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UNIFORM SOBOLEV INEQUALITIES
AND ABSOLUTE CONTINUITY OF PERIODIC OPERATORS

ZHONGWEI SHEN AND PEIHAO ZHAO

ABSTRACT. We establish certain uniform LP — L9 inequalities for a family of
second order elliptic operators of the form (D + k)A(D + k)7 on the d-torus,
where D = —iV, k € C? and A is a symmetric, positive definite d x d matrix
with real constant entries. Using these Sobolev type inequalities, we obtain the
absolute continuity of the spectrum of the periodic Dirac operator on R? with
singular potential. The absolute continuity of the elliptic operator div(w(x)V)
on R4 with a positive periodic scalar function w(x) is also studied.

1. INTRODUCTION AND MAIN RESULTS

Let D = (Dy,Ds,--- ,Dq) = —i(0/0x1,0/0x9,--- ,0/0xq) and A = (aj1)dxd
be a symmetric, positive definite d X d matrix with real constant entries. We will
assume that d > 3. For k = (kq,...,kq) € C?, we use (D +k)A(D +k)7 to denote
>-1(Dj + kj)az(Dy + k). Let T¢ = R?/(2nZ)? =~ [0,27)? be the d-torus. Fixing
a,b e R% and § € R, we consider a family of second order elliptic operators
(1.1) H, = (D + (6 +ip)a+b)A(D + (§ +ip)a+b)T,
with parameter p € R, on L?(T%). Note that Hy =H_,.

Let |- ||, denote the norm in LP(T?). In [22], the first named author proved that
given a,b € R? with |a| = 1 and (a,b) = 0, there exists § € R such that

(1.2) [¥llq < ClHplp,

for any 1 € C°°(T?) and any p € R with |p| > 2, where C is a constant independent
of 9 and p, and 1 < p < 2 < ¢ satisfy

1 1 1 1 2
(1.3) » + p 1, g d
ie., p=2d/(d+2) and ¢ = 2d/(d — 2). Using inequality (1.2) and L. Thomas’s
original approach [35], Shen established the absolute continuity of the spectrum
of the Schrodinger operator —A + V(x) on L?(R9), under the condition that the

potential V' is real, periodic and V € L?O/E(Rd) [22]. In the case d > 5, this

improved the earlier results by Reed-Simon [21] and Birman-Suslina [4] on the
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periodic Schrédinger operator —A 4+ V. We remark that in the context of LP

spaces, the condition V' € L?O/f (R9) is the best possible. Further extensions to the
space Lfo/f’oo, the Morrey class as well as the Kato class were carried out in [22],

[24], [25]. We should point out that the results in [4] are concerned with the more
general periodic Schrédinger operators with magnetic potentials. For d > 3, they
rely on the estimates established by A. Sobolev in [30]. We should also mention
that there exists an extensive literature on the two-dimensional periodic elliptic
operators (see e.g. [1], [2], [20], [4], [5], [10], [19], [23], [24], [26], [27], [28]). For
further references on the problem of absolute continuity of periodic operators, we
refer the reader to [18] and [34]. More recent work on the subject may be found in
1], [13], [20], [36], [12].

Estimate (1.2) should be considered as a uniform Sobolev inequality on the d-
torus T¢ for the family of second order elliptic operators {H, : p € R and |p| > 2}.
In the setting of R?, similar inequalities had been established earlier by C. Kenig,
A. Ruiz and C. Sogge [16] (also see [31] for certain forms of uniform Sobolev in-
equalities on compact manifolds). Such estimates play a key role in the study of
unique continuation properties of differential operators (see e.g. [15]). We remark
that the proof of estimate (1.2) in [22] relies on an adaptation of an approach de-
veloped in [16] for R?. It also uses the (L2, L) bounds of the spectral projection
operators for —A on T? by Sogge [31] in a localization step.

In the first half of this paper we give a different and simpler proof of (1.2). Our
new approach is motivated by a work of T. Wolff [37]. Sogge’s spectral projection
estimates, which play the role of the Fourier restriction theorems, are essential in
this approach.

We shall consider an extension of the inequality (1.2). To motivate this extension,
we note that operator H, is a multiplier operator. In the region outside of {n €
7% : clp| < In| < C|p|}, its multiplier behaves like (|n| + |p| + 1)2. It is not hard
to see that if the multiplier of an operator T}, behaves like (|n| + |p| + 1) for all
n € Z¢, then

(1.4) ol 191l + 1o IVl + IV VYV, < C T4,

for any 1 < p < oco. It follows easily from (1.4) and the Sobolev inequalities as well
as complex interpolation that

11y
(1.5) [l < Clpl*= 22 | T,
for any exponents p, ¢ satisfying
1 1 2
(1.6) ngffgg and 1< p<gqg<oo.
p q

Thus in view of (1.5) it seems natural to ask for which pair of exponents (p,q)
satisfying (1.6), the inequality

1_1y_
(L.7) []lq < Clpl*e~ 272 Hyl,

holds. The following is one of the main results of the paper.

Theorem 1.8. There erists a constant C such that for any 1 € C=(T?) and any
p € R with |p| > 2, inequality (1.7) holds for all (p,q) in the domain
(1.9)

d—
{(P»Q) : % < Tl(% - %)7

_L(l_l) and 0<1_
p p

1
— <
2 d-1 -

Q| =
Qo
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Note that if d = 3, estimate (1.7) holds for any (p, ¢) satisfying % < %—% < % and
1 <p<g<oo. Itis also easy to verify that if ]% - % =2 2d(d—3)/(d>—d—4) <
p < 2d(d —3)/(d*> —d —8) and d > 4, then (p,q) is in the domain (1.9). Thus
Theorem 1.8 extends Theorem 6.1 in [22], where it was used to show the absolute
continuity of the periodic Schrédinger operators with certain potentials in weak-
L2(T4) space.

It is interesting to point out that estimate (1.4) also implies that

(1.10) IV¥lly < Clpl* =T,

for any (p,q) satisfying 0 < % — % < é and 1 < p < ¢ < oo. However, such an

inequality fails for operator H,. Instead, we obtain the following.
Theorem 1.11. Suppose %—l—% =1and 0 < % = % — % < é. There exists a
constant C such that for any ¢ € C>(T%) and any p € R with |p| > 2,

—q4d=t e
[llg < Clol ™5 (log lol) ™ [H, 0,

IVlly < Clol=" (log lol) = 1,1l

The proof of Theorems 1.8 and 1.11 will be given in Section 2. In the second half
of this paper, we will use estimate (1.12) to study the spectrum properties of the
periodic operators on R%. We obtain the absolute continuity of the periodic Dirac
operators with certain singular matrix potentials. We also investigate the problem
of absolute continuity of the second order elliptic operator div(w(x)V), where w
is a positive periodic scalar function. More precisely, let V(x) be an m x m real
matrix function on R?. Suppose V is selfadjoint and periodic with respect to some
lattice of R?. We consider the periodic Dirac operator

(1.12)

d
(1.13) D(V) =) a;D;+V(x),
j=1
acting on functions in L?(R%; C™). Here ay,ag, - - ,aq are Hermitian m x m ma-
trices which satisfy the commutation relations
(1.14) ajoq + g = 2051 xm,
ie., aja; = Iyyxm and ajo; = —agay if j # 1. The following theorem is proved in

Section 4.

Theorem 1.15. Let V = V(X) be a real m x m matriz function on R%. Suppose
that V is self-adjoint and periodic with respect to some lattice T' of R%. Also assume
that

(1.16) aVar =aVas = =agVay,
and V € A% (RY/T) for somer >d and o > (d —1)/(2r), i.e.,
(1.17) IV(+5) = VOl ger) < C {dist(y, )}

for anyy € Re. Then the spectrum of D(V') on L*(R%; C™) is absolutely continuous.

Remark 1.18. Since AL € A7? C L7, and L7, C A" C AL® if 7 > 2 and o < «
[32], it is easy to see that the regularity condition on V' in Theorem 1.15 may be
restated as V € L7 (R4/T") for some 7 > d and a > (d — 1)/(2r).
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Remark 1.19. For the Schrédinger operator —A + V(x) on R? with real periodic
potential V', L. Thomas [35] proved that the spectrum of the operator is absolutely
continuous if V' € L2 (R3). This was done by using the analytic extension in the
so-called quasi-momentum k and the resolvent estimates for a family of operators
of the form (D+k)2+V on L?(R?/T). There exists an extensive literature based on
this approach in the study of absolute continuity of periodic Schrédinger operators
and periodic Dirac operators. In particular, for the periodic Dirac operator (1.13)
with V satisfying a structure condition similar to (1.16), it was proved by L. Danilov
in [6] that the spectrum is absolutely continuous if V' is continuous on RY. The
result was later extended in [7] to the case d = 3 and V € L, for some p > 3.
For d > 4, the condition on V in [7] was given in terms of Fourier coefficients of V.
For the periodic Dirac operator with magnetic potential, the absolute continuity
was established in [3] (also see [8], [9]). Concerning the regularity condition on the
electric potential V, we mention that the results in [3] require V € L"(R?/T") for
some r > 2 if d = 2, and V € C(R?/I) if d > 3. For comparison, we point out
that functions in L7, (R?/T") need not be continuous if &1 < o < £. Indeed, given
0<pB<1+3, wemay choose asothat o >4t =1 — Landa+p <1 Itis

possible to construct a function in L% (R?/I") so that

(1.20) [V (x)| ~ as |x| — 0.

1
[x]?
Thus our Theorem 1.15 is new for d > 4.

Let w be a positive periodic function in L>(R%). Suppose w > ¢y for some
co > 0. Consider the second order elliptic operator

d
(1.21) L, =Y Dj(w(x)auDi)
ji=1

on R%, where A = (@j1)axa is a symmetric, positive definite d x d matrix with real
constant entries. It was proved in [23] that if w € C1(R?), then the spectrum of
L, is absolutely continuous. With estimates (1.12) at our disposal, we are able to
establish the absolute continuity of the operator £, for a class of coefficients w(x)
with discontinuous Vw. More precisely, the following theorem is proved in Section
5.

Theorem 1.22. Let w(x) be a positive, bounded function on R4, d > 3. Let A =
(aj1)axa be a d x d symmetric, positive definite matriz with real constant entries.
Suppose that w is periodic with respect to some lattice of R and w(x) > ¢y for some
constant cg > 0. Also assume that Vw € A;®(R?/T) for somer > d and o > 1.
Then the spectrum of L, is absolutely continuous.

Remark 1.23. For the general second order elliptic operator Z;{l:l Dj(aji(x)Dy)
with smooth periodic coefficients, the absolute continuity was established in [13]
(also see [36] for the nonsmooth case) under the additional assumption that aj; is
symmetric with respect to the hyperplane z; = 0 in R%. Without this assumption,
the problem remains open for d > 3.

Throughout the rest of this paper, we will assume that d > 3. We shall use || - ||,
to denote the norm in LP(Q2) where Q = [0, 27)¢ ~ T¢ = R?/(27Z)%. Finally C and
¢ will be used to denote positive constants which are independent of p and v, and
which are not necessarily the same at each occurrence.
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2. UNIFORM SOBOLEV INEQUALITIES
For k = (ky, ks, ..., kq) € C?, we consider the second order elliptic operator
(2.1) H(k) = (D +K)AD + k)" => (D; + kj)aj(Di + k)
3l
on the d-torus T¢. For ¢ € L?(T%), we may write
(2.2) Y(x) =Y d(n)e™
nezd

in Fourier series (see e.g. [33]), where

n 1 —iny
(2.3 0m) = o [ Uy,
It follows that
(2.4) HK)¥(x) = > (n+k)An + k) P(n)e™,
neZd

for any 1 € C?(T%). Thus

-1 _ @(n)einx
(2.5) {H(k)} ™ (x) = gzjd (n+ K)An L K)7

is a multiplier operator if (n +k)A(n + k)7 # 0 for any n € Z4.
Next we fix a = (ay,...,aq) € R* and b = (b1,...,b;) € R?. Suppose that
(a,b) = 0 and a satisfies

(2.6) la] =1, aA = (s0,0,...,0) for some sy # 0.
Since ada” = sga; > 0, we know a; # 0. Let
1.1
2.7 0=—(=—-b
(2.7 —(5 )
and
(2.8) k= (d+1ip)a+Db,

where p € R is a parameter. A direct computation shows
m+k)Am+k)T = (n+b)An+b)? 4 25(n; +b1)so
(2.9) ) ) ) 1
+ (6% — p*)aisg + 2ip(ng + 5)50.
From this, it is easy to verify that if |[p| > 2 and n € Z9, then
1
(210)  |(n+K) A0+ 1)~ |0+ b) A+ b)T — Parsol +Iplm + 3l

From now on we will assume that |p| > 2. We emphasize again that all constants
in this paper are independent of the parameter p.

Let B = v/A. Then (n+ b)A(n + b)” = |(n + b)B|?. Using (2.10), it is not
hard to see that there exist constants C' > 0, ¢ > 0 such that

\(n+k)A(n+k)T| =
(2.11) (In] + o)) if [n| > Clo] or In] < clpl,
lpl{|InB| — lply/arso| + Ini] +1} it ¢ ol < |n| < C'p.
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Note that the multiplier (n + k)A(n + k)7 behaves well in the region {n € Z :
In| > C|p| or |n| < c|p| }. The following two lemmas will be used to deal with the
remaining region {n € Z: ¢|p| < |n| < C|p|}.

Lemma 2.12. For any p > 1, we have

lp|“*loglp| if p=2,

1
2.1 < d—2p . 2
(213) Z (m+k)A(n+k)T]p = Cp | if p<2,
clp|<In|<Cp] |p|d_2_p it p>2.

Proof. Tt follows from the proof of Lemma 3.2 in [22] (see the estimate of Iy on
pp. 16-17) that

1 © dr
VDS mp O [
dpl<iarec o | ® T K)Am+ )T o {r+pgt?
From this, one may deduce estimate (2.13) easily. |
Lemma 2.15. For any p > 1 and ¢ > 1, we have
1 d—p—2
(2.16) 3 < Cp |

InB|e[e,e+1) (1AM + )T = {[0 = |plJarse| + 1}

clpl<In|<C p|

Proof. We may assume that £ =~ |p|. Using (2.11), we have

) 1

Tlp
gy (@ HKAD K]
clp|<|n|<C |p|

1
<Clp|™?
< Clpl > |[nB| - |pl\/arso| + na| +1}"

[nB|€[,0+1)
- dx
<cil [ p
—2<ixi<e+2 {|Ix] = |ply/arso| + |o1] + 1}
_ dy
<Clpl* 2”/ [ __
ol SIS {|‘Y|—\/@!+Iy1\+m}
< \d—%/ J /”/2 (sin8)*2d0
<Clp "
Trsr<it 0 {|7"—\/a180|+7“0059+‘—;‘}”
- dr
< Clp|* 2p/ " _
s<r<&2 {|r — y/arsol + o}
d—2p—1
< Clpl _
{|\p\ Vaiso| + ‘p‘}
Clpl*—r—2

= —.
{1~ Iplv/asol +1}"
The proof is finished. O
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We now choose n € C*°((0,00)) such that 0 < n(t) <1 for any t > 0, n(t) =1
for ¢ <t < C and supp(n) C (¢/2,2C). Write {H(k)} ' = T} + T, where

n(2h)(m)eim
Twp =) n+k)A(n+k)T’

(2.17) nert 1 = n(l) et
-7 7 n)enx
Ty = ngzzd (n+k)An+k)7T

In view of (2.11), the estimates of operator T, are standard. Indeed, by Hormander’s
Multiplier Theorem and the transference theorem (see e.g. [14, Theorem 3.6.7,
. 221]), one has [ Tall, < C p| 2], [VT2tb], < C lo| L[]y, and VI T2,
< C||¥]lp for any 1 < p < oo. This, together with Sobolev’s imbedding and the
Riesz-Thorin interpolation theorem, gives the following.

Lemma 2.18. Let 1 <p < g < oo. Then

1_1y_ .
IToilly < Clpl "G~ 2|10l if

RV
QR
IN IN
&.\H SN

IVTovlly < Clol®F=D Y wl,  if

The estimates of operator 77 are much more involved. The approach we use here
is motivated by [37]. It relies on Sogge’s spectral projection estimates for elliptic
operators on compact manifolds.

Let

2(d+1)
d—1"
Lemma 2.20. Suppose gy < q < co. Then

d(2—-1)-2
T3]y < C 1P ™0 72

2(d+1)

2.1 =
( 9) q0 d+3

po=q =

(2.21)

INT1ll, < Clo "% =27 .
Proof. First we write
(5 (me™
(2.22) hy = Z %:d (n+k)A(n + k)T
|nBTl€[£ 04+1)

Next we consider the second order elliptic operator P = DADT on the d-torus
T?. Note that P has a complete set of eigenfunctions {e’®* n € Z?} with the
corresponding eigenvalues {nAn” n € Z4}. Thus

(2.23) G = > o)™ =) W (m)e™
nez? nez?
nAnT c[¢%,(441)?) [nBl€[¢,041)

is the projection of 9 to the subspace of L?(T%) spanned by the eigenfunctions of P
with eigenvalues in [¢2, (¢ + 1)?). It then follows from a general result of C. Sogge
in [31, Theorem 2.2(i), p. 127] that for any ¢ € L*(T%),

(2.24) IGetblly < € (€+1)° D92,
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where 2 < g < 0o and

d|___|__7 1fq0§(I§007
2 q 2
(2.25) 5(q) =
(dfl)\l 1\ if2<gq<
5 Is=>4=>dqo-
2 12 ¢ 0
By duality, one also has
(2.26) ICetsllz < C €+ 1)°® ],  1<p<2

Note that for gy = %, we have d(qp) = qio by (2.25). It follows from (2.24) that

1/2
i 1
(2.27) (" cnemanogcwH)qO( > cn|2) :
neZd nezd
[nB|€[l,e+1) InB|e€[£,6+1)

By complex interpolation, estimate (2.27), together with the trivial estimate

(2.28) Y @™l Y el

d d

nez nez
[nBl|€[€,6+1) InB|€[¢,0+1)
gives
1
(2.29) > cneiHX|qgc(4+1)é< 3 |cnp)
nez? nezd
[nBle[e,e+1) InB|€[¢,6+1)
where
1
(2.30) w<q<oo, Lto1_%0
P 2q

Thus, by Minkowski’s inequality, estimate (2.29) and Holder’s inequality, for any
q € (qo,0) and p < 2 given by (2.30), we have

n(%)?ﬁ(n)einx

Tl < > 11 > lg
KA + k)T
ozl s (KAt k)
InB|€e,e+1)
p /p
. [$(n)| »\!
<Clpls Y > |
KA + k)T
dplstecp) U e (@t kAD+k)
InB|€e,e+1)
1
1 ~ 2 /2
<cli Y { 3 |w<n>|}
clp|<t<C|p| nez?
InB|€[£,0+1)
2-p

1 2
{x )
nezd (K AD+K)T|>r
nBleft.e+1)
Iy p(d-2)(2-1)-1 1
< Olpl 7w AETD g, Y
clpl<t<clol {10 —lply/arsol +1}2 7
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where we also used estimates (2.26) and (2.16) in the last inequality. Note that if
0<ax<l,

Z 1 C/CP dt
(0% S «
apicizc ) L0 = lolvarso] + 1} ol {[t = lplv/arso| +1}

(2.31) O a
<Clpl* / TR
o {t+o}
< Clpl'™.
We obtain
1414 go1)(lo1y_
1719l < Clof> a0 VG0
d(-L —1)y_
= Clol"70 ™72 -
The proof of the estimate for VI in (2.21) is similar. O

Remark 2.32. If we let ¢ = qo and p = 2 in the proof above, the same argument
would give

2 _
T2 g < C lploo =" 1og o] [llpo,
2
IVT19llg, < C'lpl 7 log |p| || po-

The logarithmic function arises in (2.31) when o = 1.

(2.33)

We need another lemma before we carry out the proof of Theorem 1.8.
Lemma 2.34. For any 1 < p < 2, we have
d_
T3t lloe < Clpl» 2[5,

d_1
IVT1Ylleo < Clpl? ™ [[¥]lp-
Proof. Let 1 < p < 2. By Holder’s inequality,

i (n)
ITilleo < ZZ ‘|(n+k)A(n+k)T

n
elpl<Inl<Cp|

(2.35)

L
7

< ( > |¢(n)|p’>” ( 3 ‘(n+k)Atn+k)T‘p>%

nezd nezd
clpl<In|<Clp|
d—2p
< Clpl = [191lp,
where we have used the Hausdorfl-Young inequality and estimate (2.13) in the last
step. The proof of the second inequality in (2.35) is similar. ]

We are now ready to give the proof of Theorems 1.8 and 1.11.
Proof of Theorem 1.8. For j = 1,2, consider the set A; of (5, 1) € [0,1] x [0,1] for
which the estimate
(2.36) ITyelly < Clol* =210,

holds uniformly for p € R with |p| > 2. Recall that T} may be obtained simply by
replacing the parameter p in T with —p. By duality, this implies that if (¢, s) € A;,
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then (s,t) € A;. Also, by the Riesz-Thorin Interpolation Theorem, A; is a convex
set.
Next we note that by Lemmas 2.20 and 2.34, A; contains the set {(t,s) : ¢t =

+and 0 < s < L} and the set {(t,s) : 3§ <t < land s = 0}. It follows that

A1 contains the open polygon with vertices at (%, 0), (1,1), (1, %), and (pi07 qio) In
view of Lemma 2.18, A, contains the set {(t,s) € (0,1) x (0,1): 0<t—s < 2}

Finally it follows from {H(k)}~! =T} + T that

(2.37) I{H(K)} 9l < C o™~ D72y,

holds for any (%, %) € A;NAz. Since A;NA; contains the set (1.9), we are done. [
Proof of Theorem 1.11. In view of the stronger estimates for 75 in Lemma 2.18, it
suffices to show that

qgd=1 dt1
[Tl < C lp| =72 (log |p]) 2 |4,
d—1 dt1
VTl < Clpl = (log|pl) 2 [|¥]lp,

where %—l— % =1land 0 < % = % — % < %. Clearly, estimate (2.38) holds for
p=¢q =2 and r = co. By Remark 2.32, it holds for p = pg, ¢ = qo and r =
(d+1)/2. Consequently, by complex interpolation, estimate (2.38) holds for p = ¢
and (d+1)/2 < r < oo. The desired estimate then follows since d > (d + 1)/2 for

d>2, 0

(2.38)

3. AN APPROXIMATION PROPERTY FOR THE LIPSCHITZ SPACE A7;*°(T%)

In the rest of this paper, we will use the uniform Sobolev inequalities established
in Section 2 to investigate the problem of absolute continuity of periodic operators.
Since our regularity assumption on the coefficients of such operators will be given
in terms of the modulus of continuity, we need an approximation property for the
Lipschitz space A%>°(T9). Recall that for 0 < o < 1 and 1 < r < oo, we say
f € An°(T?) if f € L"(T9) and there exists a constant C' > 0 such that

(3.1) I£(-+y) = FO)l- < C {dist(y, (27Z)H)}",

for any y € T<. For systematic treatment of the space AZ:4(R%), we refer the reader
to [32, Chapter 5].

Proposition 3.2. Suppose f € AL°(T?) for some 0 < a < 1 and 1 < r < oo.

Then for any € € (0,1), there exists f. € C>°(T?) such that
(33) ”fs - f”?” < Cgaa ||vszr < Cgoéila

where C' > 0 depends on the norm of f in AL>(T?). Moreover, ||fc|lq, < C if
s>+ G and

e - F T a

(3.4) I£ellq < Cs Efd(%,%%)i{

for any 6 >0, if%g%_%'

Proof. We begin by choosing g € C5°(B(0,1)) such that g > 0 and

/R gl =1
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For any € € (0,1), let

1 X - 27rn
(3.5) =3 Z
ezd
Clearly h.(x) is periodic with respect to the lattice (27Z)% and [, he(x) dx = 1.
Now, given f € AT>°(T%), we define
(36) fe) = | fy)he(x =y)dy.

To prove the first inequality in (3.3), we note that

(3.7) o) — F(x)] < / Fx = y) — F®)Ihe(y) dy.

By Minkowski’s inequality, we have
o= 1< [ 16 =3) = FOlhe()ay
(33) <c [ {distty. (2r2))} hty) dy
Td
C y
< = Yg(=)dy =Ce”.
<5 [ ey = ce
To see the second inequality in (3.3), we use

(3.9 VA = [ (Fx=y) = F60)VRy) dy.

The same argument as in (3.8) gives

IVl <€ [ 156 =) = SOVl dy < €.

Finally, to estimate ||f.||;, we note that for any o’ < a,

(3.10) AR(TY) ¢ ALH(TY) € L7, (T?) € LY(T?),
where ¢ = | — % [32]. It then follows from Minkowski’s inequality that || f.||, <
Ifllg < Cy if % > 1 2 The remaining case % < 1 — 2 follows from Young’s
inequality,
411
1£:llg < I lpllRelle < C e =2 £,
where ¢ = L 4 ¢ — 1 and p is chosen so that ; =  — § + ¢. This finishes the

proof. O

Remark 3.11. Letting 0 < a < 1, we say f € A775(T?) if f, Vf € L"(T?) and
Vf € A7 (T4). In this case, if we define f. as in (3 6) then [|[Vf— Ve < Ce~
and |[VV .|, < Ce*1. Also ||Vf.|l, < C if 1 >1_2a and

97l < -6

for any 6 > 0, if % < 12 The proof is similar to that of (3.3). Also, note that if
f is a real-valued function, then infra f < infya fo and suppa fe < supqa f. These
facts will be used in Section 5.
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4. THE ABSOLUTE CONTINUITY OF PERIODIC DIRAC OPERATORS

Let oy, s, ..., aq be Hermitian m X m matrices which satisfy the commutation
relations
(4.1) ajoq + ogay = 2051,

where I = I, sy, is the unit matrix. Let B = (bj;)axq be a nonsingular matrix with
real constant entries. Consider the Dirac operator

d
(4.2) D(V)= Y byouD; + V(x),

=1

acting on L*(R%;C™), with real m x m matrix potential V(x). Recall that D; =
—i0/0x ;. We assume that V is self-adjoint and periodic with respect to some lattice
of R, We also assume that |V| € L (R?) and d > 3. By Sobolev imbedding and
the Kato-Rellich Theorem, these conditions imply that the Dirac operator D(V) is
self-adjoint on L2(R%;C™) with domain H'(R%; C™).

By a change of variables, we may assume that V is periodic with respect to
(27Z)4. This is the main reason that we introduce a constant matrix in (4.2). It is
well known that using the Floquet-Bloch decomposition, one may reduce the study
of the spectrum of a periodic operator on R to that of a family of operators on

T9. To this end, for k = (k1, ko, - -- , kq) € C?, we consider the operator
d
(4.3) Dk, V)= byou(D; +k;) + V(x)
Jl=1

on L%(T4,C™), with domain H!(T¢,C™). Note that (D(k,V))* = D(k, V).

Let a, b € R? such that (a,b) = 0 and (2.6) holds with A = BBT. Let k =
(6 +ip)a+ b where 0 is given by (2.7), p € R and |p| > 2, as in Section 2. We
denote

(4.4) D,(V) = D(k,V) = D(((§ + ip)a+b), V).

We will show that under the conditions of Theorem 1.15, there exists p € (1, 2] such
that for any E € R, D,(V) — E I, is invertible on LP(T4,C™) if |p| is sufficiently
large. It follows that the operator D,(V) on L?(T%,C™) has no eigenvalue for |p|
sufficiently large. By L. Thomas’s approach or its variant in [17], this implies
that the spectrum of the Dirac operator D(V) on L?(R%;C™) is purely absolutely
continuous, as in the case of periodic Schrédinger operators.

By replacing V with V — EI,;,xm, it suffices to establish the invertibility of D, (V).
To this end, we follow the previous work in [3] and square the operator.

Proposition 4.5. Assume that V € CY(T?%) and cyVay = aoVag = -+ = agVay.
Then

(4.6) Dk, V){D(k,V)—Vo} = (D+k)BBT(D+k)" —b(D;V)oy — {Va}?,
where Vo = {an Va1 + V}.

Proof. First we note that by (4.1),

Dk, V)? = (D+k)BBT(D+ k)" +bji(D; + k;)(Vay + V) — bju(D;V)ey + V2,
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where the repeated indices are summed from 1 to d. Let Vy = a1 Va3 +V. Using the
condition a1 Vay = asVag = -+ = agVay, it is easy to see that oV +Va; = aVj.
It follows that

D(k,V)? = (D +k)BB"(D + k)" + bj/(D; + k;j)auVo + VZ = bjy(D;V)y
= (D +k)BBT(D+ k)T + Dk, V)V — bjy(D;V)ay + V- VV,
= (D +k)BBT(D +k)' + Dk, V)V — bjs(D;V)ey — (Vay )2
From this, formula (4.6) follows easily. |

Let H, = (D + k)A(D + k)” where A = BBT and k = (§ +ip)a+ b. By (4.6),
one may write

DV} =
{bjra(D; + kj) = anVon Y, {1 = bu(D;V)auH, ' — (Ve }H, '}

if the inverses in the right side of (4.7) exist. It follows that if [|b;;(D; V) H ||,
JrH{Val}zH;alﬁp < 1/2, then

(4.8) 1Do(V) ™ lp—g < C{II(D + K)H g + [Var H g}

where we used || - ||,—4 to denote the operator norm from LP(T%) to L9(T%). Note
that by Theorem 1.11,

_ d=1 dt1
||DHp1||p—>q < C|p| = (log|p|) =,

(4'9) d—1 d+1
I, Hlp—q < Clol ™= (log|p]) =

Where—+——1and0<——l:%§é. This gives

_Q

)llbjl(D iV )H |y + [[(Vien)*H l\lpﬂp

(. a1

< Clp| =5 (loglpl) = {[IDV . + VI3, } -

In view of (4.8) and (4.9), we also obtain

— _14d=1 d+1
(4.11) Do (V)™ lp—g < C {lpl + [Vlloc} 1o =727 (log |p]) =7

if the right side of (4.10) is less than 1/2. Theorem 1.15 will follows from estimates
(4.10) and (4.11) by an approximation argument.

Proof of Theorem 1.15. Suppose V € A%>°(T4) for some r > d and 1 > o > dg;rl.
Let % + % =1 and % - % = 1. We will show that if |p| is sufficiently large, D,(V')
is invertible on LP(T%;C™). To do this, we first use Proposition 3.2 to obtain

Ve =V, < Ce,

4.12
(4.12) IV, < ceot,

where V% is an approximation of V' constructed in Proposition 3.2, and the constants
in (4.12) depend on V. We will also need ||V.|loo < Ce™! and ||VZ]|3, < Ce* L.
This follows from estimate (3.4) i -1
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Next let ¢ = p~t. Since V. € C®°(T?) and oy Veay = - = agViay, we may
apply estimates (4.10) and (4.11) to V.. This gives

||bjl(DjV6)alH;1||p—>p + H(Vsal)QHngp—’p
<c |p|-1+% (1og o) # et
< C (loglp)) = |p|F =0
dz_rl. By (4.11), this implies that if |p| is sufficiently large,

as |o
_ a-1 di1
(4.13) IDo(Ve) " lp—q < Clol = (loglpl) ="
Finally note that D,(V) = D,(V:) + (V — V.). Using (4.13) and (4.12), we have
IV = Va)Dp(Ve) Hlp—p IV = Vel Do (Vo) lp—g
« d—1 Laas
(4.14) < 0| (loglpl) %
a1, a1
= Clpl 2 =% (log|p[) > — 0
as |p| — oo. It follows that if | p| is sufficiently large,
Dy(V) ™ = Dp(Ve) I+ (V — VoD, (Vo) 1}

This shows that D,(V) is invertible on L”(Td;(Cm) for sufﬁc1ently large |p|. The
proof is finished. O

5. THE ABSOLUTE CONTINUITY OF A SECOND ORDER ELLIPTIC OPERATOR

Let w(x) be a periodic real valued function on R%. Suppose that w € L (R?)
and w(x) > ¢o for some ¢y > 0. Consider the self-adjoint second order elliptic
operator

(5.1) L, = ZD x)a; D)

on L*(R%),d > 3, where A = (ajl)dxd is a symmetric, positive definite matrix with
real constant entries.

By a change of variables, we may assume that w is periodic with respect to the
standard lattice (27TZ) We will show in this section that if w € A% (T?) for some
r>dand a > %L then the spectrum of £,, is absolutely continuous. To this end,
let k = (6 + zp)a —|— b € C? where a,b € R% § € R are fixed as in Section 2 and

p > 2 is a parameter. We consider a family of operators
(5.2) Lo(k) =D (Dj + k) (wX)aj(Di + k),
3l
on L?(T%). By L. Thomas’s approach, it suffices to show that the family of operators

{L,(k) : p > 2} has no common eigenvalues.

Proof of Theorem 1.22. Suppose that {L, (k) : p > 2} has a common eigenvalue
E. That is, for each p > 2, there exists 1, € Domain(L,,(k)) C H'(T%) such that

(5.3) ||¢p”2 =1 and Ew(k)wp = E,.
Let
(5.4) 0p =2y,
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where & > ¢q is a real valued positive function in C°°(T?) to be determined. Then

Djw Djw E
(D +k)AD +k) ‘Pp—jzl:ayl{ _;}(Dl+kl)¢p+w¢0
1 o N
(5.5) | 55 2 atDiDii + 5= Y an(Dw) (D) | @
it gl

- ~22aﬂ (D;@)(Di@) | ¢,
il

It follows that for any p > 1, we have

Do Diw
1D +K)AD + k) pllp < Cl1 Y [—2= = == |(Dr+ k) epllp + Cllpln

(5.6) ot
' + C{IVV@|@ullp + IV [VE|@pllp }

+C|||vw‘290p||p-

Suppose we Aqf;('ﬂ‘d) . Choose (p, q) so that
—-|-— =1and 2 __E =1ie,p= f—fl and ¢ = 2. LetH :(D+k)A(D+k)T.
Recall that by Theorem 1.11,

_qyd-t d+1
lplly < Clpl™ 7= (log [p]) 2 | Hygllp,
d—1 d+1
(D +Xk)elly < Clpl = (log |pl) > [Hppl|p-

Let ¢ = |p|~! and choose @ = w. € C*°(T%) where w, is an approximation of w
constructed in Proposition 3.2. By Remark 3.11, we have @ > ¢y and

(5.7)

(5.8) V@ — W||,. <Ce* | VVE|, < Cet,
Moreover, |[Vo|, < Cif 1 > 1 — 2 and
(5.9) V@, < Cs emdG—1=9)-0 for any 6 >0

if % < % — 4. These estimates, together with (5.7), will be used to control the right
side of (5.6).
To do this, we first note that

(5.10) Vw Vw

< C{|V& — Vw| + |V&| |w — @[},

and || [V&| lw—3| ||, < |V@ ||, ||lw—&|r,, where L = %Jr% and r < ry,r2 < 00. By
Sobolev’s inequality and the observation that de (w—0)dx =0, for any r < r9 < 00,

(5.11) |w = Bl < C||Vw — Valg < C||Vw — V&, < Ce®.

We then choose 1 > r so close to r that ||V@|,, < C. We obtain

Vo
II———II < CH{|IVw = V|, + [|[VE||w — @]l }
< Ce*.
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It follows that

D;w Djw D;w Djw
{722 = 22 0wl < 1927 = 220, 100+ kol

d+1

d—1 d+1

< Ce%lpl= (logpl) = [[Hyppllp
d=1_,, dt1

<Cp= (log |pl) 2 HHp@pHp-

(5.12)

Next we wish to show that
(5.13) IVVE[y + | Vol VO |+ | VGl < Cev.
This, together with (5.6), (5.12) and Hélder’s inequality, implies that
d—1

d+1

(5.14) IELlly < C lo] = = (0 o)) * [Hpplp,
for any p > 2. Since a > %, estimate (5.14) gives us a contradiction, provided
we can show that H,p, € LP(T?). But this is not hard to do. Indeed, since ¢, €
HY(T?) and & € C*°(T9), in view of (5.6), it suffices to prove that |Vw||Ve,| €
LP(T4). Furthermore, by Hélder’s inequality, we only need to show that Vw €
LY(T9), where | = ;1) — 3 = 5. To this end, we use the Sobolev imbedding (3.10).
It shows that Vw € L*(T?) for any s such that 2 > 2 — 2 Using o > %=1, one
may verify that o~ > 1 — &,

It remains to prove estimate (5.13). To do this, we note that the estimate
[VVE|, < Ce* ! is already in (5.8). Also, if 1 = % + %,

VW VS |+ VG < V@l VSl + 1Vt [V,
<2[|Velln [Vl
1

We may assume = — § > 0 (for otherwise, we would have ||Vwl|; + [|Vw||; < Cy for
any ¢t < 0o, and the desired estimate would follow easily). Choose t; > 7 so that

L >1_ 9 If we also have + > 1 — 2 then the left side of (5.15) is bounded by
1 T 2 T

a constant independent of e.
Finally, suppose ¢~ < I — §. Then the right side of (5.15) is bounded by

T

(5.15)

OVl < 04D _ ¢ oith=s,

We need to find t; > r and § > 0 so that % >1l_« andd(%—%)—i—(SS 1-a.
This is clearly possible since we assume that r > d. The proof is now complete. [
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