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ON GENERALIZED WHITEHEAD PRODUCTS

BRAYTON GRAY

ABSTRACT. We define a symmetric monodical pairing G o H among simply
connected co-H spaces G and H with the property that S(G o H) is equivalent
to the smash product G A H as co-H spaces. We further generalize the White-
head product map to a map G o H — G V H whose mapping cone is the
cartesian product.

Whitehead products have played an important role in unstable homotopy. They
were originally introduced [Whi41] as a bilinear pairing of homotopy groups:

Tm(X) @ mn(X) = Trgn—1(X), m,n > 1.
This was generalized ([Ark62], [Coh57], [Hil59]) by constructing a map
W: S(AAB)— SAV SB.
Precomposition with W defines a function on based homotopy classes:
[SA, X] x [SB,X] — [S(AA B), X],

which is bilinear in case A and B are suspensions.

The case where A and B are Moore spaces was central to the work of Cohen,
Moore and Neisendorfer (JCMN79]). In [Ani93|] and in particular [AG95], this work
was generalized. Much of this has since been simplified in [GT10], but further
understanding will require a generalization from suspensions to co-H spaces.

The purpose of this work is to carry out and study such a generalization. Let
CO be the category of simply connected co-H spaces and co-H maps. We define a
functor

CO xCO — CO,
(G,H) - GoH,
and a natural transformation
(1) W:GoH—-GVH

generalizing the Whitehead product map. The existence of Go H generalizes a result
of Theriault [The03] who showed that the smash product of two simply connected
co-associative co-H spaces is the suspension of a co-H space. We do not need the co-
H spaces to be co-associative and require only one of them to be simply connected[]
We call G o H the Theriault product of G and H.
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Hn fact we can define G o H for any two co-H spaces but require at least one of them to be
either simply connected or a suspension in order to obtain the co-H space structure map on Go H.
Recently Grbi¢, Theriault and Wu have shown that the smash product of any two co-H spaces is
the suspension of a co-H space, but their construction cannot satisfy Theorem[I{a) below [GTW].
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We summarize our results in the following theorems.
Theorem 1. There is a functor CO x CO — CO given by
(G,H) - GoH

and equivalences in CO:

(a) (SX)oH~XAH,
(b) S(GoH)~GAH,
(C) (Gl\/Gg)OHEGlOHVGQOH

and homotopy equivalences:

(d) GoH~HoQG,
(e) (GoH)oK ~Go(HoK).

Theorem 2. There is a natural transformation
W:GoH—-GVH

which is the Whitehead product map in case G and H are both suspensions. Fur-
thermore, there is a homotopy equivalence

GxH~GVHUyC(GoH).

The next theorem concerns the inclusion of the fiber in certain standard fibration
sequences [Gra71]:

GxOH S GVH™ H,
QG«QH = GV H — G x H.
Define ad” (H)(G) inductively by ad °(H)(G) = G and
ad"(H)(G) = [ad" ' (H)(G)] o H
and by an iterated Whitehead product
ad™: ad"(H)(G) - GV H
as the composition
ad(H) (@) Y5 ad"™ (H)G)VH "% GVHVH = GV H.

Theorem 3. Suppose G and H are simply connected co-H spaces. Then there are
homotopy equivalences:

(a) GXQH ~ \/ ad™(H)(G), where v corresponds to ad™ on the appropriate

n=0
factor,
(b) QG+ QH ~ \/ ad’(H)(ad*(G)(G)), where 1o corresponds to ad?(ad®) on
i20
jz1

to the appropriate factor,
(c) SQG ~ \ ad™(G)(G), where the composition SQG — SQG V SQG —

n=0
G V G corresponds to the appropriate iterated Whitehead product on each
factor.
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It should be pointed out that equivalence (c) generalizes the result of Theriault
[The03l, 1.1] where it is shown that a simply connected co-associative co-H space
decomposes

$OG ~ \/ M,
n>1

for some spaces M,,, which are not further decomposed.

Theorem 4. Suppose X is finite dimensional and f: SX — GV H. Then f is
the sum of the projections onto G and H and a finite sum of iterated Whitehead
products.

Throughout this work we will assume that all spaces are of the homotopy type
of a CW complex. All homology and cohomology will be with a field of coefficients.
We will often show that a map between simply connected CW complexes is a
homotopy equivalence by showing that it induces an isomorphism in homology
with an arbitrary field of coefficients, without further comment.

Section . will be devoted to some general remarks about telescopes, and we will
construct the Theriault product in section. Theorem [I] will follow from Proposi-
tions 23] and 271 The functor in Theorem B2lis defined after Corollary 3.2 and
the equivalence follows from Proposition B.8 The proof of the first part of Theo-
rem [Bloccurs just prior to Corollary and the rest occurs following Corollary
Theorem M follows from Corollary 311

SECTION 1

In this section we will discuss some general properties of telescopes of a self map
e: G — G, where G is a co-H space. We do not assume that e is idempotent. We
will call e quasi-idempotent if the induced homomorphism in homology satisfies the
equation
(e*)2 = —€x,

where u is a unit. We construct two telescopes:

TE):GS5GSG— ...,

T(14e): G565 0.

and a map:

I:G—GVGIY2 ) vT(l+e).

Proposition 1.1. If G is simply connected and e is a quasi-idempotent, I' is a
homotopy equivalence. Furthermore H.(T(e)) = im e, and H.(T(1 + e)) = kere,.

Proof. Suppose I',(£) = 0. Since (T'1)«(¢) = 0 (ex)*(€) = 0 for some k, e.(¢) = 0.
Since (T'2)«(€) = 0, (1+e).*(¢) = 0. However, (1+¢)2 = (1+e¢),, 50 & = —e. (&) = 0.
Clearly T, is onto. Moreover, H,(T(e)) = im e, and H,(T(1+¢€)) = im(1+e,) =
ker e,.

Corollary 1.2. Suppose G is a simply connected co-H space and A C G is a retract
of G. Let e be the composition

GLALG.
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Then T(e) ~ A, T(1 —e) ~ G/A, and the identity map of T(e) can be factored:
Te) HALG S AL T(e),
where & and n are inverse homotopy equivalences.

Proof. The telescope T'(e) and A are both simply connected, and there are maps
T(e) - A and A — T(e) making A a retract of T'(£); these maps are homotopy
equivalences. By the Van Kampen theorem G/A ~ G U CA is simply connected.
Since 1 —e: G — G factors through the projection 7: G — G/A, we can factor the
identity map up to homotopy,
G- GVGTS AVG/A = G,

and hence G ~ AV G/A. The factorization of the identity map of T'(e) is obtained
by replacing each space by a telescope where the three in the center are constant.

Now consider two maps f1, fo: X = X.
Proposition 1.3. T(f1f2) =~ T(f2/f1).
Proof. We define maps between the telescopes:

f1f2 fif2

X X X
f2l f2l f2l
X fah1 X f2f1 X

fll fll
X fif2 X fif2 X

The composition is the shift map which is a homotopy equivalence.

SECTION 2

In this section we will consider a pair of co-H spaces in which at least one is
simply connected. Let G and H be two such co-H spaces with their structure
determined by maps v1: G — SQG and vo: H — SQH, each of which is a right
inverse to the respective evaluation maps (see [Gan70]), which we label as €y, ea.
We define self maps of S(2G A QH) as follows:

e1: S(QG AQH) 2245 6 A QH 2L S(0G A QH),
e2: S(QG AQH) 222 G A H 2222, S(QG A QH).

Here we freely move the suspension coordinate to wherever it is needed. Clearly
e1 and ey are idempotents but ejes is not an idempotent; however it is a quasi-
idempotent. To see this we need to pay careful attention to the order of the sus-
pension coordinates. Let

T: S'AS'AQGAQH — S'ASYAQG AQH

be the map switching the suspension coordinates. What we will show is that the
composition

e = (Sez)oT o(Sey)
is an idempotent. Since T' ~ (—1) and (Sey) is a suspension,

e~ —(Seg) o (Sey).
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Once we see that e is an idempotent it follows that (Se;) o (Sez) is a quasi-
idempotent.
Now we factor e and note that it contains the composition

S(1Ne)oT oS Al).
However, this composition is equal (no homotopies) to the composition

SGAQH 222 6 A H 2L S0G A H.
Consequently, e is equal to the composition
ST ASYAQGOQH ~SOG A SQH <22 G A H
A2 SOG A SQH ~SY A S A QG AQH,

and this map is clearly an idempotent.
Now assuming that one of G, H is simply connected, it follows that QG A QH is
connected, so S(2G A QH) is simply connected. Consequently,

Proposition 2.1. If one of G and H is simply connected, there is a homotopy
equivalence,

S(QGAQH) ~T(ere2) VT(1+ ejea).
Let
0: S(QGAQH) — T(erea)
be the projection and
P: T(erea) = S(QG A QH)
be the unique right inverse to 6 which projects trivially onto T'(1 + ejez). These
maps determine a co-H space structure on T'(ejes).

Definition 2.2. Go H = T(ejez).

Proposition 2.3. Given co-H maps f: G — G’ and g: H — H', there is an
induced co-H map
fog:GoH — G oH'

making Go H a functor of two variables. In addition there are equivalences of co-H
spaces:

(a) SXoH~XANH,

(b) S(GoH)~GAH,

(c) StoH~H,
and there is a homotopy equivalence Go H ~ H o G.

Proof. Since f and g are co-H maps, the squares

G —2~ 506G H - SQH
fl SQfl gl Sﬂgl
o s sqar H — 2 SQH

commute up to homotopy. It follows that f and g induce maps that commute with
e1 and ey and hence with the equivalences of Proposition [Z1] # and 1. For part



6148 BRAYTON GRAY

(a), observe that the composition ese; factors

1Nl L
SQSX A QH) s 5x A QH 20 05X A QH 2 05X A H 222 S(QSX A QH)

1Neg WAL

XANH

where (1A€2)(e1 A1) is a right universe to (1Avg)(¢Al). Thus we can apply Corollary
to see that SX o H ~ X A H with co-H structure given by the composite
(L1 Av2)(¢ A1). This is precisely the co-H structure induced by v,. Part (b) follows
since S(Go H) is the telescope of € with co-H structure given by v1 Avy. Part (c) is
a special case of part (a): The last statement follows directly from Proposition [[3

To complete the proof of Theorem 1 it remains to prove parts (c), (d), and (e)
by Proposition 2.3. Part (d) follows directly from Proposition 1.3. For the other
two parts, it will be convenient to describe an alternative definition of G o H. For
this we assume that G is a retract of a space SX and H is a retract of SY:

G4 SsXx 5 aG H 2 Sy 2 H.

We can then replace the telescope in the definition by the telescope of the compo-
sition:

e1 Al viAl

T:SXAY 22 x AH 22 9x Ay 225 gay 224 SX Y.

The co-H structures defined by these maps are equivalent to the structures defined
by

~ QF
CG U SX 59y 506G, v H X Sy 292, sam,
and we have a homotopy commutative ladder:
1Nen 1AV e1Nl v1 Al
SXANY XNH SXANY GAY SXANY

lsgl/\%b l’e‘ﬂ\l lS&AEZ ll/\?g lSEl/\Eg
1D, U

€ € Al
SQG A QH 255 QG A H —2 506 A QH -2 s g Ao 22 506G A QH.

Hence we have a commutative diagram:

SXAY — - TVT

S€1Ner l Ot\/ﬁl

SQGANQH —— Go HV Tel(1 + eez)

where T is the telescope defined by 1+ (1 A 1)(e; A 1)(1 A v)(1 A €2). The map
a: T — GoH is compatible with the homotopy equivalence ST ~ GAH ~ S(GoH),
so is itself a homotopy equivalence. Now choose a right homotopy inverse for the
map SXAY — T which projects trivially to 7. Its composite with S€; A€; will then
project trivially to T'(1 4+ ejez). Hence we have a homotopy commutative diagram:

T ——SXANY ——T
al Sa/\@l al
GoH——SQGANQH ——=GoH

and consequently the co-H structure on 7' is compatible under o with the co-H
structure on G o H. We have proven the proposition.
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Proposition 2.4. Suppose G is represented as a retract of SX and H as a retract
of SY. Then G o H is homotopy equivalent to the telescope T of the composition
SXANY >GAY - SXANY - XAH - SXAY

as co-H spaces, where the co-H structure on T is given by the equivalence SX NY ~
TVT.

Proposition 2.5. (G1VGy)oH~G10HV Gyo H as co-H spaces.

Proof. Write G; as aretract of SX;, i = 1,2. Then G1VGs is aretract of S(X;VX5).
Thus the telescope for (G V G2) o H is at each point the wedge of the telescopes
for Gy o H and Gy 0o H.

At this point we will apply Proposition [Z4] to prove Theorem [I(e), the associa-
tivity formula. We will make repeated use of

Lemma 2.6. There is a homotopy commutative square

S(GoH) s 52X Ny

s / lse

GANH S(Go H).

Proof. G A H is a retract of S2X AY, so we may apply Corollary
Proposition 2.7. There is a homotopy equz’valenaﬂ
(GoH)o K ~Go (HoK).
Proof. We suppose that G, H, and K are presented by retractions
o sx i,
H Y2 5y 201
K57 % K,
and we then construct retractions for G o H and H o K:
GoH % SXAY % Gom,
HoK X 5y nZ % HoK.

Using these we construct retractions for G o (H o K) and (Go H) o K:

(GoH)oK L S(XAYAZ) L (GoH) oK,

Go(HoK) Y S(XAY AZ) L (Go(HoK)).

2Note that we are not asserting a co-H equivalence here and in (c) of Theorem 1. However,
this holds if one of the spaces involved is co-associative. If, for example, H is co-associative, the
map
GoH — GoSQOH ~GANQH

is a co-H map by Proposition 2.3. Since this map also has a left homotopy inverse, the co-H
structure is determined by that on G.
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We will show that 8’¢p: (Go H)o K — G o (H o K) is a homotopy equivalence. By
Lemma [2.6] we have homotopy commutative diagramss

(GoH)ANK
S(GoK)oK) ——————= S?2XAYA\Z S(Go(HoK)).

Suspending and applying Lemma again, we obtain a homotopy commutative
diagram:

GANHANK

S(GoH)NK Y1 Ao A SGAN(HoK)

S3 X ANY AZ).
From these diagrams it follows that S2(6'1) is a homotopy equivalence and hence
0'1) is as well.
SECTION 3

In this section we generalize the clutching construction [Gra88, Proposition 1]
for fibrations over a suspension to fibrations over a co-H space. This allows for the
decomposition results in Theorems 2] and [Bl

Proposition 3.1. Suppose F — E — G is a fibration where G is a co-H space.
Then E/F ~G x F.

Proof. In the case G = SX, we have by [Gra88 Proposition 1]
E~FUy(CX) % F.

So E/F ~ SX x F. It is easy to construct a map G x F' — FE/F in general.
Consider the sequence of pull backs:

-
-

Then we consider the composite
E/F - E'/JF~80GxF —GxF,

where the middle equivalence follows since the base is a suspension. Showing that
the composite is a homotopy equivalence will take some work.
Since ve: SQG — SQG is an idempotent, we can decompose SQG:

SOG ~GVvGE.
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We now observe that we can construct a quasi-fibration model for a fibration over
a one point union. Suppose we have such a fibration

Ea E Ep
A——=AVB~—B
with pull backs F4 and Eg and fiber F. Then we can construct
E4Ur Eg,
the union of F4 and Eg with the subspace F' identified. Then

EAUFEB¢—>E
AV B AV B

¢ is a homotopy equivalence. In our case SQG ~ GVG' and Eg = E, Eq = G' X F,
SO

EF'~FEUprG x F

l

GVvG

is a quasi-fibering by [DT58, 2.10]. On the other hand E'/F ~ SQG x F ~
GxFVG xF,while EUp G'x F ~ E/FVG' x F. Since the map between E’
and EUr G’ x F is a map over GV G’, we see that E/F ~ G X F.

Corollary 3.2. SQG ~ G x QG.

Proof. Apply Proposition [3.I] to the path space fibration over G.

Proof of Theorem 2l Construction: We now describe our generalization of the
Whitehead product. Suppose G and H are co-H spaces and one of them is simply
connected. The Whitehead product

W:GoH —-GVH

is then defined as the composition

GoH Y SQGAQH ~ QG +«QH % GV H,
where w is the inclusion of the fiber in the fibration sequence

OG«OH % GV H— G x H.

Clearly ¢ and w are natural transformations, so W is as well.
Before we prove the homotopy equivalence in Theorem [, we need to establish
some results in Theorem Bl We begin by constructing maps

ad™: ad"(H)(G) - GV H
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inductively. For n = 0 this is just the inclusion of G in GV H. For n > 0 we define
ad™ as the composition

ad"(H)(G) = (ad"}(H)(G)) o H
— (ad" Y (H)(G)VH - (GVH)VH =GV H.

Next we calculate the effect of ad™ in loop space homology:

Qad™): H(Q(ad™(H)(G))) = H QUG V H)).
To do this we need some notation. For each co-H space G, write

o' Ho(G) = H,_1(QG)
for the composition
H,(G) =5 H.(SQG) ~ H,—1(G).

Let {z;} be a basis for H,(G). Then H, (Q2G) is the tensor algebra on the classes
{o=1(z;)}. Given two classes z € H.(G), y € H,(H), we will write

roy € H,,Jrs,l(Go H)
for the class that corresponds to x 2 y € Hyyp (G A H) under the isomorphism
H,_1(GoH)= H,(S(GoH))~ H.(GAH).

Then the classes {z; 0y;} form a basis for H,(G o H), where {z;} and {y;}, respec-
tively, are bases for H,(G) and H,(H).

Proposition 3.3. (QW).(c7 (zoy)) =+ [o 7 z,07 y|, where
(QW).: H (G o H)) = H (QUGV H)).
Proof. By Lemma 2.6]
Yu(zoy)=erot(z) o y) € H(SQG AQH),

Q). (0 ™ (woy)) =0 () 2 07 (y) € H(QG A QH),

regarded as a submodule of H,(SQG A QH). It now suffices to evaluate the com-
position

QG/\QH—>Q(SQG/\QH) Q(QG*QH)—>Q(G\/H)7
where € is the standard homotopy equivalence SX AY ~ X %Y.
Lemma 3.4. The composition

QG/\QH—)QS(QG/\QH) Q(QG*QH)%Q(G\/H)
carries o () 2 071 (y) € H (QG AQH) to + [0 (2), 07 (y)].
Proof. We first need to describe the homotopy equivalence

SXAY 5 X Y.
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Here we write points of the join as tz + (1 — )y, 0 < t < 1. Therefore, X Y
is the quotient of X x I x Y given by the identifications (z,0,y) ~ (z',0,y) and
(z,1,9) ~ (x,1,9). Then ¢ is given by the formula

(%,1=3t,y), 0<3t<1,
Etyz,y) =< (2,3t —1,y), 1<3t<2,
(,3—3t, %), 2<3t<3.

The map QX * QY <5 X VY is given by

wi (2t), 0<2t<1,

wi,t,wy) =
(1,8, 2) {w2(2—2t), 1<2t<2

Combining these we get

SOX QY S QX QY L X VY

with a 6-part formula:

(¢, wa(61)), 0 <6t ,
*, < 6t ,
(w1(6t — 2) %), 2 <6t ,

(tu Wi, WZ) =

(w1(6 — 61). %), 5£6t£,

so the adjoint takes the pair (w;,ws) to the product of loops wy 'wy 'wiws. The
effect of this on a primitive element is the graded commutator.

Now the iterated circle product ad™(H)(G) has homology generated by classes
of the form

(-~ ((zoyr)oy2) - oun),
where z € H,(G) and y; € I:T*(H) By Proposition B3]
QW) (07" (-~ (zoyr)oyz) - oyn)
is + the graded commutator

[ (o7 @), 0™ )] o (we)] -+ o ()] s

where the classes  and y; are thought of as classes in H, (G V H).

Proof of Theorem Ba). Now let G, =H,(G) and H, = H,(H). Let L(G, ® H.,) be
the free Lie algebra generated by G, and H,, and let L(H.) be the free Lie algebra
generated by H,. Then Neisendorfer has analyzed the kernel

L(G.V H,) — L(H,)
(INei09] 8.7.4]). He has shown that this is the free Lie algebra

L&D ad™(H.)(G.)

n>=0
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The universal enveloping algebra is thus the tensor algebra generated by the ele-
ments ad™(H,)(G,) for n > 0. Consequently the fiber of the projection Q(GVH) —
QH is

Q| \/ ad"(H)(G)
n=0
This is homotopy equivalent to Q(G x QH), and the map
\/ ad™(H)(G) - GV H
n=0

which factors through G x QQH establishes the homotopy equivalence in Theorem [3l

Corollary 3.5. (a) If G is simply connected, SQG ~ \/ ad™(G)(G),
n>=0
(b) if both G and H are simply connected,

OG «QH ~ \/ ad’(H) (ad'(G)(G)) .
i>0
jz1
Proof. For (a) apply Corollary B:2l and Theorem Bl(a). For (b), we expand

OG « QH ~ (SQG) ANQH

12

\ (ad"(G)(@) | AQH

i>0

~\/ [ad"(G)(G) A QH]
>0

~ \/ ad? (H) (ad"(G)(G))

i>0

jz1

using Proposition [Z5] and Theorem [Bf(a).
Given a Theriault product P = Gy o --- o (G4 with some fixed association, let us
write £(P) = s for the length of P.

Theorem 3.6. Suppose G and H are both simply connected co-H spaces and k > 1.
Then there is a locally finite collection of iterated Theriault products {P.(k)} of
length £, and iterated Whitehead product maps

wa(k): Po(k) = GV H
such that

Q(G\/H):Q<\/ Pa(k)> < Q[ ] Pal®) |,

Lo >k Lo <k

and the factors of the right-hand side are mapped to the left-hand side by the wq (k).
Proof. For k =1 we use the decomposition

QG V H) ~ Q(QG * QUH) x QG x H),
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where QG * QH is a bouquet of iterated Theriault products of length at least 2
by Corollary BE(b). Now we proceed by induction on k. Among the finite list of
products P, (k) of length k + 1, choose one which we label P. Then

o\ P.)~aPv \/ P.)
o>k Iga;llg

~QP xQ( \/ PaxQP).

Loa>k
P,#P

The second factor has one less product of length k + 1. If we repeat this process
once for each P, (k) of length k + 1, we obtain
Q( \/ P.)=0QP;x-xQP, xQ( \/ Pa(k+1)).
L(Py)>k L(Po)>k+1
Now add the P; - - - P,, to the list of P, with ¢(P,) < k to obtain all P, (k+1) with
length < k + 1.

Corollary 3.7. Suppose X is a finite dimensional co-associative co-H space and
f: X — GV H, where G and H are simply connected co-H spaces. Then f is a sum
of iterated Whitehead products.

Proof. Suppose dimX = k and f: X — GV H is given. Decompose Q(G V H) as
in Theorem and note that any product P, of length k is at least k connected.
Consequently the restriction of Qf,

Qx)*1 25 0 v H),

factors through the product Q( [[ Pa.(k)) and the adjoint,
o<k

S[Qx)*'] -GV H,

is a sum of iterated Whitehead products. However, f is the composition of this
map with the co-H space structure map

X = S[(Qx)*1]
which is a co-H map, so f is such a sum as well.

Proposition 3.8. If G and H are simply connected, then there is a homotopy
equivalence
¢: (GVH)Uyw C(GoH) — G x H.

Proof. Since the composition
GoH —-QG+«QH -GVH—-GxH
is null homotopic, there is an extension
C=(GVHUCGoH) % G x H.

The problem is to show that this map is a homotopy equivalence. We begin by
observing that we can construct a right inverse ¢ to Q¢ as the sum of the loops on
the inclusions of G and H into C":

0G x QH 5 00 220G < QH,
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so (Q¢).: H (QC) — H.(QG x QH) is an epimorphism. We will complete the
proof by showing that the rank of Hy(2C) is less than or equal to the rank of
Hy(QG x QH). We will need several lemmas.

Lemma 3.9. Write QG «* QH ~ Go HV SQ. Then the restriction
SQ - QG+«xQH %5 GVH—C
is null homotopic
Proof. We first look at the homotopy commutative diagram
QG*QH “~GVH —=GxH

I T

GxQH —GVH H.

Applying Theorem [3(a) we see that the composition
SQ—-QG+xOH - GxQH —-GVH

is a sum of maps v; factoring through ad’(H)(G) — GV H for i < 2. By induction
on i we see that
ad'(H)(G) - GV H —C

is null homotopic for i > 1. This follows since ad® factors

adi(H)(G) = ad Y HYG)VH Y GVHVH -+ GVH - C.

It follows from Lemma [B.9] that the mapping cone of w is homotopy equivalent
to C'V 52Q. Recall that Ganea proved [Gan70] that given a fibration sequence
F — E — B, one can construct a fibration sequence

F+«QOB - EUCF 5 B,
where 7 pinches the cone on F' to a point. Apply this to the fibration sequence
OG*QH % GVH —GxH

to obtain
QG*QH*Q(G*H)—)C\/SQQLGXH.

It is possible that the map 7[g2¢ is nontrivial. However, 7|g2(, is the sum of the
projections onto G and H, so it factors through C up to homotopy. Using such a
factorization we can construct a homotopy equivalence

I':CvSs?Q—CvS*Q

such that 7I'|g2¢ is null homotopic. Replacing m with 7T" does not alter the homo-
topy type of the fiber of 7, so we can form the following diagram of fibrations:

S20 % QC 520 % QC

| |

QG+ QH* QG+ H) ——=CV S?Q ——Gx H

| X

K C
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The left-hand verticle fibration has a cross section since 7 does, hence K is a co-H
space and we have a splitting:

QG+ QH + QG x H)) ~ Q(S2Q x QC) x QK.

We now study the homology algebra with a field of coefficients. Each space here is
the loop space on a co-H space, so all the homology algebras are tensor algebras.
It follows that for each ¢ > 0

rank H;(QG = QH * Q(G x H)) > rank H;(S*Q x QC).

Suppose now that we have two power series f(t) = Ya,t" and g(t) = Xb,t" with
a;, b; nonnegative integers. We will say that f > ¢ iff a; > b; for each i. Write
X (X) for the Poincaré series of a space X. In these terms, we have shown that

X(QG * QH + Q(G x H)) > X(5%Q x QC).

We now calculate the Poincaré series for each of these spaces. Suppose X' (G) = 1+g¢t
and X(H) = 1+ ht, where g and h are polynomial in ¢ with positive integral
coefficient. We then have the following consequences:

. g
X(QG) =1+ 1,

h
X(QH) =14
ght
X(QG*QH) =1+ — 9"
( )= T a
X(GoH) =1+ ght,
g+ h—gh
X(SQ) =14 ght-2 2 —9"
(SQ) =1+ 9ht T —n)
+ h—gh
X(S20 % QC) =1+ ght2-22 9" y(00).
On the other hand,
g+ h—gh
XOQGx QH) =14 -9 —90
‘ RN G

Consequently,

ght*(g +h — gh)

(=g =R

Observe that if h(t) = Xc,t™ # 0 also has nonnegative coefficients, f(t) > ¢g(t)

i R F(t) > h(t)g(t). Tt follows that X(QC) < m — X(QG x QH),
—g)(1—

so rank H;(QC) < rank H;(QG x QH) for all i. Thus (Q¢). is an isomorphism,
and hence ¢, is as well. Since this is true for any field of coefficients, ¢, induces
isomorphisms in integral homology, and hence ¢ is a homotopy equivalence.

X(QG  QH * (QG x QH)) = 1 +
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