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POLYHEDRAL REALIZATION
OF THE HIGHEST WEIGHT CRYSTALS
FOR GENERALIZED KAC-MOODY ALGEBRAS

DONG-UY SHIN

ABSTRACT. In this paper, we give a polyhedral realization of the highest weight
crystals B(\) associated with the highest weight modules V() for the gener-
alized Kac-Moody algebras. As applications, we give explicit descriptions of
crystals for the generalized Kac-Moody algebras of ranks 2, 3, and Monster
algebras.

INTRODUCTION

The quantum groups introduced by Drinfel’d and Jimbo, independently, are de-
formations of the universal enveloping algebras of Kac-Moody algebras [B] [6]. More
precisely, let g be a Kac-Moody algebra and U(g) be its universal enveloping al-
gebra. Then, for each generic parameter ¢, we associate a Hopf algebra U,(g),
called the quantum group, whose structure tends to that of U(g) as ¢ approaches
1. The important feature of quantum groups is that the representation theory of
U,(g) is the same as that of U(g). Therefore, to understand the structure of repre-
sentations over general quantum groups U,(g), it is enough to understand that of
representations over Uy (g) for some special parameter ¢ which is easy to treat. The
crystal bases, introduced by Kashiwara [12, [13], can be viewed as bases at ¢ = 0
for the integrable modules over quantum groups. They give a structure of colored
oriented graphs, called the crystal graphs, reflecting the combinatorial structure of
integrable modules. For instance, one of the major goals in representation theory is
to find an explicit expression for the characters of representations, and this can be
obtained by finding an explicit combinatorial description of crystal bases. So one
of the most fundamental problems in crystal basis theory is to construct the crystal
basis explicitly. In order to answer this, several kinds of combinatorial objects have
been invented [10] 1T, 15, [T6].

In [I4], Kashiwara introduced the embedding of crystals ¥, : B(co) — Z°°,
where ¢ is some infinite sequence from the index set of simple roots. But, in general,
it is not easy to find the image ImW¥,. In [3], Cliff described the image of the
Kashiwara embedding for the classical Lie algebras and some reduced expression.
For more general types, Zelevinsky and Nakashima obtained the exact image of the
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embedding by a unified method, called the polyhedral realization [I§]. Moreover,
n [I7), Nakashima introduced the crystal Ry = {ry}, and he showed that the
connected component containing u., @7 is isomorphic to the highest weight crystal
B(\), where us is the highest weight vector in B(co). Applying this property to
the Kashiwara embedding, he gave the embedding of crystals U : B(\) — Z®® Ry
and described the explicit form of Im¥?.

The generalized Kac-Moody algebras were introduced by Borcherds in his study
of Monstrous Moonshine [1I,2]. The structure and representation theories of gener-
alized Kac-Moody algebras are very similar to those of Kac-Moody algebras. The
main difference is that the generalized Kac-Moody algebras may have imaginary
simple roots with nonpositive norms whose multiplicity can be greater than one,
and they may have infinitely many simple roots. In [9], Kang introduced the quan-
tum generalized Kac-Moody algebras as an analogue of quantum groups, and in
[7, Jeong, Kang, and Kashiwara developed the crystal basis theory for quantum
generalized Kac-Moody algebras. In [§], Jeong, Kang, Kashiwara and the author
introduced the notion of abstract crystals and an analogue ¥, of the Kashiwara
embedding of crystals for quantum generalized Kac-Moody algebras. Moreover, in
[19], the author gave the generalized version of polyhedral realization of the crystal
B(0).

In this paper, we give a polyhedral realization of the crystal bases B(\) of the
highest weight modules V' ()A) for quantum generalized Kac-Moody algebras. More
precisely, we introduce the crystal Ry for generalized Kac-Moody algebras and show
that the connected component containing u, ® ry is also isomorphic to the highest
weight crystal B()A) as in the Kac-Moody case. Moreover, on the basis of the
embedding of crystals given in [§] and the crystal Ry for generalized Kac-Moody
algebras, we introduce the crystal structure Z,[\], and we give explicit images
of Kashiwara embedding ¥7. As applications, we give explicit descriptions of the
crystals over Kac-Moody algebras of ranks 2 and 3. Moreover, for the Monster Lie
algebra which played an important role in proving the Moonshine conjecture given
by Conway and Norton [4], we give the explicit description of Im¥;. Finally, from
this description, we give characters of the highest weight module V/(\) over U,(g).

1. CRYSTALS FOR GENERALIZED KAC-MOODY ALGEBRAS

Let I be a countable index set. A real matrix A = (a;;);,jer is called a Borcherds-
Cartan matriz if it satisfies: (i) a;; =2 or a;; <0 for all ¢ € I, (ii) a;; <0 if i # 7,
(111) ;5 € Z if a;; = 2, (IV) Q5 = 0 if and only if Q55 = 0. Let I"™ = {’L S I| A = 2}
and I'™ = {i € I|a;; < 0}. Moreover, we say that an index i in I"® (resp. I'™) is
real (resp. imaginary).

In this paper, we assume that for all 4,5 € I, a;; € Z, a;; € 2Z, and A is
symmetrizable. That is, there is a diagonal matrix D = diag(s; € Zsoli € I)
such that DA is symmetric. We set a Borcherds-Cartan datum (A, PV, P, 11V, 1)
as follows:

A : a Borcherds-Cartan matrix,

pY = (EBieI Zhi) ) (@iel Zdi) . a free abelian group,
P={\eb*|\(PY) CZ}: the weight lattice,

IV ={h;li € I} C h: the set of simple coroots,

IT = {oy|i € I} C h*: the set of simple roots.
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Here, the simple roots a; (i € I) are defined by

<h]‘, Oz?;> = Qj; and <dj, Oz?;> = 5]‘1'.
We denote by U,(g) the quantum generalized Kac-Moody algebras associated with
the Borcherds-Cartan datum (A, PV, P,TIV,II). We also denote by Pt = {\ €
P|A(h;) >0 for all ¢ € I} the set of dominant integral weights.

We recall the definition of abstract crystals introduced in [§] for quantum gen-
eralized Kac-Moody algebras.

Definition 1.1 ([8]). An abstract crystal for U,(g) or a U,(g)-crystal is a set B
together with the maps wt: B — P, &, f; : B — BU {0} (iel),and ;,¢; : B—
Z U {—o0} (i € I) such that for all b € B, we have
(1) wt(é;b) =wtb+a; ifi € I and b # 0,
i) wt(fib) = wtb—a; ifi € I and f;b #0,
11) for any i € I and b € B, ¢;(b) = €;(b) + (hs, wt b),
) oranyzelandb Ve B, fib=1V if and only if b = &',
) for any ¢ € I and b € B such that é;b # 0, we have
(a) ei(€:b) = e;(b) — 1, @;(€;0) = pi(b) + 1 if i € I,
(b) ei(€ib) = €i(b) and ;(€:b) = i (b) + ay; if i € I'™,
(vi) for any i € I and b € B such that f;b # 0, we have
(a) € (fz)—az()+land¢z(fz)— (b)—11f1§]T@7
(b) € (fl ) = &;(b) and ‘F’z(fz ) = ¢i(b) —ay ifi e I'™,

(vii) for any i € I and b € B such that o;(b) = —oc0, we have &b = fib = 0.
Definition 1.2 ([8]). A morphism of crystals or a crystal morphism 1) : By — By
is a map 1 : By — Bs such that

(i) wt(¢p(b)) = wt(b) for all b € By,
(ii) (¥ (b)) = €i(b), pi(¥(b)) = @i(b) for all b € By, i € 1, )

(iii) if b € By and 4 € [ satisfy f;b € By, then we have ¢(f;b) = fi1(b).

For a morphism of crystals 1 : By — Bsy, 1 is called a strict morphism if

V(&;b) = é;(b), (fib) = fip(b) forallie I and b€ By.
Here we understand ¢ (0) = 0. Moreover, v is called an embedding if the underlying
map 1 : By — Bs is injective. In this case, we say that Bj is a subcrystal of By. If
1 is a strict embedding, we say that B is a full subcrystal of Bs.

Example 1.3. (a) The crystal basis B(A) of the irreducible highest weight module
V(X\) with A € PT is a U,(g)-crystal, where the maps ¢;, p; (i € I) are given by

ei(b) = max{k > 0| kb # 0} for i € I',
o for i € '™,

(hi, wt(b)) for i € I'™.
(b) The crystal basis B(co) of U, (g) is a Uy(g)-crystal, where
e (5) = {max{k: >0|ékb#£0} foriel™,

max{k > 0| fFb# 0} foriec I'°,
%(b):{ {k>0] fkb # 0}

0 for i € I'™,
@i(b) = €i(b) + (hs, wt(b)) (i € 1).
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Example 1.4. For A € P, the singletons T\ = {t,} and Ry = {r,} are U,(g)-
crystals with maps defined by

wt(txn) = A, €i(ta) = @i(tr) = —o0, &ty = fitA =0 foralliel,
and
wt(ry) = A, ei(ry) = —(hi, A), @i(ra) =0, &ry= fim =0 forall:el.

Example 1.5. For each i € I, let B; = {b;(—n)|n > 0}. Then B; is a crystal with
maps defined by

(—n) =bi(-n+1), fibi(—n) =bi(—n - 1),
ejbi(—n) = fibi(—n) =0 if j#4,
(—n))=mn, @ilbi(-n))=-n if i€l
ei(bi(—n)) =0, @i(bi(—n)) = —nay if ieI™,
gj(bi(—n)) = @;(bi(—n)) = —oco if j #i.

Here, we understand b;(—n) = 0 for n < 0. The crystal B; is called an elementary
crystal.

We define the tensor product of a pair of crystals as follows: for two crystals
B; and Bs, their tensor product By ® By is {b1 ® ba|b1 € Biy,by € By} with the
following crystal structure. The maps wt, &;, p; are given by

wt(b@b') = wt(b) + wt(b'),
gi(b®@b') = max(e;(b),&;(b') — (hi, wt(b))),
i(b® V') = max(pi(b) + (hi, wt (b)), i (V).

For i € I, we define

; n | fb@bif i(b) > (b)),
fibeb) = {b@ﬂ-b/ if ;(b) < ei(b).

For i € I™®, we define

é(b@b/) . ebb  if (pz(b) ZEz(b/),
’ o lb@el if pi(b) < &i(Y),

and, for i € I'™, we define
eb® v if (pz(b) > Ei(bl) — 44,
éz(b ® b/) =<0 if Ei(b/) < (pl(b) < Ei(b/) — Q44

This tensor product rule is different from the one given in [7]. But when B; = B())
and By = B(p) for A\, u € P, the two rules coincide. Note that by the definition
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above, By ® B is a crystal. Moreover, the associativity law for the tensor product
holds [§].

Example 1.6. Let Ry = {r)} be the crystal given in Example [[4 Then for a
crystal B, B ® R) is a crystal with the maps wt, g;, ¢; given by

wt(b®@ry) = wt(b) + A,

gi(b®ry) = max(e;(b), —(h;, A + wt(D))),

(0) + (ha, A for i € I",
oi(b®73) = @i(b) + (hi, A) er
max(p;(b) + (hs, A),0) for i e I'™,
eib®ry if p;(b) > —(h;,\) and i € I"®,
Ei(b®ry) = or ¢;(b) + (hi, \) + a;; > 0 and i € I'™,
0 otherwise,
. fb® if 0;(b) > —(hs, ),
Fbar) = f@m Tl > =i
0 otherwise.

2. EMBEDDING OF THE HIGHEST WEIGHT CRYSTAL B(\)
Let * be the Q(g)-algebra anti-automorphism of U, (g) such that
ef = e fi=fiand (¢") =q"
In [8], it is verified that L(co)* = L(co) and B(oo)* = B(00). So let us define for
each i € I", €f(b) = ¢;(b*) and ¢} (b) = p(b*).
Proposition 2.1 ([§]). For all i € I, there exists a unique strict embedding
U, : B(oo) — B(00) ® B;  such that e — Us & b;(0),
where U, s the highest weight vector in B(00).
Proof. Now, we give a brief sketch of the pr0~0f given in [8]. For b :~fiT e ﬁluoo €
B(co), take p > 0 such that 7,(b) = 7u(fi, ... fi,uso) = fi, - fiyu, # 0. Let
A € PT such that A(h;) = 0 and A(h;) = p(h;) > 0for all j # 4. Set pu(h;) =1>> 0.
Then there is a strict embedding ¢ : B(u) — B(A)® B(IA;) sending u,, to u) ®ua, -
Moreover, Im(¢ o 7,) belongs to B(X) & { f"wa, | m > 0}.
Define a map ; : B(A) @ {f"wia, | m > 0} — B(o0) ® B; by
¢Z(f75 s fjlu)\ ® f'zmull\z‘) = fjs s -fjluoo ® bi(_m)

Then ; is injective, and v; commutes with €; and fj
Now, we define W;(b) by

biogomy(b) =viod(fi, . fiyun) = vi(fi, - fir (un @ wia,))
=i fi, - i (un® fMuin,)) = fi. - iy @ bi(—m).
Then ¥, is a strict embedding. Moreover,

(2.1) fiv o Fisttoo = (EM0")*, and m = max,{k | €50* # 0}.
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Let ¢ be an infinite sequence, ¢ = (...,42,41) in I, such that every i € I appears
infinitely many times, and let Z5, be the crystal introduced in [19]. (Indeed, the
crystal ZZ, is isomorphic to the crystal B(1), the (set-theoretical) inductive limit
of B(k) = B;, ® --- ® By,, given in [8].) By taking the composition of the above
crystal embeddings repeatedly, we have

Proposition 2.2 ([8,[19]). There is a strict embedding ¥, : B(oo) — 2 ,.

Let 7y : U, (g) — V()) be the natural projection sending L(oc) to L()), and let
7 0 L(00)/qL(00) — L(X)/qL(A) be the induced map sending B(co) to B(A)U{0}.
Then we have

fi O\ =Tx0 fm
éioﬁ'\)\ :%\,\Oéi, if %,\(b) 750,
7 : B(0o)\ {7, 1(0)} — B()) is bijective.

Now, define a map

@) 1 (B(oo) ® Ry) U {0} — B(A) U{0}
by
D (b@ry) =7A(b) and &,(0)=0.

Let B(A) := {b®ry € B(c0) ® Ry| ®A(b®@7y) # 0}. Then we have
Theorem 2.3. (a) The map P is a surjective strict morphism of crystals. More-
over, it induces an isomorphism of crystals from B(X) to B(\).

(b) B(\) is the set of b ry € B(oco) ® Ry such that

() <2(0) < A(hi) G €I, (i) if Ahe) = 0, &b* =0,
Proof. (b) is directly derived from the following fact, obtained by (Z1)) in the proof
of Proposition 2Tt
09 7a(b) #0 if and only if
(22) er(b) < A(h;) (i € I"®), and A(h;) = 0 implies &;b" = 0.

For (a), since 7, is surjective, it is clear that ®, is also surjective. In order
to show that ®, is a strict morphism of crystals, it suffices to show that for u €
B(o0) ® Ry,

(1) wt(Px(u)) = wt(u) if Px(u) # 0,

(2) €;(Dr(u)) = ¢e;(u) for any i € I if Oy (u) # 0,
(3) wi(Pr(u)) = wi(u) for any i € I if Dy (u) # 0,
(4) 612 () = 2 (61u) for any 4,

(5) fiox(u) = ®(fyu) for any i.

If i € I™, (1), (2) and (3) follow from the proof of Theorem 3.1 of [I7], and if
i € I'™ since ¢;(b) = 0 for all b € B(oo) or B()), it is clear. So it suffices to
consider (4) and (5). For u = b ® ry, suppose that ®,(u) = 7A(b) # 0. When
1 € I, we have

0 < @i(ma(b)) = (hi, A) + @i(b),

which implies that &;(b® ry) = ;b ® r\. Hence
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When i € I'™ if &;(b® 1)) = &b ® ), there is nothing to prove. If &;(b®ry) =
beé;ry =0, then (h;, \+wt(b)) +a;; < 0. Hence €;Py(u) = €7\ (b) =0 = Py(&u).

Next, consider the case ®y(u) = 7a(b) = 0. Then it suffices to show that
Dy (6;(b@7ry)) =0. If &(b®ry) = 0, there is nothing to prove. If &(b®ry) # 0,
since ¢;ry = 0,

éz(b ® 7”)\) =éb®ry,
which implies
(pz(b) > Ei(’f‘)\) = _<h17)\> for i € Ire’

2.3 .
( ) <hZ,Wt(b) + >\> +a; >0 forie rm.

Assuming @, (€;b®@ry) = TA(€;b) # 0, we shall derive a contradiction. Since f; and
T\ commute, f;Tx(€;0) = Ta(f:€;b) = 7Tx(b) = 0. It means that
pi(Ta(€h)) =0 (ieI™) and (h;,TA(&b) =0 (iel™).
When ¢ € I,
0= i(Ta(€;b)) = (hs, wt(TA(E:D))) + £:(Ta(€:)))

= <hi, A+ Wt(b) + Ozi> + Sz(ézb)

= (hi, \) + (hi, wt(D)) +2+¢4(b) — 1
Therefore,

gOl(b) = 7<hl,>\> —1= €i(7')\) —-1< 81'(7")\),
which contradicts (23]

When i € I'™,

This contradicts (Z3)). ) ) )
~ Now, let us prove (5). We know that fi®i(u) = fima(b) = ma(fib). So if
fiu= fib®ry, then w\(f;0) = ®(f;u). Suppose that fiu =b® firx = 0. Then we
have
@i(b) <egi(ra) = —(hi, A) foriel™,
(hi,wt(b) + \) =0 for i€ "™,
If @5(u) = 7A(b) = 0, there is nothing to prove. Assume that ®)(u) = 7A(b) # 0.
Suppose that f;®y(u) = f;7A(b) # 0. Then

0 < @i(@r(b)) = (hi; A) + i(b)  fori e I™,

(hiy A +wt(b)) >0 foric I'™,
which contradicts (Z4]). Therefore, @, is a surjective strict morphism of crystals.

Finally, we will show that @, induces an isomorphism of crystals from B(\) to

B(X). Since @, (b®ry) # 0is equivalent to Tx(b) # 0, ¢x 1= x|, : B(A) = B(})

is a 1-1 correspondence. So if we show that B (M) is stable under €; and fi, then ¢
is a strict morphism of crystals. In order to prove stability, it is enough to show
that ®5(¢;(b @ ry)) = 0 (resp. ®x(f;(b @ ry)) = 0) implies & (b ® ry) = 0 (resp.
fi(b®@ry) = 0). First, suppose that ®5(¢;(b®ry)) = &7(b) = 0. Since 75(b) # 0,
é;mA(b) = 7A(€;b) = 0, which implies é;b = 0. Indeed, if &;b # 0, we have

maxg{k | é?(éib)* # 0} < maxg{k | é?b* #0} forany jel.

(2.4)
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This contradicts 75 (é;b) = 0 by (2.2). Therefore, we have &;(b® 7)) = 0. Secondly,
suppose that @, (f;(b® ry)) = fima(b) = 0. If i € I"*, we have 0 = ¢;(Ta(b)) =
©i(b) + (hi, \). Therefore, f;(b®@ry\) =b® firyx = 0. Ifi € I'™, we have 0 =

(hi, wt(TA (D)) = (hiy A + wt(D)). Therefore, fz(b ®7ry) =0. O
Let ¢ = (...,i,...,41) be an infinite sequence such that
(2.5) ir Zigr1 and #{k:ip =i} =oc0 foranyie€l.

According to Proposition[22land Theorem 23] we derive a crystal structure Zj , [A]
on the set of infinite sequences of nonnegative integers

23, ={(-- 2k, ..., 21) 2} € Z>o and zp = 0 for k> 0}

associated with ¢ as follows: Let @ = (..., o,...,2;) be an element of 2%, corre-
sponding to -+ ®@ b;, (—xk) ® - - @ by, (—x1) ® 5. For k > 1, we define

(2.6) on(T) = Tk + 2ok (i, i) ?f Z:k € I;‘:
Zj>k<hikaaij>xj if 4, € I'™.
Let
o (T) = maxy, —{ox(7)},
oM (T) = = (hi, \) + D (hi i, ),

i>1
ng =min{k : i, =i, op(7) = cD(T)},
max{k : iy =14, op(T) = of
Ne = .
ny if § € Iim.

For each k > 1, we denote by k() (resp. k:(_)) the minimal (resp. maximal)
index j > k (resp. j < k) such that ¢; = i;,. We now define

) (@ + Ok, k>1) ifi€ ™ and o)(T) > o (T),
(2.7) [T = or i€ I'™ and ol (T) <0,

0 otherwise,

and &7 = (z — Ok, : k > 1) if T satisfies the following conditions:

()ieI™:cD(F) >0, (T)>ol(T),
(ii)i € I'™ : o )( ) —ag <0, for k = n, with k(=) # 0,

x> 1, or z;, = 1 and Z (hi,aq;)xy < 0.
k(D) <j<k

(2.8)

Otherwise, &; 2 = 0. We also define
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Then it is easy to see that ZT is a crystal, and we will denote this crystal by
Z%,,[A]. Note that the crystal Z5, ,[A] is isomorphic to ZS, , ® Ry = B(1) ® R.
Therefore, by Theorem 23] we have

Proposition 2.4. Let B()\) be the highest weight crystal with a dominant integral
weight. Then there is a strict embedding ¥ : B()\) — 7z, [N

3. POLYHEDRAL REALIZATION OF B(\)
Let Q° ={% = (...,7k,...,21) | 71 € Q and 2}, = 0 for k > 0} be an infinite
dimensional vector space. Let ﬁ,gi)(?) be linear functions given by
(3.1) B (T) = ok(@) = o4 (T)

and

(3.2) (7 = {akm(?) _op(F) KO >0,

olW(T) = op(F) it k) =0.
We define an operator §k = §1w for a linear function ¥(7') = ¢ + Zkzl YpTE on

(Q>)* by

P — wkﬁ,i” if g, >0, 4, € I",
Sk(¥) = Q¥ —(xr + 2 poj oo (his iy) g — 2p) i g >0, 0 € I,
NG if ¥y, < 0.

For the fixed sequence ¢, we denote by ¢(*) the first number k such that i;, = i.
For each ¢ € 1", let

AN T) = (i, ) = D (i ai)zy — 3,0
1<j<e(®)

For ¢ and a dominant integral weight A,
@LP\] = {§j1 N '§j1$]‘0 1 Z O,jo,. N ,jl Z 1}

Moreover, for a given s,t > 1 (¢t > s), let @f\t be the subset of ©, of linear forms
obtained from the coordinate forms zs by applying transformations S with k # ¢,
ie.,

NN = {8, -+ Sy we i 1> 0,8,71,...,5 > 1},
where none of ji,...,7; is t.

Let T',[A] be the set of =" € Z%,[A] satisfying the following conditions:

() () > 0 for any ¥ € O,[\],
(ii) for each t with i, € I'™ if ; # 0, then

Y (i) <0 (t) #0),

(3.3) t(=) <<t
_<hit7>\>+ Z <hit;04ij>$j <0 (t(*) :O)

1<5<t



6380 DONG-UY SHIN

In addition, if

S7 (higai)r; =0 (t) #£0),
t(*)<.j<t
(3.4) jerim
—(hi, A) + Z (hi,,ai;)z; =0 (t(=) =0),
1Sj<t
jerim

then there exists a p (t7) < p < t) with 4, € I"® such that
(3.5) (hi,, )z, < 0 and ¢(7) > 0 for any ¢ € OF\[].

Theorem 3.1. Let ¢ be the sequence of indices satisfying [2H), and let X be a

dominant integral weight. Suppose that 0 = (...,0,...,0) belongs to T',[\]. Let
U2 B(A) — Z%, [N be the embedding. Then we have

Im ¥} (= B(\) =T\,

Proof. First, let us start by showing that T',[\] is closed under the Kaspiwara
operators & and f;. Let 2 be an element of I',[\]. Suppose that f; 2

(«.o,xp+1,...,20,21) # 0. Since ¥(fi @) = W(T) + b > 1y, for any ¢ € T [
it suffices to consider the case ¢, < 0. Note that for each k, o1,(7) > 0y (T)

J,

if
k) >0, and 0 (Z) > o((T) if k) = 0. (Indeed, when i), € I'™, 0},(7) = 0,
and oy, (7') < 0 and UOZ)( ) < 0.) So we have ﬁ,(cf)(?) < —1, which implies

G(FT) = 0(T) + v > O(T) — B (T) = (Se)(F) > 0.

Now, suppose that f; 7 does not satisfy the condition (33). Then we have the
following cases:

k) £0:  x,=0, 2ok <jeplhis i)z =0 (in )

i) Tk = 1a Zk}(_)<j<k<hi)aij>xj =0 (111 fl_z:)a
(ll) k(i) =0: xp= Oa _<h17 )\> + Zl§]<k<hla Oéij>$j =0 (ln 1')

o =1 (e N+ Y hi )z =0 (i fiT).

But, this cannot occur by the definition of the Kashiwara operator fi.

Now, we show that f; 7 satisfies the condition (B.5). First, suppose that there
exist p and t satisfying &35) in 2. Since ¢(f;T) = ¥(T) + b, it is enough
to consider the cases that ¢, < 0. Note that by definition of the set @f\t[)\],
Py > 0 for all ¢ € @f\t[)\]. So it suffices to consider the case that k # t. If
k # t, then Sip € OP\ and so ¥(f;T) = »(T) + ¥r > (Sky))(T) > 0. Second,
suppose that k = t, 2; = 0, and for any j such that t(~) < Jg<t i eI
(hi,,i;)x; <0, there is a ¢ € @‘Z\t[A] such that (%) = 0 in 7. Note that since j
is the index such that (h;,,;;) <0, we have 9; > 0 for all ¢ € @f\t[ A]. Therefore,
q(f;?) =(T) + by > by >0 for all ¥ € @f\t[)\]. Therefore, T',[\] is closed under
! On the other hand, suppose that &7 = (...,z5 — 1,...,72,21) # 0. Since
Y(&;x) = Y(T) — p > —y, it is enough to consider the case 1, > 0. Note that
if iy € I"%, o4 () > o0 (T), and if iy, € T, then xy + Y, i ) (i, iy )25 —
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Ty > 0. Therefore,
V(e x) =9(T) — P

2@ —wsP (@) (ix €17°)
= (@) — vrlan + > kejeren (i, @i )Ty — Tp) (i € 1)
= (Sk¥)(T) > 0.

Now, suppose that &7 does not satisfy the condition (ii). By ([33) and (Z.3)), it
is easy to see that &; 7 satisfies (33]). For instance, if ;2 (i € I™®) does not satisfy
B3) (t) = 0), then z in 7 must be 1, and

<hit7>\> = <hit7aij>xj =0foral j#£k 1<j<t (in ?)
That is, 7 satisfies the condition (34). Then by X)), we have Sy (Z) = ) —

ﬁ,(j) > 0, which implies 5,(;) < 0. This contradicts the definition of the Kashiwara
operator €;. Moreover, by the same argument given in the proof of Theorem 3.1
in [19], it is proved that & satisfies the condition (B5). Therefore, T, is closed
under all é;.

To complete the proof, it suffices to show that if @' € I',[\] satisfies &; 7 = 0 for

. — = ~— . — iy .
any ZEI, then @ = 0. Suppose that ¢, =0 for any i € I and * # 0. Since
T # 0, we have j > 0 such that x; > 0 and zp = 0 for all £ > j. First, consider
the case i; € I™. Since 0,;(7) = z; > 0, by @), ) (7) < aéz)(?) for i; = 1.
Hence,

0 <0y (@) =0 (T) < g (F) ~ 0,0 (T) = 6,0 (F) = A(T).
This is a contradiction.
Second, consider the case that i; € I*™. If j02) =0, by [238), we have

o (T) = ai = —(hi, N) + Z<hz’, a)x — ai; > 0,
1>1

where i; = i. But, by (3.3),
0'(()1)(?) — Q4 = —<h1‘,)\> + Z <hi,Oél>I[ + aii(xj — 1) < 0.

1<i<j
This is a contradiction. Moreover, if j(=) # 0, then a((f)(?) —a;; <0 and
zj=1 and Z (hi;, o)y = 0.
F<i<y

Indeed, if o\ (T — a;; > 0, we can derive a contradiction by the same argument
0
given in the case that j(=) = 0.) But, this contradicts (B.3). O

Now, recall the main result of polyhedral realization of B(co) given in [19]. Let
Sk = Sk,, be a piecewise-linear operator on (Q>)* such that

Y — VYrBr if g, > 0,4 € I™,
Se(W) = ¥ = i@k + g jcpin (his iy — 2pen) i >0, 45 € I'™,
Y — VB if ¢, <0,

where [ = ﬁ,(j). Let
@L = {Sjl ...Sjlxj[) 21 > OajO,"wjl > 1}
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be the set of linear forms obtained from the coordinate forms x; by applying trans-
formations Sg. Then under the positivity assumption on ¢ [I8] [19], we have

Theorem 3.2 ([19]). Let ¢ be the sequence of indices satisfying (Z5l). Let U, :
B(c0) — ZZ,, be the Kashiwara embedding. Then Im ¥, is the set T, of & € 2%,
such that

(i) (@) >0 for any ¢ €O,
(ii) for each t with i, € I'™, if x; # 0 and t-) # 0, then
(3.6) > (hiy i)z <0
()<<t
In addition, if (h;,,a;;)x; =0 (t) < j < t) for all j with i; € '™, there
exists a p (1) < p < t) such that i, € I"®,
(3.7) (hiy, 05, )2y <0 and Y(T') >0 for any ¢ € or\t,

Corollary 3.3 ([19]). Assume that all elements of I are imaginary, that is, I =
I'™. Then the image of the Kashiwara embedding Im¥, equals the set of T € Z%.,
satisfying B.6) of Theorem B.2L

Corollary 3.4 ([19]). Let I be an index set such that the cardinality of I"° is 1,
and let ¢ be a sequence of indices in I satisfying 23). Then the image Im¥, of the
crystal embedding is the set T, of T € 7%, satisfying the following conditions:

(i) Sjxz; >0 for all j with i; € I"¢,
(i) for each t with i, € I'™, if 2, # 0 and t-) # 0, then
Z <hit,aij>xj < 0.
)<<t
In addition, if (h;,,c;;)z; = 0 (¢ < j < t) for all ij € I'™, then there
exists a p (t7) < p <t) such that i, € I"®,
(hi,, i, )x, <0 and Spx, > 0.
Now, define a linear form £®) (i € I"®) on Q™ by
() = - Z (his i )ay — xl) = = (hi, A) + A (T),
1<5<e(®

and set ‘ ‘
0W = {8, ...8;,6D1>0,41,...,5 >1}.
Then the strict positivity assumption for ¢ [I7T] is as follows:
for any ¢ = 3, tuae € (€, U (e, ©))\{ED]j € I},
Y >0 if k) =0.
Proposition 3.5. For the sequence v satisfying the strict positivity assumption, we

have

~

Sjl s Sjlxjo = sz - 'Sjlxjo

foranyl >0, jo,...,51 > 1, and

(3.8) S SAD (@) = (i, ) + Sy, ... 8;,€0(T)
forany 1 >0, ji,...,51 > 1, if the left hand side of [B8) is nonzero.
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Proof. By the same argument as in the proof of Lemma 4.3 in [I7], it is proved. So
we omit it. (]

By Proposition 3.5, we know that under the strict positivity assumption for ¢,
—
the set T',[\] (A € P") has 0. Moreover, we have

Corollary 3.6. Let ¢ be a sequence of indices satisfying 23) and X be a dominant
—
integral weight. Suppose that 0 belongs to I',[\]. Then we have

() $(T) > 0 for any v € O,
(i) (his A) + $(T) 2 0 for any v € 01 (i € I'), }

Im ¥ = {5’ €73,
(iii) @ satisfies the condition (ii) of T',[\]

Corollary 3.7. Assume that all elements of I are imaginary, that is, I = I'™.
Then the image of the Kashiwara embedding Im ¥} equals the set of T € Z?o,b[/\}

satisfying B3) of Theorem Bl

Proof. By Corollary B8] it suffices to consider the set @Ei). By a simple calculation,
it is easy to see that the set @Ez) consists of the linear combinations of the coordinate
forms x; with nonnegative coefficients, which completes the proof. O

By Corollary B4 and Corollary B.6] we have the following simple but important
corollary.

Corollary 3.8. Let I be an index set such that the cardinality of I is 1, and let ¢
be a sequence of indices in I satisfying ZH). Then the image Im¥?) of the crystal
embedding is the set T',[\] of @ € 7%, ,[A satisfying the following conditions:
(i) Sjz; >0 for all j with i; € I"°,
(i) (his ) + () 2 0 for any ¥ € O (i € I'),
(iii) for each t with iy € I'™, if vy # 0, then

Z (hit,aij>xj <0 (t(_) 7é 0),
()<<t
_<hit7 )\> + Z <hit,aij>xj <0 (t(i) = 0)
1<j<t
In addition, if
Z <hit7aij>xj =0 (t(i) 7é 0)7
()<<t
jerim
—(hi, )+ D (b aq)a; =0 (£ =0),
1<j<t
jerim

then there exists a p (t(7) < p < t) with i, € I"® such that
(hi,, i, )z, <0 and §p:cp(?) > 0.
Set W(A) = {p € P|B()\),, # 0} and denote by my , the weight multiplicity of
pin B(X). Any p € W(A) is written as A — Y. m;a; for m; € Z>o.
Corollary 3.9. For p= A=Y, m;a; € W(A), the weight multiplicity of p is given
by

my, = #{7 e[\ ‘mi = Zxk for any i € I}.

i =1
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4. APPLICATIONS: MONSTER LIE ALGEBRAS

In this section, we will give an explicit description of the image of the Kashiwara
embedding for the generalized Kac-Moody algebras of ranks 2, 3 and Monster
Lie algebras. First, consider the rank 2 case. Assume that I = {1,2} and ¢ =
(...,2,1,2,1). Since we have the results for the Kac-Moody case [17, [I§], we also
assume that one of 1,2 € I is imaginary. Thanks to Corollary B3] it is enough to
consider the case that 1 € '™ and 2 € I". Set

<h1,0{1> = —a, <h1,0£2> = _ba <h2,0{1> = —C, and <h2,0{2> = 2a
where a,b,c € Z>g.
Corollary 4.1. Let A be a dominant integral weight. Assume that 1 € I'™ and
2 € I". The image of the Kashiwara embedding Im W) is given by the subset T',[)]
of T € ZZ, [ as follows:

(a) Whenb=c=0,

(i) zx =0 for k > 3,
(ll) —Z2 + <h2, )\> >0,
(iii) x1 # 0 implies (hi, A) > 0.
(b) When neither b nor ¢ is 0,
(i) cxy — x2 + (h2, A) >0,
(ii) for each k > 1, cxopy1 — Tagso > 0 unless xopr1 = Topyo =0,
(iii) for each k > 1, if xor11 # 0, then xo, > 0,
(iv) z1 # 0 implies (h1,A) > 0.

Proof. By Example 3.4 in [19] and Corollary [3.8] it suffices to consider

€@ = Z (ha,qi,)rj — 23 = cry — 22 and S, ..8;,69.
1<5<2
Since Sy, ... Sjlf(z) is a linear combination of z;’s with nonnegative coefficients, the
only meaningful element is czy — xo. Moreover, if 2 is nonzero, by ([B.3]), we have
<h1, )\> > 0. U

Example 4.2. If b = 1, ¢ = 2, and (hy,A) = (hg,\) = 1, then the top part of
Im ¥} = B()) is as follows:

,0,0,1) (...,0,1,0)

1/ \2 /!

(...,0,0,2)  (...,0,1,1) (...,0,1,1,0)

e % \2 P

(...,0,0,3)(...,0,1,2) (...,0,1,1,1)(...,0,2,1) (...,0,2,1,0)(...,0,1,1,1,0)
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Now, let us apply Corollary B.8to the generalized Kac-Moody algebras of rank 3.
Assume that [ = {1,2,3} and ¢ = (..., 1,3,2,1). Assume that 1,2 € '™, 3 € I"®.
Let A be a Borcherds-Cartan matrix

—-a —-b -—c¢
A= —-d —-e —f |,
—g —h 2

where a,b,c,d, e, f,9,h € Z>y.
Corollary 4.3. Let A be a dominant integral weight. The image of the Kashiwara
embedding Im U is given by the subset T,[\] of @ € Z%, [\ satisfying the following
conditions:
(1) gry + hl’g — T3+ <I’L3, >\> Z 0,
(ii) for each k > 1, gxsk4+1 + hxspro — T3kr3 > 0,
(i) for each k > 4 with i, = 1,2, if xy, # 0, then
bry_o+crp_1 >0 (’Lk =1), frp_o+drp_1 >0 (i, = 2).
Moreover, if (hi,,a;;)x; =0 for j =k — 1,k — 2 with i; # 3, then
9Tj+1 + hl’j+2 — Tj43 > 0.
(iv) 1 # 0 and x2 # 0 imply
(h1, Ay > 0 and —(ha, \) — dz1 < 0, respectively.

Proof. By Theorem 7 in [19], and Corollary B.6] it suffices to consider the set
O ={8;,...8,€D[1>0,j1,...,50 > 1}.

We know that 5(3) = gx1 + hxy — x3 and
S1(B3) = (bg + h)xa + (cg — )3 + g4,
Sy(€B3)) = gy + (fh — 1)as + dhay + has.

Since S;(£®)) and S5(£(3)) are linear combinations with nonnegative coefficients of
z;’s, it is clear that Sj,...5;,¢® >0 (1> 1) for all T €T,. O

Let I ={-1=—-11}U{it]i e N,t =1,...,c(i)}, where c(7) is the coefficient of

the elliptic modular function
(oo}
j(q) — 744 = ¢~ + 196884q + 21493760¢> + - - - = Z c(i)q".
i=—1
We define A = (apq)pqer to be the matrix such that
apg=—(1+7) ifp=1iy, ¢=jmfor 1 <1<c(i), 1 <m <c()).

The associated generalized Kac-Moody algebra g is called the Monster Lie algebra,
and it played a crucial role in Borcherds’ proof of the Moonshine conjecture [2].
More precisely, Borcherds derived the twisted denominator identity for the Monster
Lie algebra with the action of the Monster, from which the replication formulae for
the Thompson series follow.

In this paper, we deal with the corresponding quantum group U,(g), which we
call the quantum Monster algebra. Assume that

L= ("'7_1730(3)7"'731720(2)7"'721710(1)7"'7]-17_]-7
26(2)7"'721)10(1)7" '7117_1alc(1)7"'7115_1)'
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Let I(_1) be the set of positive integers k such that i, = —1; i.e.,
I-yy = {1} U{b(n) = nc(1) + (n — 1)e(2) + -+ c(n) + n+ 1|n € N},
and for any n > 1,
on)=c(l)+---+c(n).

Theorem 4.4. Let A be a dominant integral weight. Then the image of the Kashi-
wara embedding Tm W) is given by the subset T, [A] of @ € ZZ, [\ such that

(i) 0 <2y < (h_1,A), Teay42 =0, and for each n > 1,

Z E(Zpn)+om)+1 +  F Zom) 1o (k+1)) = To(n)+o(nt1)+1 = 0,
k=1

(ii) for each k ¢ I(_yy, if zx # 0 and k=) # 0, then
Z (hik,aijﬂj 75 0.
k) <<k

Moreover, if (hi,,c;;)x; =0 for all EC) < j < k with j ¢ 1_1, then there
exists m > 1 such that k(=) < b(m) < k and

Z E(Zp(m)+ok)+1 +  F Zotm)+o(k+1)) = To(m)+o(mt+1)+1 > 0,
k=1

(iil) for each k ¢ I_1, if x # 0 and k(=) =0, then

—(hiis A) + 21 <jcn(hin, iy )z < 0.
Moreover, if (hy,,A) = 0 and (h;,a;;)x; = 0 for all 1 < j < k with
Jj ¢ I_1, then there exists m > 1 such that 1 <b(m) < k and

Z E(Ty(m)tok)+1 + F Toim)to(k+1)) = Tom)+o(mt1)+1 > 0.
k=1

Proof. By Theorem 10 in [I9] and Corollary B8] it is enough to consider the set
0 = {8, ...8,D1>0,j41,...,5 > 1}.

We know that £(-1) = —z; and Sj, ... S;, &% = —x; for all [, which completes the
proof. O

Finally, by Theorem [£.4] we have the following character of the highest weight
module V() over Uy(g).

Corollary 4.5.

chV(\) = Z eVt(@) = Z e Ty
T el [N TEer, [N
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