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ASYMPTOTIC BEHAVIOR FOR A SEMILINEAR
SECOND ORDER EVOLUTION EQUATION

CHUNYOU SUN, LU YANG, AND JINQIAO DUAN

ABSTRACT. This paper is devoted to the qualitative analysis for a second order
evolution equation uit —Au—Aus—eAug+ f(u) = g(x) (¢ € [0,1]) with critical
nonlinearity. Some uniformly (w.r.t. € € [0,1]) asymptotic regularity about
the solutions has been established for both g(x) € L?(Q) and g(x) € H™1,
which shows that the solutions are exponentially approaching a more regular
fixed subset uniformly (w.r.t. € € [0,1]). As an application of this regularity
result, a family {&c }.¢[o, 1 of finite dimensional exponential attractors has been
constructed. Moreover, to characterize the relation with a strongly damped
wave equation (¢ = 0), the upper semicontinuity, at ¢ = 0, of the global
attractors has been proved.

1. INTRODUCTION

We study the long-time behavior of the following semilinear evolution equation
of second order in time:

uge — Au — Auy — eAuy + f(u) = g(z) in Q x [0, 00),
(Ee) (u(x,0), u(z,0)) = (uo(x), vo(x)),
ulog =0,

where Q C RV (N > 3) is a bounded domain with smooth boundary 05, ¢ € [0, 1],
and the external forcing g(x) is time-independent.

When ¢ = 0, (Ep) is the usual strongly damped wave equation, and its asymp-
totic behavior has been studied extensively in terms of attractors; see [4] [5, [7, [13]
16, 23], 25, 32) B35, 536).

For each fixed g9 > 0, equation (E.,) is a special form of the so-called improved
Boussinesq equation (see [3 [19] 20, BI]) with damped term —Auwu;, which was used
to describe ion-sound waves in plasma by Makhankov [20] 21I] and also known to
represent other sorts of ‘propagation problems’ of, for example, lengthways waves
in nonlinear elastic rods and ion-sonic waves of space transformations by a weak
nonlinear effect (see [3, [10]).

The main purpose of this paper is, based on the global well-posedness results
given in [6] and motivated by the dynamical results in [9} 13| 23] 25] 28] B0, 86}, [37],
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to give some uniform (w.r.t. the parameter e € [0, 1]) qualitative analysis (or a priori
estimates) for the solutions of (EZ)) and then provide some information about the
relation between the solutions of (Ey) and those of (EZ).

This paper is organized as follows. In §2, we introduce basic notation and state
our main results. In §3, we recall some abstract results that we will use later. In
§4, we present several dissipative estimates about the solution of (E), which hold
uniformly with respect to ¢ € [0,1]. The main results are proved in §5 and §6
for g(z) € L?(Q) and g(z) € H™!, respectively. Moreover, as an application, we
construct a finite dimensional exponential attractor and prove upper semicontinuity
of the global attractor in §5.5

2. MAIN RESULTS

Before presenting our main results, we first state the basic mathematical assump-
tions for considering the long-time behaviors of second order evolution equations
and then introduce some notation that we will use throughout this paper:

e f e CHR) with f(0) = 0 and satisfies the following conditions:

(2.1) If'(s)] < C(1 +|s|¥=2"1) forall s€R,
and
(2.2) lim inf s) > =),
|s| 200 S

where \; is the first eigenvalue of —A on H}(Q).

e Let A= —A with domain D(A) = H?(Q)N H}(£2), and consider the family
of Hilbert spaces D(A%/?), s € R with the standard inner products and
norms, respectively, (-, +) p(as/2) = (As/2.) A%/2.) and Il peaszy = | A%/2.|.
In particular, (-, -) and || - || mean the L?(f2) inner product and norm,
respectively. We denote

o H*=D(A=") x D(A'5"), s € [0, 1] with the usual norm

1+s 1+s
1w, )5 = [[A7= ul® + | A= 0]
In particular, we denote H = H® = HZ(Q) x H(Q) and || ||z = || || 30-

e For each (u,v) € H, we define || - |l1: (g,5 € [0,1]) as

1+4s 1+4s

1Cu, 0) 13y = [ A7F ull? + [|AZ 0] + e[ A7 w2,
and define H? as

HE = clj s (H')-

Then (HZ, || - ||l2:) is a Banach space for every ¢, s € [0, 1].
o &.(t) = (u(t),u(t)) for any ¢ > 0.

For clarity, we would like to separate our results into two parts according to the
external forcing g(z) € L?(Q) and g(x) € H~!. For the well-posedness, there is no
essential difference between the cases g(x) € L?(Q) and g(z) € H~! if we work in
the weakly energy phase space H. However, for the asymptotic regularity (and so
the dynamics), there is a big difference: the stationary solutions of (EZ)) will belong
to H2(Q) N HL(Q) if g(z) € L*(Q2), and so one can expect the global attractor A,
will be bounded in H* for this case, but the stationary solutions of (EZ) in general
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will only belong to H}(Q) if g(x) € H~!; consequently the global attractor A. now
will only be bounded in Hg(2) x H}(Q).

Part I: g(z) € L3(Q).

We make the following assumption:

Assumption I. Q C RY(N > 3) is a bounded domain with smooth boundary,

g € L3(Q) and f satisfies @)-Z2) with f(0) = 0.

The existence-uniqueness of solutions for (F.,) has been proven in [27], [38] by
the Faedo-Galerkin method, and then the long-time behavior of the solution of
(Ee,) via proving the existence of a global attractor in H2 under Assumption
I has been discussed by Xie and Zhong in [33, B4]. Recently, Carvalho and
Cholewa [6] presented systematic results including the existence-uniqueness and
long-time behavior of (E.,) by using the semigroup approach in H? (note that (X2 ,
Il - ||Hg0) > (H, || - ||[%) for each fixed €9 > 0). They showed that for each ¢ > 0, the
solution of (EZ) generates a C” semigroup {S.(¢)}+>0 in HY, and also obtain the as-
ymptotic regularity of attractors for the subcritical case, i.e., require the exponent
in (21)) to be strictly less than {2 — 1.

The main result of this part is the following asymptotic regularity.

Theorem 2.1. Under Assumption I, there exist a positive constant v, a bounded
(in H') subset B C H' and a continuous increasing function Q(-) : [0,00) — [0, 00)
such that, for any bounded (in H) subset B C H,

Ve € [0,1], disty(S-(t)B, B) < Q(||Bll3)e” " for all t >0,

where B, v and Q(-) are all independent of €, and {S:(t)}1>0 is the semigroup
generated by (E) in HY.

This result says that asymptotically, for each (EZ]), the solutions are exponen-
tially approaching a more regular fixed subset B uniformly (w.r.t. e € [0,1]).
Moreover, it implies the following results:

(1) For each ¢ € [0,1], {Sc(t) }1>0 has a global attractor A, in H, and

U A: c e (B).

e€[0,1]

(2) For the case g € L™ (e.g., g(x) = f(0)) as considered in Carvalho and
Cholewa [0], Theorem 2.1l means that we have proved [6) Lemma 3.4] for
the critical nonlinear case. Then applying [0, Lemma 3.5 and Lemma 3.6]
(which hold certainly for the critical case), we indeed have shown that [6]
Theorem 1.3] holds for the critical case.

(3) Based on Theorem[Z1] applying the abstract result devised in [9, 14, 22], for
each € € [0, 1] we can prove the existence of a finite dimensional exponential
attractor & in H. Moreover, our attraction is uniform (w.r.t. ¢ € [0,1])
under the H-norm (not only with the #%-norm); see Lemma 510

(4) Since the global attractor A, C &., it also implies that the fractal dimension
of the global attractor A, is finite. Moreover, based on Theorem 21l we
show the upper semicontinuity of A, at ¢ = 0; see Lemma

For the proof of Theorem 2.1, the main difficulty comes from the critical non-
linearity and the uniformness w.r.t. € € [0, 1].
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Part II: g(z) € H .

To prove some asymptotic regularity for this case is more than a dilemma. When
g(z) € H™', we know that in general the solution of the elliptic equation —Awu +
f(u) = g(z) € H~! with u|sq = 0 only belongs to H}(Q2) when f(-) satisfies ([2.1)-
[22). So, in this case, we cannot expect any higher regularity of the attractor (if it
exists) than H}(Q) x H} (), and indeed we will get a result different from Theorem
21

In this part, inspired by more recent results in [I1l, 12 B0], we show that if
we shift the solution (u(t),u:(t)) of (EZ) by a proper (fixed) point (¢(x),0), then
(u(t),us(t)) — (¢(x),0) will be bounded in some regular space for ¢ sufficiently large.

For this, besides (2.I))-(22]), we need to assume additionally that f(-) € C? and
satisfies

N2

(2.3) If"(s)] < {C(l 1Y) N=345, for all s € R,
C N >6,

and

(2.4) f'(s)>—1 forallseR.

At the same time, from the estimates and calculations given in §§3 and 4, we
observe that we only need to estimate for some fixed gy € (0, 1], and for the limit
case (e = 0) we refer the reader to [30]. So, without loss of generality, we fix in this
part € = 1, and take the following notation:

Assumption II. Q C RY(N > 3) is a bounded domain with smooth boundary,

g(z) € H™ and f satisfies 21)-22) with f(0) = 0 and Z3)-@24); take e = 1,
and denote S(t) = S.=1(t) for simplicity.

The main result of this part is the following theorem.
Theorem 2.2. Under Assumption II, for each 0 < a < min{l,% — 1}, there

exist a subset By, a positive constant p and a monotone increasing function Qu(+) :
[0,00) = [0,00) such that, for any bounded set B C H,

disty, (S(t)B, Ba) < Qo(||Bll3)e " for allt >0,

where By, and Q. (-) may depend on «, but p is independent of «, and where B,
satisfies

By ={zeM: ||z = (¢(x),0)[[n~ < Ao < o0}
for some positive constant A,. ¢(x) is the unique solution of the following elliptic
equation:

2.5
(25) olaa =0,

where the constant g > 0 is large enough (will be given precisely in ([G.1))-@E2]) ).

{—A¢ + f(8) +m00 = g(x), inQ,

As an immediate result of Theorem 22, we know that {S(¢)};>0 is asymptoti-
cally smooth (see [I8]) and then has a global attractor A" in H. Moreover, A’ has
the decomposition A" = (¢(x),0) + A” with A” bounded in HT*(Q) x HT(Q)
for any a € [0, min{1, & — 1}). Furthermore, we can show that if the initial data
belongs to (¢(z),0) + H®, then the corresponding solution (u(t),u:(t)) will also lie
in (¢(z),0) + H* for all t > 0 and [|(u(t) — ¢(z), u(t))|lse uniformly (w.r.t. time
t and initial data) bounded; see Lemma
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Remark 2.3. Comparing with Assumption I, Assumption II relaxes the regularity
of the forcing term g(z) to H~! (which is the weakest forcing term if we work in
the weak energy phase space H?), but with the price that we require two additional
technical assumptions (2.3)-(24]). Especially, [24]) is a restriction and stronger
than ([22) to some extent (although it is reasonable for the critical polynomial
nonlinearity case). How to remove such technical assumptions would be interesting.
At the same time, we also remark that assumptions ([21)-(Z2]) are sufficient for the
existence of a compact global attractor in H for the case g(x) € H™! (e.g., see
[25], 29, [36]).

Hereafter, we will also use the following notation (see, e.g., [13]): denote by J
the space of continuous increasing functions J : Rt — R*, and by @ the space
of continuous decreasing functions 8 : RT — RT such that S(co) < 1. Moreover,
C, C; are the generic constants, and Q(+), Q;(-) € J are generic functions, which are
all independent of &; otherwise we will point out clearly. We also denote ||A|x =
sup,ex llolx for any A C (X, - x).

3. PRELIMINARIES

In this section, we recall some results used in the main part of the paper.
The first result comes from [I3], which will be used to prove the asymptotic
regularity for the case g € L?(2).

Lemma 3.1 ([13]). Let X,V be two Banach spaces and {T(t)}+>0 be a C°-semi-
group on X with a bounded absorbing set B C X. For every x € B, assume
that there exist two solution operators Vi(t) on X and Uz(t) on V satisfying the
following properties:

i) For any two vectors y € X and z € V satisfying y + z = x,
Tt)x = Vy(t)y+ Ug(t)z  for anyt > 0.
i) There exists o € D such that

sup [Va(H)ylx < a(®)llyllx, VyeB.
zEB

iii) There are p € ® and J € J such that

sup U (&) zllv < B@|zllv +J(#), VzeV.
zeB

Then, there exist positive constants p, K,w such that
distx (T(t)B, By (p)) < Ke™*'  for all t >0,
where By (p) ={z €V : |z|lv < p}.

Next we recall a criterion for the upper semicontinuity of attractors.

Lemma 3.2 ([I8 26]). Let {Tx(t)}i>0 (A € A) be a family of semigroups defined
on the Banach space X, and for each X € A, let {T\(t)}+>0 have a global attractor
Ax. Assume further that Ay is a nonisolated point of A and that there exist s > 0,
to > 0 and a compact set K C X such that

U Ay C K, and
)\GNA()\(),S)
(3.1) if Ay = Ao and x, — 0 (xn €Ay, as nF#0), then Ty, (to)xn— Th, (to)To-
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Then the global attractors Ay are upper semicontinuous on A at A = X\o; that is,

AaliIEAo dist x (Ax, Ax,) = 0.

We also recall a Gronwall-type inequality; for the proof, please see [17].

Lemma 3.3. Let A : Rt — RT be an absolutely continuous function satisfying
d
EA(t) +2nA(t) < h(t)A(t) + k,

wheren >0, k > 0 and fst h(r)dr < n(t—s)+m for allt > s > 0 and some m > 0.
Then,
m _—nt kem
A(t) < A(0)e™e ™ + —, Vit>0.
n

4. UNIFORMLY DECAYING ESTIMATES IN H

In this section, we always assume that only (2.1)-(2.2) hold, and g(x) only
belongs to H~! (so all results obtained in this section certainly hold for the case
g(x) € L2(2)).

The main purpose of this section is to deduce some dissipative estimates about
the semigroups {S:(t)}1>0 (e € [0,1]) in H.

The existence of a bounded absorbing set for {So(¢)}1>0 in HE(Q) x L2(2) was
established in many references under the assumptions (ZI))-(22); e.g., see [2, [
23]. Recently, Pata and Zelik [25] showed further that indeed there is a bounded
absorbing set for {Sy(t)}1>0 in H, and the authors in [0} [33] obtained the existence
of a bounded absorbing set for each fixed ¢ € (0,1]. Here, using the method in
[23, 25] for a strongly damped wave equation, we will show that the radius of the
absorbing set of {S.(¢)}:>0 in H can be chosen to be independent of € € [0, 1].

Lemma 4.1. There exists a positive constant M, which depends only on |Q],

llgll -1 and the coefficients of RI)-22), satisfying that for any ¢ € [0,1] and
any bounded (in H?) subset B C M2, there is a tp = t(||Blyo) > 0 (which depends

only on the bound of ||Bl|+0o) such that
|S-(t)2||2, < M for allt >tp and all z € B,
where both tg and M are independent of € € [0, 1].

Proof. Throughout the proof, the generic constants C,C; (j = 1,2,---) are inde-
pendent of ¢, and II; denotes the projector from X; x X5 to X;, 1 =1,2.
For clarity, we separate the proof into three claims.

Claim 1. There exists an M (independent of B and ¢) such that, V e € [0, 1],
(4.1) [IS-(t)Bll30 = ”Sa(t)B”?—Ié(Q)><L2(Q)+€||H238(t)BH%{3(Q) <M ast>Tp,
where T1p = T1(||B||30) depends on || B|[30 but not on e.

Multiplying (Eg) by us + 6u (here and after, note that the multiplication holds
in a Faedo-Galerkin scheme; however, due to the global well-posed result given in
[6], the estimates hold in the limit) with < 1, which will be determined later, we
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obtain that

d
(4.2) 2 Era(t) +2G1u () < 2 Vurllgllz-1 + 20 Vulllgll a1,

where
By (t) = [Jug(t) + Ou(t)||* + €|V (us(8) + 0u(®)|* + (1 + 6 — 6°) [ Vu(t)]|®

— 2 u 2 u X
02||u(t)| +2/QF< (t))dz,

Gru(t) = (1= 20)[[Vue(t)[|* = 0w (t) > + 0] Vu(®)[|* + 9/{}]”(“(15))“(15)6196
and
u(x,t)
Plu) = /0 F(s)ds.

Then, from assumptions (2.1)-(22]) and using Poincaré’s inequality, we have
(4.3) Er(t) < Cr(JJuel? + el Vue?) + Cao (1 + [|Vu| ¥52)

and
A, .
(4.4) F(s) > 55 —a for all s € R with some A € (0, A1).

Noting that ||z + y||? > ||=]|? — ||y||? holds for any z,y € L*(Q), we have

1
2

_292+)\
A

1
(4.5) Eq,(t) > 5(\|ut||2 +el| Vg |?) + (140 — 6% — 6>
1

NIVull® - 2¢1/9,

where the positive constant ¢; depends only on f(-) (from (44)).
For G1,(t), we have

0 A
(4.6) Gru(t) 2 (1 -6 — /\—I)IIVWII2 +0(1- /\—I)IIVUII2 — 2|0,

where A € (0, \1) comes from ([22)) and the constant ¢ depends only on f(-).
At the same time, by the Cauchy-Schwarz inequality, we have
(4.7)

0 A
2|\ Vur|llglsz -2 +201Vullllgll g < (1—9—/\—1)||VUtH2+9(1—)\—1)||VUI|2+00||9||§{—1~

Substituting ([@6]) and (@) into (@2), we obtain
d 0 A
(48) —Ew(t)+(1 -0~ )\—1)||VWH2 +0(1 - /\—1)||Vu||2 < Collgllz- + 20c2|Q.-

Hence, we first take 6 small enough such that

202 + X 0

(4.9) 1460 —26% — >Oand1—9—>\—>0,
1

1
and then applying the Gronwall-type inequality, [23) Lemma 1], to [@8]), and com-
bining with (3] and (LX), we have

(4.10)

Ey1.(t) < sup sup {Eg(z) 2 0)|2113,0 < 2Cs]|gl|3- +402|Q\} for all (ug,v9) € B
€€[0,1] zEHQ ©
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provided that

2N
2

yo 20+ CalBllag + Coll+ 1Bl )
= Collgll%, s + 2¢2]9] ’

where 6 = min{(1 — 6 — )%),9(1 - /\%)} and (from [{@3)

N

E(2) = Clzll3g + Co(1+ |l2ll30) ¥

for any z € HY.
Then, noticing (@35 and [@9), Claim [ follows from (I0) immediately.

Claim 2. There exists an M5 (independent of B and ¢) such that

(4.11) Veelo], / 1ML (5) B2y oy ds < Mo,

Tp
where T} is given in Claim [l

Multiplying (EZ)) by u:, we have
(4.12)
1d
Su (lue]® + [ Vul® + e Vue||* +2 /Q F(u)dz —2(g(x), u) g3 (o, m-1) + [[Vue][* < 0.
Then, for any ¢t > T)p, integrating ([LI2) over [Tip,t] and using Claim [ we
have

t N
| ML (6) By s < 2000 + 20l +2C7 (10 + 217,

T

where the constant C’ depends only on the constant C' in (21]).
Claim 3. There exists an M3 (independent of B and ¢) such that

(4.13) Veelo1], ||H256(t)B||§,é(Q) <Mz ast>Tip+1.
Similar to the proof of |25, Lemma 3.5], multiplying (EZ]) by w4, we have
d
(4.14) g Pu(t) + 2] une? + 2¢l|Vuw|* = 2[ Vg |2 + 2(F (w)ug, we),

where (-, -) is the L%-inner product and
Eau(t) = [ Vue(0)|1* + 2(Vu, Vug) + 2(f (u), ur) — 2(g(), ue) 2 (), -1
Then, as t > Ty g, using Claim [l and (21]), we have

d N
(4.15) EEzu(t) + 2||ut,5||2 + 26||Vutt||2 <C(1+ MIN’Q)HVutH2
and
(4.16)

1 N N
5IIVUtH2—C1(1+1\41N_2 +gllFr-1) < Bau(t) < 2 Vel +Co(1+ M + [ gll7-1)-

On the other hand, from Claim 2l we know that for each (ug,vg) € B, there is a
time tg € [T15,T1p + 1] such that

(4.17) ITL2S- (t0) (w0, v0) 1771 () < Mo,

where to depends on (ug, vo).
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Therefore, as t > Typ + 1, for each (ug,v9) € B, integrating [@I5) over [to, ]
and applying (Z10)-(@IT), we obtain that

1 t
§||Vut(7f)||2 + 2/ (st ()11 + el Vuuge (5)[|*)ds
Tip+1

N

N
< 2My + (C1 + Co) (14 M¥ 2 + |lgllzr—1) + C(1+ M7 ) My;

this show that Claim Bl holds.
Now, we can complete our proof by taking

M=M,+Ms andtp="Tip+1.

O

Remark 4.2. Observe that from (£I), (£8), (£3) and (@H) we can also deduce
that, for any ¢ € [0,1] and any B C H?,

(4.18) 1S:()Bli30 < Q(IIBll3e) for all £ >0,

where Q(-) € J is independent of B and ¢.
Moreover, if B is bounded in H, then we can obtain

(4.19) Veel0,1],t >0, [S:(t)Bl} < Cjpj
for some constant Cjgy,, which depends only on || B||3. Indeed, from the fact that
there is a constant ¢; such that 1]l - |l > || - [|ge for any e € [0,1], @IT) can

be obtained just by repeating the proof of Lemma ET] and taking to = 0 in ({I7)
since B is bounded in H.

On the other hand, from the proof of Claim [Blabove, we can get further estimates
about uy:
(4.20) Ve €[0,1], / (Jlwge (8)]]? + €| Vuge(s)|*)ds < Mz for all (ug,vo) € B.
Tip+1

Then, similar to [25] Lemma 3.6], we indeed can deduce the following estimates:
Lemma 4.3. There exists an My such that for any e € [0,1] and any bounded (in
HY) subset B C HY,

t

e (D2 + el Ve (8)]|2 +/ Vau(s)|2ds < My for all t > Top + 2,
Tip+2

where (u(t), us(t)) = Se(t)(uo,vo) ((wo,v9) € B), Tip is the time given in Claim [,
and My is independent of B and €.

For later applications, we present some Holder continuity of {Se(¢)}:>0 in HY,
which has been obtained in [6] for each fixed € € (0,1] and [23] for € = 0.

Lemma 4.4. For any ¢ € [0,1] and any bounded (in HC) subset B C HY, there is
a constant C| gy, , which depends only on ||B|yo such that

C t
(4.21) |Se(t)21 — Se(t)22llpe < e 11997 12, — 2allpe, V>0, 2z, € B
and

c t 1
(4.22)  [|S:(t)z1 — Sc(t)z2lluw < e 7|z — 2|20, VE>Tip +2, 2 € B.
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Proof. Let (u'(t),ui(t)) be the solution of (E]) corresponding to the initial data
z; € B. Then the difference @ = u' — u? satisfies

(4.23) Uy — Aty — AU — Aty + f(u') — f(u?) =0

with initial data (@(0), @(0)) = 21 — 22.

Then, as that in [23], we can obtain (421 through multiplying (@23]) by u.
(where we need to use (£IT)).

For (£22)), when t > T + 2, we have

Va1 < el llael + 1ValIVal + el Vaell Vael| + Carl|Val [V,
and then, combining with Lemma [£3] and (£.21]), we have

| - _ _ _
TIVaOIF < vMu(lla] + VE Vi) + CallVal?

c t 2C t
</ Mye "Mz — z2||no + Cme I 2 — 22”?{(;
< Cuan €Mz — 22|ly0 as t > Tip + 2,
which, combining with (ZZI)) again, implies ({22 immediately. O

Hereafter, we denote the uniformly (w.r.t. ¢ € [0,1]) bounded absorbing set
obtained in Lemma Bl as By, i.e.,
(4.24) By={z€H: |23 < M},

and denote by Ag the time such that Lemma 1l and Lemma .3 hold for By; i.e.,
t
(4.25) ||Sa(t)30||3¢+||uﬁ(t)||2+€||Vuzet(t)||2+/ [V (s)||Pds < M = M~+M,
Tip+2

holds for any ¢ € [0,1] and all ¢ > Ag. Moreover, similar to Remark B2 noting
now that By is bounded in H, we have

(4.26) Ve e[0,1], [|Se(t)Boll3, < Car for all t > 0.

5. PArT I: g(z) € L*(Q)

Throughout this section, we always (only) assume that Assumption I
holds.

5.1. Decomposition of the equation. For the nonlinear function f satisfying
EI)-22), from [I] (see also [13} 23, 28] B5] for our situation) we know that f
allows the following decomposition f = fo + f1, where fo, fi € C}(R) and satisfy

(5.1) [fo(u)| < C’\u|% for all u € R,
(5.2) fo(w)u >0 forall u € R,
(5.3) [fi(w)] <C+ul) forall ueR,
(5.4) lim inf hilw) > —A1.

lu|—2o00 W
For example, from (Z2) we know that there are s; > 0 and A < A; such that
fluw)u > —u?  as |u| > sq,
and from (ZI]) we know that there is a constant C; > 0 such that

N+2
2

If(w)] < Ch(L+ [u|¥=2) < 201 |u| V=2 as |u| > 1.
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Take the cutoff function ¢(+) : [0,00) — [0, 1] as follows:

1 ass>s1+2;
p(s) =
0 ass<s;+1.

Then, we can take fo(s) = @(|s|)(f(s) + As) and fi(s) = f(s) — fo(s), V s € R.
We will follow the idea (method) in [23], 28] 35, B7] to deduce the asymptotic

regularity. Decomposing the solution S, (t)(ug,vo) = (u(t), u:(t)) into the sum

(5:5) Se(t) (uo, vo) = De(t)(uo, vo) + K= (t)(uo, vo)

for any ¢ > 0 and any (ug,vo) € H, where D.(t)(ug, vo) = (v(t),v:(t)) and

K (t)(ug, vo) = (w(t), ws(t)) are the solution of the following equations:

{’Utt — Avy — Av — eAvy + fo(v) =0 in Q x [0, 00),

(56) (0(0), 5(0)) = (uo, v0)s vlon = O,

and

5.7) wir — Awy — Aw — eAwy + f(u) = fo(v) = g(z) in © x [0, 00),
(w(0), w¢(0)) = (0, 0), wlan = 0.

Applying the general results in [6], we know that both (6] and (57) are global
well-posed in H, and {D.(t)};>o also forms a semigroup.

Moreover, as in §3, we can deduce a similar estimate for {D.(t)}+>0 in #H, and
so {K:(t)}+>0 (from (BH): There exist constants Cps and A; such that for any
e € 10,1] and any (ug,vo) € By,

t

(5.8) [[D<(t)Boll3, + ||Utt(t)\|2+€||Vvtt(t)|\2+/ [Vvie(s)][?ds < M as t > Ay
Tip+2

and
(5.9) Ve € 0,1], |D(t)Boll3 + | K-(t)Bol|3, < Cpr  for all t > 0.

5.2. The first a priori estimate. We begin with the decay estimate for the
solution of (&.6]).

Lemma 5.1. There exist a constant k > 0 and Q(-) € J such that
| D (t)Boll3, < Q| Bollz)e ™ for allt >0 and any ¢ € [0,1],
where both k and Q(-) are independent of € € [0, 1].

Proof. Multiplying (58) by v: + 6v, we have

(5.10)

d
& Byo() + 200V + Vo] + 9/ vfo(v)dz) = 2(v, + 0v, 00, — 0Aw),
Q

where Es,(t) = [lvy + 00> + (1 + 0)|| Vo[> + || V(vs + 00)||* + 2 [, Fo(v)dx and
Fy(v) = fov fo(s)ds.
Then, using (5.2), we have
1 62
§||”t||2+(1 +0 6%~ /\—1)||VUH2 + e[| Vo |2

(5.11) < Ba(t) < 20vel® + 26| Ve |2 + Con, Vo1 + 2/ Fo(v)da
Q
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and
(5.12)
1201 + 00, 00, — 02| < 20(|lunll? + [IVerll? + Ollolloel] + 0T [V ])-

Note that, from (1)) and (9], we have

2N

(5.13) 0< / Fy(v)dw < C(|[vl* + [lv]¥=2) < Cor[| Vo[,
Q

Hence, by taking 6 small enough, we can deduce from (B.I0) that

d
EESU(t) + CM,/\179E3v(t) S 07

where the constant Cyz,x, ¢ depends on M, A; and 6, but not on €, which, combining

with (BIT)) and (&I3), implies that

1 62
Sl @I+ +6 - 6% - )\—I)IIVv(lf)II2 + el V()12

4
(5.14) < e’cM=*1~9t(A—1\|Vvt(O)||2 + (146 +26% +2C)||[Vo(0) ).

Now, to complete our proof, we multiply (&.6]) by v; and obtain
IVuil[? < —(vie, vr) + (Av,vp) + (Do, vi) — (fo(v), ve)
N2
<losellllocll+ Vol Vol +ell Vo [ Vorl |+ Cllollvel [+ ClI Vol ¥=2 | Vo,
which, combining with (5.8)-(5.9]), implies that
190l < 2V/E (o]l + VEIVurl) + Capar IV0)? a5 t > As.
Therefore, combining with the estimates (5.14]), we can finally deduce that

CM, 2,0

V0l < Cirarnpe™— 2o L+ Cayel|[Vo? as ¢ > Ay,

which, combining with (5.I4]) again for the estimate of | Vv (#)||? and using Lemma
below with (3], allows us to complete our proof by taking k = w and
some increasing function Q(-). O
Lemma 5.2. Let {S(t)}:t>0 be a continuous semigroup on the Banach space X,
satisfying
IS®)Bllx < Qu(Bllx)e™" ast >to, and [{S(t)B: t > 0}|x < Q2(||Bllx)-
Then
1S#)B|lx < Qs3(||Bllx,to)e ™ for all t > 0.

Its proof is obvious and we omit it here.
The next estimate is about the solution of (&.71):

Lemma 5.3. There exist k1 > 0 and Q(-) € J such that for any t > 0 and any
e €[0,1],

15 (1) Boll3z < Q|| Bollz)e",
where both ki and Q(-) are independent of € € [0,1], and o = $ min{1, 5 — 1}.

Proof. Multiplying (7)) by A%w(t) (recall that A = —A), then the proof is the
same as that in [28, Lemma 4.2]. O
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Based on Lemma Bl and Lemma B3] following the idea in Zelik [37], we can
now decompose u(t) as follows (the proof is completely similar to that in [28] 35}, B7]
since the estimates in Lemmas 6] and 5.3 hold uniformly w.r.t. € € [0,1]):

Lemma 5.4. Let (u(t),us(t)) be the solution of (EZ) corresponding to the ini-
tial data (ug,vo) € By. Then, for any n > 0, we can decompose (u(t),u(t)) =
Se(t)(ug,vo) as

u(t) = v1(t) +wi(t), forallt >0,
where v1(t) and wi (t) satisfy the following estimates:

t
/ [Voi (7)||2dr < n(t — s) + C,, for allt > s >0,

and "

A= wi()|]? < K, for allt >0
with the constants C, and K, depending on n, ||Bo|l» and ||g||, but both are inde-
pendent of € € [0, 1].

5.3. The second a priori estimate. The main purpose of this subsection is to
deduce some uniformly asymptotic (w.r.t. € € [0, 1] and time ¢) a priori estimates
about the solution of (E)).

Lemma 5.5. There exist positive constants v, R >0 and Q1(-) € J such that for
each € € [0,1], there is a subset B. C HL satisfying
(5.15) IBell3n = sup_ {[|Aul® +[|Vo[* + ]| Av|*} < R
(u,v)€Be
and the exponential attraction

(5.16) dist0 (Se(t)Bo, B:) < Q1(||Bolla)e™""  for all t > 0.

Here, all 7, R and Q:(-) are independent of € € [0,1], and distyo(-, ) denotes the
Hausdorff semidistance with respect to the H2-norm.

This lemma shows some asymptotic regularity of {S.(¢)};>¢ for each fixed ¢ €
[0,1]. Combining with the attraction transitivity lemma established in [I5, Theorem
5.1], there are at least two ways to prove this lemma: one is as that in [28] B3]
to apply the idea introduced in Zelik [37]; another one is the method introduced
recently in Conti and Pata [I3]. Here we will use the method in [I3].

Proof of Lemma B3l Tt is convenient to separate our proof into three steps. We
emphasize especially that all the generic constants in the proof are independent of
E.

Step 1. We first claim that (recall ¢ = 2 min{1, % —1})
3 vs,Ry > 0 and Q,(-) € J such that for each ¢ € [0,1], there is a subset
B, . C HZ satisfying
= lto o 1to
1Boclzee = sup {IIAT= ul® + |AZ0|* + e A= 0]*} < R,
(u7v)€BG,E
and the exponential attraction
disty0 (Se(t) Bo, Bo,e) < Qo (|1 Boll#)e™ """ for all t > 0.

We will apply Lemma B with X = H? and V = HZ (note that By C H? for any
e €10,1]).
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Based on LemmasBIland 53] the proof of the above claim is completely similar
to that in [I3] for a strongly damped wave equation. From (B.I) we can write

(5.17) fo(s) = sip(s) with [g(s)| < C|s|¥2.

For any x € By and y € HY,z € HZ satisfying 2 = y + 2, we decompose the
solution of (EZ)) as Sc(t)x = VE(t)y + U:(t)z, where

Vi(t)y = (0(t),0:(t)) and UZ(t)z = (w(t), wy(t)),

which uniquely solve the following equations, respectively:

(518) {@tt — AG — AG — eATy = hy,
tlaa = 0, (9(0),7:(0)) = v,
and
(519) {wtt—Awt — AW — AWy = ho,
W|ao =0, (w(0),w(0)) = z,
with
(5.20) h1 = —=0p(v) and hy = g(z) — f(u) + vp(v),

and v(t) is the solution of (B corresponding to the initial data x.
From (B1), &3), (GI1) and Lemmas Bl B3] we can directly calculate that

_ _4 —k _
(5.21) 1hall, g2, < CIVO[[[IVo]|7== < Cire vl
and similarly
(5.22) lhall | oan < Crre FHAZ 0| + Cprett,

where we only have used the embedding H(Q) — L¥72(Q), D(AS") <
V57 (©) and D(APTU) < [¥ 35 () (which are independent of €).

Hence, multiplying (5.I8)) and (519) respectively by ©; + 60 and A (w; + 6w),
through some similar calculations as that in the proof of Lemma Il (see also the
proof of 13| Theorem 4.3]), we can verify that all the conditions of Lemma Bl are
satisfied for the case X = H?, V = HZ and T'(t) = S:(t). Moreover, since there is
a c; > 0 (independent of ) such that ¢, [|Bo|| > || Boll#o for any e € [0, 1] and the
constants in our estimates are all independent of ¢, consequently, v,, R, and Q. ()
are all independent of € € [0, 1], we can then deduce our claim.

Step 2. We claim that B
there exists a positive constant R, which depends only on R, such that

Vee[0,1], [[S:(t)Boclde < Ry for allt > 0.

This claim can be proved completely similar to that in [28, Lemma 4.5] via mul-
tiplying (EZ) by A%(u; + 6u), and applying Lemma [5.4] to overcome the critical
nonlinearity.

Step 3. Based on Steps 1 and 2, applying the attraction transitivity lemma given
in [I5, Theorem 5.1] and noticing the Holder continuity Lemma 4] we can prove
our lemma by performing a bootstrap argument, whose proof is now simple since
Step 1 makes the nonlinear term become subcritical to some extent (e.g., see [29]
for some similar calculations). (]
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5.4. Proof of Theorem 2.1l Lemma has shown some asymptotic regularity;
however, the radius of ||B.||31 depends on e and the distance only under the H2-
norm.

To prove Theorem [2.1], we first give two lemmas as preliminary.

Lemma 5.6. There exists Ry > 0 such that for any bounded (in H!) subset B C
HL, there is a Ty = T1(||Bl|31) such that

Veel01], [S-(t)Blfn < Ry forallt >Th.

Proof. Multiplying (EZ) by —A(u; + 6u) and taking 6 small enough, we have
d
= (19 (s + 6w + (1 +0) | A0l + <l| A e + 0u)|2) + Cal| Aur]|* + [ Au?)
(5:23) < CulglP+C [ (1+1ul73)[Tul(Vue] + [T,
Q

Then, as that in [29, Lemma 5.5], applying Lemma [5.4] we can deal with the
nonlinear term and finally complete the proof as an application of the Gronwall
inequality. (Il

Lemma 5.7. There exists Ry > 0 such that for any bounded (in HL) subset B C
HL, there is a Ty = To(||B31) such that

Veel0,1], |Sc(t)B|3: < Ry forallt > Ty.

Proof. From Lemmal5.6labove, we only need to estimate that the bound of || Auy||?
is independent of € € [0, 1].
Multiplying (EZ)) by —Awuyy, we have

1d
(5:24) 5 Bat) + [ Vuul® + el uarl = [ Auel = ~(f (w)ur, Aug),

where Ey, (t) = ||Aug||? + 2(Au, Aug) + 2(Auy, g) — 2(f (u), Auy).
Note that, as t > T1(||B||3:1) (given in Lemma [B.6), we have
[(f (wur, Auy)| < C/(l + ] 72 ) || Ay dr
Q
< Clluell + IVulll| Auel )| Auel| < Oy, ry || A
and
1
F1Aw O = 4 Al + llgll* + 1f (@)*) < Eau(?)
< Al Au ()4 Aul*+ g+ f (w)]]*.

At the same time, applying Lemma again and integrating (2.23)) on [t,t + 1]
yield

t+1
/ | Auy(s)||?ds < Cr, for all t > Ty (|| Bl|3)-
t

Hence, we can complete our proof by applying the uniform Gronwall lemma to

G29). O

Now, we are ready to prove Theorem 211
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Proof of Theorem 21l Set
(5.25) B={zeH: |25, < Rz},

where the constant Ry comes from Lemma [B.7] above.

From Lemmas 5.1 and 5.5, we know that there is a ¢y such that S.(t)B. C B
(recall that B, is given in (5.I5])) for all t > ¢4 and any ¢ € [0, 1].

On the other hand, note that

(5.26) cll - flue < |-l < cafl - [lae for all € € [0, 1],

where c1, ¢z > 0 are independent of e. Then, from LemmaIﬂL there exists t; which
depends only on || Byl[# and || Bc||#: (so only on M, R) such that
(5.27)

1 _
Vee[0,1], ||Se(t)zr — Se(t)za|ln < eCrY||z1 — 22130, Yt > 11, 21 € By, 22 € B.
and

Vee€[0,1], S-(t)Bop C By for all t > ¢;.

Therefore, from Lemma [B.5], we have

diStH(Sa(t +to+ tl)Bo, B) < diSt'H(SE(t +to + tl)Bo, Sg(to + tl)BE)
< CM,R,tO+t1 diSt%g (Se(t)Bo, Bs) (by (B27))

< CM,R,t0+t1 V QI(HBOHH)G_%tv Vit=>0.

Hence, noting that ¢, ¢, and R are all fixed, we can complete the proof by taking
v = & and applying Lemma O
5.5. Applications of Theorem [2.I1 As the application of Theorem 211 in this
subsection, we consider the existence of finite dimensional exponential attractors
and the upper semicontinuity of global attractors.

5.5.1. A priori estimates. For the subset B defined in (B.25]), from Lemma Adland
Lemma &3] we know that there is a ¢ such that
(5.28)
Ve e[0,1], |Vue(t)||? + |Juee]|® + el Vuge (£)]|2 < M + My for all t > tg, (uo,vo) € B,
where (u(t), u¢(t)) = Se(t)(uo, vo).

Now, for each ¢ € [0,1], define B. as follows:
(5.29) B.= [J S-(t)B,

t>tg+To

where T3 is the time given in Lemma [ corresponding to B. Then, for each
e € [0,1] we have that B is positive invariant under S.(t) (i.e., Sc(t)B: = B,
YVt >0) and (from Lemma [B.7)

(5.30) Veel0,1], |Be|2n < Ro.
Moreover, we have the following results:

Lemma 5.8. There exists a T > 0 such that for every e € [0,1], the semigroup
Sc(t) satisfies the following properties: Sc(T) admits a decomposition of the form

Sg(T):L5+NE, Lg: BE%H‘E:% NE: BE_)H;Y7
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where L. and N, satisfy the estimates

1 R
(5.31) 1Le(21) = Le(z2)me < llon = z2llme, ¥ 21,22 € Be
and
(5.32) IN=(21) = Ne(22) 2 < Cy 7ll21 — 22ll3, V21,22 € B,

with the constant Cg, 7+ which is independent of € and

1, N=3456
(5.33) "}/:{’ P G ]

5, N>6.

Proof. For any two initial data z; € B. with solution S.(t)z; = (uf(t),ui(t)) (i =
1,2), we decompose the difference S, (t)z1 — Se(t)z2 as follows:

Sg(t)zl - Sg(t)ZQ = Le(t)(zl - 22) + Ng(t)(zl — 22),
where L. (t)(z1 — z2) = (0(t), 9(t)) solves
(534) ,ﬁit - Af'}t — AV — EA’ljtt ~: O,
(9(0), 9:(0)) = 21 — 22, ]oq =0,

and N (t)(z1 — 22) = (w(¢), ws(t)) solves
(5.35) Wy — Dby — A — ey + f(ut) = f(u?) =0,

. (QZJ(O), ﬁ)t(O)) = (0,0), UN)|BQ =0.

In the following, for clarity, we decompose the remainder proof into two steps.
Step 1. Similar to the proof of Lemma [d4] for (5.34]) we can deduce that

IL(t)z1 = Le(t)2all300 = [[(B(1), 8:(8)) 30 < QUUIBE]l20) |21 = 225061,

where the constant p; only depends on the first eigenvalue A;. Hence, by taking
T’ > 0 large enough, we have

1
(5.36) |Le(t+T")z1 — Le(t + T) 22 30 < ZHZl — z2||3o for all £ > 0.

Step 2. For w(t), multiplying (358 by AVw:(t) (where 7 is given in (B33)) we
obtain that

| =

14~y

X oo 1ty 1ty 1ty
(A7 @ + AT @ + el AT *) + A7 b
+{f(uh) = f(u®), AVi,) = 0.

Case 1. N = 3,4. Then using the embedding D(A) — LP(Q) for any p > 1, we
have

1
2

U

[(f(u') = f(u?), Adg)| < O+ [ut | 722 + Wl 722 IV (' — ) ||| Ad|
< Cr,|IV(u' — u?)|||| Ay |
< Crye 2|21 — 20|00 || Ade |

1 -
< COr.illz1 = 230 + §||Awt||2,

where we have used (530) and (@2T]).
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2N

Case 2. N = 5,6. Since 2% < 2 and embedding D(A) < L¥-4(12), we also
have

() = F2), Ad)] < OO+ [t | 527 + | 52V (! — o) e

1 -
< Cry illzr = 230 + §||Awt||2~

Case 3. N > 6. Noting that 1 = =2 + N- 25\1, v 4 4 S22 and i - —42—]\2]'1 =28

we have
1 2 . 1|73 2| N3 1 L
[(f(ul) = f(u?), AVoy)| < C(1+ bl y2® + lu?] 722V (u! — o) || A7 @ |
1, 149 _
< Cryillzr = 250 + §||A_21wt||2-

Therefore, for any N > 3, we have

d . PES 14y PES
L (ARl + A 0l + A ) + |4 P

< 2Cg,lz1 — Z2||Hg for all t > 0,
which, noting that (@(0), w:(0)) = (0,0), implies that
l(0), @Dl = [AF @O + |4 @(0)]* + e A7 @(t)]*
(5.37) < CRytllz1 — Zz||%g for all ¢t > 0.
Hence, taking
T=T and L. = L.(T), N.=N.(T),

then, from (530) and (E3T), we can see that 7, L. and N, satisfy (B31)- (IE{ZI)

respectively.

Lemma 5.9. For an arbitrary fized time T > 0 and any € € [0, 1], the semigroup
Se(t) is Lipschitz continuous on [0,T] x Be in the following sense: there exists a
positive constant Cr g, such that for any z; € B, t; € [0,T),i = 1,2,
(5.38) 1S(t1)21 — Se(t2)22llno < Crry ([t1 — ta| + [|21 — 22]l210).-

Proof. Obviously, we have

[Se(t1)21 — Se(ta)2zllno < [1Se(t1)21 — Se(t2)z1llao + [|Se(t2)z1 — Se(t2)zallaeo-

Note that

to
<

H2

4 Se(t)z1ds

S.(t — S (t 0=
[|S=(t1)21 (t2)z1 0 ’ @

to d
| 150 s

Then from (528) and (E29) we can deduce

[[Se(t1)21 = Se(ta)z1|lme < VM + Mylty — taf,

which, combining with (£21]), implies (5.38) immediately. O
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5.5.2. Ezponential attractors. Based on the preliminary lemmas given in §5.5.1,
we are now ready to prove the following result about the existence of exponential
attractors.

Lemma 5.10. Under Assumption I, for every e € [0,1], there exists a compact
subset E. C HY, uniformly bounded in H*, which satisfies the following conditions:
(i) & is semi-invariant with respect to the semigroup {Se(t)}i>0, that is,

Sc(t)E C & forallt > 0;
(ii) the fractal dimension of & is finite, that is,
dimp (&, H) < A: < o0, Vee]|0,1];
(iii) for each € € [0,1], & enjoys a uniform exponential attraction property of
the form: for any bounded (in H) subset B C H,
disty (S=(t) B, &) < Qc(||Blls)e™", V> 0.
Here, A and Q.(-) may depend on ¢, but V' is independent of .

Proof. For each ¢ € [0, 1], we know that B. is invariant and compact in H?. Hence,
applying the abstract results established in [9] 14} 22] (or see [23] Lemma 9]), from
Lemmas and we can first construct an exponential attractor on B. with
respect to the H2-norm. Then, we can complete the proof, by using the attraction
transitivity lemma given in [I5] Theorem 5.1] from Lemma and the Holder

continuity (£22)). O

Remark 5.11. Indeed, as shown in [9, Proposition 2.7, Corollary 2.8] the upper
bounds of the fractal dimension of & can be specified explicitly only by

0
N, (B™:(0,1)) and the constant Cg, 7 given in (5.32). Here N, (C) denotes
SCRQ,T

the smallest number of 7-balls in V' needed to cover C', B*:(0,1) is the unit ball
in H2 and ~ is given in (B33).
5.5.3. Upper semicontinuity of global attractors. Since A. C &, (ii) of Lemma 510

implies that the fractal dimension of the global attractor A. is finite too. Moreover,
we have the following upper semicontinuity result of A, at € = 0:

Lemma 5.12. Under Assumption I, the global attractors {Ac}ecpo1] are upper
semicontinuous at € = 0:

disty(Ae, Ag) =0 ase— 0%,

Since the global attractor A, is strictly invariant, i.e., Sc(t) = A, for all t > 0,
it is obvious to see that
(5.39) U A. C B and compact in H.

e€[0,1]

Therefore, to apply Lemma B2] we can take K = cly1(B) and we only need to
verify condition (B).

Let ¢ € (0,1] and (G(t), 4 (t)) = Se(t)ze with z. € Ag; also let (9(¢), 0¢(t)) =
So(t)zo with zp € B. Denote w(t) = 4(t) — 0(t). Then @ solves the following
equation:

(5.40) {ﬁ’tt — A — Ay + f(@) — f(D) = eDdy,

(’II}($,0), UA)t(J?,O)) = Ze — 20, UA)|(-)Q =0.
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Multiplying (540) by w;, we obtain that

1d, . R . . . . R
3 g7 liel? + V1) + [Vl + (76 = F(6), i) = = [ Vit - V.
Therefore,
d . . . . N .
(5.41) %(lez HIVDI?) + [Vel* < Oy, VN + %[ Ve |-

Since z. € A, from (5.28)) we have
el Vi (t)|)> < M + My for all t > 0.
Hence, integrating (5.41]) over [0, t], we have
(5.42) [ (D> + [IVOO* < Cppae.e (122 — 20l 73 yx2(y +€)  forall t > 0.
Moreover, we also have
IV (1 < Mloeel[[e]l + IV V]| + € Ve[| Vibel| + Cpapo, I VDI V|

Then, from Lemma B3] and using (5:42), we know that there is a t; = ¢1(||B||%)
(which is independent of €) such that

IV (t1 + 1)[1? < Cppjos.ts (122 — 20l 2 0y x22(02) + €),
which, combining with (£42]) again, implies
(5.43) if e, = 0" and A., > 2, — 20, then S._(t1 + 1)z, — So(t1 + 1)20.

Proof of Lemma BEI21 From (539) and (E43), the proof is a direct application of
Lemma O

6. PART II: g(x) € H~!

Throughout this section, we always assume that Assumption II holds.
We first recall a simple result (its proof can be found in [30]) about an elliptic
equation:

Lemma 6.1. Let f(-) satisfy 1) and let Z4), and let ug be the solution of the
following elliptic equation:

—Au+ f(u) +0u=g(z) e H ' inQ,
ulon =0,

where 0 > 1. Then
[Vugl] =0 as 6 — oo.

Then, as in [30], combining with Lemma [6I] we can take 7o (in (Z3])) large
enough such that (recall that ¢(z) is the unique solution of ([23]))

(6.1) %HV@H? +2(h(p + ¢) = h(9), v) — (W ($)p, ¢) 2 0 for any ¢ € Hy(Q),
and define
(6.2) h(s) = f(s) +mnos for all s € R.
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6.1. Decomposition of the equation. We first decompose the solution
S(t)(ug, vo) = (u(t),u(t)) into the sum

S5(t)6u(0) = K()§u(0) + D(£)&u(0),
where K (t)£,(0) = (w(t),w(t)) and D(¢)&,(0) = (2(t), z(t)) solve the following

equations, respectively:

6.3) {wtt—Awt—Aw—Awtt—i—f(u)—f(z)znoz in Q x RY,
. _ 0,

w‘BQ =0, (’U}(J?,O), wt(xao)) ( 0)’
and
Ztt — Azt — Az — AZtt + h(Z) = g(.’l}‘) in  x RJF,
(64) {Z|ag =0, (2(z,0), z(x,0)) = £,(0).

Then, we further decompose the solution z(x,t) of [@4) as z(z,t) = v(z,t)+o(z),
where ¢(x) is the unique solution of (28] and v(z,t) solves the following equation:
(6 5) Vit — Avt — Av — Avtt + ]’L(Z) — h((b =0 in Qx R+,

. U‘aﬂ :Oa (’U(JJ,O), ’Ut(.I,O)) :gu(o _(¢(I)70)

6.2. A priori estimates. At first, for the solution of ([6.4), from Remark 42 we
have the following estimate:

~ —

Lemma 6.2. There exists Qs(-) € J such that for any bounded set B C H, the
following estimate holds: for any t > 0,

V()] +/0 IVze(s)lIPds < Qs(1Bll + llgllzr—1), ¥ (2(x,0), 2(x,0)) € B.

Second, for the solution of (G5 we have the following results:

Lemma 6.3. There exist a positive constant k1 and Q4(-) € J such that for any
bounded set B C H, the following estimate holds:

||(’U(.’L‘,t), Ut(x7t))||7'l < Q4(||B||H)e_k1tv Vi> 0, (’U(.’L‘,O), Ut($,0)) € B.
Consequently, for the solution of (64 the following estimate holds:
1(z(2, ), ze(x,t)) — (6(2),0)|l% < Qu(||Blln)e ™, Vt>0, &€ B.
Proof. Multiplying (@3] by v; 4+ ev, we have

(66) % Buult) + eBau(t) + Goult) + SIVO()]* = 2((1(2) ~ (9)) 20, v),

dt
where
Es,(t) = loe(O)[I*+(1 + )| Vo) ||> + Vo (D)7 + 2¢(vi(t), v(2))
(6.7) + 2e(Vv(t), Vo(t)) + 2(h(z) — h(®),v(t)) — (k' (P)v,v)
and

€
Gso(t) = 2[Vo @) * + SIVe@II = Bellvil|* = 3el|Vorl|* — 2€¢*(vr, v)
(6.8) —262(Vug, Vo) — €2[|V||? + e(h (o)v, v).
Noticing (6]), by further taking e small enough, we have

(6.9) Es,(t) > %||(v(t),v,5(t))|\,2H forallt >0
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and

(6.10) G5, (t) >0 forallt > 0.
Moreover, from (Z3)) and using the Holder inequality, we have
2((1'(z) = W (9)) 21, v) = 20" (rz + (1 = r)¢) 2, v*)

O S (U 12157 416|572 oPde - N =3,4,5,
T\ C [y |zlv)Pda N>6

€ C
< e[zl Vel < SVl + 29z B ),

where r € (0,1) and the constant ¢z depends only on || Bl + ||V
Therefore, from Lemma [62] and noticing Fs,(0) < Q(||Bllx + ||V¢l), applying
Lemma 3.3 we can complete our proof immediately. (Il

For the solution of (63), the same as Lemmal5:3] for each o € [0, min{1, § —1}),
by multiplying ([G.3]) by A%w;, we have

Lemma 6.4. For any o € [0,min{1, § — 1}), there exist ko > 0 and Qu(-) € J
such that for any t > 0,

1K (0)€u(0) 30 < Qa(l|€u(0)]|70)e" ",
where ko also depends on ||€,(0)||%-

Now, similar to Lemma B4 based on Lemma and Lemma we can
decompose u(t) as follows:

Lemma 6.5. Let (u(t),u(t)) be the solution of (E1) corresponding to the initial
data £,(0) = (uo,vo). Then, for any n > 0, we can decompose u(t) as

u(t) = v1(t) +wi(t), forallt >0,

where v1(t) and wi (t) satisfy the following estimates:

¢

(6.11) / [Voy (1) ||2dr < n(t —s) + C,, for allt >s>0
and

(6.12) A= w, ()% < K, for all t > 0,

with the constants C,, and K, depending onn, ||£,(0)||x and ||g||lg-1-
Moreover, vi(+,t) and wi(-,t) satisfy the following estimates respectively:

(6.13) [Vor()|l < Qs(Bllw) for allt >0
and
(6.14) [Vwi@)|| = [[V(u(t) —o1())]| < Qs([[Blln) for allt > 0.

Proof. The proof is the same as that in [30, Lemma 4.5]. O
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6.3. Proof of Theorem We will follow the idea from [37], and the details
similar to [2§].

Proof of Theorem 22l We decompose our proof into two steps for clarity.

Step 1. We first claim that
For each o € [0, min{1, % —1}), there exists a constant Jp, ., which depends only
on the H-bounds of B(C H) and «, such that

(6.15) [ K()€u(0)l30 = ll(w(t), we(t))|3e < Jp.o for allt >0 and §,(0) € B.
Multiplying (63) by A(w:(t) + ew(t)), we obtain that

1 d a 1+
5 77 (1A% (we + ew)|* + | A7 (wn + cw)|”) — {ews, A (wi + ew))
— (ewy, AYT(wy + ew)) — (Awy, A% (wy + ew)) — (Aw, A% (w; + ew))

= —(f(u) — f(2), A%ws + ew)) + (Noz, A%(w + ew)),

where € (> 0) is small enough and will be determined later.
Then, as in [28, Lemma 4.4], we can obtain the claim above by applying Lemma
6.5 to overcome the difficulty from the critical nonlinearity.

Step 2. Applying Lemma and Step 1 to By (recall By C H is the bounded
absorbing set given in §3), also using the attraction transitivity lemma devised in
[15], we can finish our proof by setting: for each a € [0, min{1, 5 —1}),

Bo={z€H: 2= (6(2),0)ll3x < JBya}s
where Jp, o is the constant given in (6.15]) corresponding to By. O

In the following we state a decomposition result about wu(t), which can be used
to construct a finite dimensional exponential attractor (e.g., see [14, 23, [30]); its
proof is the same as that in [30, Lemma 4.9].

Lemma 6.6. Under the assumption of Theorem [Z1l, for any bounded (in H?,
o € [0,min{Z — 1})) subset By C H®, if the initial data £,(0) € ¢(x) + By, then
the solution u(t) of (E1) also satisfies a similar estimate; more precisely, we have

1S()€u(0) = (6(2), 0) |30 = lI(u(t), ue(t)) = (¢(2), )3 < K,

for any t >0 and any &,(0) € ¢(x) + By; where the constant Kp, depends only on
a and the H*-bound of Bj.

Remark 6.7. Based on Theorem and Lemma [6.6] we can construct a finite
dimensional exponential attractor € for {S(t)}i>0 under Assumption II. Moreover,
we can decompose £ as £ = (¢(x),0) + &', where £’ is bounded in H* for any
o € [0,min{1, ¥ —1}).

ACKNOWLEDGMENTS

The authors are grateful to the anonymous referee for the comments improving
the original version of the manuscript. This paper was prepared while the first
author was visiting The University of Chicago. He wishes to express his thanks for
the hospitality of the Department of Mathematics, The University of Chicago.



6108 CHUNYOU SUN, LU YANG, AND JINQIAO DUAN

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

REFERENCES

. J. Arrieta, A.N. Carvalho and J.K. Hale, A damped hyperbolic equation with critical exponent,
Comm. Partial Differential Equations 17 (1992), 841-866. MR 1177295 (93f:35145)

. A.V. Babin and M.I. Vishik, Attractors of evolution equations, North-Holland, Amsterdam,
1992. MR1156492|(93d:58090)

. I.LL. Bogolubsky, Some examples of inelastic soliton interaction, Comput. Phys. Comm. 13
(1977), 149-155.

. A.N. Carvalho and J.W. Cholewa, Local well posedness for strongly damped wave equa-
tions with critical nonlinearities, Bull. Austral. Math. Soc. 66 (2002), 443-463. MR1939206
(2004b:35228)

. A.N. Carvalho and J.W. Cholewa, Attractors for strongly damped wave equations with critical
nonlinearities, Pacific J. Math. 207 (2002), 287-310. MR1972247(2004b:35023)

. A.N. Carvalho and J.W. Cholewa, Local well posedness, asymptotic behavior and asymptotic
bootstrapping for a class of semilinear evolution equations of the second order in time, Trans.
Amer. Math. Soc. 361 (2009), 2567-2586. MR 2471929

. A.N. Carvalho, J.W. Cholewa and T. Dlotko, Strongly damped wave problems: bootstrapping
and regularity of solutions, J. Differential Equations 244 (2008), 2310-2333. MR2413843
(2009¢:35303)

. Y. Cho and T. Ozawa, On small amplitude solutions to the generalized Boussinesq equations,
Discrete Contin. Dyn. Syst., 17 (2007), 691-711. MR2276469 (2008c:35268)

. J.W. Cholewa, R. Czaja and G. Mola, Remarks on the fractal dimension of bi-space global

and exponential attractors, Boll. Un. Math. Ital. 1 (2008), 121-145. MR2388001//(2009i:37199)

P.A. Clarkson, R.J. Leveque and R.A. Saxton, Solitary wave interaction in elastic rods, Stud.

Appl. Math. 75 (1986), 95-122. MR859173|/(87j:73034)

F. Di Plinio and V. Pata, Robust exponential attractors for the strongly damped wave equation

with memory. I, Russian J. Math. Physics 15 (2008), 301-315. MR2448344 (2010c:35136)

F. Di Plinio, V. Pata and S.V. Zelik, On the strongly damped wave equation with memory,

Indiana Univ. Math. J. 57 (2008), 757-780. MR2414334(2009m:35342)

M. Conti and V. Pata, On the regularity of global attractors, Discrete Contin. Dyn. Syst. 25

(2009), 1209-1217. MR2552136

M. Efendiev, A. Miranville and S.V. Zelik, Ezponential attractors and finite-dimensional

reduction of non-autonomous dynamical systems, Proc. Royal Soc. Edin. 135A (2005), 703-

730. MR2173336//(2007a:37098)

P. Fabrie, C. Galusinski, A. Miranville and S.V. Zelik, Uniform exponential attractors for a

singular perturbed damped wave equation, Discrete Contin. Dyn. Syst. 10 (2004), 211-238.

MR2026192//(2006¢:37088)

J.M. Ghidaglia and A. Marzocchi, Longtime behavior of strongly damped wave equations,

global attractors and their dimension, SIAM J. Math. Anal. 22 (1991), 879-895. MR1112054

(92¢:35033)

M. Grasselli and V. Pata, Asymptotic behavior of a parabolic-hyperbolic system, Comm. Pure

Appl. Anal. 3 (2004), 849-881. MR2106302/(2005h:35150)

J.K. Hale, Asymptotic Behavior of Dissipative Systems, Amer. Math. Soc., Providence, RI,

1988. MR941371/(89g:58059)

T. Kano and T. Nishida, A mathematical justification for Korteweg-de Vries equation and

Boussinesq equation of water surface waves, Osaka J. Math. 23 (1986), 389-413. MR856894

(873:35325)

V.G. Makhankov, On stationary solutions of the Schridinger equation with a self-consistent

potential satisfying Boussinesq’s equation, Phys. Lett. A 50 (1974), 42-44.

V.G. Makhankov, Dynamics of classical solitons (in non-integrable systems), Physics reports,

Phys. Lett. C 35 (1978), 1-128. MR481361/[(801:81044)

A. Miranville and S.V. Zelik, Attractors for Dissipative Partial Differential Equations in

Bounded and Unbounded Domains. Handbook of differential equations, Evolutionary Equa-

tions, Volume 4, C.M. Dafermos and M. Pokorny, eds., Elsevier, Amsterdam, 2008, p.103.

MR2508165(2010c:37175)

V. Pata and M. Squassina, On the strongly damped wave equation, Comm. Math. Phys. 253

(2005), 511-533. MR2116726 (2005k:35291)


http://www.ams.org/mathscinet-getitem?mr=1177295
http://www.ams.org/mathscinet-getitem?mr=1177295
http://www.ams.org/mathscinet-getitem?mr=1156492
http://www.ams.org/mathscinet-getitem?mr=1156492
http://www.ams.org/mathscinet-getitem?mr=1939206
http://www.ams.org/mathscinet-getitem?mr=1939206
http://www.ams.org/mathscinet-getitem?mr=1972247
http://www.ams.org/mathscinet-getitem?mr=1972247
http://www.ams.org/mathscinet-getitem?mr=2471929
http://www.ams.org/mathscinet-getitem?mr=2413843
http://www.ams.org/mathscinet-getitem?mr=2413843
http://www.ams.org/mathscinet-getitem?mr=2276469
http://www.ams.org/mathscinet-getitem?mr=2276469
http://www.ams.org/mathscinet-getitem?mr=2388001
http://www.ams.org/mathscinet-getitem?mr=2388001
http://www.ams.org/mathscinet-getitem?mr=859173
http://www.ams.org/mathscinet-getitem?mr=859173
http://www.ams.org/mathscinet-getitem?mr=2448344
http://www.ams.org/mathscinet-getitem?mr=2448344
http://www.ams.org/mathscinet-getitem?mr=2414334
http://www.ams.org/mathscinet-getitem?mr=2414334
http://www.ams.org/mathscinet-getitem?mr=2552136
http://www.ams.org/mathscinet-getitem?mr=2173336
http://www.ams.org/mathscinet-getitem?mr=2173336
http://www.ams.org/mathscinet-getitem?mr=2026192
http://www.ams.org/mathscinet-getitem?mr=2026192
http://www.ams.org/mathscinet-getitem?mr=1112054
http://www.ams.org/mathscinet-getitem?mr=1112054
http://www.ams.org/mathscinet-getitem?mr=2106302
http://www.ams.org/mathscinet-getitem?mr=2106302
http://www.ams.org/mathscinet-getitem?mr=941371
http://www.ams.org/mathscinet-getitem?mr=941371
http://www.ams.org/mathscinet-getitem?mr=856894
http://www.ams.org/mathscinet-getitem?mr=856894
http://www.ams.org/mathscinet-getitem?mr=481361
http://www.ams.org/mathscinet-getitem?mr=481361
http://www.ams.org/mathscinet-getitem?mr=2508165
http://www.ams.org/mathscinet-getitem?mr=2508165
http://www.ams.org/mathscinet-getitem?mr=2116726
http://www.ams.org/mathscinet-getitem?mr=2116726

24

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

PL

PL

ASYMPTOTIC BEHAVIOR FOR A SECOND ORDER EQUATION 6109

. V. Pata and S.V. Zelik, A remark on the damped wave equation, Commun. Pure Appl. Anal.
5 (2006), 611-616. MR2217604](2006m:35254)

V. Pata and S.V. Zelik, Smooth attractors for strongly damped wave equations, Nonlinearity
19 (2006), 1495-1506. MR2229785/(2007£:35257)

G. Raugel, Global attractors in partial differential equations, in: B. Fiedler (Ed.), Hand-
book of Dynamical Systems, Vol. 2, Elsevier, Amsterdam, 2002, pp. 885-982. MR1901068
(2003£:37151)

Y. Shang, Initial-boundary value problem for the equation uy — A — Auy — Augy = f(u), Acta
Math. Appl. Sinica (Chinese Ser.) 23 (2000), 385-393. MR1797635//(2001k:35221)

C. Sun, D. Cao and J. Duan, Non-autonomous wave dynamics with memory — Asymptotic
regularity and uniform attractor, Discrete Contin. Dyn. Syst., Series B 9 (2008), 743-761.
MR2379435(/(2009g:35204 )

C. Sun and M. Yang, Dynamics of the nonclassical diffusion equations, Asymptotic Analysis
59 (2008), 51-81. MR2435673(2009m:35056)

C. Sun, Asymptotic regularity for some dissipative equations, J. Differential Equations 248
(2010), 342-362. MR2558170

S. Wang and G. Chen, The Cauchy problem for the generalized IMBq equation in W*P(R™),
J. Math. Anal. Appl. 266 (2002), 38-54. MR1876769 (2002k:35222)

G.F. Webb, Ezistence and asymptotic behavior for a strongly damped nonlinear wave equation,
Canad. J. Math. 32 (1980), 631-643. MR586981 /(81i:35116)

Y. Xie and C. Zhong, The existence of global attractors for a class nonlinear evolution equa-
tion, J. Math. Anal. Appl. 336 (2007), 54-69. MR2348490//(2009b:35303)

Y. Xie and C. Zhong, Asymptotic behavior of a class of nonlinear evolution equations, Non-
linear Anal. TMA 71 (2009), 5095-5105. MR2560179

M. Yang and C. Sun, Dynamics of strongly damped wave equations in locally uniform
spaces: attractors and asymptotic regularity, Trans. Amer. Math. Soc. 361 (2009), 1069-1101.
MR2452835|/(2010b:37219)

M. Yang and C. Sun, Ezponential attractors for the strongly damped wave equations, Nonlinar
Anal., Real World Appl. 11 (2010), 913-919. MR2571264

S.V. Zelik, Asymptotic regularity of solutions of a monautonomous damped wave equation
with a critical growth exponent, Commun. Pure Appl. Anal. 3 (2004), 921-934. MR2106304
(2005h:35249)

H. Zhang and Q. Hu, Ezistence and stability of the global weak solution of a nonlinear evolu-
tion equation, Acta Math. Sci. Ser. A Chin. Ed. 24 (2004), 329-336. MR2072406/(2005d:35180)

SCHOOL OF MATHEMATICS AND STATISTICS, LANZHOU UNIVERSITY, LANzHOU, 730000, PEO-
E’S REPUBLIC OF CHINA
E-mail address: sunchunyou@gmail.com;sunchy@lzu.edu.cn

SCHOOL OF MATHEMATICS AND STATISTICS, LANZHOU UNIVERSITY, LANZHOU, 730000, PEO-
E’S REPUBLIC OF CHINA
E-mail address: yanglu@lzu.edu.cn

DEPARTMENT OF APPLIED MATHEMATICS, ILLINOIS INSTITUTE OF TECHNOLOGY, CHICAGO, ILLI-

NOIs 60616

E-mail address: duan@iit.edu


http://www.ams.org/mathscinet-getitem?mr=2217604
http://www.ams.org/mathscinet-getitem?mr=2217604
http://www.ams.org/mathscinet-getitem?mr=2229785
http://www.ams.org/mathscinet-getitem?mr=2229785
http://www.ams.org/mathscinet-getitem?mr=1901068
http://www.ams.org/mathscinet-getitem?mr=1901068
http://www.ams.org/mathscinet-getitem?mr=1797635
http://www.ams.org/mathscinet-getitem?mr=1797635
http://www.ams.org/mathscinet-getitem?mr=2379435
http://www.ams.org/mathscinet-getitem?mr=2379435
http://www.ams.org/mathscinet-getitem?mr=2435673
http://www.ams.org/mathscinet-getitem?mr=2435673
http://www.ams.org/mathscinet-getitem?mr=2558170
http://www.ams.org/mathscinet-getitem?mr=1876769
http://www.ams.org/mathscinet-getitem?mr=1876769
http://www.ams.org/mathscinet-getitem?mr=586981
http://www.ams.org/mathscinet-getitem?mr=586981
http://www.ams.org/mathscinet-getitem?mr=2348490
http://www.ams.org/mathscinet-getitem?mr=2348490
http://www.ams.org/mathscinet-getitem?mr=2560179
http://www.ams.org/mathscinet-getitem?mr=2452835
http://www.ams.org/mathscinet-getitem?mr=2452835
http://www.ams.org/mathscinet-getitem?mr=2571264
http://www.ams.org/mathscinet-getitem?mr=2106304
http://www.ams.org/mathscinet-getitem?mr=2106304
http://www.ams.org/mathscinet-getitem?mr=2072406
http://www.ams.org/mathscinet-getitem?mr=2072406

	1. Introduction
	2. Main results
	3. Preliminaries
	4. Uniformly decaying estimates in H
	5. Part I: g(x)L2()
	5.1. Decomposition of the equation
	5.2. The first a priori estimate
	5.3. The second a priori estimate
	5.4. Proof of Theorem 2.1
	5.5. Applications of Theorem 2.1

	6. Part II: g(x)H-1
	6.1. Decomposition of the equation
	6.2. A priori estimates
	6.3. Proof of Theorem 2.2

	Acknowledgments
	References

