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MEAN CURVATURE FLOW OF THE GRAPHS OF MAPS
BETWEEN COMPACT MANIFOLDS

KUO-WEI LEE AND YNG-ING LEE

ABSTRACT. We make several improvements on the results of M.-T. Wang
(2002) and his joint paper with M.-P. Tsui (2004) concerning the long time
existence and convergence for solutions of mean curvature flow in higher co-
dimension. Both the curvature condition and lower bound of %2 are weakened.
New applications are also obtained.

1. INTRODUCTION

From the first variation formula of area for a submanifold in a Riemannian
manifold, we can consider the mean curvature vector as the negative gradient of
the area functional. The area of the submanifold will decrease most rapidly if
we deform the submanifold in the direction of its mean curvature vector. Such a
deformation is called mean curvature flow. It is a very natural way to find minimal
submanifolds or canonical representatives. The study of mean curvature flow/curve
shortening flow is very active and has had much advancement in the past thirty
years. It started from the work of Brakke [I], and the paper of Huisken [3] opened
a new era on the mean curvature flow of hypersurface. New developments were
obtained in recent years on mean curvature flow in higher co-dimension. Since our
work mainly focuses on generalizing the results in [7] and [8], we do not intend to
list all important developments and papers on mean curvature flow here. Please
refer to the papers [7, [8] and the references therein.

In this paper, we prove the following theorems:

Theorem 1. Let (N1,g) and (N3, h) be two compact Riemannian manifolds, and
let f be a smooth map from N1 to Ny. Assume that Kn, > k1 and Ky, < ko for
two constants ki and ko, where Ky, and Kn, are the sectional curvature of Ny and
Ny, respectively. Suppose either ki > 0,ke <0, or ki > ko > 0. Then the following
results hold:

(i) If%w < 4, then the mean curvature flow of the graph of f remains

the graph of a map and exists for all time.
(ii) Furthermore, if kv > 0, then the mean curvature flow converges smoothly
to the graph of a constant map.
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Theorem 2. Assume the same conditions as in Theorem [l Then the following
results hold:

(i) If f is a smooth area-decreasing map from Ny to Na, then the mean cur-
vature flow of the graph of f remains the graph of an area-decreasing map
and ezists for all time.

(ii) Furthermore, if ky > 0, then the mean curvature flow converges smoothly
to the graph of a constant map.

In Theorem [Ml and Theorem 2] , we generalize the curvature conditions on Ny

and Ny of the main theorems in [8] and [7] from constant sectional curvature to

det((g+1"h)s;) - .
R (éZt(gij)) D in [§] is
relaxed from 2 to 4, which should also be observed from [7]. However, since it is
not mentioned and proved there, for completeness we treat this generalization as

well. We also want to remark that the correct condition (which is related to *€?) in

varied ones. Moreover, in Theorem [l the upper bound on

[8] should be ——Yt—=—x VAt9is)  nstead of ——L .
det((g+f*h)i;) Vdet((g+f*h)iz)

We can apply Theorem 2] to show

Corollary 1. Let Ny, No be compact manifolds and dim Ny > 2. Suppose that
there exist Riemannian metrics g1 and go on N1 and Ny with sectional curvature
Kn,(g) >0 and Kp,(g,) < 0. Then any map from Ny to No must be homotopic to
a constant map.

Corollary 2. Let (N1, g1), (N2, g2) be compact Riemannian manifolds with Ky, (4,)
> k1, Kny(g,) < k2, and both ki and ky are positive constants. If the 2-dilation of
f:(Ny,g1) = (Na,g2) is less than %, then f is homotopic to a constant map.

2

‘We made most of the observations in this paper a few years ago and explained the
arguments to M.-T. Wang and M.-P. Tsui in 2004 when the second author visited
them at Columbia University. We thank M.-T. Wang for suggesting we write this
paper and telling us of the interest in k-dilation maps. The authors also express
their gratitude to the referee for a few helpful suggestions. A version of Theorem
in the pseudo-Riemannian case was obtained recently in [5].

To prove Theorems 1 and 2, we first need to show that the solution of mean
curvature flow remains the graph of a map satisfying the same constraint as the
initial map. This step depends on the curvature condition. Once we obtain the
inequality in the first step, a similar argument as in [8] shows that the solution
exists for all time. A refined inequality is needed to show that %2 will converge to
1 as t tends to infinity. We also need the curvature condition in this part. The last
step, which is to show that the limit is a graph of a constant map, is the same as
in [§].

We list basic definitions and properties in §2 as preliminaries. Theorem [ is
proved in §3, and for completeness we also sketch the argument for the part which
is similar to [§]. In §4, we discuss the area-decreasing case and prove Theorem [2
The applications are given in §5.

2. PRELIMINARIES

Assume that N7 and Ns are two compact Riemannian manifolds with metric g
and h, and of dimension n and m, respectively. Let f : Ny — Ny be a smooth map
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and denote the graph by . Then ¥ is an embedded submanifold in the product
manifold M = Ny x Ny with FF=1id. x f: Ny — M.
A smooth family F; : Ny — M is called a mean curvature flow of X if it satisfies

((9Fat_§x)>L = H(z,1t),

Fo(Ny) =%,

where H is the mean curvature vector of F;(N;) = ; and (-)* denotes the projec-
tion onto the normal bundle N¥; of ¥;. By standard theories, the flow has short
time existence.

Let € be a parallel n-form on M. We can evaluate this n-form on ;. Choose or-
thonormal frames {e;}? ; on T3, and {e, ZZZ”+1 on N¥;. The following evolution
equation for € is derived by M.-T. Wang:

Proposition 1 ([8]). If F; is an n-dimensional mean curvature flow of ¥ in M
and Q is a parallel n-form on M, then Qi..., = Q(ex,...,e,) satisfies

0
—an :Aﬂln + an Z( ?k)2

ot -
a,i,k
-2} (Qagg...nh‘f‘khgk + QopemhS
a<fB.k
te Tt Ql'--(n—2)aﬂh?n—1)kh§k)
(1) - Z (Q(y2~~~nRakk1 + o+ Ql-»-(n—l)aRakkn) )
ak
where A denotes the time-dependent Laplacian on X, hi; = (Vé‘fej,ea) is the

second fundamental form, and R is the curvature tensor of M = N1 x Ny with the
product metric g + h.

Remark 1. Here we use the same convention as in [§] that

R(X,Y)Z = -NxVyZ +VyVxZ+VxyZ,
Rijii = (R(ex, er)eq e;),

and the sectional curvature is K (ex, ;) = (R(eg, €;)ek, €;), where {e;} are orthonor-
mal.

Since M = N; x Ny is a product manifold, the volume form ; of N; can
be extended as a parallel n-form on M. At any point p on X;, we have *Q =
Qi(er,...,en) = Qi(m(er),...,m(en)), which is the Jacobian of the projection
from T,,%; to Ty, (,)N1. By the implicit function theorem, we know *{ > 0 near p
if and only if ¥; is locally a graph over N; near p.

When ¥; is the graph of f; : N1 — Ns, by the singular value decomposition
theorem, there exist an orthonormal basis {a;}?"; on Ty, () N1 and {ao}227, | on
Ty (p)N2 so that dfi(a;) = Njany; for 1 < i < r and dfi(a;) = 0 for r < i < n.
Note that < min(n,m) is the rank of df; at p and the \;’s are the eigenvalues of

(dfy)Tdfy. Hence A; > 0 for all i = 1,...,n. We can use {a;}_; and {an}oi7"

to construct special orthonormal bases {E;}"_; on T,%; and {E,}2E" | on N,X
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as follows:
(2) E — \/117(% + Aitny) A 1<i<m,
Z @y if r+1<i<n,

n+q —

(ntq if r+1<g<m.

Thus,

1
[T (1+X%)

With these new bases (2) and (B]), we can rewrite (Il as follows. This evolution
equation is derived in [8], and here we express the formula in a general form.

*Q = Qy(m1(E1),...,mi(En)) =

Proposition 2 ([8]). Suppose M = Ny x Ny with the product metric g+h and § is
the parallel extension of the volume form of N1. Let ¥ be an embedded submanifold
i M and a graph over Ny. If the mean curvature flow of ¥ is a graph over Nq,
then xQ satisfies the following equation:

gt*gz =A Q4+ QAP + 50 [ 2 ) NNRETTRST =2 Y T R

k,i<j k,i<j
22
L TR g s e )
)\2)\2
(4) *QZ m(Rg(an+k,an+i)an+k7an+i>7

where |A|?> denotes the norm square of the second fundamental form and where
R1, Ry denote the curvature tensors on Ni, No with metric g, h, respectively.

Proof. From the evolution equation () and bases [2)), ([B]), one has

Qv ol = +N; (BEFRGE — BHnG )
Ql~--a-~-n = — *Q)\l,
—\iAZ
R(n-‘ri)kki = (1 + )\Q)z(lk—i- )\2) <R2(an+k7an+i)an+i7 Gn+k>
% k
Ai
(1+A2)(1+ A2

+

)<R1(ak>ai)ai>ak>-
The evolution equation [@)) thus follows directly. O

When *Q > 0, one can consider the evolution equation of In *{2 instead and have
the following.
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Proposition 3 ([7]). The evolution equation @) can be rewritten as the form

0 . o
o M2 =AInxQ + A + SONRETT 2 ) NGRS
i,k k,i<j
A2
D o o (Ba(ans ai)ak, a;)
%; (1+A2)(1+22)

AINZ
(5) =) ma iy (Ro(antky Gn) gk, Gnegi) -
%; (1+A)(1+A3)

Proof. Since %ln *() = % (% *Q), it implies % x Q) = x0) (%ln *Q) Similarly,
one has

AxQ  [VQP2  AxQ Qo> AxQ

_ _ pnti
Al =—o"~Tap ~ +Q2 ~ +Q ;A’hik

or

2

A =+ QA Q) +5Q | > AR
i,k

Plugging these expressions into equation [{]) and dividing * on both sides, equation
(@) is then obtained. O

3. PROOF OoF THEOREM 1

Now we are ready to prove

Theorem 1. Let (N1,g) and (N3, h) be two compact Riemannian manifolds, and
let f be a smooth map from N1 to Ny. Assume that Kn, > k1 and Ky, < ko for
two constants ki and ko, where Ky, and K, are the sectional curvature of Ny and
Ny, respectively. Suppose either k1 > 0,ke <0, or k1 > ko > 0. Then the following
results hold:

(i) If% < 4, then the mean curvature flow of the graph of f remains
p

the graph of a map and exists for all time.
(ii) Furthermore, if ky > 0, then the mean curvature flow converges smoothly
to the graph of a constant map.

Proof of (i). For convenience, we write equation (Bl as

(6) %ln*Q:Aln*Q—i—I—i—H,
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where

I = second fundamental form terms

=[AP+ 3N (D 12 30 Nk R
i k,i<j
II = curvature tensor terms

22
= L Ri(ak,a;)ay, a;

A2AZ
- Z (1 + A23 (1 + )\i) <R2(an+k‘7an+i)an+k,an+i>
i,k

A2\
— K ) i Nk K - '
% ( 1+A2)(1+A£) (@ 4) = e ) Nz(“"“““m))

If we can show there exists § > 0 such that
9 2
(7) &M*QEAln*Q—I—(ﬂA\ )

by the maximum principle (the minimum version), miny, In *Q is nondecreasing in
t and *Q2 > miny,_, *2 > 0. Thus X; remains the graph of a map f; : Ny — N
whenever the flow exists. Moreover, since

det(gi;) _ 1
Vdet((g+ f*h)i)  VITmy (T+23)

we have miny, _, *Q > 1, and thus miny, Q2 > 1 along the flow as well.

So we first aim at proving equation (7). From (8) and the compactness of Ny,
it follows that [];_, (1 + )\12) <4 —¢ on Xy for some £ > 0. By continuity and
the short time existence of the flow, the solution remains the graph of a map and
satisfies [T;_; (14 A?) <4 — £ for small ¢.

In particular, when i # j, (1 + A7) (1+A3) < 4—5. By mean inequality, we
have [AjA;| <1 =4 for 6 = § > 0,i# j. Thus

(8) *Q =

1> 6AP +(1-6)Y (hg,ji)Q —2(1-0) Y |rningt
1,7,k k,i<j
>alaP+ (1-0) 3 (Jur] - m])
k,i<j
(9) > 5| AP%.

For curvature tensor terms:

(a) If k1 > 0,ky <0, we have

A2\
II > - Lk > 0.
2;<1+A%O+A@h‘ G+A%G+A@b>_o
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(b) If k4 > ko > 0, then

A2 AZ)\2
I > L ki — L k
—Z.(<1+A%><1+Az> A+ + A )

i, ki
=3 ( — A2\ )k2:2<’\%+/\i_2)"2/\i)k2.
—Zk;ﬁz 1+>\2) (1+22) ~ (L+A2)(1+ A7)

Since |A;A ] < 1,
M2 20007 = (A — Ap)? 200 — 20207
= (N — M)? + 2006 (1 = X\idg) >0

Hence II > 0.
Therefore ([]) holds for small ¢. It follows that in fact *Q > ming,_, *Q > \/ﬂ

for small ¢t. Thus we can continue the same argument to conclude that the solution
remains the graph of a map and satisfies *2 > miny,_, *Q > \/% whenever the

flow exists.
InxQ —InQy +c¢

—InQp+c¢
proof as in [8] leads to the long—time0 existence of the flow. The only thing needed
in the proof is equation (7).

The idea goes as follows: To detect a possible singularity, say (yo, to), one first
isometrically embeds M into RM by Nash’s theorem, and introduces the backward
heat kernel from Huisken [4]

Then by choosing v = with ¢ > 0 to replace *£2, the same

1 _ly—yol?
Pyo,to = e Ato=h.

CICEDE

Direct computation and using equation (@) gives

d
[ =i < €5 / APy 10

(10) 7

for some C > 0. Therefore, tlir? Js. (1 — w)pyq t,dpy exists. Consider the parabolic
St Ut
dilation Dy at (yo, o), that is,

(1:1) = (A(y — yo), A2(t — o)),

and set s = A2(t — ty). Denote the corresponding submanifold and volume form
after dilation by ¥2 and du?, respectively. Because u is invariant under parabolic
dilation, inequality (I0) becomes

d C
11 — [ (1- dud < = =39
(1) o = < G [
With further discussion from (III), one can find A; — oo and s; — —1 such that
(12) /A |A|dudi — 0 as j — oo
SUNK !

for any compact set K. One can conclude that E;\j — X9 as a Radon measure
and X% is the graph of a linear function with further investigation. Therefore,

lim [ py,t,dpe = lim /Po,odﬂ?f =1
J—00

t—to
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This implies that (yo,to) is a regular point by White’s theorem in [9], which is a
contradiction. Thus no singularity can occur along the flow. We refer to [§] for the
detailed argument. O

Proof of (ii). We use the same expression as in (@) and will first show that there
exists ¢g > 0 which depends on ¢, k1, n such that

II > ¢ Z)\f > ¢pln (H (1 + Af)) = —2¢q In *£.

i=1 =1

(a) If k4 > 0, and k2 <0, we have

AZ\2
1> ky — ik k
%;( 1+A2)(1+A§) P2 (14 A2) 2)

Z )\kl
(14+A2) (14 A3)

i,k#1
1 <&
Shln=1) "4 )ZA§
i=1
1<
(13) z%zln(uxf),
i=1
1 1 1
i > > —and A2 > In(1+)\2). H
since T 000 S0 1 and A7 > In(1 + A?). Hence
]fl(’l’b—l)

we can take ¢y =

(b) If by > ko > 0, we need to estimate curvature terms more carefully. Recall

A2 A2)2 )

Hzig ((1“2) v eI ES ke

Z — A2\ =Y A2+ A7 - 2020 .
- 1+A2 ) (127 A\ 1+ X2) 1+

As observed in the proof of (i), we have [AjAx| < 1— % for all £ > 0. Thus,

A7+ A7 = 20207 = NN — A)? 4+ (1= X)) (A2 + A7) > Z(A? + A7)

Therefore,
6]431 2 2y €I€1(ﬂ — 1) - 2 Ekl(n — 1) - 2
> S0 3 AR = e YoM > e > (14 A)).
i<k i=1 i=1
-1
We can take ¢g = M
16
Hence we can rewrite (6] as
0

(14) — In*xQ > AlnxQ — 2¢o In *Q.

ot
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Consider a function f(¢) which depends only on ¢ and satisfies

d
(15) Ef(t) = —2co f(1),
f(0) = glin In *Q,

which gives f(t) = f(0)e2%". From the inequality (4] and (%), we have

%(ID*Q —f(®) = A(lnxQ — f(t)) — 2¢o(In*Q — f(2)).

Because ming,_, (In*Q — f(¢)) > 0, by the maximum principle, we have

min (InxQ — f(¢)) > 0.

Ziso0

Hence 0 > In*Q > f(0)e 2" on Y;5. Letting ¢ — oo, it gives *Q — 1. Then
one can apply the same argument as in [8] to conclude that the solution converges
smoothly to a constant map at infinity. We outline the proof of this fact in the
next paragraph.

. . 1 . .
Given g1 > 0, there exists T such that *Q > T for ¢ > T. Tt implies

>, A7 < e for t > T. The same method as in (@) and taking § larger, for example

1
6= 3 gives

(16) %*Q ZA*Q+%*Q|A|2.

The evolution inequality for the second fundamental form is
0
(17) E\AI2 < AJAP - 2[VAP + K1 |Al* + K| AP + K3

for some constants K1, Ko, K3 that depend on the curvature tensor of M and its co-
variant derivatives. The K7|A|* term will cause some trouble, but one can consider
the evolution inequality of (xQ)~2P| A|?, which is

0

_ 0) 2P| A2
<A ((*Q)_2p|A|2) +2(xQ) "%V ((*Q)_Qp) -V ((*Q)_2p|A\2)

+ ()2 (JA* (C1 — p+2p(2p — L)ner) + Ca) .

Choose &1 small, and a suitable p = p(n, 1) so that the coefficient of (xQ2) 2P| A|* is
negative. By the maximum principle, one gets an upper bound of |A|2. Integrating
(@6) and (IT), we obtain [y, [A[*du; — 0 and also [; [A|*du — 0 ast — oo by
the boundedness of |A|%. Since |A|? is uniformly bounded, evolution inequality (7))
implies 2| A|> < A|A|?+C; for some constant C5. For any positive function u(z,?)
satisfying u; < Au+ f(x,t) in a parabolic region Qg = Br(zo,to) X (to—R?, to+R?),
one has the following estimate [10, Theorem 4.4.2]

(18) supu < et R~ ull 2y + 2R% i~ (@)

Qr
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For any ¢ > 0 small enough, one can find T} such that fEt |A|*dp; < e™*2 for
t > T;. Take R = ¢, then (I8) implies

|A|?(z,t) < V2¢1e + ce?C3 forall t > T} + % and z € %;.

Hence maxy, |A[?> — 0 as t — co. It implies that the mean curvature flow of ¥
converges to a totally geodesic submanifold of M. Since *Q) — 1 as t — oo, we
have |df;| — 0 and the limit is a constant map. O

Remark 2. When n = 1, we have k; = 0 and (ii) cannot apply. In fact, term
IT vanishes in this case, and one cannot obtain the convergence using the same
method.

4. THE AREA-DECREASING CASE

In this section, we mainly follow the discussion and setup in [7]. Consider a
parallel symmetric two tensor S on M defined as

S(X,Y) = g(m (X), m(Y)) — h(ma(X), ma(Y)),

where m; and o are the projections into T'N; and T N, respectively. The same
calculation as for %) leads to the following evolution equation for S on ¥;, which
appears in [7],

0
(5 - A) Sij = — hihigeSiy — h51hie St + ReikaSaj + RijkaSai

+ highiiSiy + highig;Si — 2h%ih£jsa57

where S;; = S(ej,e;), 5 = S(€a,€:),Sap = S(ea€8),4,7 =1,...,nj0,8 =n+
1,....,n+m.

One can simplify the above equation in terms of evolving orthonormal frames.
Suppose that {e;}?, is a basis for the tangent bundle 7%, and {e,}t"" | is a
basis for the normal bundle NX;. Denote

gij = g(mi(ei), mi(e;)) + h(ma(es), male;)),
Gop = g(m1(€a), m1(ep)) + h(ma(eq), m2(ep)),

and g* the inverse metric of g;;. Now assume that F={F,...,F,,...,F,} are
orthonormal frames on 7,X;. We evolve F' by the formula

a 7 —1] = o
(19) aFa = 3" Gaphf;H F},

where o and f are in the normal direction and H” is the 3 component of the mean
curvature vector.
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Let Sy = SiijFg = S(F,, F}) be the component of S in F. Then S, satisfies
the following equation:

(20)

0
<§ B A) Sab = ReacaSab + RevcaSaa + hgdh?asdb + h?dh?bsda - 2hgahfbso(6'

We remark that when we use the bases ([2) and (B]), the expression of S is

B 0 D 0
0 JTn—ryx(n-r 0 0

S =S(Bi Ehsigenim= | p R0 0 !
0 0 0 _I(m—r X (m—r)

where B and D are r by r matrices with

1 A2
Bij = S(EZ,EJ) = 1_1_—)\2(5” and Dij = S(Ei,En+j) =

2N o
14227

A map f: Ny — Ny is called area-decreasing if
2 2
‘/\ df </\ df> (uAv)
In the bases (@) and (), the area-decreasing condition is equivalent to
2
N

On the other hand, the sum of any two eigenvalues of S is

= sup |df(u) Adf(v)] < 1.

JluAv|=1

(z) = sup
luAv]|=1

(x) :S'lip)\i)\j <le NN <1Vi#j.
i<j

1-A2  1=X  2(1-A%\))
1+/\$+1+/\§ DA+ A

Thus, the area-decreasing condition is equivalent to the two positivity of S.

Since S is bilinear, by the Riesz representation theorem, we can identify S with
a self-adjoint operator (still denoted by ). Hence, for the orthonormal frame F,
we have Sqp = S(Fy, Fy) = g(S(F,), Fp), which implies S(Fy,) = Sap Fp.

With this identification, we can construct a new self-adjoint operator 12 = S ®
1+1®S on T, AT, X, which is defined by S (wy Aws) = S(w1) Awe+wy AS(ws).
If o < --- < py are the eigenvalues of S with the corresponding eigenvectors
v1,...,0p, then S has eigenvalues u;, + u;, with eigenvectors v;, A v;,,%1 < ia.
Thus, the positivity of S/ is equivalent to the area-decreasing condition. Similarly,
for the metric g, we can construct a self-adjoint operator g =g® 1+ 1®g.

Note that {F, A Fy}4<p form an orthonormal basis for /\2 TY; and

SBUE, AN Fy) =S(F,) A Fy + Fy AN S(Fy) = SacFo A Fy + Fy A So.F

(21) = Z(Sac(sbd + deaac - Sadabc - Sbc(sad)Fc A Fda
c<d

g[Q] (Fa A Fb) = Z(zaacébd - 25ad6bc)Fc A Fd-
c<d
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We can improve the main theorem in [7] to the following

Theorem 2. Let (N1,g) and (Na, h) be two compact Riemannian manifolds, and
let f be a smooth map from Ny to No. Assume that Ky, > ki and Ky, < ko for
two constants ki and ko, where Ky, and K, are the sectional curvature of Ny and
Ns, respectively. Suppose either k1 > 0,ko <0, or k1 > ko > 0. Then the following
results hold:

(i) If f is a smooth area-decreasing map from Ny to Na, then the mean cur-
vature flow of the graph of f remains the graph of an area-decreasing map
and exists for all time.

(ii) Furthermore, if ky > 0, then the mean curvature flow converges smoothly
to the graph of a constant map.

Proof of (i). Notice that we already proved in 3] that ¥; remains the graph of a
map under the assumption whenever the flow exists. Now we want to prove that
the area-decreasing property is also preserved along the mean curvature flow. Since
the initial map is area-decreasing, there exists € > 0 such that S —egl?l > 0. We
want to show that the property S — ¢gl? is preserved along the mean curvature
flow. Let M, = St — gl + ntgll. Suppose the mean curvature flow exists on
[0,T). Consider any Th < T} it suffices to show that M, > 0 on [0,T}] for all
n < ﬁ If it does not hold, there will be a first time that 0 < to < 17, M, is
nonnegative definite, and there is a null eigenvector V. = V®F, A F} for M, at
some point zg € ¥;,. We extend V to a parallel vector field in a neighborhood of
xo along geodesics emanating out of xg, and define V on [0,T) independent of ¢.

Define a function f = M, (V, V). Then the function f has the following properties
at (ZL’(), to):

(F1) f=0 (V' is the null-eigenvector).
(F2) Vf=0 (At t = tp, f attains minimum on ).
(F3) (£ —A)f<0 (At t=to, f attains minimum on z).

At (zo,t), we choose the orthonormal basis {F,} as {E;} in ([2]) and rearrange
them such that the singular values A; satisfy Ay > Ay > -+ > A\, > 0. Thus,

- - A2 1\

_ = > =1
T+A2 = =BT s Ty

Hence the null eigenvector must be V.= E; A Ey. From (F1), it follows that
f=51+S52+ Q(Uto —g)=0at (l‘o, to), which implies S11 + Soo = 2(e — nto) > 0.
Thus, we have

(22) AMA <1, and N\ <1 for i>2.

Use (I9) to evolve {F,}. Then at (zg,to), direct computation gives

0
<§ _ A) f =2n+ 2Ri1kaSa1 + 2Rk2k0Sa2

+ 2hihii Sin + 2k higy Sz — 2hg1h£15aﬁ - 2hg2h£25a5
=2n+ 1411,
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where

I = curvature tensor terms

= 2Rk1kaSa1 + 2Rk2kaSa2 = 2Ri1k(n+1)Stn+1)1 + 2Bi2k(n+2)S(nt2)2

= 2 (Ba( ) )
= 2 2\2 1\ak, a1)0L, a1
e T+ A+ N)

2)3
R
+’§; 1+)\2 1+>\%)2< l(akaa2)ak}7a/2>

N2\
— Ry(ag,a1)ag,a
I;(l+)\i)(l+/\§)2< 2(ak, a1)ax, a1)

20773
" 2 T g o el o)
k#2

Y

3 227 iy 223
2 2 1 2 2 1
e T+ X)) (14 A7)2 ’#2 (1+X2)(1+A3)2

2X2)\2 2X2 )2
-2 (1+A2)(1+ A2)2 k2= (1+A2)(1+A2)2"?
k#£1 k 1 k#£2 k 2
II = second fundamental form terms
= 2R R Sj1 + 205 h8sSe — 204 B Sap — 2h5shy s Sas.
For curvature tensor terms I:

(a) If ky > 0,ks <0, we have I > 0.
(b) Tk > ks > 0, then

2)\2 - 2A2)\2 2)\2 _ 2)\2)\2
1>k 1 BN 2 202
o kzﬂ(l+)‘i)(1+)\?)2 ZQ(1+/\§)(1+A%)2

202 — 2AIN2 202 — 2A2\2

—k
"l A +2A2)2 T 1+ A (14 A2)?

A2 — 2A2N2 902 — 2A2\]
+Z ESYFESYIE +Z(1+A§)(1+Ag)2

2)\2 2 212 2 2 2 _\2
2k1< 1+2>\ 4)\>\> Z’ﬁ( 23(1-X) 280X )

(14 A%)3 = 1+)\2 (1+X;’)2 (14 A2)(14 \3)?
200 — A2)? + 4N Ao (1 — A o)
>k < TESYE (here we use ([22))
>0 (here we use [22]).)

Since the second fundamental form terms do not involve curvatures, II is non-
negative as proved in [7]. Since both I > 0 and II > 0 at (zg,to), we have
(% —A) f =21 >0 at (20, ), which contradicts (F3). Thus the area-decreasing
property is preserved by the mean curvature flow. We can also apply the same
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proof to obtain long-time existence as in §3]because the inequality (@) holds as long
as there exists 0 > 0 such that |A\;\;| <1 — 0 for ¢ # j.

Proof of (ii). From the proof of (i), we know there exists ¢ > 0 such that S[ —
£gl?l > 0 for all t > 0. This condition is equivalent to

- AN >e forallij
>¢e tforalli=#£7.
(T+27) 1+ A2

In particular, we have

— A2)2 1
5(1+A?)§T;2j§1:>1+)\f§g for all 4, and
J
1

1-AA>e= N <VI-e<1-ce

[\

These are the only estimates needed in the proof of convergence in Theorem 1.
The same argument shows that there exists ¢o = co(g, k1,n) > 0 such that

II > ¢ ZA? > coln (H (1 + A?)) = —2¢q In *Q.
i=1 i=1

This gives us the inequality (14), and the rest of the proof is the same as in Theo-

rem 1. g

5. APPLICATION

Corollary 1. Let Ny, No be compact manifolds and dim Ny > 2. Suppose that
there exist Riemannian metrics gy and g on N1 and Ny with sectional curvature
Kn,(g,) >0 and Kn,(g4,) < 0. Then any map from N1 to No must be homotopic to
a constant map.

Proof. For any given map f : Ny — Ny, we can consider the singular value de-
composition of df with respect to g1 and go. Denote the corresponding singular
values by A1,...,\,. Since N; is compact, there exists a positive constant L such
that \;A; < L. Define a new metric §; = 2Lg; on N;. The singular values of df

with respect to g, and go will be A\, = \/)‘—1—L, B T \}\ﬁ Therefore, we have

S\J\j < % < land Ky, (5,) > 0. Applying the mean curvature flow to the graph of f
in (N1,41) X (N2, g2), by Theorem [2] we conclude that f is homotopic to a constant
map. O

For general cases, we can obtain the null homotopic property in terms of 2-
dilation. Recall that the 2-dilation (or more generally, k-dilation) of a map f
between N; and N» is said to be at most D if f maps each 2-dimensional (k-
dimensional) submanifold in N7 with volume V to an image with volume at most
DV. The 2-dilation can also be defined in terms of df, which is equal to the
supremum of the norm | A%df|.

We have the following corollary:

Corollary 2. Let (N1, g1), (N2, g2) be compact Riemannian manifolds with Ky, 4,)
> k1, Kn,(g,) < k2, and both ki and k2 are positive constants. If the 2-dilation of

k
f:(Ny,g1) = (Na,g2) is less than k_l’ then f is homotopic to a constant map.
2
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Proof. Consider the metrics g1 = k1g1 and go = k2g2. Then the sectional curvatures
satisfy Ky, (5,) > 1,Kn,(g,) < 1, and the map f : (N1,91) — (N2, g2) satisfies
\/\Qdf\ < Z—; . Z—’f = 1, which is an area-decreasing mapping. By Theorem 2] f is
homotopic to a constant map. O

Assume (N7, ¢g1) has nonnegative Ricci curvature and dim N; = 2. A classical
result in harmonic map theory tells us that there exists € > 0 such that if a harmonic
map f : (N1,91) — (N2, g2) satisfies E(f) = le |ldf||* < e, then f is a constant
map. As a final application of Theorem [, one can prove a similar result. The
idea is first to obtain the pointwise bound of df by the total energy and then apply
Corollary 2] to conclude that f is homotopic to a constant map when K(g;) >
0. Such a pointwise estimate is obtained by Schoen [6] when dim Ny = 2, f is
harmonic, and the energy is sufficiently small in small balls. We remark that this
argument works in higher dimension whenever the pointwise estimate is obtained.
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