (1063 )« N* (p1(X)N(x—A))
(45) [ dute) [ (5 0D5") T

z€V N*(p1(X)N(z—A))

Here (p1 0Py ) denotes the natural lift of the diffeomorphism p; o Doy Lo V x
P, (V*). It is easy to see that the map R! — C°(V x P, (V*),Q""1 ® p*o) given
by (t1,..., 1) = Ty, p 18 C°-smooth. This and Lemma 3.1.10(1) imply the
first statement of the lemma.

Let us prove the second statement. Observe that for any compact semi-convex
(= positive reach) subset Y C V

8l
V)= —— -~ N '
) Opy...0 lo N(Y)”mmm

Hence

o )
mlof(,uly ce ) = /acev du(x) ((}51 ° Py )*¢) (p1(X) N (z — A)).
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3.1.12. Lemma. Let ¢ € V°(V) be a smooth valuation of the form

oo
(46) p=(00Z) (D vnDhp, @ ®hp)

N=1
with {vny} € C(V, |wy|) being smooth densities, and By € K(V) being strictly
convexr compact sets with smooth boundaries, containing the origin in the interior,
and such that for any compact subset T CV and any L € N

[e%S) l
(47) > lwalleray [T 11Rsg ller snery < oo
N=1 i=1

Let A€ K(V). Let p € C®°(V,|wy|). Let X C X' C VXV be as in the beginning
of this section. Assume that p1(X) is convez.

Then the series

[eS) 8l l

48 - X X +Ax ;B
(48) szzlam..ﬁm’o(“ N )(X + (;u )

converges absolutely and its sum is equal to
(49) | (Gro5)0) 0130 0 (@ = 4)d(o)
€

where as previously p1,ps: X' — V are the restrictions of the projections p1,ps to
X'

Proof. If the sum in (46) is finite, then the statement follows immediately from
Lemma 3.1.11. Next let us observe that the expression (49) is continuous with
respect to ¢ € V° (V). Hence it is enough to check that the series (48) converges
absolutely.

Let us denote

Yn = (00E) (VN ®hpy ® @ hpt ).
By Lemma 3.1.11 we have

00 8l 1 i

(50) NZ: T oy o E ) (X A @ piBY))

(51) -y / (1 053 Dwtbn) (p1(X) 1 (& — A))dpu(z).
N=1 eV

It follows from the assumption (47) that the series > x_; ¥n converges absolutely in
V°°(V). Hence the series > n_, (f10p5 ' )«¥n converges absolutely in V°(p; (X')).
(]

3.1.13. Proposition. Let X C X' C V xV be as at the beginning of this section.
Assume moreover that p1(X) and p2(X) are convex. Fix 6 > 0. Then there exists
g0 > 0 depending on &, the C*-norm of the map (ps Opl_l)\pl(x/) and its inverse,
and the distance from X to X' only such that the following properties are satisfied.

Let A= (A,... A¥) and B = (B',..., B") be any k- and l-tuples respectively of
strictly conver compact subsets in V' with smooth boundaries, principal curvatures
between & and 1/6, and containing the origin in their interiors. Let p, v be any
smooth densities on V.
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(1) Then the function
k 1
fasOa, Ak ) = (R V)X + (O NAL Y pBY)
i=1 j=1
1s C*°-smooth for ()§1, e AR, e, ) € [O,a]k"’l‘for any 0 < € < g9 and such
that p1(X) +e>2; A* C pi(X') and pa(X) +e 32, B? C pa(X').
(2) There exist a continuous semi-norm || - || on C(V,|wy|) and a positive
integer L € N depending on X, X', k,l only (and independent of A,B,u,v) such
that

ok+!
Alyevosy AR
‘a)\l~-~a)\kaﬂl--'a,ufl|ofA)B( 1 s Aky M1, 7/”)‘
k l
<l 1wl - TT I1Pasllorsn-ry - TT s llon snr)-
i=1 j=1

Proof. Similar to the proof of Lemma 3.1.11, let us denote
1
(52) M8 = (EOQ pibpi, ) v € C®(V X Py (V) x [0,1],2" ® p*o)
i=1

(53) ﬁB,u1,-~7lu =G NBy . € OOO(V X P+(V*), Qrt ®p*0)a

where as previously ¢: V x P, (V*) x [0,1] — V x P, (V*) is the projection, and g,
denotes the integration along the fibers. First let us prove part (1) of the proposi-
tion. Exactly as in (45) we have

JasN, o Mg, - )

:/ d,u(:v)/ (ﬁ?oﬁl_l) ﬁB,ul,-u,M'
zeV N(p1(X)N(z—3; A AY))

Lemma 3.1.4 implies that 7 ... ,,, depends smoothly on (u1,. .., ) € [0,e]' and
on hgi,...,hg € C®°(S™1). Hence

RS
CBopr oot 7= (P2 op; ) NB, 1,

also depends smoothly on (u1,...,p) € [0,€]' and on hpi,... . hg € C°(S"1).
Thus

f.A,B(Ala"'7>\k;ula"'7ul) :/ d/t(ﬂf)/ ) CB7IJ’17"'7,U‘l.
zev Np1 (X)N(2—3; Ai49)

Then by Lemma 3.1.10(1) the function f4 g is C*°-smooth in (A1, ..., Ag; g1, ..., 1)
€ [0,e]**+!. This proves part (1) of the proposition.
Let us prove part (2). Let us denote that

al
m%ggnuh...ﬂul.

Then o5 € C°(V x P, (V*),Q" ! ® p*0). Moreover o5 depends continuously and
linearly on each hg: € C*°(S8"~!). Then for any M € N there exist a compact
subset 7/ C V, L € N, and a constant C such that

l

(54) llosllem pxy) < Clivller ey - [ I1hssllorsi-1)-
j=1

oB ‘=
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We have
al
T fA,B()\la-'->>\k§ﬂla~~>ﬂl):/ du(x)/ 0B
A ... Oy o vev N(p (X)N(@—3, AiAD)
(note that the differentiation under the the integral is possible due to Lemma
3.1.10(1)).
Hence by Lemma 3.1.10(2) there exist continuous semi-norms || - ||, || - || on

C®(p1(X') x Po(V*),Q" ! @ p*o) and C(V, |wy|) respectively and L’ € N such
that

ok +!

55 Ayeeey Ak e
( ) |a)\1)\kaﬂla,ufl‘0f¢4’8( 1 y Ak M1, 7/J'l)‘

k
(56) < losl - [lull"- [T 1Al oe sn-1)

i=1

by (54) k !
657 "< Cllvlloreny - el - TLRasller snry - [T 1B lozsn-s)-
i=1 j=1

Note that the semi-norms || -], || - ||'; and the constant C' in (57) are independent
of A, B. This proves part (2) of the proposition. O

3.1.14. Lemma. LetY be a smooth n-dimensional manifold. Let f1, fo: Y — R” be
two smooth maps which map Y diffeomorphically onto open subsets f1(Y), f2(Y) C
R™. Let ¢ € V°(Y). Assume that ¢(K) =0 for any compact domain K C'Y with
smooth boundary such that both f1(K) and fo(K) are conver.

Then ¢ = 0.

Proof. Suppose that ¢ Z 0. Let ¢ be the integer such that ¢ € W,\W,,1.

Let K C Y be a compact domain with smooth boundary such that fi(K) C R”
is strictly convex. Let us show that for any yo € Y the set fo(f; ' (f1(vo) +ef1(K)))
is convex for 0 < ¢ < 1. For simplicity of the notation and without loss of generality
we may assume that Y = f1(Y) and f; is the identity imbedding. Also we may
and will assume that fo(y) =y + O(|ly — vo|?) as y — 9o, and yo = 0. Then

@:y-i-O(E) as e — 0.

But since K is strictly convex it is clear from the last formula that @ is also
convex for 0 < e <« 1.
Now let us deduce the lemma. Fix K C Y a compact domain with smooth

boundary such that f;(K) is strictly convex. For
0<exl

the set fo(fi *(f1(yo) + efi(K))) is convex. Hence the assumption of the lemma
implies that

lim = 6(F7 1 (f1(vo) + 1 (K)) = 0.

e—+40 g*

Hence ¢ € W;;. This is a contradiction. O
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4. CONSTRUCTION OF THE PRODUCT

Let X be a smooth n-dimensional manifold. Let ¢,¢ € V°°(X). We are going
to present a construction of a product ¢ - ¢ which a priori will depend on some
choices, and then we will show that the product is in fact independent of these
choices.

Let U C X be an open subset. Let f: U=R"™ be a diffeomorphism. It was shown
n [4], Corollary 3.1.7, that f.¢ can be written (non-uniquely) as

(58) Jso=¢o+ -+ ¢n
with ¢; € W,,_;(R™), and there exist sequences

(59) {1} o C CF (R, fwpn]), 0 < j < m,
(60) {AR}Roi CK®R™), 1<i<j<n,

being strictly convex compact domains with smooth boundaries and containing 0
in their interiors such that
(14,4) for any compact subset ' C R™, any L € N, and any 0 < j < n one has

) J

J .

(61) Ivzl||MN||CL(T)II1:||hA;{,
= =

(24.4) for any set S € K(R™) and any 0 < j < n one has

|CL(Sn—1) < 00;

(62) Z v 8>\ |1 ( S+Z/\ A,

i=1

The last expression is well defined since by Corollary 1.2.2 the function
(S + 37 MAY) is C*-smooth in A1, ..., \; > 0 and the series (62) converges
absolutely.

Similarly one can write

(63) [ =0+ +¢n

with 1; € W,,_;(R"), and there exist sequences

(64) {V}Ro1 C O (R, o), 0 < j <,
(65) {BN}¥o1 CK®R™), 1<i<j<n,

with (65) being strictly convex compact domains with smooth boundaries contain-
ing 0 at the interior such that
(14,4) for any compact subset T C R™, any L € N, and any 0 < j <n one has

o0 J
(66) Z ||V5V”CL(T) H HhB;chL(s"—l) < 005

(24.4) for any set S € IK(R™) and any 0 < j < n one has

(67) Z aMl ’OI/N (S + Z 11; B).

1=1
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As previously the function l/fv(S + 37, uiB%) is C*°-smooth in p1,...,p; > 0
and the series (67) converges absolutely.

In [4] we have defined the product f.¢ - fi«1) as a valuation defined on convex
compact subsets of R™ only by the following formula: for any K € K(R™)

i s §iti’

68) (Lo f)(E)= 3 > ml”mjam”w_<u3'vMéo

(69) x | AK) + (Z XA %< N o B

where A: R™ — R™ x R"” is the diagonal imbedding, the function

J J
(wy B4) | AE) + O NAT x> puBy))
i=1

i'=1

is C*-smooth in A1, ..., Aj, ft1,. .., 47 > 0, and the series (69) converges absolutely
and defines a valuation on /C(R™) from the space SV (R™). By Proposition 1.3.3 it
defines a smooth valuation on P(R™). Hence we get a smooth valuation on U C X.
This valuation will be denoted later on by ¢|y - ¥|y. However this construction
depends a priori on a choice of a diffeomorphism f and the choices (58)-(60), (63)-
(65). It was however shown in [4] that once f is fixed, the other choices (58)-(60),
(63)-(65) do not influence the definition of f.¢ - fi1. So let us denote temporarily
the valuation we have constructed on U by ¢|y oy ¥|y. In order to check that the
product is well defined it remains to show that if U C X is another open subset
and f : USR™ is a diffeomorphism, then

(70) (¢lu or Vo) lyng = Blg oF YI)lvne-

By Lemma 3.1.14 it is enough to show that for an arbitrary compact domain
with smooth boundary K C UNU such that f(K) and f(K) are convex in R", one
has

(71) (f+0 - L) (F(K)) = (fud - fut))(F(K)).

Let us also fix another compact domain with smooth boundary K’ C U N U such
that K is contained in the interior of K’. For valuations f.¢ and f,¢¥ we can find
presentations similar to (58), (62), (63), (67). Namely

(72) fep= o+ + b,

(73) fab =0+ -+ thn,

with q~5j, 1%- € W,—_;(R"™) and there exist sequences

(74) {1 (A= C O (R, Jwrn), 0 < j < m,
(75) {A%}?VO:D {Bj\j[}lo\fozl - K:(Rn)» 1 S i S J S n,

with (75) being strictly convex compact domains with smooth boundaries, contain-
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ing the origin at the interior, and such that
(1) for any compact subset 7' C R™, any L € N, and any 0 < j < n one has

0o J
(76) Z lin o () H 17 4ig

N=1 i=1

o0 J
(77) > ledles e I 1 hgigllor (sn-1) < oo;
N= i)

cL(sn-1) < 00,

2) for any set S € IL(R™) and any 0 < 7 < n one has
( y y0<j

(78) ()= D Garan, loN S+Z)\ A,
N=1 =1
(79) Z am ‘OZ/N (S + Z i BY).
=1
We have to check that
" i oIiti’ , y
80 J X J/
(80) 2 Z: V) W P MG O

7 j’
< | (Fx HE)+ O NAY x Y pr By )
=1 /=1

il ad i+’

_ ~J ~j’
(81) - Z Z: D1 . .axjaul...ay\_(“Ng”N’)

< | (f Z)\ AY x ZMijJ,

=1

We will prove the following lemma.

4.1.1. Lemma. The expression ((80)) is equal to

n o0
ity
(82) Z Z (MN D VN/)
=0 N.N'=1 8>\1 L0\ 8u1 8’y|
x| (f x f)K Z)‘AUXZM”B;\/’]’/

=1

The function (uhy X I/N,) ((f X F)K) + (37, MAY < Z{,/:l /WB;/,%/)) in the last
expression (82) is Coo—smooth in 0 < A, A 1y, iy < en for some ey >0
depending on K, A%, B ”, and the series converges absolutely.

Let us show first that Lemma 4.1.1 implies the equality (71) and hence implies
that the product of valuations is well defined. We can apply Lemma 4.1.1 once
again in a symmetric way in order to show that the expression (82) is equal to the
expression (81). Thus the equality (80)=(81) will be proved.
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Proof of Lemma 4.1.1. The differentiability and absolute convergence in (82) follow
immediately from Proposition 3.1.13.
Let us show that (80)=(82). Let us fix j, N. It is enough to show that
9i+i’

Z Z 8>\1 5‘)\j8u1 .. 'aﬂj’

j’'=0N’'=1

O(Iugv X vy,)

x ((f x f)(K Z)\ A x ZM,B;;,'

/=1
"= (‘yﬂ
= Z Z (NN X VN/)
o ot OA1...0N;0p1 ... Opy
< ((f x HE ZA A x Z i Bi))
/=1

Lemma 3.1.10 implies that it is enough to show that for fixed Aq,...,A; > 0 one
has the equality

>y aﬂ oy B ((f > (K ZA A x ZwBﬁé/
j’'=0N’'=1 =1
-y Z aﬂ, iy B ((f x K ZA A3 XZWBEQ/
j'=0N'= 1 i'=1

Let us denote for brevity A := 25:1 )\iA%, o= ,ug\,. In this notation the last
equality is rewritten as

Z Z SR x [)E) + (Ax S wuBi )

j'=0N'= 1 i'=1
v

D3 G BB X ) + (A x 3 e B,

j'=0N’'=1 i'=1

By Lemma 3.1.12 both sides of the last equality are equal to

/ ((F o F 1) (f() O (2 — A))dpa(a).
€V

This finishes the proof of Lemma 4.1.1. Hence this also finishes the proof that the
product on smooth valuations is well defined. O

From the construction of the product it is easy to deduce the following result.

4.1.2. Proposition. Let U C V C X be open subsets of X. Let ¢,1p € V(V).
Then

(@-¥)|v =9dlv-Ylv
4.1.3. Theorem. The product
V(X)) x V(X)) = V™(X)

is continuous, commutative, and associative. The Euler characteristic is the unit
in the algebra V>°(X).
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Proof. Observe first that if X is diffeomorphic to R™, then this theorem was proved
in [4], Theorem 4.1.2 (combined with the description of V°°(R™) from Proposition
2.4.10 in [5]). This and Proposition 4.1.2 imply all the statements of the theorem
except for continuity.

Let us prove continuity. Assume that ¢y — ¢,y — ¥ in V°(X). We have
to show that ¢y - )y — ¢ - in V°(X). Note that for any open subset U C X
diffeomeorphic to R™

(én - ¥N)lu — (¢ 9)|v in V=(U)

by the affine case and Proposition 4.1.2.
One can easily check the following property. Let {x} C V°(X), £ € V°(X).
Let {U,}o be an open covering of X. Assume that for any «

SN‘UO( — g‘Ua in VOO(UQ)
Then &y — £ in V°°(X). This implies the theorem. O

Recall now that by [5] the assignment to any open subset U C X
Uw— V()

is a sheaf on X denoted by V. Proposition 4.1.2 and Theorem 4.1.3 immediately
imply the following corollary.

4.14. Corollary. V§ is a sheaf of commutative associative algebras with unit
(where the unit is the Euler characteristic).
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