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ABSTRACT. R. Fehlmann and M. Vuorinen proved in 1988 that Mori’s constant
M(n, K) for K-quasiconformal maps of the unit ball in R™ onto itself keeping
the origin fixed satisfies M (n, K) — 1 when K — 1. Here we give an alternative
proof of this fact, with a quantitative upper bound for the constant in terms
of elementary functions. Our proof is based on a refinement of a method due
to G.D. Anderson and M. K. Vamanamurthy. We also give an explicit version
of the Schwarz lemma for quasiconformal self-maps of the unit disk. Some
experimental results are provided to compare the various bounds for the Mori
constant when n = 2.

1. INTRODUCTION

Distortion theory of quasiconformal and quasiregular mappings in the Euclidean
n-space R™ deals with estimates for the modulus of continuity and change of dis-
tances under these mappings. Some of the examples are the Holder continuity, the
quasiconformal counterpart of the Schwarz lemma, and Mori’s theorem. The inves-
tigation of these topics started in the early 1950s for the case n = 2 and ten years
later for the case n > 3. Many authors have contributed to the distortion theory;
for some historical remarks see [Vull, 11.50].

As in [FV] we define Mori’s constant M(n,K) in the following way. Let
QCk, K > 1, stand for the family of all K-quasiconformal maps of the unit ball
B™ onto itself, keeping the origin fixed. Note that it is a well-known basic fact that
an element in the set QCk can be extended by reflection to a K-quasiconformal
map of the whole space R = R™ U {oo} onto itself, keeping the point oo fixed.
Then for all K > 1, n > 2, there exists a least constant M (n, K) > 1 such that

(1.1) 1f(2) = fy)| < M(n,K)|z —y|*, a=KY0",

for all f € QCk,z,y € B™.

L. V. Ahlfors [A1] proved in 1954 that M (2, K) < 12K2, and this property was
refined by A. Mori [Mo] in 1956 to the effect that M (2, K) < 16 and 16 cannot be
replaced by a smaller constant independent of K. This result can also be found in
[A2], [FM], and [LV]. On the other hand the trivial observation that 16 fails to be
a sharp constant for K =1 led to the following conjecture, which was still open in
2009.
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1.2. The Mori conjecture. M (2, K) = 16!~1/X,

O. Lehto and K.I. Virtanen demonstrated in 1973 [LV] p. 68] that M (2, K) >
16'~1/K (this lower bound was not given in the 1965 German edition of the book).
It is natural to expect that for a fixed n > 2, M(n,K) — 1 when K — 1, and
this convergence result with an explicit upper bound for M(n, K) was proved by
R. Fehlmann and M. Vuorinen [EV]. A counterpart of this result for the chordal
metric was recently proved by P. Hasto in [HI.

1.3. Theorem ([FV] Theorem 1.3]). Let f be a K-quasiconformal mapping of B™
onto B", n > 2, f(0) =0. Then
(1.4) [f (@) = f(y)] < M(n, K)|x —y|*
for all z,y € B™ where a = K=" and the constant M(n, K) has the following
three properties:

(1) M(n,K) =1 as K — 1, uniformly in n,

(2) M(n,K) remains bounded for fivred K and varying n,

(3) M(n,K) remains bounded for fivzed n and varying K.

For n = 2, the first majorants with the convergence property in Theorem [L.3](1)
were proved only in the mid 1980s and for n > 3 in [FV]. In [EV] a survey of
the various known bounds for M(n, K) when n > 2 can be found — that survey
reflects what was known at the time of publication of [FV]. Some earlier results
on Holder continuity had been proved in [G], [MRV], [R], [S]. Step by step the
bound for Mori’s constant was reduced during the past twenty years. As far as we
know, the best upper bound known today for n = 2 is M(2, K) < 46 ~'/% due to
S.-L. Qiu [Q] (1997). Refining the parallel work [F'V], G.D. Anderson and M. K.
Vamanamurthy proved the following theorem in [AV].

1.5. Theorem. Forn >2 K > 1,
M(n, K) < 4X;07,

where o = KY(=") and N\, € [4,2e"1),\y = 4, is the Gritzsch ring constant
[AN], [Vull p.89].

The first main result of this paper is Theorem [[.6] which improves on Theorem

1.6. Theorem. (1) Forn>2,K>1, M(n,K) <T(n,K):
(1.7)  T(n,K)=inf{h(t): t > 1}, h(t) =3+ N1l o\20-) ¢ > 1

where a = K0~ = 1/8, and A, is as in Theorem L3
(2) There exists a number Ky > 1 such that for all K € (1, K1) the function h

has a minimum at a point t1 with t, > 1 and
(1.8)

—a? a? ayoa— B—a
T(n,K) < h(t;) = l?’li#maz At (C())Z)—ZTS:) ] o

Moreover, for § € (1,min{2, Kl/(n_l)}) we have
(1.9) h(ty) < 3172 250—) 5 ( VB — a+exp(y/ B2 1))

In particular, h(t;) — 1 when K — 1.
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The last statement shows that Theorem [[L8lis better than the result of Anderson
and Vamanamurthy, Theorem [[L5] at least for values of K close to the critical value
1, because the constant of Theorem satisfies 4)\2(1—00 > 4.

The main method of our proof is to replace the argument of Anderson and
Vamanamurthy by a more refined inequality from [Vu2] and to introduce an addi-
tional parameter (¢ in the above theorem) which will be chosen in an optimal way.
The fact that this refined inequality is essentially sharp for values of ¢ large enough,
was recently proved by V. Heikkala and M. Vuorinen in [HV]. This gave us a hint
that the inequality from [Vu2] might lead to an improvement of the results in [AV].
For the case n = 2 a numerical comparison of our bound (L) to Mori’s conjec-
tured bound, to the bound in Theorem and to the bound in [FV] is presented
in tabular and graphical form at the end of the paper.

We conclude this paper by discussing the Schwarz lemma for plane quasiconfor-
mal self-mappings of the unit disk, formulated in terms of the hyperbolic metric.
The long history of this result is summarized in [Vull p. 152, 11.50]. An up-to-date
form of the Schwarz lemma was given in [Vull Theorem 11.2], and it will be stated
for convenient reference below as Theorem 4l A particular case, formula (6],
was rediscovered by D.B.A. Epstein, A. Marden and V. Markovic [EMM| Thm 5.1].

We use the notation ch, th, arch and arth, as in [Vul], to denote the hyperbolic
cosine, tangent and their inverse functions, respectively. The second main result
of this paper is an explicit form of the Schwarz lemma for quasiregular mappings,
Theorem [[LT0l We believe that in this simple form the result is new and perhaps of
independent interest. The constant ¢(K) below involves the transcendental function
i defined in Section 4.

1.10. Theorem. If f : B2 = R? is a non-constant K-quasireqular mapping with
fB2 C B? and p is the hyperbolic metric of B2, then

p(f(@), F(y) < e(K) max{p(z,y), p(z, y)"/*}
for all z,y € B2, where ¢(K) = 2arth(px (th)) and

K <wu(K —-1)+1 <log(ch(Karch(e))) < e¢(K) <v(K-1)+ K

with w = arch(e)th(arch(e)) > 1.5412 and v = log(2(1 + /1 — 1/e?)) < 1.3507. In
particular, ¢(1) = 1.

2. THE MAIN RESULTS

Here we shall follow the standard notation and terminology for K-quasiconformal
and K-quasiregular mappings in the Euclidean n-space R™, see e.g. [V], [Vul]. We
also recall some basic notation. For the modulus M (I") of a curve family I and its
basic properties, see [V] and [Vul].

Let D and D' be domains in En, K>1 andlet f: D — D’ be a homeomor-
phism. Then f is K-quasiconformal if

M(T)/K < M(fT) < KM(T)

for every curve family I' in D [V].

For subsets E,F,D C R" we denote by A(E, F; D) the family of all curves
joining E and F in D. For brevity we write A(E, F) = A(E, F;R™). A ring is a
domain in R™ whose complement consists of two compact and connected sets. If
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these sets are E and F', then the ring is denoted by R(E, F'). The capacity of a ring
R(E,F) is

capR(E,F) = M(A(E, F)).
The complementary components of the Grétzsch ring Re ., (s) are B" and [se1, 0],
s > 1, while those of the Teichmiiller ring Ry, (t) are [—ey, 0] and [ter, o0], ¢ > 0.
The conformal capacities of Rg ,(s) and Ry, (t) are denoted by

{ n(s) = M(A(B", [se1, oq])),

Tn(t) = M(A([_elv 0]7 [telv OOD)7

respectively. Here v, : (1,00) — (0,00) and 7, : (0,00) — (0,00) are decreasing
homeomorphisms and they satisfy the fundamental identity

(2.1) Tn(s) = 2" (8% = 1), t>1;

see e.g. [Vull 5.53].
For n > 2 and K > 0, the distortion function ¢g , : [0,1] — [0, 1] is a homeo-
morphism. It is defined by

1
(2:2) Prn(t) = —————, te(0,1),
Yo L (K (1/1))
and pr n(0) =0, pxn(l)=1.Forn>2, K >1land 0<r <1
(2.3) Prn(r) <AL o = g1/0n)
(24) wl/K,n(T) > A’}L—ﬁr,@, /8 — Kl/(n—l) ’

by [Vull Theorem 7.47] and where A,, > 4 is as in Theorem

2.5. Lemma. Suppose that f : B" — B" is a K-quasiconformal mapping with
fB™ =B", f(0) =0, and let h: R" = R" be the inversion h(x) = z/|z|? , h(c0) =
0,h(0) = oco. Also, define g : R" — R" by g(x) = f(x) for z € B" g(z) =
h(f(h(z))) forz € R"\B" and g(z) = lim,_,, f(z) for z € OB", g(c0) = co. Then
g is a K-quasiconformal mapping, and we have for x € B™

(2.6) p1/kn(l2]) < |f(@)] < pronlle])-
For z ¢ R*\ B"
(2.7) Vorn(1/]2]) < lg(@)| <1/@1/6n(1/]2]).

Proof. 1t is well known that the above definition defines g as a K-quasiconformal
homeomorphism. The formula (26 is well known (see [AVV2, Theorem 4.2]), and
220) follows easily. O

2.8. Lemma ([Vul, Lemma 7.35]). Let R = R(E,F) be a ring in R" and let
a,b € E,c,d € F be distinct points. Then

la —¢||b—d|
ey > —_— .
capR = M(A(E, F)) > 7, (Ia —Hc—d

Equality holds if b = t1e1,a = taey,c = tze1,d = tgeq and t) < to < t3 < t4.

We consider Teichmiiller’s extremal problem, which will be used to provide a key
estimate in what follows. For z € R™ \ {0,e1},n > 2, define

pu(@) = inf M(A(E, F)),
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where the infimum is taken over all the pairs of continua E and F in R" with
0,e; € E and z,00 € F. Note that Lemma 2.8 gives the lower bound for p, (x) in
Lemma 2.9

2.9. Lemma ([Vu2l Theorem 1.5]). For z € R",|z| > 1, the following inequalities
hold:

T (|2]) = pu(=I2le1) < pu(2) < pullzler) = (]2 — 1),
where py(z) is the Teichmiiller function. Furthermore, for z € R™\ [0,e1], there
exists a circular arc E with 0,e1 € E and a ray F with z,00 € F such that

|z|+z—el|—1>

2
with equality for both z = —se1, s > 0, and for z = sey, s > 1.

(2.10) pa(z) < M(A(E, F)) < <

2.11. Notation. For t > 0,z,y € B™ | we write
Y

D(t,z,y) = |:c—|—tﬂ| ify#0, D(tz,0)=]|r+ el
Y
By the triangle inequality we have
(2.12) t—lz| < D(t,z,y) <t+|z|

2.13. Theorem. Forn > 2, K > 1, let f : R' 5> R" bea K -quasiconformal
mapping, with fB™ = B™, f(0) = 0 and f(co) = oo. Then fort > 1, z,y €
B™\ {0}, we have

1@~ 0] < Gt ermat/) ben (252 )1/2
x) — n n o 4 —
l < Gty ren i Ta -y
< (B4 AB-D - (M) o= KV Z /8,
- " " s1+ |z —yl

where s = max{a,b},a =t + |z| + D(t,y,x),b =t + |y| + D(t,z,y).

Proof. Let I be the family A(F, F) and let F and F be connected sets as in Lemma
29 with 2,y € E, 2,00 € F, where z = —tz/|z| and T" = f(I'). By Lemma 28 and
@I0)), we have
£ (2) —f(a?)|> '
Tn | t7——— | < MIT) < KM(T)
(f(fv) —fW)l
eyt -yl

< Krp(u—-1), 2wy

The basic identity (21]) yields

) = F )+ 1f @)~ Fw)) " 2
”(( HCET o, ><K””<” )

e ([t 4 Dty @) + e — g\
o 2le 4| '

Applying v, to (2.I4) we have

. at |z —y\"* Z_v
[f(@) — fy)l - (”” (K”"<< 2|z —y| ) ))) o

(2.14)
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Bn

z=—t-X/|X|

FIGURE 1. Geometrical meaning of the proof of Theorem 2.T3

Because fB™ = B", by [2.6) and ([24) we know that

() = W) +1£@) — F@)] <3+ pumn(1/t) <3+ XEDE,
(215) )~ fw) /)~ f(w)] o
3+ o107~ 1) = W)+ @) = f)] ="

. 1/2
<3+¢1/K,n<1/t>-1>w%<,n((2'—?]) )

a+|z—yl

and also

[f(z) = f(y)]

IN

IN

(34 AF-Dp)y20-0) (2 =yl
" " a+lz—yl

by inequalities (Z2) and (23). Exchanging the roles of  and y we see that

. 1/2
<3+¢1/K,n<1/t>1>¢%<7n<(2'—y) >

IN

IN

- - 2z —y| \"
3 4+ AB=Dhy)2(1~a) (—) .

Setting t = 1, we get the following corollary.

2.16. Corollary. Forn > 2, K > 1, let f : R" - R" be a K -quasiconformal
mapping, with fB™ = B", f(0) =0 and f(co) = co. Then for all z,y € B™\ {0},

) — 2(1—a) 2|z —y| >a
@) = sl < i (2520

where a = KY(=") and s = max{a,b},a = 1 + |z| + D(1,y,z),b = 1 + |y| +
D(1,z,y).
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Proof. The proof is similar to the above proof except that here we consider the par-
ticular case t = 1. Because fB™ = B", we know that |f(z) — f(y)|+

[f (@) = fly)l <4,

[f@) = fWl . [f(z) = f(y)]
4 - G -+ ) - fY)]
1
<

({25
4% n ((%)Uj

4/\2(1—a)< 2|z =y )a

a+ |z -yl

or

=
—~
B
|
=
N4
-
A

IN

by inequalities ([2.2]) and ([2.3]). Exchanging the roles of z and y we get

_ (1-a) 2lz — | )
|f(z) — f(y)] §4>\il (max{a,b}+$_y|> .

2.17. Corollary. Forn >2, K > 1,t > 1, let f be as in Theorem 213l Then

- - 2|z —y| “
2.18 flz)— fly)l < 3+>\£Lﬁ 1)48 )\%(1 a)( ) 7
(2.18)  [f(=) = fly)l < ( ) ST B g

for all x,y € B™,

_ B—1,8)y2(1—a) [z — yl "
(2.19) (@) = F)l < B+ XA, (max{t+lxl,t+|y|}) ’

for all x,y € B™, and

(220)  [f(x) ~ )] < (3+ APV <t+|x|f<_xy|—y|>/2) ’

if D(t,y,x) >t+|z|,z,y € B™.
Proof. Inequality ([2.I8)) follows because by @I1) D(¢,y,z) > t—|y| and D(t, z,y) >
t — |z| for z,y € B™, and hence, in the notation of Theorem 2:T3]

s1 2 max{2t + |z| — |y[, 2t + |y[ — [x[} = 2t + ||z] — |y]].
It is also clear that D(t,y,z) >t + |z| — |« — y|, and this implies that
s1Zmax{2(t + [x]) — [ —y|, 2(t + [y]) — [& — y|} =2max{t + [z],t + [y|} — |z -y,

and hence the inequality (2.19) follows. In the case of (220) we have D(t,y,z) >
t + |z| and see that, in the notation of Corollary 216l s > 2(¢ + |z|) and ([220)
holds. O

2.21. Corollary. Forn > 2, K > 1, let f be as in Theorem 213l Then

- 2(1—a) 2|aj—y| >a
(2.22) (@) = fu)] < 4X5 <2+||x|—y||+x—y| 7

for all z,y € B™\ {0}.
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2.23. Remark. (1) In several of the above results we have supposed that z,y €
B™ \ {0}. If one of the points x,y were equal to 0, then we would have a better
result from the Schwarz lemma estimate (7).

(2) Corollary 2.21]is an improvement of the Anderson-Vamanamurthy theorem,
Theorem

3. COMPARISON WITH EARLIER BOUNDS

3.1. Proof of Theorem (1) The inequality (7)) follows easily from the in-
equality (Z19)).

(2) We see that the function h has a local minimum at t; = (3a)*A\2~ (8 —a) .
If t; > 1, then the inequality (2.I9]) yields the desired conclusion. The upper bound
for T'(n, K) follows by substituting the argument ¢; in the expression of h.

We next show that the value K; = 4/3 will do. Fix K € (1,K;). Then a =
KY0=1) >3/4 and o/(1 — a?) > 1.

Because A\~ 1 > 2V/K-1 =1 by [Vul, Lemma 7.50(1)], with d = (6/K)"/% /2K
we have

t1 = (304)‘1)\2_1(ﬂ _ a)—a > (S/K)I/K21/K_1K_1 ( o >0¢

1—a2
o 3/4
(0% «
= >

:(27~(K) a )3/4;7«(1():014/3/2.

1—a?
It suffices to observe that ¢; > 1 certainly holds if 27(K)(1-%z) > 1, which holds

for « > 1/(r(4/3) + /14 r(4/3)?) = 0.53...; in particular, ¢; > 1 holds in the
present case a > 3/4.
For the proof of (IL9) we give the following inequalites

(3.2) Aa—e® < gall-a) grae < gl-apea o>
(33) )\gfa _ /\fi+17170¢ _ /\fi(lfa)qtlfa — )\glﬁJrl)(lfa) < (2170‘[()3, ﬂ c (172),

see [Vull Lemma 7.50(1)]. The formula (L8] for h(t1) has two terms. We estimate
separately each term as follows:

38— a)”

3(17a)(1+a)2a(17a)22(17a)K2(5 _ oé)oz2

a—a? —a «
aaZ )\YL A?L(l ) S aaz K
L9 A\l 2 _ a?
BRNCE B  SICR i
aa
= 7217 - )" KQK“exp( o’ log a)
< 72— a)o‘ K?K® exp(—aloga)
= 7217 (B - a)o‘ K?exp((log K — log a)a)
1
= 72178 - )" Kzexp (<1—|— T 10gK> a)
n—
l-a a? -2 n
= 727% B —a)" K exp —1alogK
n—
< 72178 - a)* K2 exp(2log K)
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2

= o)k
by inequality 2], and

aya— B-a
A\2(1-a) yA-1 ((3@) An 1)
BN GE
— )\i(l—a)/\g—l ((304)09\%—1)5*0‘ (8 — a)—&(ﬁ—a)
82— —a((B*-1)/8)
)
S (21—0¢K)2 (3&)\’”)5*& /80/2 (ﬁ2 _ 1)—0/2(62_1)

2
< (2170 K)?30Bm ) \(BHD A=) oy <2i\/52 - 1>

<9k K)o (1)
<372 K) eV - 1),

Here we assume that 8 € (1,2), which implies that o € (1/2,1). Also the inequali-
ties (K — 1)"(K—1 < ex ((2/6)\/ ) and (B3) were used, and we get

(3.4)  h(t) < [12179(8 — )" K4 + 38— (2l k)P exp(\/ﬁz—l)}.

Because (8 — ) € (0, 3), this implies that 2(8 — a) € (0,1) and o? € (3,1) and
further that (3(3 — Oz))a2 < (2(B- «))'/4. Finally,

B-a) < (2/3)7(12(%(6 A< (324 B —a

= (3/2)¥1Y/B—a < (3/2)VB - a.

< (21—aK)2)\§—a ((3a)oz)\a 1) (

Next we prove that
(3.5) 72l-o < glafoh(l-a)
This inequality is equivalent to
22(e-1)3(0-0)" < | s (1 —a)logd + (1 — a)?log3 < log K.

This last inequality holds because the left hand side is negative. Now from (3.4)
and () we get the desired inequality (9.

3.6. Graphical and numerical comparision of various bounds. The above
bounds involve the Grétzsch ring constant A,, which is known only for n = 2, Ay =
4. Therefore only for n = 2 we can compute the values of the bounds. Solving
numerically the equation 4 - 16'~1/X = h(t;) for K we obtain K = 1.3089. We give
numerical and graphical comparisons of the various bounds for the Mori constant.

The tabulation of the various upper bounds for Mori’s constant when n = 2 and
Ao = 4 as a function of K: (a) Mori’s conjectured bound 16*~'/¥ (b) the Anderson-
Vamanamurthy bound 4-16*~*/% (c) the bound from (L8). For K € (1,1.3089) the
upper bound in (L] is better than the Anderson-Vamanamurthy bound. Note that
the upper bound T'(n, K) < h(t1) in (I.8) is proved only for K € (1, K1), K1 = 4/3.
We do not know whether it holds for larger values of K but just comparing the
values of h(t;) and the bound of Fehlmann and Vuorinen for K > 1.5946 we see that
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4r
3l log (I@rl/

: ———— log (4+16""/X)
[p)

- —

—__-——-

/

1.0 1.2 1.4 1.6 1.8 2.0

FIGURE 2. Graphical illustration of the various upper bounds
for Mori’s constant when n = 2 and A\ = 4 as a function of
K: (a) Mori’s conjectured bound 16'~'/% (b) the Anderson-
Vamanamurthy bound 4 - 16"~/ (c) the bound from (L), valid
for K € (1, K;), Ky = 4/3. For K € (1,1.3089) the upper bound

in (LY) is better than the Anderson-Vamanamurthy bound.

h(ty) is the smaller one of these two. Numerical values of the [F'V] bound given in
the table were computed with the help of the algorithm for ¢k o(r) attached with

[AVVT] p. 92, 439)].
K | log(161=Y/5) 1 log(4 - 161~ 5) | log(FV) | log(h(t1))
1.1 0.2521 1.6384 0.7051 1.0188
1.2 0.4621 1.8484 1.2485 | 1.6058
1.3 0.6398 2.0261 1.7046 | 2.0107
1.4 0.7922 2.1785 2.0913 | 2.3061
1.5 0.9242 2.3105 24221 | 2.5296
1.6 1.0397 2.4260 2.7094 | 2.7031
1.7 1.1417 2.5280 2.9633 | 2.8409
1.8 1.2323 2.6186 3.1921 | 2.9521
1.9 1.3133 2.6996 3.4020 | 3.0433
2.0 1.3863 2.7726 3.5979 | 3.1192

Note that according to Theorem the inequality (L8)) involving h(t;) holds
for K € (1, K1) where the number K7 > 1 may be smaller than 2.
For graphing and tabulation purposes we use the logarithmic scale. Note that
the upper bound for M (2, K) given in Theorem 2.29] also has the desirable
property that it converges to 1 when K — 1; see Figure 3.
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FIGURE 3. Graphical comparison of various bounds when n = 2
and A2 = 4, as a function of K: (a) the bound from (L8], valid for
Ke(1,K,),K1=4/3, (b) the Fehlmann and Vuorinen bound [EV]

K2_1 22K—3/K (K2 4 1)(K+1/K)/2
K2+1 (K2_1)(K71/K)/2'

M(2,K) < <1—|—<pK72 (

3.7. Comparison of estimates for the Holder quotient. For a K-quasicon-
formal mapping f : B® — fB" = B", we call the expression

HQ(f) = sup{|f(z) — f(y)|/lx —y|*: x,y € B", f(0) =0 x # y},

the Holder coefficient of f. Clearly HQ(f) < M(n, K). Theorem yields, after
dividing both sides of the inequality in Theorem 213 by |z — y|*, the upper bound
HQ(f) < HQ(K) for the Holder quotient with

HQ((K) =sup{inf{U(t,z,y): t>1}: z,y € B"},
o 1/2
B9 Ul = 6+ a1 Dok (( 2 ) 1

51+ |z —y| |z —ylo

For n = 2 we compare HQ(K) to several other bounds: (a) Mori’s conjectured
bound, (b) the FV bound, (c) the AV bound. We also give the results as a table
and in Figure 3. Because the supremum and infimum in ([B.8]) cannot be explicitly
found, we use numerical methods that come with Mathematica software. For the
numerical tests we used for the supremum a sample of 100,000 random pairs of
points of the unit disk.
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4 L
i —
[ log 1@,/
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A 7/'/‘ log(HQ(K)
! ///
i —
- _— 1-1/K
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FIGURE 4. Graphical comparison of various bounds when n = 2
and A =4, as a function of K: (a) the bound from B3], (b) the
Fehlmann and Vuorinen bound [EV]

K2_1 2K —3/K (K2+1)(K+1/K)/2
M(27K)<<1+§0K,2 <K2+1))2 (K2—1)(K71/K)/2’
(¢) the bound of the Mori conjecture. The bound ([B.8) is based on
a simulation with 100,000 random pairs of points.

K |log(16*~Y/5) [ log(4 - 16'71/5) [ log(FV) | log(HQ(K))
1.1 0.2521 1.6384 0.7051 1.0171
1.2 0.4621 1.8484 1.2485 1.5940
1.3 0.6398 2.0261 1.7046 1.9712
1.4 0.7922 2.1785 2.0913 2.1668
1.5 0.9242 2.3105 2.4221 2.2928
1.6 1.0397 2.4260 2.7094 2.4003
1.7 1.1417 2.5280 2.9633 2.4922
1.8 1.2323 2.6186 3.1921 2.5706
1.9 1.3133 2.6996 3.4020 2.6371
2.0 1.3863 2.7726 3.5979 2.6934

4. AN EXPLICIT FORM OF THE SCHWARZ LEMMA
Recall that the hyperbolic metric p(x,y),z,y € B™, of the unit ball is given by

(cf. KT, [Vull)
|z — y[?

PE, Y
(1) el e - e - ),
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Next, we consider a decreasing homeomorphism g : (0,1) — (0, 00) defined by

B E K(T’) " = 1 dzr
(4.2) w(r) = 2 K(r)’ X(r) 7/0 \/(1 —22)(1 — r222) ,

where X(r) is Legendre’s complete elliptic integral of the first kind and ' =
V1—r2 forall r € (0,1).

The Hersch-Pfluger distortion function is an increasing homeomorphism ¢ :
(0,1) — (0, 1) defined by setting

(4.3) eK(r) = /fl(ﬂ(r)/K) ,r€(0,1), K>0.

Note that with the notation of Section 2, vo(1/r) = 27 /u(r) and ¢k (1) = @k 2(r)
for r € (0,1).

4.4. Theorem ([Vull 11.2]). Let f : B® — R"™ be a non-constant K -quasiregular
mapping with fB" C B and let « = K=" Then

(4.5) thp(f(x)Q, f) goK,n(thp(xz’ Y)) < yi-a (thp(xé y))a7

(4.6) p(f (@), f(y)) < K(p(z,y) +log4)

for all z,y € B™, where A, is the same constant as in (L3). If f(0) =0, then
(4.7) [f(@)] < A%z,

for all x € B™.

In the case of quasiconformal mappings with n = 2, formulas {3 and (L7
also occur in [LV] p. 65] and formula ([@6) was rediscovered in [EMM, Theorem
5.1]. Comparing Theorem 4] to Theorem [[.T0l we see that for n = 2 the expression
K (p(z,)+log4) may be replaced with ¢(K) max{p(z,y), p(z,y)"/ ¥}, which tends
to 0 when z — y and to p(z,y) when K — 1, as expected.

4.8. Lemma. For K > 1 the function

2arth(pg (thi))
max{t, t!/K}

is monotone increasing on (0,1) and decreasing on (1,00).
Proof. (1) Fix K > 1 and consider

_ 2arth(pk (thy))

, t>0.
t

f@®)
Let 7 = ths. Then t/2 = arthr, and ¢ is an increasing function of r for 0 < r < 1.

Then
2arth(pk (thy))  arth(pg(r))
1®) t arthr (r)
Then by [AVVIl Theorem 10.9(3)], F(r) is strictly decreasing from (0,1) onto
(K, 00). Hence f(t) is strictly decreasing from (0, c0) onto (K, 00).
(2) Next consider

2arth(pg (tht))
g(t) = TQ’
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and let r = th%. Then ¢t = 2arthr and
2arths 211/ K arths

t) = =
9(t) 2V/K (arthr)/K  (arthr)V/K 7

where s = @ (r). We next apply [AVVI] Theorem 1.25]. We know - (arthr) =
1/(1—r?).

Writing 7’ = v1 — 12,8 = /1 — s2, we obtain the quotient of the derivatives
21—1/K(1/(1 — 32))% — QUK fr (arthr)l_l/Kﬁi 55/2 f}C(s)z
(arthr)V/E-1(1/(1 —r2)) s'2 K rr'2K(r)?
1_1/}(83{(8)2

rK(r)?

L
K

= 2"V (arthr)

by [AVVI] appendix E(23)]. By [AVVI] Lemma 10.7(3)], % is increasing, and
since K > 1, (arth(r))!~Y/¥ is increasing. Finally, s/r is increasing by [AVVT],
Theorem 1.25 and E(23)]. Therefore, g(t) is increasing in ¢ on (0, co).

(3) Fix K > 1. Clearly

1/K
max{t,tl/K}:{ t for 0<t<1,

t for 1<t<oo0.

Thus Sarth(op (th))
arth(pg (thi
At) = max{t, t1/K}
increases on (0, 1) and decreases on (1, 00). O
8
6
4
Al —log(1.3507(K-1)+K-c(K))
ol

A\

FIGURE 5. Graphical comparison of lower and upper bounds for
¢(K) with b(K) = log(ch(Karch(e))).
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4.9. Proof of Theorem [I.T0l The maximum value of the function considered in
Lemma A8 is ¢(K) = 2arth(¢x (th3)). The inequality now follows from Theorem
L4

4.10. Bounds for the constant ¢(K). In order to give upper and lower bounds
for ¢(K') , we observe that the identity [AVV1], Theorem 10.5(2)] yields the following

formula:
o) =2t o (122)) = s (2200

A simplification leads to

o(K) = —log g1k (1/e).
Next, from the inequality ¢q/x(r) > 2175 (1 + P ErE for K > 1,7 € (0,1) (cf.
[AVVT] Corollary 8.74(2)]) we get with v = log(2(1 + /1 — 1/e2)) < 1.3507

o(K) = —logypik(l/e) < —log (21’K(1 + 41— 1/e2)1*Ke*K)
= o(K-1)+K <13507(K — 1) + K.

In order to estimate the constant ¢(K) from below we need an upper bound for
¢1/K,2(r), K > 1, from above. For this purpose we prove the following lemma.

4.11. Lemma. For every integer n > 2 and each K > 1, r € (0,1), there exist
K -quasiconformal maps g : B® — B™ and h : B"™ — B" with
(a) ¢9(0) =0, ¢gB™ =B", h(0) =0, hB™ = B",
2re 28
b == h =
( ) g(rel) (1+T’)a+(1—'f'/)a7 (7"61) (1+r/)ﬁ+(1_r/)ﬂ7
where ¥ = V1 —12 and o = K/ (=) = 1/8.

In particular, forn =2 and K > 1, r € (0,1),
oK 21/ K
< > .
() k()< AT R+ A="E" K (r) > (577K + (1= )R

Proof. Fixr € (0,1). Let T, : B" — B"™ be a M6bius automorphism with 7, (a) = 0
and T,(B") = B". Choose s € (0,7) such that Ty, (0) = —Ts,(re1). Then
p(0,7e1) = 2p(0, se1) [Vull, (2.17)] or, equivalently, (1+7)/(1—r) = ((1+s)/(1—5))?,
and hence s = /(1 + 7). Consider the K-quasiconformal mapping f : B" — B",
f(z) = |z|* 'z, « = KY(="_ Then f(4se;) = +s%;. The mapping g =
T_sac, 0 foTse, : B® — B satisfies g(0) = 0, g(re1) = tey, where p(—s%ey, s%;) =
p(0,te1), and hence t = 2r®/((1 +7)* + (1 — ' )®) by [Vull (2.17)]. The proof
for g is complete. For the map h the proof is similar except that we use the K-
quasiconformal mapping m : = ~ |z|*'x, 3 = 1/a. Note that m = f~! and
t = 1/ch(a arch(1/r)). For the proof of (¢) we apply (a) and (b), together with
VL, (3.4), p. 64]. 0

4.12. Lemma. For K > 1, ¢(K) > log(ch(Karch(e))) > u(K — 1) + 1, where
u = arch(e)th(arch(e)) > 1.5412.

Proof. From Lemma [ TT]c), we know that
2/eX

o1/ (l/e) < (14 1T—-1/)K + (1— /T 1/2)K
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2
T (et VEDE 4 (- VE-DE
hence
2
o) = —towon(1/0 > -ton (1ot )

+ve? -1
(e+vVe2 —1)E 4+ (e—Ve2 - 1)K
2

= log(ch(Karch(e))) > u(K — 1)+ 1,

log

where the last inequality follows easily from the mean value theorem, applied to
the function p(K) = log(ch(Karch(e))). O
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