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PROFINITE AND PRO-p COMPLETIONS
OF POINCARE DUALITY GROUPS OF DIMENSION 3

DESSISLAVA H. KOCHLOUKOVA AND PAVEL A. ZALESSKII

ABSTRACT. We establish some sufficient conditions for the profinite and pro-p
completions of an abstract group G of type F Py, (resp. of finite cohomological
dimension, of finite Euler characteristic) to be of type F Py, over the field F,
for a fixed natural prime p (resp. of finite cohomological p-dimension, of finite
Euler p-characteristic).

We apply our methods for orientable Poincaré duality groups G of dimen-
sion 3 and show that the pro-p completion ép of G is a pro-p Poincaré duality
group of dimension 3 if and only if every subgroup of finite index in é’p has
deficiency 0 and @p is infinite. Furthermore if ép is infinite but not a Poincaré
duality pro-p group, then either there is a subgroup of finite index in ép of
arbitrary large deficiency or ép is virtually Z,. Finally we show that if every
normal subgroup of finite index in G has finite abelianization and the profinite
completion G of G has an infinite Sylow p-subgroup, then Gisa profinite
Poincaré duality group of dimension 3 at the prime p.

INTRODUCTION

In this paper we study a relation between cohomology and homology of a group
G and continuous cohomology and continuous homology of its profinite and pro-p
completions. The importance of such a study was observed by J.-P. Serre, who
introduced the notion of a good group [17]. A group G is good if for every i > 1
the natural map G — G induces an isomorphism H'(G, M) — H*(G, M) between
the cohomology H*(G, M) of G with coefficients in any finite G-module M and
the (continuous) cohomology H'(G, M) of the profinite completion G of G. In
addition we say that G is p-good if for the pro-p completion @p the natural map
G — ép induces an isomorphism Hi(ép, M) — HY(G, M) for any finite p-primary
G-module M and any ¢ > 1.

Generally it is hard to check which groups are good. It is known that free groups,
surface groups and a succession of extensions of finitely generated free groups are
good [17, Chapter 1 §2.6 Exercise 2) (b)]. Recently it was proved that Bianchi
groups are good [9]. However the answer to the classical question whether the
mapping class groups are good is not known. Arithmetic groups that do not have
the congruence subgroup property are not good. One of the main results of this
paper (Theorem A) states that an orientable Poincaré duality group G of dimension
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3 whose pro-p completion ép is infinite and all open subgroups of ép have deficiency
0 is always p-good.
Our methods apply to a quite general class of completions G¢ = (h_mG /U of an

abstract group G, where the inverse limit is taken over a directed set C of normal
subgroups of finite index in G. In section 2 we discuss some sufficient conditions for
several important homological invariants of G (the homological type F'P,,, the Euler
characteristic, the cohomological dimension) to be preserved in the completion CA;'C.
Our sufficient conditions involve the inverse limits <li_mHZ-(U7 F,) over U € C.

Our main applications are for the class of Poincaré duality groups of dimension 3,
but many results hold beyond this class of groups. We have tried to state the results
in their most general forms and treat profinite and pro-p completions (Theorem 3.2
and Theorem 4.1), still the results seem to be stronger when pro-p completions are
studied. In section 3 we require that G is a group of cohomological dimension 3,
and for every subgroup U of finite index H3(U,F,) ~ F, for a fixed prime p, or in
some results it will be sufficient that H3(U,F,) ~F, or 0. In both sections 3 and 4
it is assumed that the profinite completion of G has an infinite Sylow p-subgroup
or the pro-p completion of G is infinite depending on whether we study profinite
or pro-p completions. But we do not require that G is a residually finite group or
a residually finite p-group.

In the preliminaries we discuss profinite Poincaré duality groups at a prime p
together with other important notions such as Euler p-characteristic and deficiency.
Our main results for pro-p completions of orientable Poincaré duality groups of
dimension 3 are the following theorems established in section 4.2.

Theorem A. Let G be an orientable Poincaré duality group of dimension 3. As-
sume that its pro-p completion ép is infinite. Then the following conditions are
equivalent :

a) the homomorphism oy = Ha(U,Fp) — Hg(fjp,Fp) induced by the homomor-
phism U — (71, s an isomorphism for all normal subgroups U of p-power index in
G, where (7,, is the pro-p completion of U, Ho(U,Fp) is the abstract and Hg(ﬁp,Fp)
the continuous homology;

b) ép s an orientable pro-p Poincaré duality group of dimension 3;

c) every open subgroup of é’p has deficiency 0;

d) G is a p-good group.

Theorem B. Let G be an orientable Poincaré duality group of dimension 3 and
let ép be the pro-p completion of G. Then exactly one of the following conditions
holds: _

a) G, is finite;

b) @p is an orientable pro-p Poincaré duality group of dim 3;

c) there is no upper bound on the deficiency of the subgroups of finite index in
Gy

d) ép is infinite and the minimal upper bound on the deficiency of the subgroups
of finite index in ép is one. In this case ép is virtually Z,.

Remark. If G is non-orientable but p = 2, then Theorem B still holds if we delete
the condition orientable in b).
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The case of non-orientable Poincaré duality groups G looks much harder than
the orientable case for p odd. The following example shows that for p odd the pro-p
completion @p of G can be Z,, x Z,, , so a Poincaré duality group of dimension 2,
e.g. G = H xXZ, where H is the non-orientable Poincaré duality group of dimension
2 with a presentation (x,y | yxy~! = x~1). This shows that Theorem B does not
hold for non-orientable Poincaré duality groups of dimension 3.

We show in Corollary 4.2 that if G is an orientable Poincaré duality group of
dimension 3 with all normal subgroups of p-power index having finite abelianiza-
tion, then the pro-p completion ép is a pro-p Poincaré duality group of dimension
3. This generalizes Reznikov’s statement about the pro-p completions of those 3-
dimensional cocompact hyperbolic lattices which contradict Thurston conjecture
[16]. In contrast to Reznikov’s treatment our proofs are homological and much
simpler.

Corollary 4.2 is generalized for profinite completions (a case not discussed by
Reznikov) in Theorem C. Little is known for the profinite completion of abstract
orientable Poincaré duality groups of dimension 3. By [10] the fundamental group
of a Haken 3-manifold is residually finite. The group G from Theorem C cannot be
the fundamental group of such a manifold.

Theorem C. Let G be an orientable Poincaré duality group of dimension 3. As-
sume that for a fized prime p the profinite completion G has an infinite Sylow
p-subgroup and that every normal subgroup U of finite index in G has finite abelian-
ization. Then G is an orientable profinite Poincaré duality group of dimension 3
at p.

In section 5 we discuss more corollaries. Except for Proposition 5.1 from section 5
we do not suppose that G is finitely presented. It is an open question whether there
is an abstract Poincaré duality group of dimension 3 that is not finitely presented.
But for any n > 4 there is a Poincaré duality group of dimension n that is not
finitely presented [5].

Throughout this paper p always denotes a fixed prime number. If not other-
wise stated Ext and Tor are the functors of abstract modules (even if applied to
completed group rings). For a group G we denote by ép, G and @c the pro-p
completion, the profinite completion and the inverse limit HﬂG JU over U € C. If

not stated otherwise all modules considered are right modules.

Remark. The authors have just learned that Th. Weigel has found independent
proofs of Corollary 4.2 and a weaker version of Theorem C under the additional
hypothesis that the pro-p completion of G is infinite. We thank him for sending his
preprint [21].

1. PRELIMINARIES

1.1. Type FP,, for abstract and profinite modules. We recall the notion of
type FP,, for modules and groups. Let G be an abstract group and B a Z[G]-
module. For 0 < m < oo we say that B is of type F P, if there exists a projective
Z|G]-resolution of B,

R:...- R —-R,1— ... Ry—B—0,

with all R; finitely generated for ¢ < m. One says that G is of type FP,, if the
trivial Z[G]-module Z is of type FPp,.
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Now let G be a profinite group and B a profinite Z,[[G]]-module (resp. an
F,[[G]]-module). One says that B is of type F'P,, over Z, (resp. F},) if there exists
a profinite projective Z,[[G]]-resolution (resp. an F,[[G]]-resolution) of B,

R:...- R —-R;_1—...- Ry— B—0,

with all R; finitely generated for ¢ < m. One says that G is of homological type F Py,
over Z, (resp. F,) if the trivial Z,[[G]]-module Z,, (resp. the trivial F,[[G]]-module
F,) is of type FP,,.

The following simple lemma will be used many times in this paper.

Lemma 1.1. Let p be a prime number, R the ring Z, or F, and H a profinite
group. Then

a) every finitely generated abstract projective R[[H||-module P is a profinite pro-
Jjective R[[H]|-module under the same action of R[[H]];

b) if the abstract trivial R[[H]]-module R is of type F P, then the profinite group
H is of type F'P,, over R;

c) if the abstract trivial Z,[[H|]-module Z,, has a projective resolution P of finite
length m such that all projective modules are finitely generated, then the cohomo-
logical p-dimension cdy,(H) < m;

d) if the abstract trivial R[[H]]-module R has type FPy,,, then for any finite
discrete R[[H]]-module M and i < m — 1 there is a natural isomorphism between
the functor of abstract modules Ext%[[H”(R, M) and the continuous cohomology
HY(H,M);

e) if the abstract trivial R[[H]]-module R has type F P,,, then for any profinite left
R[[H]]-module N and i < m—1 there is a natural isomorphism between the functor

of abstract modules Torf’[[H”(R, N) and the continuous homology H;(H, N).

Proof. a) There is a finitely generated abstract free R[[H]]-module F such that P is
a direct summand of F' as an abstract module, i.e. ' = P®P’. Note that F is also a
profinite R[[H]]-module because it is a finite direct sum of copies of R[[H]]. By [22,
Lemma 7.2.2] every abstract homomorphism between profinite finitely generated
R[[H]]-modules is continuous. Then the map ¢ : F' — F, that is identity on P and
zero on P’ is continuous. In particular Im(y) = P is a profinite R[[H]]-module
and a direct summand of the free profinite R[[H]]-module F, hence P is a profinite
projective R[[H]]-module.

b) By part a) the m-th skeleton of any projective resolution of R as an ab-
stract R[[H]]-module with finitely generated modules in dimensions < m has only
continuous maps, hence the profinite group H is of type F'P,, over R.

c¢) By part a) the modules in the complex P are profinite Z,[[H]]-modules. By
[22, Lemma 7.2.2] the homomorphisms of P are continuous, hence P is a projective
profinite resolution of Z, as a profinite Z,[[H]]-module. By an obvious modification
of [15, Prop. 7.1.4(e)] obtained by substituting every appearance of F,, with Z,, the
cohomological p-dimension cd,(H) is at most the length of P.

d),e) Let P be a projective resolution of the trivial abstract R[[H]]-module R
with finitely generated projective modules in dimension < m. By a) and b) the
m-skeleton P("™) of P is a partial profinite resolution of the trivial profinite R[[H]]-
module R and can be used to calculate H;(H,N) and H*(H, M) for i < m — 1.
In particular Tori-"{[[H”(R7 N) =~ Hi(P @gyy N) ~ H;(P&rmN) ~ Hi(H,N)
for i < m — 1, where the middle isomorphism follows from the fact that the
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abstract @gyg) and complete ® R[] tensor products are naturally isomorphic
if applied to profinite modules such that at least one of them is finitely gener-
ated. As before by [22, Lemma 7.2.2] the set of abstract R[[H]]-module homo-
morphisms from any finitely generated profinite R[[H]]-module (in particular P;
for i < m) to M is the set of all continuous module homomorphisms. Then
Eatl, Ry (B M) ~ H(Hom gy (P, M)) ~ H'(H, M) for i <m — 1. O

1.2. Abstract and profinite Poincaré duality groups. There are two (equiv-
alent) ways to define an abstract Poincaré duality group. In this paper we will
mainly use Farrell’s approach [7], i.e. G is a Poincaré duality group of dimen-
sion n if G is a group of type F Py, of cohomological dimension ¢d(G) = n and
H*G,Z[G)) = Emt%a] (Z,Z|G]) = 0 for k # n and Z for k = n. If the G-action
on H"(G,Z|G]) is the trivial one, G is called orientable. Otherwise G is non-
orientable and acts on H™(G,Z[G]) via multiplication with +1. Equivalently the
condition on Ext*(G,Z[G]) can be substituted with the existence of an isomor-
phism HY(G, M) ~ H,_;(G,D ®z M) for all G-modules M and all i, where the
dualizing module D is H"(G,Z[G]) [4, Ch. 8,Prop. 10.1].

There are two definitions of a profinite Poincaré duality group H at a prime p
of dimension n [19], [14, 3.4.6]. The definitions differ in that one requires that H
be of type F'P,, over Z, and the other does not. Still we do not know an example
that satisfies the conditions of [14, 3.4.6] and is not of type F'P., over Z,. In this
paper we adopt the approach of [19].

In [19] the profinite duality groups H at p of dimension n are defined as groups
of cohomological p-dimension cd,(H) = n, of type F Py over Z, (in [19] groups of
type F Py, over Z, are called of type p-F Py,) and

H"(H, Z,[[H])) = Bat} 1 (Zp, Zp[[H]))

is 0 for k # n and for k = n is p-torsion free. If in addition H"(H,Z,[[H]]) ~ Z,,
H is called a Poincaré duality group at p of dimension n. Furthermore if the action
of H on H"(H,Z,[[H]]) is trivial, H is called an orientable Poincaré duality group
at p; otherwise it is non-orientable.

1.3. Euler characteristic and deficiency. For a finitely presented pro-p group
H the deficiency def(H) is defined as | X | — | R |, where <X | R) is a minimal
presentation of H, i.e. X is a minimal set of generators and R is a minimal set
of relations for H such that R is a subset of a free pro-p group with basis X.
Note that the cardinality of X and R is dimg, H'(H,F,,) = dimg, H1(H,F,) and
dimg, H*(H,F,) = dimg, Hy(H,F,) respectively. Thus def(H) =

dimg, H' (H,F,) — dimg, H*(H,F,) = dimg, H,(H,F,) — dimg, Ho(H,F,).

Furthermore if f : F — H is an epimorphism of pro-p groups such that F' is a free
pro-p group of finite rank, then def(H) is the rank of F' minus the minimal number
of generators of Ker(f) as a closed normal subgroup of F'.

Let G be an abstract group of finite cohomological dimension and of type F P.,.
The Euler characteristic x(G) is defined by

XG) =Y (- kg Tor' Nz, 2) = " (~1)'ranky Hi(G, Z)

% A
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(cf. [4, Ch. IX, Sec. 6], where it is defined for the more general class of groups of
finite cohomological type). Furthermore if

R:0— Ry 2Ry 225 25 Ry-257, 5 0
is a projective resolution of Z as an abstract Z[G]-module of finite length and with
all projective modules R; finitely generated, then

X(G) = (—1)'rkz(R; ®z6) Z).
Since every R; is a finitely generated projective module, there is a free finitely
generated Z[G]-module F; such that R; is a direct summand of F;. In particular
R;®7/c)7Z is a direct summand of the finite rank free abelian group F; ®z(¢)Z, hence
R; ®7(¢Z is itself abelian of finite rank and rkz(R; ®z(q Z) = dimg, (R; ®zi¢) Fp) =
dimg, Homzq)(R;,Fp). Then

X(G) = Z(_l)idime(Ri ®zic) Fp)
= (=1)'dimz, H;(G,F,) = > _(—1)'dimz, H' (G, F,).

If U is a subgroup of finite index in G by [4, Thm. 6.3, Ch. 9], x(U) = (G : U)x(G).

Let G be an abstract Poincaré duality group of odd dimension n, hence H*(G, F,)
~ H,_(G,D®zF,), where D is the dualizing module H" (G, Z[G]) ~ Z. It is easy
to see that x(G) = 0. Indeed for an abstract orientable Poincaré duality group Gy
of odd dimension n we have that F, ~ H"(Gy, Z[Gy]) @z F, is the trivial Z[Gy]-
module and

2x(Go) = > _((=1)'dimg, Hi(Go,F,) + (=1)""dimg, H" (G, F,)) = 0.
Since G has a subgroup Gy of index < 2 which is an orientable Poincaré duality
group, one has 0 = x(Go) = (G : Go)x(G) and therefore x(G) = 0.

For a profinite group H of finite p-cohomological dimension cd,(H) and type
F Py, over Z,, we define the Euler characteristic of H at p as
Xo(H) = Y (~1)irhe, Hi(H,Z,) = 3 (~1)'rhe, Tor (2, 7,).
Then for a finite length profinite projective resolution S of the Z,[[H]]-module Z,
whose all projective modules are finitely generated

Xp(H) = (=1)'rky, (Si ®z, 1) Zp)-
As in the abstract case rkz, (S; ®z,(1m)) Zp) = dimg, (S; ®z,(1m)) Fp), hence
Xp(H) = (=1)'dimg, (S; @z, 1)) Fp)

=S (~)idims, Tor?" Mz, F,) = S (~1)!dims, H; (H,F,).

g

If H is a pro-p group the Euler characteristic x(H) is defined as x,(H).
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2. COMPLETIONS OF ABSTRACT GROUPS OF TYPE F'P,,

Let G be an abstract group of homological type F'P,, over the ring Z for some
m > 1, in particular G is finitely generated. Then there is a projective resolution
of the trivial right Z[G]-module Z

R: —R-2R — . MRz 0

with all R; finitely generated for ¢ < m. Let C be a set of normal subgroups U
of finite index in G such that C is directed in the sense that if Uy, Us € C there
is U3 € C with U3 C U; NUy. We define CA?C as the inverse limit of G/U and
]Fp[[éc]] as the inverse limit of F),[G/U], when U runs through C. For U € C
define Ry = R ®z) Fp, thus Ry is a complex (in general not exact) of projective
F,[G/U]-modules and {Ry }rec is a surjective inverse system of complexes via the
surjective maps G/U; — G /U, for the groups U; C Us of C. Note that

Hy(Ry) =0 and Hy(Ry) ~ Tor” YNz, F,) ~ H,(U,F,) for i > 1.

As G is of type F'P,, every subgroup of finite index in G is of type F'P,,, in particular
every U € C is of type F'P,,. This implies that H;(U,F),) is finite for every j < m.

Let R be the inverse limit of the inverse system of complexes {Ry }yec. Observe
that

(1) R ~ RO @y F[[Gell,

where upper index (m) denotes the m-skeleton of the complex (i.e. all modules
and homomorphisms up to dimension m). In dimension —1 the above isomorphism
follows from the fact that éc is topologically finitely generated, say by xz1,..., x4,
hence the augmentation ideal of Fp[[éc]] as an abstract right ]Fp[[éc]]—module is

Yi<ica(@i — DF,[[Gell, hence R_y =, ~ Z @z F,[[Ge]l.
Denote by {0;}i>0 and {R;}i>o the differentials and the modules of R. By [20,
Thm. 3.5.8] for every ¢ there is an exact sequence

0 — lim' Hyy1 (Ry) — Hy(R) — lim H;(Ru) — 0.
vecC vecC
Since G is finitely generated the set of all normal subgroups of finite index in G is
countable, so we can replace C by a totally ordered countable cofinal subset without
changing the inverse limits above. By [20, Exer. 3.5.2] or the main result of [8] (h_ml

of a tower (i.e. an inverse system indexed by a totally ordered countable set) of
finite dimensional vector spaces over a fixed field is 0. Applying this for the finite
dimensional vector spaces H;+1(Ry) over I,

limlHiH(RU) =0fori<m-—1.
Uee
Note we have proved the following lemma.

Lemma 2.1. There is an isomorphism of abstract Fp[[éc}]-modules

Ho(R) = 0 and Hy(R) ~lim H;(Ry) ~ lim H;(U,F,) for 1 <i<m—1,
Uec Uec
where the G /U -action on H;(U,F,) induced by conjugation induces a G¢-action on
lim H;(U,F,).
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Theorem 2.2. Suppose that G is an abstract group of type F P, for some m > 2,
and C is a directed set of normal subgroups U of finite index in G. Suppose further
that the inverse limit (li_mHi(U, F,) over U € C is of homological type FPyn_1_;

as an abstract Fp[[éc]]—module forall1 < i < m —1. Then the trivial abstract
F,[[Gel]-module T, is of type FP,,.

Proof. We need only the dimension shifting argument from [1, Prop. 1.4]. More
precisely suppose that 0 — V' — V — V” — 0 is a short exact sequence of
modules:

a) if V is of type F Py and s > 1, then V" is of type F'P; if and only if V' is of
type FPs_1;

b) if V/ and V" are of type FP; for some s > 0, then V is of type FP;.

From now on all modules considered in this proof are abstract Fp[[@c]]—modules.
Consider the short exact sequences of modules

(2) OHKer(é‘\j) Hﬁj HIm(é‘\j) —0
and
(3) 0 — Im(;) — Ker(9;-1) — H;-1(R) — 0.

~

We prove by inverse induction on 4 that Im(9;) is of type FP,,_; for all 0 <i < m,
and the case i = m is obvious as R, is FPy (i.e. finitely generated). As I'm(0y) =
F,, the case i = 0 is exactly what we want to prove.

Suppose Im(9;) is of type FP,,_; for some 1 < ¢ < m. By Lemma 2.1
(li_m H;,_1(U,F,) ~ H;_1(R) and by assumption (h_m H,_1(U,F,) is of type FP,,_;.

~

By b) applied to the short exact sequence (3) for j = i, Ker(9;—1) is of type F Py, _;.
Note that R; is an abstract finitely generated projective F,,[[Ge]]-module for every
7 < m, hence Ej is FP,. Applying a) to the short exact sequence (2) for j =i —1
we get that Im(gi,l) is of type F P,,_;+1. This completes the inductive step. [

Corollary 2.3. Under the assumptions of Theorem 2.2 the profinite group éc 18
of homological type F' P, over the ring IF,.

Proof. Tt follows directly from Theorem 2.2 and Lemma 1.1 b). O

Theorem 2.4. Suppose that G is an abstract group of type FP,,, C is a directed
set of normal subgroups U of finite index in G and iy is a fixed positive integer
such that 1 < ig < m — 1. Suppose further that for a fized prime p and for all
ie{l,...,m—1}\ {ip}

liin H;(U,F,) =0.

vec
Then the following conditions are equivalent :

a) lim H,,(U,F,) as an abstract Fp[[éc]]—module is of homological type F Pp_1_;,;
b) the trivial abstract Fp[[éc]]—module F, is of type F Pp,;
c) G¢ as a profinite group is of type F P, over F,.

Proof. c) implies b) is obvious and b) implies c) is Lemma 1.1 b). All modules
considered in the rest of the proof are abstract F,[[G¢]]-modules. By Lemma 2.1
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H;(R) =0 forie{1,...,m—1}\ {ip}, in particular we have the following exact
complexes of modules:
a S O 5 i N
(4) 0— K@T(@io)&Rio —O>Ri071 0—>1 e Roﬁ)Fp — 0
and if ig £Zm — 1
O 1

(5) 0= Im(Om) = Ker(Dpm_1)"5 Ry ==

. Ri0+1i>1m(3i0+1) —0
where «aq, as are the inclusion maps, and the map 3 is induced by 5,»0“. Applying
dimension shifting argument [1, Prop. 1.4] (part (a) of the proof of Theorem 2.2) for
the short exact sequences corresponding to the complexes (4) and (5) we get that
Ker((i-) is F'P,,_1_; if and only if Im((i) is F'P,,_;. In particular since Im(é;) is
FP, (i.e. finitely generated)

o~

6) Im(Dy+1) is of type F Py _iy—1

~

(
(note the latter holds even for ig = m — 1) and
(7) F, is of type F'P,, if and only if Ker(0;,) is of type F Py_;,—1.

By (6) and dimension shifting (this time we use both (a) and (b) from the proof
of Theorem 2.2) for the short exact sequence 0 — Im(0;,4+1) — Ker(d;,) —
(8) Ker(dy,) is of type FP,,_; 1 if and only if H;,(R) is of type FPp,_;,_1.

By (7) and (8) the items a) and b) are equivalent. O

Theorem 2.5. Suppose that G is an abstract group of type F'Py, and finite coho-
mological dimension, and C is a directed set of normal subgroups U of finite index
in G. Suppose further that for a fived prime p and for all i > 1

lim H;(U,Fp) =0.

vecC

Then for allm >1 andi > 1
Tor™' Nz, (2/p™2)[[Gc]]) = 0 and Tor™ Nz, 2,[[Ge]]) = 0.
In particular @c is of type F Py, over Z,.

Proof. Let R be a projective resolution of Z as an abstract Z[G]-module such that
R has finite length and all projective modules are finitely generated. By Lemma
2.10 = H;(R) =~ Tor Nz, F,[[Gc])) for i > 1, where by (1) R =~ R @y¢ Fp[[Gel]-

The long exact sequence in homology for the short exact sequence of abstract
Z[G)-modules 0 — (Z/p™1Z)[[Ge]] — (Z/p™Z)[[Ge)] — Fp[[Ge]] — 0 implies that
if Tor )z, (2./p™=17)[[Ge]]) = 0 for all i > 1, then Tor Nz, (2/p™Z)[[Ge]]) =
0 for all4 > 1. It follows that for every m the complex P(,,,) :=R®z(¢1(Z/p™ Z) [[@c]]
is exact.

Let P be the inverse limit of the tower of exact complexes {P(;)}m>1. By [20,
Thm. 3.5.8] the complex P is exact and by construction P ~ R ®zj¢q Zp[[éc]].
Then 0 = H;(P) = ToriZ[G] (z, Zp[[éc]]) for all 4 > 1 and P is a profinite projective
resolution of the trivial profinite Z,[[Ge]]-module Z, with all projective modules
finitely generated, hence é’c is of type F Py, over Zy,. (]
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Theorem 2.6. Suppose G is an abstract group of finite cohomological dimension
cd(G) = m and type FPy. Let ig be a positive integer such that 1 < ig < m, p is
a fixed prime number and C is a directed set of normal subgroups U of finite index
in G. Suppose further that for all i € {1,...,m}\ {io}

lim H;(U,Fp) =0.

vecC

Then
a) the inverse limit V;, = hﬁHio (U,F,) over U € C has a finite projective

dimension as an abstract Fp[[éc]]-module if and only if the profinite group Ge is of
finite cohomological p-dimension; R
b) if Vi, = 0, then the profinite group Gc is of finite cohomological p-dimension
cdp(Ge) < cd(G), of type F Py over Fy, and its Euler p-characteristic x,(Gc) =
xX(G).
Proof. Let R be a projective resolution
R:0—-R,, > Rp-1—... > Ry—7Z—0

with all R; finitely generated for ¢ < m. Let R be the complex obtained from the
inverse limit procedure at the beginning of section 2, i.e. R ~ R ®zq) Fp[[Gc]]. To

prove a) we note that if there is an exact complex of abstract F,[[Gc]]-modules
O—»W’—>Qj—>Qj_1—>,,,—>QO—>W”—>O

with Q; projective for 0 < i < j, then W has finite projective dimension if and only
if W’ has finite projective dimension. One can see it by breaking the complex into

short exact sequences and using [14, Prop. 5.2.11] stating that a ]Fp[[@c]]—module

M has projective dimension n if and only if ToriﬂGcH (M, N) = 0 for every simple

N (or similarly with Ext).
This, applied in the special case ig = m for the exact complex of abstract
F,[[Gc]]-modules

0— Ker(0pm) — }A%ma—mJA%m_l — EO —F,—0

plus the fact that by Lemma 2.1, V;, ~ H;, (ﬁ) = Ker(Op), shows that a) holds
for ig = m.

Now suppose that ig < m — 1. Then the above argument applied for the exact
complex 5

0— Ker(d;,) = Riy—>...—~ Ry = F, =0

shows that F,, has finite projective dimension as an abstract ]Fp[[éc]]—module if and
only if Ker(0;,) has finite projective dimension. Since H;(R) is the inverse limit

~

(h_mHi(U, F,) over U € C and <li_mHi(U7 F,) = 0 for all ¢ > 4, the module Im(0;,+1)

has a projective resolution as an abstract Fp[[éc]]—module

~ 5. =~ ~ Big 11 ~
0—Rn—"Ryn_1—...—Ri 11 ik Im(0;y+1) — 0,

hence Im(0;,+1) has finite projective dimension. Finally consider the short exact
sequence of F,[[G¢]]-modules 0 — Im(0;y4+1) — Ker(0;,) — H;,(R) — 0. Then

-~

Ker(9;,) has finite projective dimension if and only if H;,(R) has finite projective

~

dimension. Finally by Lemma 2.1 H; (R) =~ V;,. This completes the proof of part

a).
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If Vi, = 0 by Theorem 2.5 the complex § = R ®zq Zp[[@c]] is a projective
resolution Z, as an abstract Z,[[Gc]l-module of finite length and all projective
modules finitely generated. Then by Lemma 1.1c) ¢dp(Ge) < ¢d(G) and

Xo(Ge) = D (= 1)'rkz, (Si @z a0 Zo) = D (~1)'rkz, (Ri @z(6) Zp)

% A

= Z(—l)iTkZP(Ri ®zi6) L Rz Lp) = Z(—l)iTkZ(Ri ®zia) Z) = x(G).

i i

The following corollary follows from Theorem 2.6 b) and Theorem 2.5.

Corollary 2.7. Suppose G is an abstract group of finite cohomological dimension
cd(G) = m and type FPs. Let C be a directed set of normal subgroups U of finite
index in G. Suppose further that for a fixed prime p and for all1 <i <m

{121 H;(U,F,) =0.

vecC
Then the profinite group @c is of finite cohomological p-dimension cdp(éc) <m, s
of type F Py, over IFy, and over Z,, and its Euler p-characteristic Xp(éC) =x(G).

Remark. Corollary 2.7 can also be deduced from [17, Complements, p.15] using the
Lyndon-Hoschild-Serre spectral sequence.

3. GROUPS OF COHOMOLOGICAL DIMENSION 3

3.1. Pro-¢ completions. In this subsection we study pro-€ completions of groups
of cohomological dimension 3 with some additional properties, where € is a class
of finite groups closed for subgroups, quotients and extensions. In this case our
directed set C is a set of subgroups of G that defines the pro-€ topology on G.
Often we would suppose that the pro-€ completion of G has an infinite Sylow
p-subgroup for some prime p. Note that the profinite completion of a finitely
generated linear group has an infinite Sylow p-subgroup for every p. This follows
from the Lubotzky’s Alternative; see p. 390 in [13].

For U € C denote by Uc the inverse limit of U/V over those V in C that are
subgroups of U. Denote by Hi(ﬁc, [F,) the continuous i-th homology of the profinite
group (Afc with coefficients in F,, (i.e. calculated using projective resolution of Z, in
the category of profinite Z,[[Uc]-modules). Note that if G¢ has an infinite Sylow
p-subgroup, then € contains IF,, and hence € contains any finite p-group.

Proposition 3.1. Let p be a fized prime, and let G be an abstract group of co-
homological dimension 3 and of type F Py,. Furthermore for every U € C either
Hs(U,F,) ~ F, or H3(U,F,) = 0 . Assume that the profinite group Ge has an
infinite Sylow p-subgroup. Then for any projective resolution R of Z as an ab-
stract Z|G]-module such that R has finite length 3 and finitely generated projective
modules,

Hi(R)=0fori=1andi=3
for the completed complez R ~ R ®z(a] Fp[[éc]].
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Proof. Since U is finitely generated (because G is), [U, U]UP has finite index in U,
so by [15, Prop. 3.3.2 (d)] U/[U, UJUP ~ U¢/|Uc, Uc]U. Hence the homomorphism

U — U¢ induces an isomorphism of F,-vector spaces
H\(U,F,) ~ U/[U,UUP ~ Uc/[Uc, Uc|U? ~ Hy(Ue,F,).

As the continuous homology commutes with inverse limits (see Proposition 6.5.7 in
[15]) we get that

lim Hy (Ue,F,) ~ Hy(lim Ue,F,) = 0 since lim Ue = (| Ue =1.

vec vec vec Uec

In particular, by Lemma 2.1

H\(R) ~ lim H,(U,F,) = 0.
vec
As H3(U,F,) ~ F, or 0, the inverse limit (h_l’Ing(U, F,) is either F, or 0. Again
using Lemma 2.1
H3(R) ~lim H3(U,F,) =0 or F,,.
In this paragraph we state a ﬁce);lological version of [17, Sec. 3.3, Lemma 4].

Consider two normal subgroups U; C U, of finite index in G such that the order of
U, /Uy is divisible by p. Then the map

Corgf o Resg; : H3(Us,Fp) — H3(Us, Fp) is zero

since it is the multiplication by |Uz/U|. Here Resg; : H3(Us,Fp) — H3(Up,TFp) is
the restriction map, called transfer map in [20, Lemma 6.7.17]. By [20, 6.3.9] the
restriction map is the composition Hs(Us,F,) — H3(Us, Indgf (Fp)) ~ H3(U,Fp),
where the last isomorphism is the one given by the Shapiro lemma. As Us has
cohomological dimension 3 the long exact sequence in homology for the short exact
sequence
0 — F, — Indy? (F,) — Indg? (Fp) /Fp — 0
gives an exact sequence
Hy(Uz, Indg? (Fp)/Fp) = 0 — Hs(Us,Fp) — H3(Uz, Indg?(Fp)) — ...

In particular the map H3(Us,Fp) — H3(Us, Indgf (F,)) is injective and the restric-
tion map Resg; is injective.

Suppose that Corgf # 0. As H3(U;,F,) is either F,, or zero, H3(U,F)) ~ F, ~
Hs3(Us,Fp), and the injectivity of Resg; implies that Resg; is an isomorphism.
Finally since Corgf o Resg; = 0 we obtain Corg’f = 0, a contradiction. Hence
C’orgf =0.

As éc has an infinite Sylow p-subgroup, infinitely many of the corestriction
maps in the inverse limit used to calculate (h_m H;3(U,F)) ~ Hg(’ﬁ) are zero, hence

~

H3(R) =0. O

Theorem 3.2. Suppose the hypothesis of the preceding proposition holds and the
homomorphism

ou : Hy(U,F,) — Ha(Ue,Fyp)

induced by the canonical homomorphism U — ﬁc is an isomorphism for all U € C.
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Then

a) ToriZ[G] (Z, Fp[[@c]]) =0 for alli > 1, and the canonical map G — G induces
an isomorphism H;(G,F)) ~ Hi(éc,IFp) for all i and Xp(éC) = x(G);

b) the profinite group éc is of type F Py over F, and over Z, and has coho-
mological p-dimension cdp(éc) < 3, in particular ég does not have p-torsion. If
Hs(G,F,) ~F,, then cdy(Ge) = 3;

¢) Tor”'9Nz,2,[[Ge]]) = 0 for all i > 1.
Proof. Let R be a projective resolution of Z as a Z[G]-module
R:0—R3 >Ry — Ry —Ry—7Z—0

with finitely generated projective modules and R ~ R ®z/¢ IFP[[@C]] by (1). As the
homomorphism ¢y : Ho(U,Fp) — HQ(ﬁC,]Fp) is an isomorphism for all U € C, and
by Lemma 2.1

Hy(R) = lim Hy(U,F,) = lim Hy(Ue,F,) = Hy(lim Ue, F,) = 0.
vec vecC vecC
Combining this with Proposition 3.1 we have 0 = H;(R) ~ ToriZ[G] (Z,Fp[[écﬂ)
for 1 < i < 3, hence R is a finite length projective resolution of F, over IFP[[@C]]
with all modules finitely generated and R ®zq) Fp ~ R Bk, (1G]] F,. By Corollary
2.7 the profinite group Ge is of type F Py, over Z, and over F, and cd,(Ge¢) < 3.
Note that if F is a projective resolution of the trivial abstract Zp[[éc]]—module Zy
with all projectives finitely generated, then F ®@; (&, F,[[Gc]] is a projective res-

olution of the trivial abstract Fp[[@c]]—module F,. Therefore, Tor?“’[[GCH(IFp, F,) ~
Tor’?19(7,, F,). Hence

Hy(G,Fy) = Hi(R @gic) Fy) ~ Hi(R @y (6. Fp)

~ Tor, 19N (R, F,) ~ Tor? 9Nz, F,) ~ H,(Ge,F,)
and (a) is proved.
To finish the proof of item (b) we observe that Hs(G¢,F,) ~ H3(G,F,) ~F, #0

~

gives cdp(G) = 3. Finally Theorem 2.5 completes the proof of item (c). O

3.2. More on pro-p completions. We shall need the pro-p version of a well-
known result for discrete groups.

Lemma 3.3. Let G be a finitely presented pro-p group and let H be an open sub-
group of G. Then

def(H) — 1> (G : H)(def(G) — 1).

Proof. Denote by d(G) the minimal number of topological generators of G. Let
f + F — @G be an epimorphism of a free pro-p group F of rank d(G) onto G.
Put U = f~Y(H). Then U is free pro-p and d(U) = (F : U)(d(F) — 1) + 1 (see
[15, Thm. 3.6.2]). Denote by r(G) and r(H) the minimal number of generators of
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ker(f) as a normal subgroup in F and in U respectively. Hence
def(H) = d(U)—r(H)
(F:U)d(F)-1)+1—r(H)
> (F:U)dF)-1)+1—(F:U)r(G)
(F:U)(def(G)—1)+1
as needed. ]

Lemma 3.4. Let G be an abstract finitely generated group of cohomological dimen-
sion 3 and Fuler characteristic O with a subgroup U of G of p-power index such
that H3(U,F,) ~F,. Then for the pro-p completion ﬁp of U the dimension (over
F,) of the kernel of the surjective map

v Hy(U,Fy) — H(Up, Fy)
is def((A/p), where
def(U,) = dimz, H\(Up, F,)) — dimg, Ha(U,, )

is the deficiency of (7p,
Proof. We claim that ¢y is surjective. Indeed let F' be a finite rank free group with a
normal subgroup R such that U ~ F'/R. Then by a p-version of the Schur multiplier
formula Hy(U,F,) ~ RN [F,F]F?/[R, F]RP (this formula follows easily from the
exact sequence given in [4, Ch. 2, Prop. 5.4]). Let F be the pro-p completion
of F (i.e. F is a free pro-p group of rank equal to the rank of F) and R be
the closure of the image of R in F via the canonical map p : F — F. Then
HQ(U,,,IF,,) ~RN [F, F]Fp/[R, F]RP7 and the map ¢y is induced by the map p.

Note that by [4, Thm. 6.3, Ch. 9] x(U) = (G : U)x(G) = 0 since x(G) = 0 by
the hypothesis of the lemma. Then

dimg, Ho(U,Fp,) — dimg, H,(U,F,) = x(U) — dimg, Hy(U, F))
—l—dim]FpHg(U, Fp) = X(U) =0,
dimy, Ho(U,Fp) = dimg, H,(U,F,) = dimgp, U/[U,UJU? = dim]Fle(fJ\p,IE‘p)
and
dimyp, Ker(py) = dimg, Ha(U,F) — dimeHg(ﬁp,Fp)
= dimg, Hy(U,, F,) — dims, Ho(U,, F,) = def(U,).
O

Corollary 3.5. Suppose the assumptions of the preceding lemma hold for any sub-
group U of p-power index in G. Then the following hold :

a) if U/[U,U] is finite, then oy is an isomorphism;

b) let V' be a subgroup of p-power index in G such that the map @y is not an

isomorphism. Then for any proper subgroup W of p-power index in V' the map pw
is not an isomorphism and def( ) > def( )

Proof. a) By Lemma 3.4 def(U ) = dimg, Ker(py) > 0. If def (U, ») # 0 by [13,
Lemma 16.4.3, p. 370] ﬁp cannot have finite abelianization, hence U cannot have
finite abelianization, a contradiction. Then def(U,) = 0, and ¢y is an isomorphism.
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b) By Lemma 3.3 def(wp) -1> (Vp : Wp)(def(f/) 1). Therefore,
2

def(Wy) — 12> (V, : W) (def(V,) — 1) > 2(def (V,) — 1).

By Lemma 3.4 def(V,) = dims, Ker(py) > 1. Hence
def(W,) = def(Vy) > 2(def (V) — 1) + 1 = def(V,)) = def(V,) =1 >0
and again using Lemma 3.4
dimg, Ker(pw) = def(W,) > def(V,) = dimg, Ker(pv) > 0,

in particular Ker(ow) # 0. O

Theorem 3.6. Let G be an abstract group of cohomological dimension 3 such that
H3(U,F,) ~F, for every normal subgroup U of p-power index in G. Assume that
the pro-p completion G, is infinite and that the homomorphism

YU HQ(U7 Fp) - H2(fjpﬂFp)

induced by the homomorphism U — ff\p is an isomorphism for all normal subgroups
U of p-power index in G. Then

a) ToriZ[G] (Z,Fp[[@p]]) =0 and ToriZ[G] (Z, Zp[[@p]]) =0 for alli > 1, and
Hi(G,F,) ~ Hy(Gp,F,) for all i and x(G,) = x(G);

b) the pro-p group ép is of type F' Ps, over F;, and over Z, and has cohomological

dimension 3, in particular G, is torsion-free.
c) G is a p-good group.

Proof. Parts a) and b) are particular cases of Theorem 3.2 applied for the set C of
all normal subgroups U of p-power index in G.
To prove c¢) consider

R:0—R3 >Ry — Ry —Ry—7Z—0

a projective resolution of the trivial Z[G]-module Z with all modules finitely gen-
erated. By part a) P = R ®zjq) Zp[[Gp]] is an exact complex. Note that for any
finite p-primary G-module M

Homyg g (Rdd,M) HomZ G (Pdd M),
hence
H'(G, M) ~ H'(Homyg) (R, M)) = H'(Hom,, 5 ,(P*, M)) =~ H'(G,, M).
O

Corollary 3.7. Let G be an abstract group of cohomological dimension 3, of type
FP., of Euler characteristic x(G) = 0 and such that H3(U,F,) ~ F, for every
normal subgroup U of p-power index in G. Assume that ép is infinite and that
every normal subgroup U of p-power index in G has finite abelianization. Then G
is a p-good group.

Proof. Follows from Corollary 3.5 a) and Theorem 3.6 c). O
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3.3. Goodness.

Theorem 3.8. Let G be an abstract group of cohomological dimension 3, of type
F Py, of Euler characteristic x(G) =0 and let p be a fized prime number such that
H3(U,F,) ~ F, for every normal subgroup U of finite index in G. Assume that
the profinite completion G has an infinite Sylow p-subgroup and that every mormal
subgroup U of finite index in G has finite abelianization.

Then for every finite p-primary discrete G-module M the natural homomorphism
G — G induces an isomorphism Hl(G M) — HY(G, M) for all i.

Proof. We aim to prove that for the set C of all normal subgroups U of finite index
inG
(9) lim Hy(U,F,) = 0.

vec

Note that every U € C satisfies the assumptions of Corollary 3.7 except that the
pro-p completion of U can be finite. By Corollary 3.5 a) the ‘map @y Hy(U,F,) —
HQ(UP,IF ), induced by the natural homomorphism U — Up, is an isomorphism,
where U is the pro-p completion of U. Hence for all U € C and Cy the set of all
subgroups V of U of p-power index such that V' is normal in G,

@ Hy(V,Fp) = 0.

vecy

0: [[ BU.F,) - [[(]] H2(V.F,)

vec UeC VeCy
be the injective homomorphism whose restriction on Hy (U, F,) is [y cc 0w, where
Ow : Ha(U,Fp) — [lyee,, H2(V,Fp) is the natural inclusion of the direct compo-
nent Hy(U,F,) if U € Cw, and is zero otherwise. Note that 6 induces an injective
homomorphism

0" : lim Hy(U,F,) — [] lim Hy(V,F,) =[Jo=0,

Uec UeC Vecy

Let

hence (9) holds.

Now (9) and Proposition 3.1 combined with Lemma 2.1 show that the hypothesis
of Theorem 2.5 is satisfied. Applying it for the set C of all normal subgroups U of
finite index in G, Tor”“!(Z,Z,[[G]]) = 0 for all i > 1. Let R : 0 — Ry — Ry —
Ri— Ry—Z—0 be a projective resolution of the trivial Z[G]-module Z with
all modules finitely generated. Then P = R ®z(q Zp[[é]] is an exact complex and
for any finite p-primary G-module M, Homgz g (R M) ~ Homzp[[é”(Pdel, M).
Hence for all ¢

H'(G, M) = H'(Homz g (R™, M)) = H(Hom, 5, (P*, M)) = H'(G, M);

@'
the last isomorphism follows from [15, Remark 6.2.5]. O

Corollary 3.9. Let G be an abstract group of cohomological dimension 3, of type
FP,,, of Euler characteristic x(G) = 0 and such that H3(U,F,) ~ F, for every
normal subgroup U of finite index in G and for all prime numbers p. Assume that
the profinite completion G has an infinite Sylow p-subgroup for every prime p and
that every normal subgroup U of finite index in G has finite abelianization. Then
G is good.
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Proof. If A is a finite discrete G-module, then A is a direct sum of its p-primary
submodules A ), hence we can apply Theorem 3.8 for M = A(,). Then the natural

homomorphism G — G induces an isomorphism H'(G, A) — H'(G, A) for alli. [

4. POINCARE DUALITY GROUPS OF DIMENSION 3

4.1. Pro-¢ completions. As in Subsection 3.1 in this subsection we are concerned
with pro-€ completions of groups of cohomological dimension 3, where € is a class
of finite groups closed for subgroups, quotients and extensions. So our directed
set C in this subsection is a set of normal subgroups of G that defines the pro-€
topology on G and so the pro-€ completion G¢ = Gc

Suppose G is an abstract Poincaré duality group of dimension 3, i.e. a PDj3
group. Thus G is an abstract group of cohomological dimension 3, of type F Py, of
Euler characteristic x(G) = 0. Note that every subgroup of finite index in a PD,,
group is a PD,, group [4, Ch. 8 Prop. 10.2]. Furthermore if a PD,, group G is not
orientable (i.e. the G-action on H"(G,Z[G]) ~ Z is not trivial), then there is a
subgroup of index 2 in G that is an orientable PD,, group.

Theorem 4.1. Let G be an abstract Poincaré duality group of dimension 3 and
let p be a prime number. Suppose G is orientable if Z/27 ¢ € and that G¢ has an
infinite Sylow p-subgroup. Suppose also that the homomorphism

YU : HQ(U, Fp) — H2(ij7Fp)7

induced by the canonical homomorphism U — ﬁc, s an isomorphism for all U € C.
Then

a) Xp(éq) = x(G) =0, Ge is of type FPs over Z, and has cohomological
p-dimension 3, in particular é@ does not have p-torsion.

b) é¢ is a profinite Poincaré duality group at the prime p. If G is orientable,
then CAJQ is orientable.

Proof. a) Every normal subgroup U of finite index in G is an abstract Poincaré
duality group of dimension 3. If U is orientable H3(U,F,) ~ HY(U,F,) ~ F,. If
U is not orientable H3(U,F,) ~ H*(U,D ®z F,) ~ (D ®z F,)V where D ~ Z is
the orientation module. Hence U acts non-trivially on D and (D ®z F,)Y = 0 if
p # 2, (D ®zFy)V =Fy if p= 2. Then we can apply Theorem 3.2 to obtain that
cd (Gc) < 3 and all the other statements except cd (GQ) = 3. It remains only to
show this equality.

There is a subgroup Gg of index < 2 in G such that G is an orientable Poincaré
duality group of dimension 3, and if G is orientable Gy = G. Since € is extension
closed and by assumption if G # Go we have Z/2Z € € and [G : Go] = 2, the
closure of Gy in G¢ coincides with (Go) . Thus it suffices to prove the result for
Gy since cdp((GO) ) < cdp(Gc) < 3. Choose Uy € C such that Uy C Gy. As ¢y, is
an isomorphism, Theorem 3.2b) holds for Gy, hence cdp((é\o)c) =3

b) Let G be as in the proof of part a). Let

R:0—-R3—>Ry— R — Ry—7Z—0

be a projective resolution of the trivial right Z[Ggl-module Z with all modules
finitely generated (it exists since Gy is of type F'Py,). Then H(S) = H'(Gy, Z[Go))
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is 0 for i # 3 and Z for i = 3, where S = Homgg,)(R, Z[Gy)) is the dual complex,
in particular S is a complex of left Z[Gp]-modules. Then the complex obtained
from S by adding its unique non-trivial cohomology

T:0-8"—-5' 6258 L H3S)=Z—0

can be viewed as a projective resolution of Z as a left Z[G(]-module. By Theorem
3.2¢) Tor; [GO]( Z,Z,[[(Go)e]]) = 0 and similarly TorZ[G0 (Z,[[(Go)cl), Z) = 0 for
1> 1. Then

~

T = Zp[[(a))c]] ®ziGe) T 10— 0 - 7' - 72 573 - Zy — 0

is a projective resolution of the trivial abstract left Zp[[((/}’\o)c]]—module Z,. Deleting

the term Z, of the above resolution we get the deleted complex 7. We claim
that

tj\'del ~ HomZp[[(éE)c” (Pdel; Zp[[(GO)CH)a

where P = R®zq, Zp[[(é\())C]] is an exact complex of right Zp[[(é?))c]]—modules by

Theorem 3.2¢). Indeed 7% is obtained from the complex R%! of projective finitely
generated Z[Go]-modules by first applying the functor Homzq,)( ,Z[Go]) and then

the functor Zp[[(é\o)c]]éaz[go]. The composite of these functors is the same as the
composite of the functor ®z¢,1Zy[[(Go)c]] and then Homzp[[(@;)c]]( L Zpl[(Go)ell)
if applied on a complex of finitely generated, projective Z[Go]-modules. Hence

H'((Go)e, Z,[[(Go)cll) = Batl, o+ (Zy, Zy[[(Go)el])
~ H'(Homy, gy (P™ Zyll(Go)el))) = H' (T

is 0 for 4 # 3 and is Z, otherwise. Note that (é\o)c is a subgroup of finite index in
Ge and by part a) of Theorem 4.1 G¢ is F Py over Z, and cdy(Ge) < 0o. Then
we can apply [19, 4.2.9] to get

H'(Go)e, Zy[[(Go)el]) = H' (Ge, Z,[Gel))-

Then H*(Ge, Zp[[éc]]) is concentrated in dimension 3, where it is Z,,. As discussed
in the preliminaries for a profinite group Ge of type F' P, over Z, and of finite

cohomological p-dimension, this condition holds if and only if é@: is a profinite
Poincaré duality group at p of dimension 3. (]

4.1.1. Proof of Theorem C. Let C be the set of all normal subgroups U of finite
index in G. The proof of Theorem 4.1 does not need that ¢y is an isomorphism
for every U € C; it uses only that

lim Hy(U,Fp) =0

Uec
which is a consequence of this. But this equality was proved in the proof of Theorem
3.8, where it was numbered by (9). Therefore Theorem 4.1 completes the proof.
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4.2. More on pro-p completions.

4.2.1. Proof of Theorem A. a) implies b) is a particular case of Theorem 4.1.

b) implies c) follows from the fact that subgroups of finite index in orientable
Poincaré duality pro-p groups of dimension 3 are again orientable Poincaré duality
pro-p groups of dimension 3 [14, Exer. 1, p.174], [19, 4.4.1] plus the fact that
orientable Poincaré duality pro-p groups of dimension 3 have deficiency 0.

c¢) implies d) follows from Lemma 3.4 and Theorem 3.6 c).

d) implies a) any subgroup U of p-power index in G is p-good, hence

def(U,) = —dimg, H*(U,, F,) + dimg, H(U,, F,)
= —dimg, H*(U,F,) + dimg, H' (U, F,).
quthermore as U is an orientable Poincaré duality group of dimension 3 we have
H"(U,F,) ~ Hs_;(U,F,), hence
dimg, H*(U,F,) — dimg, H' (U,F,,) = dimg, H1 (U, F,) — dimg, Hy(U,F))
+dimg, H3(U,F,) — dimp, Hy(U,Fp) = —x(U) = 0.
Then by Lemma 3.4 ¢ is an isomorphism. This completes the proof.

Corollary 4.2. Let G be an orientable Poincaré duality group of dimension 3.
Assume that the pro-p completion ép is infinite and that every normal subgroup U
of p-power indez in G has finite abelianization. Then ép is an orientable Poincaré
duality pro-p group of dimension 3.

Proof. Follows directly from Corollary 3.7 and Theorem A. (]

Corollary 4.3. Let G be an orientable Poincaré dualzty group of dimension 3 and
let G be the pro-p completion of G. Assume that Gp is infinite. Then one of the
followmg holds:

a) ép is a pro-p Poincaré duality group of dim 3;

b) there exists a normal subgroup V' of p-power index in G such that def(‘A/p) > 2.
In this case V has Z X Z as a quotient and there is no upper bound on the deficiency
of the subgroups of finite index in ép;

c) there exists a normal subgroup V' of p-power index in G such that def(‘A/p) =1.
In this case V has Z as a quotient. If furthermore there is an upper bound on the
deficiency of the subgroups of finite index in ép, then the minimal such upper bound
is 1 and ép is virtually Z,.

Proof. By Theorem A the case a) corresponds to the case when def((A]p) = 0 for
any normal subgroup U of p-power index in G.

If b) holds the proof of [13, Lemma 3, p. 359] shows that the abelianization of
V has as its quotient Zdef (V)
def(A) =12 (Vs A)(def (V) = 1) = (Vp : )

for A an open subgroup in ‘//\},, in particular there is no upper bound on the deficiency

. By Lemma 3.3

of the subgroups of finite index in G.

Suppose that c¢) holds. Again using the fact that the abelianization of XA/p has

def(v”) as a quotient we see that X//\; has a quotient isomorphic to Z,. Suppose

that there is an upper bound on the deficiency of the subgroups of finite index in
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ép; then case b) does not hold and the minimal upper bound is 1. By Lemma 3.4
and Corollary 3.5b) the kernel of the map

oy : Ha(U, Fp) - HZ([/jpan)

is a F,-vector space of dimension de f (ﬁp) =1, where U is any normal subgroup of
G of p-power index such that U C V.

Let C be the class of all subgroups of G of p-power index. As the inverse limit
of HQ((/jp,]Fp) over U € C is 0 and the inverse limit is a left exact functor, the
inverse limit of Hy(U,F,) is isomorphic to the inverse limit of the kernels of ¢y.
As Ker(py) is a vector space over F,, of dimension at most 1, the inverse limit
(li_mHg(U7 F,) over U € C is either F,, or 0. If it is 0, then by Lemma 2.1, Theorem

2.5 and Proposition 3.1 the complex R = R ®z[a] F,[[G,)] is exact, where
R:0—-R3 >Ry — R —Ry—7Z—0

is a projective resolution of the trivial Z[G]-module Z with all modules finitely
generated. Then the proof of Theorem 4.1b) implies that @p is a pro-p Poincaré
group of dimension 3 (the condition that ¢ is an isomorphism does not hold in our
case but in the proof of Theorem 4.1 this condltlon was used only to ¢ deduce that
R is exact in dimension 2). Then the subgroup U of finite index in Gp is again a
pro-p orientable Poincaré duality group of dimension 3, and hence has deficiency 0
not 1, a contradiction. Thus

Hy(R) ~ lim Hy(U,F,) ~F,

is the trivial F,[[G,]]-module (any continuous action of a pro-p group on F, is
trivial). Furthermore by Proposition 3.1
Hi(R) =0 = Hy(R).

Consider the dual complex § = Homgq(R,Z[G]), thus S is a complex of left
Z[G]-modules. As G is an orientable Poincaré duality group H*(S) = 0 for i # 3
and H3(S) is the trivial Z[G]-module Z. Then the complex obtained from S by
adding its unique non-trivial cohomology
T:0-8"—-8" 5258 5 H3S)=Z—0

can be viewed as a projective resolution of Z as a left Z[G]-module. By the
above paragraph applied to complexes of left modules instead of right modules
T=F [[G ]l ®z1¢) T is not exact, otherwise again using the proof of Theorem
4.1b) Gp is a pro-p Poincaré duality group of dimension 3, a contradiction. Then
T has only one non-trivial homology group isomorphic to IF, that would be in di-
mension 2 if Z was positioned in dimension —1 and T was a chain complex, not a
cochain complex, so in our case it is the first cohomology

HY(T) ~F,.
Observe that
HY(T) = Ker(Fy[[Gy]] @z16) S* = Fp[[Gy)] ®z16) 5°)
JIm(F,[[Gyl] @zi6) S° — Fyl[Gyl] @z1c) S*)
~ HY(Gy, Ty [[G]]).
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The last isomorphism follows from the fact that the partial complex
R\2—>§1—>§0—>Fp—>0

is exact, where R=R ®z[q] ]Fp[[@p]], and as in the proof of Theorem 4.1b) T ~
Hom]Fp[[@pH(R, F,[[Gp]]). Then

H' (G, Fy[[Gy))) ~ T,
and by [12, Thm. 3] G, is virtually Z,,. 0

4.2.2. Proof of Theorem B. Theorem B follows from Corollary 4.3. The remark to
Theorem B follows from the fact that if G is non-orientable and p = 2, then G has
a subgroup U of index 2 that is an orientable Poincaré duality group of d1mens1on
3, the pro-2 completion Ug is a subgroup of index 2 in the pro-2 completlon Gg and
Theorem B applies for the group U. It remains only to point out that if U2 is a pro-2
Poincaré duality group of dimension 3, then it is F'P,, over Zs, hence @2 is FPy
over Zsy. Since G is an extension of U by Cs, both U and Cy are 2-good and U is
F P, by the pro-2 version of [17, Chapter 1 §2.6 Exercise 2) (c)], we deduce that G
is 2-good. In particular H4(Gy,Fy) ~ H*(G,F) = 0, hence cd(Gs) < 3. As in the
last paragraph of the proof of Theorem 4.1b) H (GQ,ZQ[[GQ]]) ~ H(Us, Zo[[U3]))
as profinite abelian groups. In particular H* (Ga, Z [[Gg]]) is concentrated in di-

mension 3, where it is Zj, thus G2 is a pro-2 Poincaré duality group of dimension
3.

5. MORE COROLLARIES

Proposition 5.1. Let G be an abstract orientable finitely presented Poincaré du-
ality group of dimension 3. Suppose there exists a normal subgroup V of p-power
index in G such that def(f}p) > 2, where ‘7p is the pro-p completion of V.. Then V
contains a free subgroup of rank 2 and 1//; contains a closed free pro-p subgroup of
rank 2.

Proof. Since 171, has deficiency at least 2, it has a pro-p presentation with d > 2
generators and 7 relations such that » < d — 2, hence r < d — 2 < d? /4. Then by
the main result of [23] ‘A/p has a closed free pro-p subgroup of rank 2.

By Corollary 4.3b) Z x Z is a quotient of V. Assume that V does not have a
free subgroup of rank 2. Then by [3, Thm. D] there is a finitely generated normal
subgroup N of G such that G/N =~ Z, hence by [11, Cor. 1.1] N is a Poincaré
duality group of dimension 2 (the version of [11, Cor. 1.1] for fundamental groups
of 3-manifolds can be found in [18]), hence a surface group by [6]. As V does not
contain a free subgroup of rank 2 the surface group is Z x Z or Z x Z with action
of Z on Z given by multiplication with —1. Then V' and its pro-p completion V),
are soluble groups, a contradiction with the fact that ‘7p has a closed free pro-p
subgroup of rank 2. O

Proposition 5.2. Let G be an abstract orientable Poincaré duality group of dimen-
sion 3 and let @p be the pro-p completion of G. Assume that the pro-p completion
ép of G is infinite. Then one of the following or both hold :

a) ép is a pro-p Poincaré duality group of dim 3;
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b) G has a subgroup of p-power index that is an HNN-extension with finitely
generated base and associated subgroups. In general this HNN extension need not
be ascending or descending.

Proof. If a) does not hold by Corollary 4.3 there is a normal subgroup V of p-power
index in G such that V' maps surjectively to Z. As G is of type F' Py any subgroup
of finite index is F'P; in particular this holds for V. By the main result of [2] a
group of type F'P, that maps surjectively to Z is an HNN extension with finitely
generated base and associated subgroups. (I
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