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INNER AND OUTER INEQUALITIES WITH APPLICATIONS

TO APPROXIMATION PROPERTIES

EVE OJA

Abstract. Let X be a closed subspace of a Banach space W and let F
be the operator ideal of finite-rank operators. If α is a tensor norm, A is
a Banach operator ideal, and λ > 0, then we call the condition “‖S‖α ≤
λ‖S‖A(X,W ) for all S ∈ F(X,X)” an inner inequality and the condition

“‖T‖α ≤ λ‖T‖A(Y,W ) for all Banach spaces Y and for all T ∈ F(Y,X)”
an outer inequality. We describe cases when outer inequalities are determined
by inner inequalities or by some subclasses of Banach spaces. This provides,
among others, a unified approach to the study of approximation properties. We
present various applications to Grothendieck’s classical approximation prop-
erties, to the weak bounded approximation property, and to approximation
properties of order p.

1. Introduction

Let X and Y be Banach spaces. We denote by L(X,Y ) the Banach space of all
bounded linear operators from X to Y and by F(X,Y ) and W(X,Y ) its subspaces
of finite-rank and weakly compact operators. Let IX denote the identity operator
on X. Recall that X is said to have the approximation property (AP) if there exists
a net (Sα) ⊂ F(X,X) such that Sα → IX uniformly on compact subsets of X. If
(Sα) can be chosen with supα ‖Sα‖ ≤ λ for some λ ≥ 1, then X is said to have
the λ-bounded approximation property (λ-BAP). If λ = 1, then X has the metric
approximation property (MAP).

Recently, the weak bounded approximation property was introduced and studied
in [21]. We say that X has the weak λ-bounded approximation property (weak λ-
BAP) if for every Banach space Y and for every operator T ∈ W(X,Y ), there exists
a net (Sα) ⊂ F(X,X) with supα ‖TSα‖ ≤ λ‖T‖ such that Sα → IX uniformly on
compact subsets of X. We say that X has the weak metric approximation property
(weak MAP) if X has the weak 1-BAP.

In [27, Corollary 1], it is proven that the weak λ-BAP and the λ-BAP are
equivalent for a Banach space X whenever X∗ or X∗∗ has the Radon-Nikodým
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property. It remains open whether the weak λ-BAP is strictly weaker than the
λ-BAP (see Section 4.1 for the related Defant-Floret conjecture). If they were
equivalent, then the answer to the long-standing famous open problem (Problem
3.8 in [2]), namely, whether the AP of a dual Banach space implies its MAP, would
be “yes” (by [21]).

Since the BAP of X is defined in terms of the space X, it is natural to ask: could
the weak BAP of X also be described in terms of the space X itself without having
recourse to other Banach spaces Y ? This question was the starting point of the
present article.

We shall use the following observation. Since F(X,Y ) = X∗ ⊗ Y , for any
tensor norm α =‖ · ‖α, we may consider the normed space (F(X,Y ), ‖ · ‖α).
If A = (A, ‖ · ‖A) is a Banach operator ideal, then F(X,Y ) ⊂ A(X,Y ) and
(F(X,Y ), ‖ · ‖A) is again a normed space.

In Section 3, Theorem 3.6, we shall give an affirmative answer to the above
question by proving that X has the weak λ-BAP if and only if

‖S‖π ≤ λ‖S‖N (X,X∗∗) for all S ∈ F(X,X),

where π is the projective tensor norm and N is the ideal of nuclear operators. (The
projective tensor norm is called the finite nuclear norm in [34].) This criterion is
expressed in terms of finite-rank operators on X. It appears to be rather efficient,
yielding numerous applications, in particular, easy or immediate proofs of main
results on the weak BAP in [21], [23], [27] (see Sections 3.2 and 3.4).

To compare the weak BAP in its new reformulation with the BAP, let us recall
the following theorem which is essentially due to Grothendieck [12, Chapter I,
p. 179] (see, e.g., [4, p. 193] or [38, p. 80]). We state it in a clearly equivalent form
using inequalities on finite-rank operators; I denotes the ideal of integral operators.

Theorem 1.1 (Grothendieck). Let X be a Banach space and let 1 ≤ λ < ∞. The
following statements are equivalent:

(a) X has the λ-BAP.
(b) ‖S‖π ≤ λ‖S‖I(X,X) for all S ∈ F(X,X).
(c) ‖T‖π ≤ λ‖T‖I(Y,X) for all Banach spaces Y and for all T ∈ F(Y,X).

Definition 1.2. Let X be a closed subspace of a Banach space W . If α is a tensor
norm, A is a Banach operator ideal, and λ > 0, then we shall call the condition

‖S‖α ≤ λ‖S‖A(X,W ) for all S ∈ F(X,X)

an inner inequality and the condition

‖T‖α ≤ λ‖T‖A(Y,W ) for all Banach spaces Y and for all T ∈ F(Y,X)

an outer inequality.
An outer inequality is a rather common form to define approximation properties.

Definition 1.3 (Saphar). Let 1 ≤ p ≤ ∞ and let 1 ≤ λ < ∞. A Banach space X
is said to have the λ-BAP of order p (λ-BAPp) if

‖T‖gp ≤ λ‖T‖Ip(Y,X) for all Banach spaces Y and for all T ∈ F(Y,X).

The 1-BAPp is called the MAPp.

Here, gp is the Chevet-Saphar tensor norm (finite p-nuclear norm in [34]) and Ip
is the ideal of p-integral operators (see, e.g., [38, pp. 135 and 173]).
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The λ-BAPp was essentially introduced in 1970 by Saphar in his seminal paper
[39] (we gave an equivalent reformulation via finite-rank operators). (In [4], the
notion of the bounded gp-approximation property with constant λ is used for the
λ-BAPp.) Since ‖ · ‖g1 = ‖ · ‖π and I1 = I, the λ-BAP1 coincides with the λ-BAP
and the MAP1 with the MAP. In 1985, Bourgain and Reinov [1] (see, e.g., [4, 21.9])
proved that it is sufficient to check Definition 1.3 only for reflexive Banach spaces
Y whenever 1 < p < ∞. In other words, the outer inequality ‖ · ‖gp ≤ λ‖ · ‖Ip

,
1 < p < ∞, is determined by the class of reflexive Banach spaces.

In Section 2, we study two rather general questions. (1) When does an inner
inequality ‖·‖α ≤ ‖·‖A imply the corresponding outer inequality (or just its restric-
tion to all reflexive Banach spaces)? (2) When is an outer inequality determined
by a subclass of Banach spaces (by reflexive spaces, for instance)? The results
obtained in Section 2 are applied in Sections 3 and 4. Among others, we give a
quick alternative proof of Grothendieck’s result that X is finite-dimensional when-
ever X∗⊗̂X = X∗⊗̌X (i.e., the projective and injective tensor products coincide),
we describe, with numerous applications, the weak λ-BAP via inner and outer in-
equalities, we show that the Bourgain-Reinov characterization of the λ-BAPp holds
with separable reflexive spaces instead of reflexive spaces, and we exhibit the Z-
factorability (see Definition 1.6) as an essential reason for the BAPp to hold.

Our notation is standard. A Banach space X will be regarded as a subspace of
its bidual X∗∗ under the canonical embedding jX : X → X∗∗. The closed unit ball
of X is denoted by BX . The closure of a set A ⊂ X is denoted by A. The tensor
product X ⊗ Y with a tensor norm α is denoted by X ⊗α Y and its completion by
X⊗̂αY .

Let A be a Banach operator ideal. Recall that A is regular if T ∈ A(X,Y ) and
‖T‖A = ‖jY T‖A whenever jY T ∈ A(X,Y ∗∗). We denote by A∗ the dual operator
ideal of A. Its components are A∗(X,Y ) = {T ∈ L(X,Y ) : T ∗ ∈ A(Y ∗, X∗)} with
‖T‖A∗ = ‖T ∗‖A. (The notation A∗ is reserved for another concept in [34] where
the dual operator ideal is denoted by Adual.) For Banach operator ideals A and
B, the inclusion A ⊂ B means that A(X,Y ) ⊂ B(X,Y ) and ‖T‖A ≥ ‖T‖B for all
Banach spaces X and Y and for all T ∈ A(X,Y ).

We denote by L, W , and K the Banach operator ideals of bounded, weakly
compact, and compact linear operators, respectively. We also need the following
Banach operator ideals: Np− p-nuclear operators, Ip− p-integral operators, and
Pp− absolutely p-summing operators (p-summing in [5]) (see [34] or [38]). If 1 ≤
p ≤ ∞, then we write p∗ for the conjugate index of p, that is, 1/p+ 1/p∗ = 1.

We refer to the Diestel-Uhl and Ryan’s books [6] and [38] for the classical ap-
proximation properties and to Pietsch’s book [34] for operator ideals (see also [5]
by Diestel, Jarchow, and Tonge for common operator ideals Np, Ip,Pp). Our main
reference on the theory of tensor products and related operator ideals is the re-
cent book of Ryan [38] (see also the encyclopedic monograph [4] by Defant and
Floret which is the most accessible source for general approximation properties).
In particular, by a tensor norm we mean, according to [38], a finitely generated
uniform crossnorm. However, our exposition relies on basics from tensor products
and Banach operator ideals, and we do not use the specific machinary of general
tensor norms theory.

Finally, in the context of the present work, it is convenient to introduce the
following two notions.
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Definition 1.4. Let α be a tensor norm. We say that a Banach operator ideal A
is the dual operator ideal of α provided

(X ⊗α Y )∗ = A(Y,X∗)

for all Banach spaces X and Y .

Remark 1.5. It is known that the dual operator ideal A exists for any tensor norm
α (see, e.g., [38, pp. 187–190]). In fact, using notation from [38], A = Lαt′ , the
αt′-integral operators, where αt′ denotes the dual norm of the transpose of α.

Definition 1.6. Let Z be a set of Banach spaces. We say that a Banach operator
ideal A is Z-factorable if, for any Banach spaces X and Y , every A ∈ A(X,Y ∗)
admits a nearly isometric factorization through some Z ∈ Z, meaning that, for
every ε > 0, there exist Z ∈ Z, B ∈ A(X,Z), and C ∈ L(Z, Y ∗) such that A =
CB, ‖B‖A ≤ ‖A‖A + ε, and ‖C‖ ≤ 1.

2. From inner inequalities towards outer inequalities

2.1. Our first result shows that the inner inequality ‖ · ‖π ≤ λ‖ · ‖A always implies
the outer inequality with respect to the reflexive Banach spaces and, under some
natural restrictions on A, it implies the outer inequality with respect to all Banach
spaces.

Proposition 2.1. Let X be a closed subspace of a Banach space W and let A be
a Banach operator ideal. If

‖S‖π ≤ λ‖S‖A(X,W )

for all S ∈ F(X,X), then
‖T‖π ≤ λ‖T‖A(Z,W )

for all reflexive Banach spaces Z and for all T ∈ F(Z,X). If, moreover, A is
regular and satisfies A ⊂ A∗∗, then

‖T‖π ≤ λ‖T‖A(Y,W )

for all Banach spaces Y and for all T ∈ F(Y,X).

Proof. Let us consider a reflexive Banach space Z and T ∈ F(Z,X) = Z∗ ⊗ X.
Since (Z∗ ⊗π X)∗ = L(X,Z), there exists A ∈ L(X,Z) with ‖A‖ = 1 such that

‖T‖π = trace (TA) ≤ ‖TA‖π ≤ λ‖TA‖A(X,W )

≤ λ‖T‖A(X,W )‖A‖ = λ‖T‖A(X,W ).

For the “moreover” part, let j : X → W denote the identity embedding, let Y
be a Banach space, and let T =

∑n
i=1 y

∗
i ⊗ xi ∈ F(Y,X). Since (Y ∗ ⊗π X)∗ =

L(X,Y ∗∗), there exists A ∈ L(X,Y ∗∗) with ‖A‖ = 1 such that

‖T‖π =

n∑

i=1

(Axi)(y
∗
i ) = trace S,

where S =
∑n

i=1 A
∗y∗i ⊗ xi ∈ F(X,X). Since T ∗∗A = jXS, we have jW jS =

j∗∗jXS = j∗∗T ∗∗A, and therefore, by assumption,

‖T‖π = trace S ≤ ‖S‖π ≤ λ‖jS‖A = λ‖jW jS‖A
= λ‖j∗∗T ∗∗A‖A ≤ λ‖j∗∗T ∗∗‖A = λ‖jT‖A∗∗ ≤ λ‖jT‖A,

as desired. �
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Remark 2.2. The finite nuclear norm (i.e., π) cannot be replaced by the nuclear
norm in Proposition 2.1 (see Remark 3.2 below).

There are many important operator ideals, such as Ip and Pp, 1 ≤ p ≤ ∞,
which satisfy the assumptions of the “moreover” part of Proposition 2.1 (see, e.g.,
[5, 5.14 and 2.5, together with 2.19]). In particular, taking W = X and A = I
in Proposition 2.1 yields the implication (b)⇒(c) of Grothendieck’s Theorem 1.1.
This might be considered as an alternative direct proof of it since the proofs in
the literature pass through condition (a) of Theorem 1.1 (see, e.g., [4, 16.3], [6,
pp. 243–244], or [38, pp. 80–81]) as does the original proof in [12, Chapter I, pp.
179–180].

An inconvenience of Proposition 2.1 is that its “moreover” part does not apply to
Np. Thus Proposition 2.1 enables us to pass from the inner inequality ‖·‖π ≤ λ‖·‖Np

to the outer inequality only with respect to the reflexive Banach spaces. However, in
this case we shall be able to go further and obtain the outer inequality with respect
to all Banach spaces if we apply our next result. It shows that, in contrast with
Proposition 2.1 which holds for the greatest tensor norm π, the outer inequality
‖·‖α ≤ λ‖·‖Np

is fully determined by the class of separable reflexive Banach spaces
for any tensor norm α.

Theorem 2.3. Let X be a closed subspace of a Banach space W . Let α be a tensor
norm and let 1 ≤ p ≤ ∞. If

‖S‖α ≤ λ‖S‖Np(Z,W )

for all separable reflexive Banach spaces Z and for all S ∈ F(Z,X), then

‖T‖α ≤ λ‖T‖Np(Y,W )

for all Banach spaces Y and for all T ∈ F(Y,X).

Proof. Let Y be a Banach space and let T =
∑n

i=1 y
∗
i ⊗ xi ∈ F(Y,X). We may

assume that ‖y∗i ‖ ≤ 1. Since α is a tensor norm, we have (Y ∗ ⊗α X)∗ = A(X,Y ∗∗)
for its dual operator ideal A (see Remark 1.5). Let A ∈ A(X,Y ∗∗) be such that
‖A‖A = 1 and

‖T‖α =

n∑

i=1

(Axi)(y
∗
i ).

Fix ε > 0 and, for ‖T‖Np(Y,W ), choose sequences (λi) ∈ �p (we denote by �∞
the space c0), (ϕi) ⊂ BY ∗ , and (wi) ∈ �wp∗(W ) with ‖(wi)‖wp∗ ≤ 1 (we denote by
�wq (W ) the Banach space of weakly q-summable W -valued sequences; see, e.g., [5,
pp. 32–33] or [38, p. 134]) such that

Ty =

∞∑

i=1

λiϕi(y)wi, y ∈ Y,

and
‖T‖Np(Y,W ) + ε/2 > ‖(λi)‖p

(see, e.g., [5, p. 112] or [38, pp. 139–140]). Let (ηi) be a sequence of scalars tending
to ∞ such that ηi ≥ 1 for all i and

‖T‖Np(Y,W ) + ε > ‖(ηiλi)‖p.
Consider the closed absolutely convex hull in Y ∗ of the compact set

K := {y∗1 , . . . , y∗n, 0, ϕ1/η1, ϕ2/η2, . . .}.
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Since it is contained in BY ∗ , by the isometric version of the Davis-Figiel-Johnson-
Pe�lczyński factorization lemma [3] due to [17], there exists a separable reflexive
Banach space Z such that Z∗ is a linear subspace of Y ∗, the identity embedding
J : Z∗ → Y ∗ is compact and ‖J‖ ≤ 1. Moreover, K ⊂ J(BZ∗) and Z = J∗(Y ∗∗).

Notice that actually Z = J∗(Y ). Indeed, clearly, (J∗|Y )∗ = J . Hence

J∗(Y ) = ran J∗|Y = (kerJ)⊥ = {0}⊥ = Z,

as desired.
Choose z∗i ∈ BZ∗ , i = 1, . . . , n, and ψi ∈ BZ∗ , i = 1, 2, . . . , such that

Jz∗i = y∗i , Jψi = ϕi/ηi,

and consider S =
∑n

i=1 z
∗
i ⊗ xi ∈ F(Z,X). Then, for all y ∈ Y ,

SJ∗y =

n∑

i=1

z∗i (J
∗y)xi =

n∑

i=1

(Jz∗i )(y)xi =

n∑

i=1

y∗i (y)xi = Ty.

Therefore

SJ∗y =

∞∑

i=1

λiϕi(y)wi =

∞∑

i=1

λiηiψi(J
∗y)wi.

Since (λiηi) ∈ �p, (ψi) ⊂ BZ∗ , ‖(wi)‖wp∗ ≤ 1, we see that

S′ :=
∞∑

i=1

λiηiψi ⊗ wi ∈ Np(Z,W ),

‖S′‖Np(Z,W ) ≤ ‖(λiηi)‖p < ‖T‖Np(Y,W ) + ε,

and SJ∗y = S′J∗y, y ∈ Y , meaning that S|J∗(Y ) = S′|J∗(Y ). Recalling that

J∗(Y ) = Z, the last equality yields that S = S′, and therefore

‖S‖Np(Z,W ) < ‖T‖Np(Y,W ) + ε.

Finally, by the assumption,

‖T‖α =

n∑

i=1

(Axi)(Jz
∗
i ) =

n∑

i=1

z∗i (J
∗Axi) = trace (J∗AS)

≤ ‖J∗A‖A‖S‖α ≤ ‖S‖α ≤ λ‖S‖Np(Z,W ) < λ‖T‖Np(Y,W ) + λε,

and the desired inequality follows. �

2.2. Our third result enlightens an intrinsic general reason why the outer inequality
‖·‖α ≤ λ‖·‖B for all Banach spaces would be determined by a given class of Banach
spaces Z. The reason resides in the Z-factorability of the dual operator ideal of α
(see Definitions 1.4 and 1.6).

Theorem 2.4. Let Z be a set of Banach spaces. Let α be a tensor norm such that
its dual operator ideal is Z-factorable. Let B be a regular Banach operator ideal
satisfying B ⊂ B∗∗. If X is a closed subspace of a Banach space W and

‖S‖α ≤ λ‖S‖B(Z,W )

for all Z ∈ Z and for all S ∈ F(Z,X), then

‖T‖α ≤ λ‖T‖B(Y,W )

for all Banach spaces Y and for all T ∈ F(Y,X).
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Proof. Let Y be a Banach space and let T =
∑n

i=1 y
∗
i ⊗ xi ∈ F(Y,X). Since

(Y ∗ ⊗α X)∗ = A(X,Y ∗∗), where A is the dual operator ideal of α, there exists
A ∈ A(X,Y ∗∗) with ‖A‖A = 1 such that

‖T‖α =

n∑

i=1

(Axi)(y
∗
i ) =

n∑

i=1

(A∗y∗i )(xi) = trace (T ∗∗A).

Fix ε > 0 and choose Z ∈ Z, B ∈ A(X,Z), and C ∈ L(Z, Y ∗∗) such that
A = CB, ‖B‖A ≤ 1 + ε, and ‖C‖ ≤ 1. Define S =

∑n
i=1 C

∗y∗i ⊗ xi ∈ F(Z,X) and
notice that

Sz =
n∑

i=1

(C∗y∗i )(z)xi =
n∑

i=1

(Cz)(y∗i )xi = T ∗∗Cz, z ∈ Z,

meaning that T ∗∗C = jXS. It may be useful to display the operators we need
by the following commutative diagram, where j : X → W denotes the identity
embedding:

X
A ��

B
���

��
��

��
� Y ∗∗ T∗∗

�� X∗∗ j∗∗
�� W ∗∗

Z

jZ
��

S ��

C

�����������
X

jX
��

j
��

jX

�����������
W

jW

����������

Z∗∗ S∗∗
�� X∗∗.

Since T ∗∗A = jXSB = S∗∗jZB, we have, by assumption,

‖T‖α = trace (S∗∗jZB) ≤ ‖jZB‖A‖S‖α ≤ ‖B‖A‖S‖α
≤ (1 + ε)λ‖S‖B(Z,W ).

However,

‖S‖B(Z,W ) = ‖jS‖B = ‖jW jS‖B = ‖j∗∗jXS‖B
= ‖j∗∗T ∗∗C‖B ≤ ‖j∗∗T ∗∗‖B = ‖jT‖B∗∗

≤ ‖jT‖B = ‖T‖B(Y,W ),

and the desired inequality follows. �

Example 2.5. It is a well-known result of Saphar [39] (see, e.g., [38, p. 142])
that the dual operator ideal of the Chevet-Saphar tensor norm gp is Pp∗ . Using the
Pietsch factorization theorem (see, e.g., [5, pp. 45–46]), Pp∗ can easily be seen to be
Z-factorable, where Z is the set of closed subspaces of Lp∗(μ)-spaces for probability
measures μ.

We shall occasionally need the following fact which is due to Persson and Pietsch
[33, proof of Lemma 7 on pp. 35–39] (see, e.g., [34, 19.1.11] or [38, p. 176], where
the proof relies on theory of general tensor products). To be self-contained, we shall
give it a quick proof.

Lemma 2.6 (Persson-Pietsch). Let X and Y be Banach spaces and let 1 ≤ p ≤ ∞.
If Y ∗ has the MAP, then all T ∈ F(Y,X) satisfy ‖T‖gp = ‖T‖Ip

.
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Proof. Let A ∈ Pp∗(X,Y ∗∗) with ‖A‖Pp∗ = 1 be such that ‖T‖gp = trace (AT)
(see Example 2.5). Since Y ∗ has the MAP, by Grothendieck’s classics [12, Chapter
I, p. 180] (see, e.g., [4, p. 193]), ‖S‖π = ‖S‖I for all S ∈ F(Y, Y ∗∗). Therefore, by
a well-known Persson-Pietsch composition theorem (see, e.g., [5, 5.16]),

‖T‖gp ≤ ‖AT‖π = ‖AT‖I ≤ ‖A‖Pp∗‖T‖Ip
= ‖T‖Ip

,

as needed (recall that always ‖T‖Ip
≤ ‖T‖Np

≤ ‖T‖gp). �

Let us point out a version of Theorem 2.4 which shows that if the dual operator
ideal of α is connected with B through some composition law involving an operator
ideal C, then the outer inequality ‖ · ‖α ≤ λ‖ · ‖B follows from the inner inequality
‖ · ‖π ≤ λ‖ · ‖C .

Theorem 2.7. Let Z be a set of Banach spaces. Let α be a tensor norm such that
its dual operator ideal A is Z-factorable. Let B be a regular Banach operator ideal
satisfying B ⊂ B∗∗. If X is a closed subspace of a Banach space W and there exists
a Banach operator ideal C such that

‖UA‖C(X,W ) ≤ ‖U‖B(Z,W )‖A‖A(X,Z)

for all Z ∈ Z, A ∈ A(X,Z) and U ∈ F(Z,X), then the condition

‖S‖π ≤ λ‖S‖C(X,W ) for all S ∈ F(X,X)

implies that

‖T‖α ≤ λ‖T‖B(Y,W )

for all Banach spaces Y and for all T ∈ F(Y,X).

Proof. The proof is almost the same as the proof of Theorem 2.4. Keeping its
notation, the only modification in it would be that now

‖T‖α = trace (jXSB) = trace (SB) ≤ ‖SB‖π ≤ λ‖SB‖C(X,W )

≤ λ‖S‖B(Z,W )‖B‖A(X,Z) ≤ (1 + ε)λ‖S‖B(Z,W ).

�

By a result of Saphar [40, Proposition 3], the λ-BAP implies the λ-BAPp for
all p. From Theorem 2.7 it is essentially clear why this is so (recall the well-
known Persson-Pietsch composition theorem [33] (see, e.g., [5, 5.16]) asserting that
‖UA‖I ≤ ‖U‖Ip

‖A‖Pp∗ ). Actually Theorem 2.7 enables us to strengthen Saphar’s
result by showing that the λ-BAPp, 1 < p < ∞, is implied by the weak λ-BAP (see
Proposition 4.4).

Bourgain and Reinov proved in [1, Theorem 2] that a Banach space X has the
MAPp, 1 < p < ∞, whenever Pp∗(X,Y ) = Ip∗(X,Y ) as sets for all reflexive
Banach spaces Y ; in particular, whenever X is the Hardy space H∞ (of bounded
analytic functions on the open unit disc). We conclude with a version of Theorem
2.4 which, among others, exposes a general reason why this is so (see Section 4.2
for more details).

Theorem 2.8. Let X be a closed subspace of a Banach space W . Let Y and Z
be two sets of Banach spaces such that Z ⊂ Y and Y contains countable �2 direct
sums (

∑∞
n=1 Zn)2 with Zn ∈ Z. Let α be a tensor norm such that, for its dual

operator ideal A and for some Z-factorable Banach operator ideal C, one has the
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equality A(X,Y ∗∗) = C(X,Y ∗∗) as sets whenever Y ∈ Y. Let B be a regular Banach
operator ideal satisfying B ⊂ B∗∗. If

‖S‖α ≤ λ‖S‖B(Z,W )

for all Z ∈ Z and for all S ∈ F(Z,X), then for every Y ∈ Y there exists μY > 0
such that

‖T‖α ≤ μY ‖T‖B(Y,W )

for all T ∈ F(Y,X).

Proof. Consider Y ∈ Y . Notice that the norms ‖ · ‖A and ‖ · ‖C are equivalent on
A(X,Y ∗∗) = C(X,Y ∗∗) because, by the open mapping principle, both are equiva-
lent to ‖ · ‖A + ‖ · ‖C . Let aY > 0 satisfy

‖A‖C ≤ aY ‖A‖A for all A ∈ A(X,Y ∗∗).

Let us show that there exists b > 0 such that

‖jZB‖A ≤ b‖jZB‖C for all Z ∈ Z and B ∈ C(X,Z).

Indeed, if this were not the case, then there would exist Zn ∈ Z and Bn ∈ C(X,Zn)
with ‖jZn

Bn‖A = n and ‖jZn
Bn‖C < 1/2n, n ∈ N. Put

Z = (

∞∑

n=1

Zn)2.

Then Z∗∗ = (
∑∞

n=1 Z
∗∗
n )2. Let jn : Z∗∗

n → Z∗∗ and pn : Z∗∗ → Z∗∗
n denote,

respectively, the natural norm one embedding and the natural norm one projection.
Since

‖jnjZn
Bn‖C ≤ ‖jZn

Bn‖C <
1

2n
,

the series
∑∞

n=1 jnjZn
Bn converges (absolutely) in C(X,Z∗∗). Let

D =

∞∑

n=1

jnjZn
Bn ∈ C(X,Z∗∗) = A(X,Z∗∗)

(recall that Z ∈ Y by assumption). Since clearly pnD = jZn
Bn, we would have

n = ‖jZn
Bn‖A = ‖pnD‖A ≤ ‖D‖A for all n ∈ N,

which is impossible.
The proof continues essentially in the same way as the proof of Theorem 2.4.

Keeping the notation of the proof of Theorem 2.4, the modifications in it would be
that now B ∈ C(X,Z) with ‖B‖C ≤ ‖A‖C + ε ≤ aY + ε, and therefore

‖T‖α ≤ ‖jZB‖A‖S‖α ≤ b‖jZB‖C‖S‖α ≤ (aY + ε)bλ‖S‖B(Z,W ).

�

Remark 2.9. The above proof shows that if Y is invariant under countable �2 direct
sums, then the conclusion of Theorem 2.8 is: there exists μ > 0 such that

‖T‖α ≤ μ‖T‖B(Y,W )

for all Y ∈ Y and for all T ∈ F(Y,X).
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3. Applications to Grothendieck’s classics

and to the weak bounded approximation property

3.1. Let X and Y be Banach spaces. Their (completed) projective and injective
tensor products are denoted, as usual, by X⊗̂Y and X⊗̌Y . Since ‖u‖ε ≤ ‖u‖π for
all u ∈ X ⊗ Y (π and ε are projective and injective tensor norms, respectively),
the identity embedding from X ⊗π Y to X⊗̌Y admits a unique bounded extension
j : X⊗̂Y → X⊗̌Y . One writes X⊗̂Y = X⊗̌Y , provided j is an isomorphism.

One of the most famous long-standing conjectures in functional analysis was the
following Grothendieck conjecture (see, e.g., [12, Chapter I, p. 153]): if X⊗̂Y =
X⊗̌Y , then either X or Y must be finite dimensional. Recall that in 1981 Pisier
[35] succeeded in constructing counterexamples to Grothendieck’s conjecture. Here
we would like to demonstrate a rather surprising application of Proposition 2.1 that
yields an alternative easy proof for a case when Grothendieck’s conjecture holds.

Corollary 3.1 (cf. [12, Chapter I, p. 153, Corollary 2]). If X∗⊗̂X = X∗⊗̌X for
a Banach space X, then X is finite dimensional.

Proof. If X∗⊗̂X = X∗⊗̌X, then there exists λ ≥ 1 such that ‖S‖π ≤ λ‖S‖ for all
S ∈ F(X,X). Then, by Proposition 2.1, ‖T‖π ≤ λ‖T‖ for all T ∈ F(c0, X), or
equivalently,

‖u‖π ≤ λ‖u‖ε ∀u ∈ �1 ⊗X.

This implies that �1⊗̂X = �1⊗̌X. But it is well known that then dimX < ∞. �

Remark 3.2. Notice that X∗⊗̂X cannot be replaced by N (X,X) in Corollary
3.1. Indeed, Pisier’s space P is an infinite-dimensional Banach space for which
N (P, P ) = P ∗⊗̌P , or equivalently ‖S‖N (P,P ) ≤ λ‖S‖ for some λ ≥ 1 and for all
S ∈ F(P, P ) (see [35, Theorem 3.7]). This also shows that the finite nuclear norm
(i.e., π) cannot be replaced by the nuclear norm in Proposition 2.1. If it could, then
we would have N (c0, P ) = �1⊗̌P . However, N (c0, P ) = �1⊗̂P (since �1 = c∗0 has
the AP). Thus, as in the proof of Corollary 3.1, we would conclude that dimP < ∞,
which is not the case.

An open problem which goes back to Grothendieck’s Résumé (see [5, p. 321])
is: does there exist an infinite-dimensional Banach space such that N (X,X) =
K(X,X)? Another long-standing open problem is (see [25, Problem 1.e.9]): does
the equality X∗⊗̌X = K(X,X) imply that X has the AP? We shall see that a
positive answer to the first problem would yield a negative answer to the second
one (this seems to have passed unnoticed in the literature).

Corollary 3.3. If N (X,X) = K(X,X) for an infinite-dimensional Banach space
X, then X∗⊗̌X = K(X,X) but X does not have the AP.

Proof. If X had the AP, then, as is well known, X∗⊗̂X = N (X,X). Hence we
would have X∗⊗̂X = X∗⊗̌X, implying dimX < ∞, by Corollary 3.1. �

3.2. Applying Proposition 2.1 and then Theorem 2.3 yields the following result.

Corollary 3.4. Let X be a closed subspace of a Banach space W and let λ ≥ 1.
Then the following assertions are equivalent:

(a) ‖S‖π ≤ λ‖S‖N (X,W ) for all S ∈ F(X,X).
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(b) ‖T‖π ≤ λ‖T‖N (Z,W ) for all separable reflexive Banach spaces Z and for all
T ∈ F(Z,X).

(c) ‖T‖π ≤ λ‖T‖N (Y,W ) for all Banach spaces Y and for all T ∈ F(Y,X).

Let us consider two special cases W = X and W = X∗∗ of Corollary 3.4.
The first case brings us to the AP. Characterizations (c) and (d) of the AP

below are from Grothendieck’s classics. The proof, relying on Corollary 3.4 of the
implication (a)⇒(d), may be considered as an alternative to the known ones (see,
e.g., [38, p. 76, Corollary 4.8]).

Proposition 3.5. Let X be a Banach space. Then the following assertions are
equivalent:

(a) X has the AP.
(b) There exists λ ≥ 1 such that ‖S‖π ≤ λ‖S‖N (X,X) for all S ∈ F(X,X).
(c) ‖S‖π = ‖S‖N (X,X) for all S ∈ F(X,X).
(d) ‖T‖π = ‖T‖N (Y,X) for all Banach spaces Y and for all T ∈ F(Y,X).
(e) For every separable reflexive Banach space Z, there exists λ ≥ 1 such that

‖T‖π ≤ λ‖T‖N (Z,X) for all T ∈ F(Z,X).

Proof. It is easy to show (see, e.g., [25, p. 32]) that X has the AP if and only if the
natural linear surjection j from X∗⊗̂X onto N (X,X) is injective. But then j is an
isometry (this is obvious from the definitions of the norms ‖·‖π and ‖·‖N ). Therefore
(b)⇒(a)⇒(c), while (c)⇒(b) is trivial. Corollary 3.4 yields that (c)⇒(d), while
(d)⇒(c) and (d)⇒(e) are trivial. Finally, (e) clearly implies that the natural linear
surjection from Z∗⊗̂X onto N (Z,X) is injective, and therefore it is an isometry. In
particular, (d) holds for all separable reflexive Banach spaces Y . Hence (d) holds
in full generality by Corollary 3.4. �

The case W = X∗∗ in Corollary 3.4 will yield new characterizations of the weak
λ-BAP (conditions (b), (c), and (d) below). The criterion (b) of the weak λ-BAP
is one of the main results of the present paper: it expresses the weak λ-BAP of X
in terms of X itself without using any other Banach space.

Theorem 3.6. Let X be a Banach space and let λ ≥ 1. Then the following
assertions are equivalent:

(a) X has the weak λ-BAP.
(b) ‖S‖π ≤ λ‖S‖N (X,X∗∗) for all S ∈ F(X,X).
(c) ‖T‖π ≤ λ‖T‖N (Y,X∗∗) for all Banach spaces Y and for all T ∈ F(Y,X).
(d) ‖T‖π ≤ λ‖T‖N (Z,X∗∗) for all separable reflexive Banach spaces Z and for

all T ∈ F(Z,X).

Proof. The equivalence of conditions (b), (c), and (d) is immediate from Corollary
3.4. By [21, Theorem 3.2 and Remark 3.2], (a) holds if and only if, for every
reflexive Banach space Z, the trace mapping V : Z∗⊗̂X → (F(X,Z))∗, (V u)(T ) =
trace(Tu), u ∈ Z∗⊗̂X, T ∈ F(X,Z), satisfies ‖u‖π ≤ λ‖V u‖ for all u ∈ Z∗⊗X. It
is known from Grothendieck’s classics that (F(X,Z))∗ can be canonically identified
with I(Z,X∗∗), and I(Z,X∗∗) = N (Z,X∗∗) isometrically whenever Z is reflexive
(see, e.g., [6] or [38]). Hence (a) holds if and only if ‖T‖π ≤ λ‖T‖N (Z,X∗∗) for
all reflexive Banach spaces Z and for all T ∈ F(Z,X). Therefore (a)⇒(d) and
(c)⇒(a). �
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Condition (b) of Theorem 3.6 was very recently applied to prove main results
in [16]. This condition appears to be of essence of the weak BAP: it opens a way
towards remarkably simple proofs of main results concerning the weak BAP, using,
of course, some basics on classical tensor products (as, e.g., (a)⇔(c) in Proposition
3.5, (a)⇔(b) in Theorem 1.1, or the coincidence of N (X,Y ∗) and I(X,Y ∗), with
the equality of norms, wheneverX∗ or Y ∗ has the Radon-Nikodým property). Some
examples are as follows:

(1) The weak λ-BAP and the λ-BAP are the same for X whenever X∗ or X∗∗

has the Radon-Nikodým property [27], because all S ∈ F(X,X) satisfy

‖S‖N (X,X∗∗) = ‖S‖I(X,X∗∗) = ‖S‖I(X,X).

(2) If X has the AP and is complemented in X∗∗ by a projection P , then X has
the weak ‖P‖-BAP [21], because all S ∈ F(X,X) satisfy

‖S‖π = ‖S‖N (X,X) ≤ ‖P‖‖S‖N (X,X∗∗).

In particular, the AP and the weak MAP are the same for dual Banach spaces.
(3) The fact that the AP of X∗ implies the weak MAP of X was proven in [21,

Theorem 4.2] by relying on [30, Theorem 5] (a criterion of the AP for X∗ in terms of
approximability in the strong operator topology). Now this fact is obvious because
all S ∈ F(X,X) satisfy

‖S‖π = ‖S‖X∗⊗πX = ‖S‖X∗⊗πX∗∗ = ‖S∗‖π = ‖S∗‖N (X∗,X∗) = ‖S‖N (X,X∗∗).

3.3. The proof of (1) suggests the following definition.

Definition 3.7. Let X be a Banach space and let μ ≥ 1. We say that X satisfies
the Radon-Nikodým (RN) μ-inequality if

‖S‖N (X,X∗∗) ≤ μ‖S‖I(X,X) for all S ∈ F(X,X).

We say that X satisfies the RN inequality if X satisfies the RN μ-inequality for
some μ. If μ = 1, then we say that X satisfies the RN equality.

If S ∈ F(X∗, X∗), then ‖S‖N (X∗,X∗∗∗) = ‖S‖N (X∗,X∗) because of the canonical
norm one projection from X∗∗∗ onto X∗. Therefore the RN μ-inequality for X∗

means that

‖S‖N (X∗,X∗) ≤ μ‖S‖I(X∗,X∗) for all S ∈ F(X∗, X∗).

Proposition 3.8. Let X be a Banach space and let μ ≥ 1.
(a) If X∗ or X∗∗ has the Radon-Nikodým property, then X∗ satisfies the RN

equality.
(b) If X∗ satisfies the RN μ-inequality, then so does X.

Proof. IfX∗ orX∗∗ has the Radon-Nikodým property, thenN (X∗, X∗)=I(X∗, X∗)
with the equality of norms. This proves (a). If S ∈ F(X,X), then ‖S‖N (X,X∗∗) =
‖S∗‖N (X∗,X∗) and ‖S‖I(X,X) = ‖S∗‖I(X∗,X∗). This proves (b). �

If X = L1(0, 1), then X,X∗, X∗∗, . . . do not have the Radon-Nikodým property.
However, they all satisfy the Radon-Nikodým equality (by Proposition 3.10 below,
since they all have the MAP). Hence (a) in Proposition 3.8 is not invertible. We
conjecture that (b) in Proposition 3.8 is not invertible. This is closely connected to
the long-standing famous open problem that goes back to Grothendieck’s memoir
[12].
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Problem 3.9 (cf., e.g., [2, p. 289]). Does the AP of the dual space X∗ of a Banach
space X imply the BAP or even the MAP of X∗?

The most far-reaching (positive) result (see [6, p. 246] and [36, Theorem 4]),
which is essentially due to Grothendieck [12, Chapter I, proof of Theorem 15 on
pp. 182–184], is that the AP of X∗ implies the MAP whenever X∗ or X∗∗ has the
Radon-Nikodým property. (There have been more recent different proofs of this
fact, e.g., in [10], [17], [22], [27]. A recent new approach to Problem 3.9 has been
suggested in [21] and [29].) This by now classical result will be at least formally
improved in Corollary 3.11 below.

Proposition 3.10. Let X be a Banach space. Then:
(a) If X has the weak λ-BAP and satisfies the RN μ-inequality, then X has the

λμ-BAP.
(b) If X has the λ-BAP, then X satisfies the RN λ-inequality.

Proof. (a) By Theorem 3.6, all S ∈ F(X,X) satisfy ‖S‖π ≤ λ‖S‖N (X,X∗∗) ≤
λμ‖S‖I(X,X). This means the λμ-BAP of X (see Theorem 1.1).

(b) By Theorem 1.1, all S ∈ F(X,X) satisfy ‖S‖π ≤ λ‖S‖I(X,X). However,
as is well known (and is clear from the definitions of the norms), ‖S‖N (X,X∗∗) ≤
‖S‖N (X,X) ≤ ‖S‖π. �

Corollary 3.11. Assume that the dual space X∗ of a Banach space X has the
AP. Then X∗ has the λ-BAP if and only if X∗ satisfies the RN λ-inequality. In
particular, X∗ has the MAP if and only if X∗ satisfies the RN equality.

Proof. We know that X∗ has the weak MAP (see [21, Corollary 3.4]; an easy proof
was given above as example (2)). Therefore the claim is immediate from Proposition
3.10. Alternatively, the claim is also immediate from Proposition 3.5 and Theorem
1.1. �

3.4. Based on condition (b) of Theorem 3.6, we are now going to establish a new
criterion of the weak BAP (see Corollary 3.14 below) which will be expressed in
terms of extension operators. This was inspired by results of Vegard Lima [23] (see
Remark 3.19).

Let X be a closed subspace of a Banach space W . An operator Φ ∈ L(X∗,W ∗)
is called an extension operator if (Φx∗)(x) = x∗(x) for all x∗ ∈ X∗ and all x ∈ X.
Pairs of Banach spaces W and their closed subspaces X for which there exists an
extension operator Φ ∈ L(X∗,W ∗) were systematically studied by Fakhoury [7]
and Kalton [14], and various examples are presented in [26, Section 5.5]. Remark
that the existence of an extension operator Φ is equivalent to the annihilator X⊥

of X being complemented in W ∗. By Fakhoury [7] and Kalton [14], this also means
that X is locally complemented in W ([31, Section 3] exposes some recent special
features of the local complementation).

Since N (X,W ) is canonically identified with a quotient space of X∗⊗̂W , its
dual space (N (X,W ))∗ is canonically isometrically embedded in (X∗⊗̂W )∗ =
L(X∗,W ∗). Therefore one writes

(N (X,W ))∗ ⊂ L(X∗,W ∗).

This allows us to consider the question about the existence of extension operators
inside of (N (X,W ))∗.
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Theorem 3.12. Let X be a closed subspace of a Banach space W and let λ ≥ 1.
Then the following assertions are equivalent:

(a) ‖S‖π ≤ λ‖S‖N (X,W ) for all S ∈ F(X,X).
(b) There exists an extension operator Φ∈L(X∗,W ∗) such that Φ∈(N (X,W ))∗

and ‖Φ‖ ≤ λ.

Proof. Let j : X → W denote the identity embedding.
(a)⇒(b). Since

‖jS‖N ≤ ‖S‖π ≤ λ‖jS‖N for all S ∈ F(X,X) = X∗ ⊗X,

S → jS yields an isomorphic embedding of X∗ ⊗π X into N (X,W ). Consider its
(unique) bounded extension J : X∗⊗̂X → N (X,W ). Then J is an into isomor-
phism with its injection modulus i(J) ≥ 1/λ. (Recall that if A ∈ L(Y, Z), then, by
definition,

i(A) = sup{τ > 0 : τ‖y‖ ≤ ‖Ay‖ ∀y ∈ Y }.)
Since

J∗ : (N (X,W ))∗ → (X∗⊗̂X)∗ = L(X∗, X∗)

and J is an into isomorphism, there exists a Φ ∈ (N (X,W ))∗ ⊂ L(X∗,W ∗) so that
J∗Φ = IX∗ and

‖Φ‖ ≤ 1

i(J)
‖IX∗‖ ≤ λ

(for a proof of this “folkloristic” fact, see, e.g., [13, Lemma 2.2]). Moreover, for all
x∗ ∈ X∗ and x ∈ X,

(Φx∗)(x) = 〈Φ, x∗ ⊗ jx〉 = 〈Φ, J(x∗ ⊗ x)〉 = 〈J∗Φ, x∗ ⊗ x〉 = 〈IX∗ , x∗ ⊗ x〉 = x∗(x).

Hence Φ is an extension operator.
(b)⇒(a). It suffices to show that condition (b) of Corollary 3.4 holds. Thus, let

Z be a reflexive Banach space and let T =
∑n

i=1 z
∗
i ⊗ xi ∈ F(Z,X) = Z∗ ⊗ X.

Since (Z∗ ⊗π X)∗ = L(X,Z), there exists A ∈ L(X,Z) with ‖A‖ = 1 such that

‖T‖π =
n∑

i=1

z∗i (Axi) =
n∑

i=1

(A∗z∗i )(xi) =
n∑

i=1

(ΦA∗z∗i )(xi)

= 〈Φ,
n∑

i=1

A∗z∗i ⊗ jxi〉 = 〈Φ, jTA〉 ≤ ‖Φ‖‖jTA‖N

≤ λ‖jT‖N ‖A‖ = λ‖T‖N (Z,W ),

as needed. �

Two immediate corollaries follow (using Proposition 3.5 and Theorem 3.6).

Corollary 3.13. A Banach space X has the AP if (and only if) IX∗ ∈ (N (X,X))∗.

(The “only if” part above is well known: if X has the AP, then X∗⊗̂X =
N (X,X), and therefore (N (X,X))∗ = L(X∗, X∗).)

Corollary 3.14. A Banach space X has the weak λ-BAP if and only if there exists
an extension operator Φ ∈ L(X∗, X∗∗∗) such that Φ ∈ (N (X,X∗∗))∗ and ‖Φ‖ ≤ λ.

The simpliest extension operator in L(X∗, X∗∗∗) is of course jX∗ . This in mind,
Corollary 3.14 could be compared with the following reformulation of Corollary
3.13 for X∗.
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Corollary 3.15. The dual X∗ of a Banach space X has the AP if and only if
jX∗ ∈ (N (X,X∗∗))∗.

Proof. Due to the canonical identification of X∗⊗̂X∗∗ and X∗∗⊗̂X∗, N (X,X∗∗)
and N (X∗, X∗) are also canonically identified. Therefore their dual spaces are
canonically identified inside L(X∗, X∗∗∗) and L(X∗∗, X∗∗), respectively. But, in
the latter identification, jX∗ corresponds to IX∗∗ . �

From Corollaries 3.14 and 3.15 we immediately get the following theorem due to
Vegard Lima [23] which was proven in [23] by relying on rather deep characteriza-
tions of the AP and the weak MAP in terms of ideals (in the sense of [9]) from [23]
and [20] (which, in turn, rely on results of [17], [18], [19]). Recall that a Banach
space X is said to have the unique extension property (UEP) (cf. [10]) if jX∗ is the
only norm one extension operator in L(X∗, X∗∗∗).

Corollary 3.16 (see [23, Theorem 2.11]). If a Banach space X has the UEP and
the weak MAP, then X∗ has the AP.

Proof. By Corollary 3.14, there exists a norm one extension operator Φ ∈
(N (X,X∗∗))∗. Since Φ = jX∗ , by Corollary 3.15, X∗ has the AP. �

3.5. Let us now consider the dual system 〈L(X∗,W ∗), X∗⊗̂W 〉. It is essentially
known that

(N (X,W ))∗ = (X ⊗W ∗)◦◦.

(In fact, let q : X∗⊗̂W → N (X,W ) be the canonical quotient mapping. It is
straightforward to verify that kerq = (X ⊗W ∗)◦ ⊂ X∗⊗̂W . Therefore

(N (X,W ))∗ = ((X∗⊗̂W )/kerq)∗ = (kerq)◦ = (X ⊗W ∗)◦◦.)

Hence, by the bipolar theorem,

(N (X,W ))∗ = X ⊗W ∗w
∗

,

the weak* closure of X ⊗W ∗ in L(X∗,W ∗).
This allows us to reformulate condition (b) of Theorem 3.12 as follows: there

exists an extension operator Φ ∈ X ⊗W ∗w
∗

⊂ L(X∗,W ∗) with ‖Φ‖ ≤ λ. Simi-

larly, Corollary 3.13 asserts that X has the AP if and only if IX∗ ∈ X ⊗X∗w
∗

⊂
L(X∗, X∗) (a direct proof of this fact can be done verbatim to [28, Lemma 2.2]).
Corollary 3.18 below is immediate from Corollary 3.14 and the following lemma.

Lemma 3.17. Let X and Y be Banach spaces. Then the weak* closures of X ⊗ Y
and of X ⊗ Y ∗∗ coincide in L(X∗, Y ∗∗) = (X∗⊗̂Y ∗)∗.

Proof. A straightforward verification can be done similar to [28, Lemma 2.3]. �

Corollary 3.18. A Banach space X has the weak λ-BAP if and only if there exists

an extension operator Φ ∈ X ⊗X∗w
∗

⊂ L(X∗, X∗∗∗) with ‖Φ‖ ≤ λ.

Remark 3.19. The special case of Corollary 3.18 with λ = 1 (i.e., the weak MAP
case) was obtained by Vegard Lima in [23, Propositions 2.3 and 2.5]. His rather
involved proof relied on Lindenstrauss’s compactness argument [24], combined with
results from [8] and [17], to construct the extension operator, and also on a main
result from [10].
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4. Applications to the approximation properties of order p

4.1. Let us recall the following notion which is also due to Saphar [39] as the notion
of the λ-BAPp (see Definition 1.3).

Definition 4.1 (Saphar). Let 1 ≤ p ≤ ∞. A Banach space X is said to have
the AP of order p (APp) if the natural surjection from Y ∗⊗̂gpX onto Np(Y,X) is
injective for all Banach spaces Y .

In [4], the notion of the gp-approximation property is used for the APp. Since
‖ · ‖g1 = ‖ · ‖π and N1 = N , the AP1 coincides with the AP.

It is clear from the definitions of the norms ‖ · ‖gp and ‖ · ‖Np
that the APp of

X is equivalent to the canonical identification Y ∗⊗̂gpX = Np(Y,X) for all Banach
spaces Y . This in turn means that ‖T‖gp = ‖T‖Np(Y,X) for all Banach spaces Y
and for all T ∈ F(Y,X).

Bourgain and Reinov [1, Lemma 7] proved that it is enough to check the def-
initions for the APp and λ-BAPp for the reflexive Banach spaces only, instead of
all Banach spaces Y , provided 1 < p < ∞. The same was also proved in [4, 21.9],
strengthening the result on the APp up to checking the definition for the separable
reflexive Banach spaces only (here 1 ≤ p ≤ ∞). The latter result is contained in
Theorem 2.3 as the special case when W = X, α = gp, and λ = 1. Let us spell it
out as follows (cf. Proposition 3.5 for the AP1).

Proposition 4.2. Let X be a Banach space and let 1 ≤ p ≤ ∞. Then the following
assertions are equivalent:

(a) X has the APp.
(b) ‖T‖gp = ‖T‖Np(Y,X) for all Banach spaces Y and for all T ∈ F(Y,X).
(c) For every separable reflexive Banach space Z, there exists λ ≥ 1 such that

‖T‖gp ≤ λ‖T‖Np(Z,X) for all T ∈ F(Z,X).

Our next result, which is an application of Theorems 2.3 and 2.4, shows that,
for the λ-BAPp with 1 < p < ∞, it is also enough to check the definition for the
separable reflexive Banach spaces only. Defant and Floret [4, p. 283] conjecture
that for p = 1, i.e., for the λ-BAP, the definition cannot be checked on the reflexive
spaces only. As proved in [21] (and clear from Theorems 1.1 and 3.6), this conjecture
means precisely that the weak λ-BAP is different from the λ-BAP. Results of [16],
[21], [23], [29], and of the present paper seem to support this conjecture.

Theorem 4.3. Let X be a Banach space, let 1 < p < ∞, and let λ ≥ 1. Then the
following assertions are equivalent:

(a) X has the λ-BAPp.
(b) ‖T‖gp ≤ λ‖T‖Ip(Z,X) for all separable reflexive Banach spaces Z and T ∈

F(Z,X).
(c) ‖T‖gp ≤ λ‖T‖Np(Y,X∗∗) for all Banach spaces Y and for all T ∈ F(Y,X).
(d) ‖T‖gp ≤ λ‖T‖Np(Z,X∗∗) for all separable reflexive Banach spaces Z and for

all T ∈ F(Z,X).

Proof. The implications (a)⇒(b) and (b)⇒(d) are trivial (recall that ‖T‖Ip(Z,X) =
‖T‖Ip(Z,X∗∗) ≤ ‖T‖Np(Z,X∗∗)), and (d)⇒(c) is clear from Theorem 2.3. Finally,
assume that (c) holds. By Persson’s theorem [32], ‖T‖Np(Y,X∗∗) = ‖T‖Ip(Y,X∗∗)

whenever Y is reflexive and T ∈ F(Y,X). Therefore ‖T‖gp ≤ λ‖T‖Ip(Y,X∗∗) when-
ever Y is a closed subspace of an Lp∗(μ)-space and, by Theorem 2.4 (see also
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Example 2.5), the same inequality holds for all Banach spaces Y . This means
(a). �

For p = 1, condition (c) of Theorem 4.3 would be exactly the same as condition
(c) of Theorem 3.6. This shows that, for 1 < p < ∞, “the weak λ-BAPp” would be
exactly the λ-BAPp. Therefore, it is not surprising, for instance, that (cf. example
(2) after Theorem 3.6 for p = 1) if X has the APp, 1 < p < ∞, and is complemented
in X∗∗ by a projection P , then X has the ‖P‖-BAPp [37, Theorem 4.2], [1, Lemma
8] (see, e.g., [4, 21.10]), because by Proposition 4.2 (b), for all Y , all T ∈ F(Y,X)
satisfy

‖T‖gp = ‖T‖Np(Y,X) ≤ ‖P‖‖T‖Np(Y,X∗∗),

which means the ‖P‖-BAPp by Theorem 4.3 (c). In particular, the APp and the
MAPp, 1 < p < ∞, are the same for dual Banach spaces.

4.2. The next result was established by Saphar [40, Proposition 3] under the
assumption that X has the λ-BAP.

Proposition 4.4. If a Banach space X has the weak λ-BAP, then X has the
λ-BAPp, 1 < p < ∞.

Proof. By assumption, ‖S‖π ≤ λ‖S‖N (X,X∗∗) for all S ∈ F(X,X) (see Theorem
3.6 (b)). We are going to apply Theorem 2.7 with α = gp, B = Ip, C = N = N1,
and W = X∗∗. We know (see Example 2.5) that A = Pp∗ and Z is contained in
the set of all reflexive Banach spaces. By Persson’s theorem [32], ‖U‖Np(Z,X∗∗) =
‖U‖Ip(Z,X∗∗) for all reflexive Banach spaces Z and for all U ∈ F(Z,X). Thus, from
a well-known Persson-Pietsch composition theorem [33] (see, e.g., [5, 5.29]), we get
that

‖UA‖N (X,X∗∗) ≤ ‖U‖Np(Z,X∗∗)‖A‖Pp∗ = ‖U‖Ip(Z,X∗∗)‖A‖Pp∗

for all Z ∈ Z, A ∈ Pp∗(X,Z), and U ∈ F(Z,X). Therefore, by Theorem 2.7, for
all Banach spaces Y and for all T ∈ F(Y,X),

‖T‖gp ≤ λ‖T‖Ip(Y,X∗∗) = λ‖T‖Ip(Y,X).

This means that X has the λ-BAPp. �

If X∗ has the AP, then it is well known that X∗ has the APp, and therefore X∗

has the MAPp for 1 < p < ∞. It is also well known that the latter fact does not
imply the MAPp for X, in general. It is interesting that, nevertheless, the MAPp

for X, 1 < p < ∞, follows from the AP of X∗.

Corollary 4.5. Let X be a Banach space. If X∗ has the AP, then X has the
MAPp, 1 < p < ∞.

Proof. If X∗ has the AP, thenX has the weak MAP (see example (3) after Theorem
3.6), hence X has the MAPp, 1 < p < ∞, by Proposition 4.4. �

We conclude with an application of Theorem 2.8.

Theorem 4.6. Let X be a Banach space and let 1 < p < ∞. Let Z be the set
of reflexive Banach spaces having the MAP and let C be a Z-factorable Banach
operator ideal. If

Pp∗(X,Y ) = C(X,Y )

as sets for all reflexive Banach spaces Y , then X has the BAPp.
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Proof. Recall that Pp∗ is the dual operator ideal of the tensor norm gp (see Example
2.5). By Lemma 2.6, we have ‖S‖gp = ‖S‖Ip

for all Z ∈ Z and S ∈ F(Z,X). Since
the set Y of all reflexive Banach spaces is clearly invariant under countable �2
direct sums, an immediate application of Theorem 2.8 and Remark 2.9 yields that
‖T‖gp ≤ μ‖T‖Ip

for some μ ≥ 1 and for all Y ∈ Y and T ∈ F(Y,X). This means
that X has the μ-BAPp (see Theorem 4.3). �

In Theorem 4.6, one can take, for instance, C = Iq, 1 < q < ∞. In fact, Iq is
clearly Lq(μ)-spaces factorable (for probability measures μ) whenever 1 ≤ q ≤ ∞
(see, e.g., [5, 5.6]). It is known that

Pp∗(H∞, Y ) = Ip∗(H∞, Y )

for all Banach spaces Y whenever 1 < p < ∞; this was independently proved
by Kisliakov [15] (in 1981) and Gordon and Reisner [11] (in 1982). Therefore, by
Theorem 4.6, H∞ has the BAPp. But H∞ is well known to be a dual space. Hence
H∞ has the MAPp, 1 < p < ∞ (see the paragraph after Theorem 4.3). The latter
result is due to Bourgain and Reinov [1]. More generally, they proved in [1] that all

even duals H
(2n)
∞ of H∞ have the MAPp, 1 < p < ∞. Again, this (in a more general

version [1, Theorem 2] which was discussed just before Theorem 2.8) follows from
Theorem 4.6 since, by a result of Kisliakov [15, Corollary 3], if 1 < p < ∞ and if
X satisfies

Pp∗(X,Y ) = Ip∗(X,Y )

for all (reflexive) Y , then the even duals X(2n) of X do the same (for a simple proof,
relying on the fact that both Pp∗ and Ip∗ are dual operator ideals of some tensor
norms, see [1, Theorem 5]; see also [4, 21.11] for an extended version). Recall that
the related long-standing problem whether H∞ has the AP (see, e.g., [25, Problem
1.e.10]) is still open.
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