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APPROXIMATION THEOREMS FOR THE PROPAGATORS
OF HIGHER ORDER ABSTRACT CAUCHY PROBLEMS

JIN LIANG, RAINER NAGEL, AND TI-JUN XIAO

ABSTRACT. In this paper, we present two quite general approximation theo-
rems for the propagators of higher order (in time) abstract Cauchy problems,
which extend largely the classical Trotter-Kato type approximation theorems
for strongly continuous operator semigroups and cosine operator functions.
Then, we apply the approximation theorems to deal with the second order
dynamical boundary value problems.

1. INTRODUCTION AND GENERAL APPROXIMATION THEOREMS

In 1958, H. F. Trotter [33] treated the question of convergence of strongly contin-
uous operator semigroups in Banach spaces and gave an approximation theorem. A
gap in the proof of the theorem was pointed out and corrected by T. Kato [19]. This
theorem is just the well-known Trotter-Kato approximation theorem. Convergence
results of a similar nature can be found in T. Kato [20], T. Kurtz [22, 23], A. Pazy
[30], T. I. Seidman [32], and K. Yosida [39]. Also, there have been some Trotter-
Kato type approximation theorems for various operator families such as for cosine
operator functions (cf. [15], [16, Sect.7] and [31]), for integrated semigroups (cf.
[29, 35]), and for resolvent families of operators (cf. [27, 28]). Such approximation
theorems have proved to be very useful in showing the convergence of solutions of
difference equations as well as partial differential equations.

On the other hand, dynamic boundary value problems (DBPs for short) in Ba-
nach spaces have been attracting more and more attention (cf., e.g., [1, 3, 4, 5, 6,
8, 10, 11, 12, 14, 17, 21, 25, 36, 38] and references therein) due to their applica-
bility to a lot of practical problems such as those in control theory. There have
been a number of developments in the study of many aspects of DBPs, but not
yet in the investigation of the approximation problem (among others) for second
order (in time) DBPs. Actually, whenever the second order equations involve first
order derivatives (damping terms), cosine operator functions will no longer suit
the DBPs, and furthermore, without certain strong restrictions on the operators
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in the state equations and on the boundary conditions, it is hard to find appro-
priate phase spaces on which the operator matrices, corresponding to the second
order DBPs, do generate strongly continuous semigroups (cf., e.g., Example 2.5 in
the last section and [34, 37, 38]) so that the classical Trotter-Kato approximation
theorem can be applied. Thus it is really meaningful to establish corresponding ap-
proximation theorems, especially for the solution operators, i.e. the propagators, of
second order DBPs. This stimulates us to consider further another and much more
general issue of how to treat the question of convergence of the solution operators
(the propagators) for general higher order (in time) abstract Cauchy problems.

In this paper, we devote ourselves to dealing with these two problems. By
using general wellposedness concepts from [34, 37], we first obtain two quite general
approximation theorems (in Section 1), which extend largely the classical Trotter-
Kato approximation theorems for strongly continuous operator semigroups and
cosine operator functions. Then, we investigate (in Section 2) approximation issues
for second order DBPs as an application of our general results.

For the basic theory on second order and higher order abstract Cauchy problems,
we refer the reader to, e.g., [9, 34] (see also [13]).

Consider now the higher order abstract Cauchy problem

n—1
(n) (D) —
u\™ (t) + Au'(t) =0, t>0,
(ACP,) (t) ;O (t)
uD(0)=u;, 0<j<n-—1,

and the approximating problems

n—1
u (0 + 3 Aimul) (1) =0, >0,
1=0

(ACP,)m
u(0) =y, 0<j<n—1,
m € N, where A;, A;,, (m € N, i =0,...,n— 1) are closed linear operators with

domains D(A4;), D(A4; ) in a Banach space E. We consider the operator-valued
polynomials

n—1 n—1
P = X" Y XA, Pr(A) = AT > N A,
i=0 =0
and their inverses R(\) := P(A\)™!, R,,(A\) := P, (\)~!, wherever they exist as
bounded operators. A core for [Ag, ..., A,_1] is a subspace of ﬂ;:ol D(4A;), being
dense in —) D(4;) for the norm

n—1
Jul := JJull + > | Asull.
=0

By [ﬂ;:o D(Aj)}, we mean the space ﬂ;:o D(A;) endowed with the norm

i
-y =11+ I14;ull.
. j=0
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By C(R"; Ls(E)), we denote the space of all strongly continuous £(E)-valued func-
tions on RT. The set of complex numbers

(Ao, ..., A1) :={\ € C; P(\) ! exists and R()\) € L(E)}
is called the resolvent set of (Ag, ..., An—1).

By a (strict) solution of (ACP,), we mean a function u € C"(R™; F) such that
for0 <i <n—1,t>0, wehave u)(t) € D(A;), Au(-) € C(RT; E), and (ACP,)
is satisfied. The (strict) solution of an inhomogeneous higher order abstract Cauchy
problem is defined in the same way.

The following definition of strong quasi-wellposedness is a higher order version
of [37, Definition 2.6].

Definition 1.1. Let ﬂ?;ol D(A;) be dense in E. (ACP,) is called strongly quasi-
wellposed if
(i) (ACP,) has a (strict) solution for every u; € ﬂ?:o D(4;),j=0,...,n—1;
(i) there exist n propagators

k
(1.1) Sk()eC | RN L[| D(4)) . k=0, ..., n—2,
(1.2) Sn-1(-) € C(RY; L(E)),
satisfying, for every k=1, ..., n—1,
(1.3) Se(yue CHRYE), we ﬂ D(A;)

Sn-1(Ju € C*H(RY[D(AY)]),  u€E,

1.4 HS(k 2 t H < Me t, t> 07
’S£Ln 11)( )H ’ H (k 1) H <IW€ t t>07

for some constants M, w > 0, such that any (strict) solution to (ACPF,)
can be expressed as

ZSk (k) t>0.

Remark 1.2. The propagator Sy(-) reduces to a strongly continuous semigroup when
n =1, and to a cosine operator function when n = 2 and the term A;u’ vanishes.

The vector-valued Laplace transform will be our main tool (see [2, 34]) and we
use the following terminology from [34].

Definition 1.3. A function F : (a, 00) — L(E) is in the class LT — L(FE) if there
exists a strongly continuous function H(-) : R* — L(F) such that {e"**H(¢);t > 0}
is uniformly bounded for some a > 0 with

FMu = / e MH(t)udt  forall X >a, ucE.
0

Arguing as in the proof of [37, Proposition 2.8] we can characterize the strong
quasi-wellposedness using the Laplace transform.
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Lemma 1.4. (ACP,) is strongly quasi-wellposed if and only if ﬂ?;ol D(A;) is dense
in E, (w, 00) C p(Ag, ..., Ap_1) for somew > 0, and

A= ANTIR(N), A= MTIALR(N) € LT — L(E), k=1, ..., n—1

In this case, we have for uw € E and A large enough,

AR\ = / e ST (1yudr,
0

A=A R(N) :/ e MASE D (tyudt, k=1, ..., n—1
0

For our approximation problem the following lemma from [35] will be crucial.
Lemma 1.5. For each m € N, let f,, € C(R*™, E) satisfy
[ fm ()] < Me®t,  for all t >0,
and let F,, be defined by

Fm(N) = /000 e M (t)dt, \>w.

Then the following assertions are equivalent.

(1) {fm; me N} is equicontinuous at each point t€[0,00), and lim, oo Fm(A)
exists for A > w.

(ii) limy,— oo fm(t) exists for t > 0 and the convergence is uniform on bounded
t-intervals.

We are now in a position to give our main result.

Theorem 1.6. Let each (ACP,),, be strongly quasi-wellposed such that

15) || |asEm] < Mt tz0 1<k <00,
where M, w are constants independent of m. Let D be a core for [Ag, ..., An_1].

Assume that ﬂ?;ol D(A;) is dense in E, and (w,00) C p(Ao, ..., An—1). Then the
following statements are equivalent.

(i) For each u € D, there exists uy, € ﬂ?;ol D(A; m) such that

(1.6) lim wuy, =u, lm Agpu, =Agu, 0<k<n-—1.

m—0o0 m—0o0

(ii) For eachu € E, A >w, 1 <k<n-—1,

(1.7) W%gnoo R,,(Mu = RN, mlgnOO A mBm(Nu = AR R(MN)u.
(iii) (ACP,) is strongly quasi-wellposed, and for allu € E, t > 0,

(18) Tim ST (0w = S0V (),

(1.9) Tim_ AemSE) Wu = 4,80V (tyu, 1<k<n—1.

Moreover, the convergence in statement (iil) is uniform on bounded t-intervals.
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Proof. (1) =(ii).
By Lemma 1.4, we have, form € N, A > w, u € E,

n—1m

(1.10) A”*lRm(A)u:/ e MY (#yudt,
0

n—1m

(111) M A Ry (Vu = / e MAp ST (udt, 1<k<n-—1.
0

Therefore

M
AR O] I A B (V) || < ~———,
) et RO [ A ()] = 3

meN, A>w, 1<k<n-—1.
Fix A > w. Let w € P(\)D; then R(A)u € D. By hypothesis there exists v, €
ﬂ?z_ol D(A; ) such that
W}i_{noo vm = R(A\)u, mlgnOo AkmVm = Ak RNu, 0<k<n-—1.
This combined with (1.12) yields that

(1.13)
Rn(Mu = Rp(MPQA)R(MNu

= R (V) (PR — Poy(A)vm) + v

= o —Rn(N) {/\n(vm )+ Z A A O — R()\)u]}
— R(Mu as m — oo.

Notice that P(\)D is dense in P(\) (2 D(Ay) ), and P (NiZ) D(Ay)) = B.
We infer that P(A)D is dense in E. By (1.12), the first equality of (1.7) follows
immediately from (1.13).

Similarly, we obtain the other equalities of (1.7) by noting that (1.12) and the
identity

n—1

(1.14) ApmBn(N) =1 = N"Rin(N) = Y N A 1 Rin (M)

imply that
| Ao, mRm (N)|| < const  for all m € N.
(il) =(3).
Take u € D. We choose A € (w,00) and set
Um = R (N) (P(M)u).
Then, by (1.7) we obtain
lim wu,, = R(A) (P(A)u) = u,

m—

lim Ap pmum = AgR(A) (P(Mu) = Agu,

valid for 0 < k <n — 1, noting (1.14).
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(i) = (iii).

Clearly D is dense in E since ﬂ;:ol D(A;) is dense in E. Let u € D. By assump-
tion, there exists u,, € ﬂ?z_ol D(A,; ) such that (1.6) holds. From (1.10) we see
that for m € N, A > w,

AR ()t = / e M (Bupdt,
0

n—1
N Ry (Nt = A i — Y N T R (A Ai i,
=0

n—1 t—O’ n—i_1
- / [ Z/ =i ST(L?E},)TL(U)ALmumda dt.
0 —_ J—
Therefore for t > 0, m € N,

Tl i—

n t_ U n
(115) S'r(L llr)n( = Um — Z/ n — - 1 SY(L 11m( )Ai,mumdov

by the uniqueness theorem for Laplace transforms. By (1.11) we deduce that for
meN,A>w, 1<k<n-—1,

n—1m

)\’CflAk,mRm()\)um:/ e M A ST (Hundt,
0

n—1

AT A R (N = N A g, — > N AL R (M) Ajten

=0
oo tnfkt
—At
= —A mUm
/o ‘ lm—k)! kot

tf n 1—1
B Z/ (n _UZ Ak qu(mk 117);1( VA; mumdo | dt.

Sofort >0, meN,1<k<n-—1,

tnfk
o

t _ 0. n i—1
o Z / n — = 1 A S’f(Lk 11'r)n( )Ai,mumdo'-

(1.16) A S (Bt =

n—1,m Ak,mum

Just writing S0 (u as ST (1) (=) + ST ()t we see by (1.5), (1.6)

1,m n—1m n—1m

and (1.15) that

{S(" Y (u; me N} is equicontinuous at each point ¢ € [0, 00).

n—1m
Likewise, for every 1 <k <n —1,

{Ak,mS(k_ ) (Ju; m e N} is equicontinuous at each point t € [0, ),

n—1m
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due to (1.16). Thus recalling (i) implies (1.7) and we can apply Lemma 1.5 to

(1.10), (1.11). This yields that for each ¢t > 0, the following limits exist:
(1.17) U(t)u:= lim S,(lizlzl(t)u,
(1.18) Vi(tu = lim AgnSS0) (Du, 1<k<n-—1,

m—00

and the convergence is uniform on bounded t-intervals. Now, combining (1.5)—(1.7),
(1.10), (1.11), (1.17) and (1.18) yields that for u € D, 1 <k <n — I,

(1.19) [U@)ull, [Vi(t)ull < 2Me|lull, >0,
(1.20) N TIR(N)u 2/ e MUb)udt, N> w,
0
(1.21) )\k_lAkR(/\)uz/ e MV (tudt, X > w.
0

The density of D indicates that U(t) and Vi(t) can be extended to all of E as
bounded linear operators, which we denote by the same symbols, and that (1.17)—
(1.21) hold for all u € E. Thus, making use of Lemma 1.4 we conclude that (ACF,)
is strongly quasi-wellposed. Comparing (1.20), (1.21) with the corresponding equa-
tions in Lemma 1.4, we see that for ¢t > 0, 1 <k <n —1,

(1.22) S V@) =Uw), AT E) = Vi)

n—1 n—1

This and (1.17), (1.18) together lead to (1.8) and (1.9).
(iif) = (ii). From (1.1), (1.10) and (1.11), we have

lim A" 'R, (\u = / e MG D (Hudt = A" R(\)u,

m— 00 0

Hm A A Ry (Mu = / e M Ay ST (Hudt = NP ALR(A)u,
0

M — 00 n—1m

forue B, A\ >w, 1 <k<n-—1. So, (1.7) follows immediately. The proof is then
complete. O

Next, we consider a slightly different concept of wellposedness.

Definition 1.7. Let (/—) D(4;) be dense in E. (ACP,) is said to be strongly
wellposed if (i) and (ii) of Definition (1.1) are satisfied with (1.1) and (1.2) replaced
by

Sk(-) € C(RTL(E)), k

I
=
S
\
-

(1.3) replaced by
Se()ue C*(R*;E), ueckE,
and (1.4) replaced by

Sk—Dy H < Me®t, >0,
H ke () L(E) €
respectively.

Remark 1.8. By [34, Theorem 1.4 (p.47) and Theorem 1.6 (p.52)], the definition of

strong wellposedness is equivalent to that in [34, Definition 1.3, p.46], and strong
wellposedness implies strong quasi-wellposedness.
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Theorem 1.9. For m € N, let (ACP,),, be strongly wellposed such that
(1:23) [1Som(®), ||SK0(0)

where M, w are constants independent of m. Let D be a core for [Ao, ..., An_1].
Assume that ﬂ?;ol D(A;) is dense in E and (w,00) C p(Ag,...,An—1). Then
statement (1) or (ii) in Theorem 1.6 is equivalent to

(i) (ACP,) is strongly wellposed, and for any u € E, t > 0,

)

\Aks,g’:};(t)H <Me*t, t>0,1<k<n-—1,

lim S,(ckgl(t)u = Slgk)(t)u, 0<k<n-1,

(1.24) " ,
lim_ A S Mu = 4,80V (e, 1<k<n-—1.

Moreover, the convergence in statement (iii)’ is uniform on bounded intervals of
t>0.

Proof. (i) = (iii)’.

First, we proceed as in the proof of the implication (i) ==(iii) of Theorem 1.6.
Then in view of [34, Remark 2.5, p.65] and (1.10), we obtain, for m € N, A > w,
and 1 <k <n-—1,

N RN Attt = [ e [SE50,0 = SELO)] umt,
0

k—1 [ =)
AT Ry (N) A, = ; e S Sp—1.m(0)Agmumdo | dt;
hence fort >0, me N, 1 <k<n-1,
t n—k—1
k-1 k (t—o) n—1
(SIS0 = 0] = [ TR SO A tinde
Moreover,

lim A" R, () Apmtim = N TR\ Agu, A>w, 1<k<n-—1,

m—00

by (1.12) and (1.6). Accordingly, an application of Lemma 1.5 yields that for any
1<k<n-1,

(1.25) Wity = Tim_ [SE0 () = SE.(8)]

exists, uniformly on bounded intervals of ¢ > 0. Therefore, foru € D, 1 <k < n-—1,
(1.26) Wi (#)ull < 2Me|Jull, t=>0,

(1.27) MNIRON Agu = /O h e MWy (Hudt, A > w.

Since D is dense in E, Wi(t) can be extended to all of E as a bounded linear
operator, which we denote by the same symbol, (1.26) holds for all v € E, and
(1.27) holds for all u € ﬂ?z_ol D(A;). Thus (1.15)—(1.17), (1.26) and (1.27) enable
us to apply [34, Theorem 2.3, p.57], and deduce that (ACP,) is strongly wellposed.
Comparing (1.27) with the corresponding equation in [34, Remark 2.5, p.65], we
see that for t >0, 1 <k <n—1,

SED (1) - SH (1) = W),
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and so
n—1

(1.28) SE6) =5+ Y wilt), 0<k<n-2 t>0.
i=k+1

Note from (1.25) and (1.23) that as m — oo,
(SE5000) = S (0) w — Wi, 1<k <n-1,

uniformly on bounded intervals of ¢ > 0, valid for all w € E. Accordingly, (1.24)
follows from (1.28). O

2. APPROXIMATION OF DYNAMIC BOUNDARY VALUE PROBLEMS

Let E and X be Banach spaces. We study the following mixed initial boundary
value problem:

u’(t) + Au(t) + Bu'(t) =0, t>0,
2" (t) + Fox(t) + F12'(t) = Gou(t) + Giu'(t), ¢ >0,
2 (t) = Pult), t>0,
u(0) = ug, (0) = zg, v'(0) = u1, 2'(0) = 1.
Here and in the sequel,
A:D(A)CE—E, B:DB)CFE—E,
Fo:D(Fy)) cX—-X, F:DF)CX—X,
Go:D(Gy) CE—X, G1:DG)CE—X,
P:D(A) — X

are all linear operators. Note that the boundary condition (i.e., the second equation
in (2.1)) is of dynamical type.

As a companion of the boundary operator P, we introduce a linear operator Pp
from D(B) to the quotient space X/ X (X, a closed linear subspace of X) satisfying
the following relation with P:

(2.2) Pu€ Ppu, ue DA NDB).
Setting

A= (_éo }20) , D(A) = {(Z) € (D(A)ND(Go)) x D(Fy); = = Pu},

B.— _Zl F01> . D(B):= {(Z) € (D(B)ND(Gy)) x D(F): € PBu},
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we then transform (2.1) (with (2.2)) into an abstract Cauchy problem in E :=

ExX:
(ACPy: A B) { y'(t) + Ay(t) + By'(t) =0, ¢ =0,
23 £,

y(0) = yo, ¥'(0) = y1.

We introduce below two special spaces and two operators (corresponding to A and
B):
[D(A)]p: the space D(A) equipped with the norm

ulla,p = llull + [[Aull + [[Pull;
[D(B)]p,: the space D(B) equipped with the norm
ull B,ps = llull + [ Bull + |Psullx/x,;

and

AO =A s Bo =B .
ker P ker Pp

We will use the following hypotheses:

(Hy) The spaces [D(A)]p and [D(B)]p, are complete, and P(D(A)ND(B)) = X.
(Hz) (ACPz; Ao, By) is strongly quasi-wellposed.

Lemma 2.1 ([37]). Suppose that (Hy) and (Hz) hold. Let E; be a Banach space
such that

[D(A)]p — E1—E and X— (AN + Ag+ABy)~ ' e LT — L(E, E\).

If
Gy € ﬁ(El,X), G, € ﬁ(E,X), Fy, Fy € L:(X),

then (ACPy; A,B) is strongly quasi-wellposed.
Next, we consider the inhomogeneous problem:
y"(t) + Ay(t) + By (t) = h(t), tel[0,T],
{ y(0) = yo, ¥'(0) = 1.

Lemma 2.2 ([37]). Suppose that the hypotheses of Lemma 2.1 hold. Let h €
CL([0,T];E), yo € D(A), and y; € D(A) ND(B). Then

(1) problem (2.3) has a unique strict solution y(-) given by

(2.3)

(2.4) y(t) = C(t)yo + S(t)y1 + /0 S(t = s)h(s)ds, t€[0,T],

where C(+) and S(-) are the two propagators of (AC Pe; A, B);
(2) the solution y(-) satisfies

y'() € C(0, T By x X),
Iy )1+ (@)l peay + Iy’ Ollipeey + 1y Ollz,xx
< M(JIhller oz + ol + v ey + Il ¢ € 0,71,

for some constant M > 0.
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Suppose that

An :D(A) — E, B, :D(Bn,) — E, m € N,
f‘joymZ’Z)(F‘()>—>)(7 F‘l)mZ’Z)(F‘l)—>)(7 mGN,

Gom : D(Go) = X, Gim:D(G1) — X, meN

are six sequences of linear operators, where D(B,,) is independent of m € N. In the
case of B ¢ L(E), we assume for simplicity that D(By) = D(B) and let Pp, = Pp.
When B € L(E), we let Pp, be a linear operator from D(B;) to the quotient space
X/X1 (X1 a closed linear subspace of X) such that

Pu e Pp,u (u€ D(A) ND(By)).

Form=1,2,3,..., we put

A, 0
A, , D(A,):=D(A),
(GO’m Fo,m> () = D(A)

(el r)
B,, := ,
_Gl,m Fl,m

D (B, = {(“) € (D(B))ND(Gy)) x D(F)); « € PBlu} :

AO,m = Am

) BO,m = Bm
ker P

ker Pp, '

By Sy.(+) (resp. S(:), Sg.m(-), Sx,m(-)) we denote the second propagator (if it exists)
of (ACP27 Am, Bm) (resp. (ACPQ, A, B), (ACPQ, A()’m, Bo’m), (ACP27 Fo’m, Fl,m))~

Theorem 2.3. Let the conditions of Lemma 2.1 hold. Assume that

(i) form € N, [D(An)]p and [D(Bp)|py, are complete, and P(D(A)ND(B1))
= X;
(ii) form € N, ((ACP2)m; Ao.m,Bom) is strongly quasi-wellposed such that
(2~5) HS}E,m(t)Hg(E) s ”BO,mSE,m(t)H[;(E) ; ”SE,m(t)H[;(E,El) < Mema t> Oa

M, w being constants independent of m;
(iii) form € N, [D(Ap)]p — E1, and

FO,maFl,m € [:(X)a GO,m € L(Ele)a Gl,m € E(va);
(iv) as m — oo,
Apu — Au (u € D(A)), Bpu — Bu (u € D(By)),

Fomx — Fox (x € X), Fipmer— Fiz (x € X),

Gomu — Gou (u € E1), Gipmu— Giu (u € E).
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Then, for ally € E,

Sty — S' )y, BumSm(t)y — BS(t)y,

t t
Am/ S(o)ydo — A/ S(o)ydo,
0 0

as m — oo, uniformly on bounded intervals of t > 0.
Proof. By the third estimate in (2.5), one knows that for m € N,
A= Rpm = (A2 + Aom + ABom) ' € LT — L(E, E).
It follows from Lemma 2.1 that (ACPy;A,B) and (ACPs; Ay, B,,) (m € N) are

strongly quasi-wellposed.
Take p =w + 1. For each x € X and m =2,3,4,..., we have

D, mx — D, 1z € ker(P),

where D, , 1= (’P . This implies that

-1
ker(u2+A+uB))

(14* + A + pBm) Dy 1
= (WP+A,+ pBm)(Dymx — Dy 1)
= (4 Aom + 1Bom)(Dymx — Dy 1x).
Therefore, for x € X, m=2,3,4,...,
(2.6) Dym® = Dy17 + R (p) (0 + Ap + p1Bm) D,y
It is clear from hypothesis (iv) and (2.5) that

(2.7) 1 Fo,mll 2x)s 1F mll ccx)s 1Gomll 21, x5 |Gl 28, x) < const,
(28) HAmDM,l ||£(X,E)7 ||BmD;L,1 |L'(X,E)7 ||GO,mD;L,1
(2.9) I1REm (1) |lz(e), | BomRem ()|l 2(2), |GomBREm (1) 2(E) < const,

|z(x,E) < const,

for all m € N. Combining (2.6), (2.8) and (2.9) yields that for m € N,
(2.10) | Dpmllzx, 2y, |1BmDum| cix,m) |GomDymll cx,my < const.
Moreover, it is not hard to verify by (2.7) that

(2.11) 5% m ()] < Mye*, >0, meN,

where M7, wy are constants.
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We know from the proof of [37, Theorem 3.5] that for A large enough,

ool - )\RE‘,m()‘) )\D,\,mRX,m(/\)
[ st = (M AT )

~1
0 0

I _

[ <(G0,m + AG1m)REm(X)  (Gom + )\G17m)D/\,mRX7m()‘)>:| Y

oo oo
= / e M | Hon (1) + Him(t) * | Y _[Hom (] | | ydt,
0 =1
(2.12) yeE, meN,

where *j indicates the j-th convolution power, Rx ,,,(A) := (A% + Fy + AF1) 1, and
for t > 0,

Sem®) I
Ho,m(t) := ( Eo Sgg,m(t)>’

0 0
H m t) = )
{8 (Go,mSE,m<t>+Gl,mS;;,m<t> Go,me<t>+G1,mJ;n<t>>
Ju®) = D Sxn(®) = () Dy

t
+ ,u/ Sem(t—8)(Bm + 1) DymSx.m(s)ds
0
t
7/ Sem(t — 8)BmDymSx,m(s)ds
0

- /Ot SEm(t = 8)DyumSy m(s)ds.
According to (2.5), (2.7), (2.10) and (2.11), there exist constants My > M + M,
wo > w + wq such that

| H;m (1) < Mae®?", >0, m e N.

This implies the existence of constants M3 > Ms, ws > ws such that for all m € N,
(2.13) [SH @O < Mae®=*, t>0
due to (2.12). Similarly, we obtain
(2.14) IBrS (t)|| < Myest, t>0, m € N,
with some constants My, wy > 0. Finally, hypothesis (iv) ensures that
(2.15) mlgnOo Ay = Ay, ”%Enoo B,y = By
for y € D(A) ND(B;). Note that for m € N,
(2.16) D(An)NDB,y,) =DA)ND(By) =D(A) ND(B),
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o =D(B) if B¢ L(E),
D(By)
D D(A) if Be L(E) (which implies D(B) = E).

Moreover, we have

t
(2.17) Am/ Sm(o)ydo =y — S, (t)y — BSm(t)y, t>0, y€E,
0

for m € N. Thus, according to (2.13)—(2.17) we obtain the conclusions by an
application of Theorem 1.6. O

As a consequence of Theorem 2.3 and Lemma 2.2 we have the following result.

Theorem 2.4. Assume that the conditions of Theorem 2.3 are satisfied. For m €
N, let h, hy, € CH[0,t0]; E), Y0, Yo.m € D(A), y1, y1.m € D(A) N D(B) such that

(218) ||hm - h”Ll((O,to);]E) — 0, Yoom — Yo, Yim — Y1,
as m — oo. Then, the solution sequence yp,(t) of

Y () + Ay (t) + By, (8) = hin(t), >0,

Ym(0) = Yo,m: Y (0) = y1,m
converges to the solution y(t) of (2.3) uniformly for t € [0, o).
To illustrate Theorem 2.4, we present the following example.

Example 2.5. Let Q2 be a bounded domain in R™ with smooth boundary 0f).
We consider a sequence of mixed initial-boundary value problems for structurally
damped plate-like equations whose boundary conditions are of dynamic natures:

Uy + AUy, — P Aty = frm,  in [0, 0] X €,

ayavm

=0, in [0, 0] x 09,

02y = <8“m > Wy, in [0, t0] x O,
(2.19) L2(09)

Ay,
o0

um(oy ) = ¥o, 8tum(07 ) = ¥1, in Q7
where m € N U {0}, £ is the outward normal derivative on 9,
0; € H*(Q) with Ap; € H*(Q) and Agy; o 0 (i=0,1),

{UM}mENo C L2(8Q)7 {wM}meNo C H2(aQ)a
{fm}mENo - Cl([oatO}; LZ(Q))v {pm}mGN C (07 OO)
such that

mhinoo lvm — vollz2(90) = 0, n}gnoo | wm — wollm2(00) = 0,
n}me Il frm = follL2((0,t0);E2(02)) = O, W}gnoo pm = po = 0.
Take
E=1%Q), E,=HQ), X=X,=H%0Q), B=0,
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and for m € N,
By = —pmA  with D(B,,) = H*(Q),

A=A, =A% with D(A)=D(A,,)
={p e H*(Q); Apc H*(Q), Ap o = O

0
Goyp = <a_<p7 Uo> wo,
v L2(99)

0

Gy mp = _(Pa Um Wy, for pE D(GO) = D(GO m) = D(A)’
’ v L2(9Q) ’

Py = gp‘aﬂ for ¢ € D(P) := D(A),

Ppp=X for p € D(Pp) :=E,

P, =P, =0, F1=0, G1=0, Fy;u =0, Fi,,, =0, Gi =0.
From [34, p.232] one can see that for t > 1, m € N,

1S5, m e, BomSemBllem), 1S2m®)lem < 1.

Also the other conditions of Theorem 2.4 are satisfied (cf. [37, Example 5.5]).
Therefore, if u,,(-) (m € N U{0}) is the solution of (2.19), then

lim  sup |um(t) — uo(t)|[z2(q) = 0.

M=% ¢€[0,t0]
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