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CONVEX HYPERSURFACES
WITH PINCHED PRINCIPAL CURVATURES
AND FLOW OF CONVEX HYPERSURFACES
BY HIGH POWERS OF CURVATURE

BEN ANDREWS AND JAMES MCCOY

ABSTRACT. We consider convex hypersurfaces for which the ratio of principal
curvatures at each point is bounded by a function of the maximum principal
curvature with limit 1 at infinity. We prove that the ratio of the circumradius
to the inradius is bounded by a function of the circumradius with limit 1 at
zero. We apply this result to the motion of hypersurfaces by arbitrary speeds
which are smooth homogeneous functions of the principal curvatures of degree
greater than one. For smooth, strictly convex initial hypersurfaces with ratio
of principal curvatures sufficiently close to one at each point, we prove that
solutions remain smooth and strictly convex and become spherical in shape
while contracting to points in finite time.

1. INTRODUCTION

Recently several papers have considered the flow of convex hypersurfaces by
speeds which are homogeneous functions of the principal curvatures of degree o > 1.
Under suitable pinching conditions on the curvature of the initial hypersurface,
the aim is to prove that solutions become spherical as they contract to points.
This behaviour has been established for a wide range of flows where the speed is
homogeneous of degree 1 in the principal curvatures, including flow by the mean
curvature [H1], the nth root of Gauss curvature [Chll], the square root of scalar
curvature [Ch2], and a large family of other speeds [A1L[A3[[A4]. The first such
result with degree of homogeneity higher than 1 was due to Ben Chow [Ch1], and
concerned flow by powers of the Gauss curvature. He proved that flow by K” with
B > 1/n produces a spherical limiting shape provided the initial hypersurface is
sufficiently pinched, in the sense that h;; > C(8)Hg;;. Later such results were
proved by Schulze [S3] for powers of the mean curvature, by Alessandroni and
Sinestrari for powers of the scalar curvature [AL[AS], and by Cabezas-Rivas and
Sinestrari [CRS] for normalized flows by powers of elementary symmetric functions.

A feature of the results mentioned above is that the flows all have some divergence
structure, a point which is used crucially in deriving sufficient regularity of solutions
to deduce the existence of a smooth limiting hypersurface. In [Chl] the divergence
structure was used to deduce pinching of the principal curvatures using integral
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estimates in a manner similar to [H1]. In [S3], [A], and [AS] the curvature pinching
was proved using maximum principle arguments, but the divergence structure was
still needed because higher regularity of solutions was established using results for
divergence form porous-medium equations.

In this paper we provide a geometric estimate which circumvents this difficulty.
We prove in Section [J] that if the ratios of principal curvatures at each point are
bounded in terms of the maximum principal curvature by a function which ap-
proaches one at infinity, then the ratio of the circumradius to the inradius is as
close to one as desired if the circumradius is sufficiently small. Using this, together
with a simple argument using spherical barriers, we deduce a positive lower bound
on the speed for solutions of the flow equations, at times sufficiently close to the final
time. This enables us to prove a result for flows with no special divergence struc-
ture. Somewhat surprisingly, we are able to prove the result for arbitrary smooth
speeds which are strictly parabolic and homogeneous of degree a > 1, provided the
pinching ratio of the initial hypersurface is sufficiently close to 1 depending only on
n, a and a bound for the second derivatives of the speed. In particular we make
no assumptions involving convexity or concavity of the speed as a function of the
principal curvatures.

We note that the first author considered flows of surfaces in three-dimensional
space by quite general functions of curvature [A4], and the present paper provides
the results required to prove smooth convergence to spheres for all the flows con-
sidered in that paper.

There are a few results that give a successful treatment of particular high order
flows, requiring only (strict) convexity rather than any pinching condition. The first
author proved such a result for Gauss curvature flow of a convex surface in three-
dimensional space [A2], and Schulze and Schniirer [S3| treated flows of surfaces by
powers of mean curvature between 1 and 5. Schniirer [S2] treated flow of surfaces
with speed || 4], as well as a collection of other particular flows. While the results
of the present paper show that sufficiently strong pinching is preserved by very
general flows, understanding the behaviour of such flows without such a pinching
requirement seems to be a much more subtle and difficult problem.

2. NOTATION AND PRELIMINARY RESULTS

We denote the principal curvatures of a hypersurface M by kpiyn = k1 < -+ <
Kn = Kmax. Lhese are the eigenvalues of the second fundamental form A = (h;;)
with respect to the metric (g;;). The trace of A with respect to ¢ is the mean
curvature H = i + - - - + i, while ||A]|* denotes the squared norm

1AI* = g7 " hahji = K3 + - + K7
Th% trace free second fundamental form A has components h;; — %H 9i;. The length
of A satisfies
(21) VAN = A2~ B2 = 5 (i )7,
i<j
which is a measure of the differences between the principal curvatures. We also
make use of the elementary symmetric functions of curvature, defined by

1
Ek:(T) Z Ry oo Ky

k) 1<ij<--<ip<n
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In our analysis of the flow equations we will use several geometric estimates for
hypersurfaces. The first of these appears in [H1].

Lemma 2.1.

3
||VA||2 > nio HVHH2

and equivalently

2
2(n—1
> 20D g a2,

o o 1
||VAH = Hvzhjk — EgjkViH 3

The next result gives a bound on the ratio of principal curvatures if the length
of the traceless second fundamental form is small enough compared to the mean
curvature:

Lemma 2.2. If H is positive and H/Ci I < eH? at p with e < m, then the second

fundamental form is positive definite at p, and the principal curvatures satisfy

(1—\/n(n—1)e> g <k < (1+\/M) g

Proof. Fix i € {1,...,n}. Then we have
2 1 2
0> A" =(=+¢€|H

n

=H§+Zﬁ§—(%+e)m
J#i
2
> K2+ ! Zm» —(l—i—e)Hz
- ' n-1 / n

J#i

1 1
= K2+ 1<H—m)2_(ﬁ+6)H2

n —

2 1
SRS S (R S DY
n—1 n—1 n(n—1)

It follows that z = nx;/H lies between the roots of the equation 2% — 2z + (1 —
n(n —1)e) = 0. O

Define C' = k3 + -+ + 3. The following estimate generalizes one from [H2].

Lemma 2.3. If H > 0 and Hfi||2 = eH? at p for some € € (0, ﬁ), then

nC — (1 +ne)H||A||* > (1 +ne)(1 — /n(n — 1)e)H>.

Proof. Let Q = ||A||2—eH? = |A?—(%+€¢)H?. Then Q' := g—g =2(ki—(:+€)H),
and 23", Q'k? = nC — (1+ne)H||A||?. Noting that by Euler’s relation Y, Q'x; =
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2Q) = 0, we write

nC — (L+ne)H|A|? = 23" Q'x?

Il 1
S o3
N
/;\ 5
= A
—
A~ =
|
|
+
NG
NGO
G
NG
— 7T
T
+
™ +
—
=
M
- N
<
=

v

@il on Y (s (3 )

— (1= /n(n— 1)) H <||A||2 9 (% N 6) =

+n (% + 6>2H2>
= (1—/n(n —1)e)e (1 +ne) H?,

where we used the estimate of Lemma to obtain the inequality. (I

3. GEOMETRIC ESTIMATES

In [A1l Theorem 5.1] it was proved that a pointwise bound on the ratio of prin-
cipal curvatures of a convex hypersurface implies a bound on the ratio of maximum
to minimum width. Our main result is a strengthening of that estimate in the case
where the ratios of principal curvatures approach one at points where the maxi-
mum principal curvature is large. We denote by r_ (M) the inradius of a convex
hypersurface M (the radius of the largest ball enclosed by M) and by r; (M) the
circumradius (the radius of the smallest closed ball which contains M).

Theorem 3.1. Let Ci(e) > 0 for each € > 0. Then for any p > 0 there exists
R(p) > 0 such that every smooth convex compact hypersurface M satisfying ky, <
(1+¢€) k1 + Ci(e) for every € > 0 and ri (M) < R(p) satisfies ro (M) < (1 +
p)r_(M).

Proof. Define the (normalized) k-dimensional mean cross-sectional volume V(M)
of M by

V(M) = @ /M B dyi(g)

if 0 <k <n, and by

V(M) =

1
5 /M sEpp1-r du(g)

for 1 <k <n+1, where s = (X, v) is the support function.

The ratio of the circumradius to the inradius of a convex body can be estimated
in terms of the mean cross-sectional volumes. We will only need the following rather
crude statement.
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Lemma 3.2. For any € > 0 there exists d(e,n) > 0 such that any convex body

satisfying
n+1

L <1456
n+1

(M)
r_(M)

has
<l+e.

Proof. Since both 7y /r_ and V;**'/V,,, are scaling invariant, it suffices to assume
Vg1 = 1. The Diskant inequalities [S1, Theorem 6.2.3] give estimates for the
inradius and the circumradius:

n+1

1
r_ (M) > Vi — (Vn - 1) T and r (M) <

1
The function f(z) = z— (x"“ — 1) "1 is decreasing in z, so the inequality V,, < V"
implies
1
r_(M) >V, — (V= 1)

This gives

) ¢ " ;-<l N

> (-t - ) (v - (we -1) ).
7“+(M) ( 1 ) 1 1

The lemma follows since the right-hand side approaches 1 as V; approaches 1. [

In view of the lemma, it suffices to show that the isoperimetric ratio V1"+1 [ Vi1
can be made close to 1 by requiring the inradius to be small. To do this we first
observe that the elementary symmetric functions can be compared. For 1 < k <
¢ < n we can write (since k% < E, for any /)

B, < rk < ((L+e)r + Ci(e)
§(1+5)2k<LE§/"+<1— 1 >Cl(5))k

1+¢

ke (L)t
< (1+€)2k 1E£/ +T01(€)k,

where we used the convexity of 2¥ in the last step. Replacing ¢ by (1+5)1/(2k_1) -1,
we find

(3.1) Ep < (1+e)EY" + Cyle),

where Ci(e) = ((1+E)1/(§2‘fl)_1),€_1Cl((l +&)/@k=1) _ 1)k Integrating (B1) with
k=n—1, ¢ =mn and dividing by |S™| gives:

1 1+e¢ “1/n
Vi= —n/ Euirdu(g) < s )/ Ey ™ dp(g) + Coa(e)Va
1S™ Jm 15" Jm

1 1-1/n
<(1+e) <—7/ Ey d:“) va/n + Cn-1(e)Va
1S™ Jm
=(L+e)V,}/" + Cri(e)Va

Cp-1(e) ,_
. < 1/n n—1 n—1 ]
(3:2) < (1+e)V, <1+41+5 Ty )
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Next take B for £k = 1 and ¢ = n, multiply by s/|S™|, and integrate over M,
yielding

1 1+e n
V., = W /M Eisdu < W y Erl/ sdu(g) + Cl(E)Vn+1

1—1

n—2

1 1/n
<149 (1o | Bsdu@) VR + GV

1 n—-1
= (1 + 6)V1" anl + Cl(E)Vn+1

1 n—1 C
(33) <a+ovtv (14 950,

where we used the Minkowski inequality V;,+1 < Vf“rl in the last line [S1, Theorem
6.2.1]. From (32) and [B3) we have

2 n
2 —_— n—1
ntl "ﬁj7l Cnfl (8) —1 not Cl (6) mt
Vit < (14e)t n+1(1+41_|_(€ i > 1+1—i—(€7ﬂ+ ’

for any £ > 0. Given p > 0, choose £ > 0 such that (1 4 &)™ /(=) < T,
and then choose R(p) such that (1+ %I;E)R(p)”_l)”(l—i— CllT(?R(p)) < (1—|—p)n2—7m1.
The theorem follows. 0

Remark. 1. A similar but simpler argument using the Diskant inequalities
proves a result similar to [AIlL Theorem 5.1]. The precise statement is
rather messier than in [Al], but it implies the ratio of r (M) to r_(M)
approaches one if the pointwise ratio of principal curvatures approaches
one. The proof in [A1] gives this only for ratios of widths.

2. An anisotropic analogue also holds: If W is a smooth, uniformly convex
Waulff shape enclosing the origin, and if M is a smooth convex hypersurface,
then the relative normal vy : M — W takes a point in M to the unique
point in W with the same outward normal vector. The derivative of vy,
is the relative Weingarten map, the eigenvalues k1, ..., Kk, of which are the
relative principal curvatures. The relative support function sy is defined
by X = swuvw +V, where V is tangent to M, and is given by sy = <$,)‘i”3>

The relative k-dimensional volumes Vj, (M, W) are then defined by exactly
the same formulae as Vi (M) above, where Ej, is the elementary symmetric
function of the relative principal curvatures. The relative inradius r_ (M)
is the supremum of all r such that a translate of »WW can be enclosed by
M, and the relative cirumradius r (M) is the infimum of all » such that a
translate of rW encloses M. Then Theorem B holds as stated (we remark
that the Diskant inequality applies unchanged in this situation).

4. THE FLOW EQUATIONS

Given a smooth, compact, uniformly convex initial hypersurface MJ = Xo (M)
with n > 2, we consider a family of embeddings X : M x [0,T) — R"*! satisfying
the evolution equation

0X

(4.1) wr (x,t) = —=F(A(z,t)) v(x,t),
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where v denotes the outer unit normal to the evolving hypersurface M; = X (M, t)
= X, (M), and F is an O (n)-invariant function of A with the following properties:

Conditions 4.1. (i) F = f ok, where k is the map which takes a selfadjoint
operator to its ordered eigenvalues, and f is a smooth, symmetric function
defined on an open symmetric cone I' C Ty containing {(c,...,c): ¢ > 0},
where 'y ={k: K; >0, i=1,...,n}.
(ii) f is strictly monotone: g—mfi >0 for eachi=1,...,n, at each point of I".
(iii) f is homogeneous of degree o > 1: f (kr) = k®f (k) for any k > 0.
(iv) f is normalized to have f(1,...,1) = n®.

Remark. 1. Since f is a smooth symmetric function by Condition 1] it is also
a smooth function of the elementary symmetric functions of the principal
curvatures [G], so F is a smooth function of the components of A and g.

2. Tt follows from homogeneity (Condition[£]]), strict monotonicity (Condition
M.1) and the Euler relation aF' =), Hi% that F'is strictly positive on the
interior of ' N T';.. The normalization in Condition 1] is for convenience
and can be achieved by scaling the time parameter in equation ([@I]). The
particular choice is made to agree with powers of the mean curvature.

3. There are many examples of natural flows satisfying these conditions which
are not covered by previous results, for example, powers of ratios of ele-
mentary symmetric functions of curvature, and sums and products of such,
and the power means f = (3}, Ii;)a/r for r # 0, 1; however, the smooth-
ness assumptions rule out some examples which are strictly parabolic and
concave, such as f = (H + Kmin)®.

4. Notably absent in our assumptions is any concavity or convexity of f. This
is usually indispensible as a condition of this kind is normally required
to derive second derivative Holder estimates for fully nonlinear parabolic
equations. However the situation in the present paper is sufficiently re-
stricted that we can apply a result of Cordes-Nirenberg type which requires
no concavity. The required arguments are provided in Section [

Throughout this paper we sum over repeated indices from 1 to n unless other-
wise indicated. In computations on the hypersurface M;, raised indices indicate
contraction with the metric.

We denote by F* the derivatives of F with respect to the components of its
argument:

4 (A +sB)

_ kl
7 = F"|  Bu.

s=0

Similarly for the second partial derivatives of F' we write

d? o
_ = TS
S F (A+sB) P

s=0

‘ABlers-

Here and throughout the paper we sum over repeated indices. If we do not indicate
explicitly where derivatives of F' and of f are evaluated then they are evaluated at A
and & (A) respectively. We will use similar notation and conventions for derivatives
of other functions of matrices.
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Our later choices and estimates will be determined by two constants dy and p
depending on F' and I'. Since I' is open, there exists dg € (O, ﬁ) such that
To = {r(A) : ||A|? < 6oH?} C T. Since F is smooth and the set {4 : r(A) €
Ty, tr(A) = 1} is compact, there exists p > 0 such that for any A with H =trA =1
and k(A) € Ty, we have }Fkl”s‘ABlers < u||B|*. Tt follows that for arbitrary A
with k(A) € Ty and arbitrary symmetric 2-tensors B and C,

(4.2) || BuCry| < 122 B | C.

We can deduce from this good control on the first derivatives of F'. By the normal-
ization in Condition JET], we have F‘ﬁl = aH* 'I. Integrating and using the

estimate (£2) gives

d

‘F‘A(B) _aH(y—ltI'(B)‘ </0 %F‘%I+SAX (B)‘ ds
1
:/0 F‘gHsX(B’A)‘ ds

< pH7?| AN B.
Maximizing over rank one operators B gives the inequalities
(4.3) (aH™' = pHO 2| AN I < F < (@H*™" + pH 2| A||) 1.

Equation ([£.2)) also gives good control on the values of F itself. Using the degree two

o

Taylor expansion, we find for some s € (0,1) (observing F‘ m,(A)= aH " Hrd =
0):

(4.4)

|F(A) — HY|= ]F(A) — Pl — Pl (A)

1. o o
:§‘F’%I+SX(A’A) =

< SH A
Our main result regarding the flows is the following:

Theorem 4.2. Let F satisfy Conditions 1], and define 69 and p as above. Then
there exists 6 > 0 depending only onn, a and p such that for any smooth, uniformly
locally convex embedding Xo : M™ — R of a compact manifold M satisfying
||/(iH2 < min{6, 8o} H?, there exists a unique solution X : M x [0,T) — R"T! of
equation (&) with initial data Xg, and a point p € R"*1 such that X (M,t) — p as

t =T, and X; = ((Ha))((;fi)_)f/(lﬂ) converges in C*° to an embedding Xoo : M —

R with Xoo (M) = SP(0).

Short time existence of a solution to equation (1)) for smooth, uniformly convex
initial data is well known (see [A1], for example). The following evolution equations
are derived as in [Al].

Lemma 4.3. Under the flow [{@I)), the following evolution equations hold:

(1) & (X.v) = L{X,v) + (X, ) FM B ™ — (1 + Q) F;
(ii) Zh'; = LAY+ FMr s hyyVihes + F* hy h™ 0 + (1 — a) Fhi™hy, 5, and
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(iii) for any smooth symmetric function G (W) = g (k (W)),

%G = LG+ [GJF“ — F le] ViV ihes

+ F¥ g k™G by + (1 — a) PG k™5,
where LG = FijViVjG. In particular
(iv) &F = LF + FFhy,h™F, and
(v) $H = LH+ F*5Vhg Vi + FFhyn k™ H + (1 — o) F || A|)%

5. PRESERVING PINCHING

In this section we prove the following for solutions of equation ([@.1l):

Theorem 5.1. There exists §; € (0, m) depending on n, i and o such that if

0 < 0 < min{dg, 1} and Hfi”2 < oH? at every point at t = 0, then this remains
true fort > 0.

Proof. Using Lemma L3 we compute the evolution equation for Z, = ||ﬁ 1? — o H?2:

‘95; =LZ,+2 (hij ~ (%Jra) Hg”) FRUTS7 1 VB
— 2F (vihklvjh’“ ~ %viijH>
+ 209V HV ;H + 2F" hjp, N Zy
(5.1) —i—%(l—a)F(nC— (1+no) H [ 4]*)

We argue that Z, remains negative if it is initially so. Otherwise there exists a first
point and time (xg,tp) with Z, = 0, where LZ, < 0 and 9;Z, > 0. The second to
last term in (B1I) is zero at (zg, to) since Z, = 0, and the last is negative by Lemma
23 It suffices to show that the terms involving Vh are nonpositive, since then the
right-hand side is negative while the left is nonnegative.

We estimate the F' term using equation [2):

. 1 A
2 ‘ [h” — (E—i—a) Hg”] FRTSN7 bV R

|2] 1w ap

o

. 1 .

o (L)
n

< 2\/o(1+no)H ‘FH VA2

< 2v/o(1+no)H* tu| VA2

The next term is the good negative term which we estimate as follows:

1 o 1 1
Fii [vihklvjh“—gviﬂvjﬂ] = FY (Vihkl - EgklviH> <vjhkl - Egklij>

vV

(aH ™" — pH 2| A]) VA
2(n—1)
3n

v

H*Y (o — u/7) [VA|?,
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where we used equation ([£3]) and Lemma[ZTl The same estimates also control the
remaining term:

20FijViHVjH‘ < 2 (o + /o) H* Y| VH]|?
< 2(n+2)
- 3
Putting these estimates together, the gradient terms at (po,to) in (BI) are no
greater than

(-1 D0 ) + 2o+ 20D (a4 ) ) oo

o (o + pv/a) HO V[V A2

The bracket is clearly nonpositive on 0 < o < §; for some §; > 0 depending on n,
w1 and o O

Remark 5.2. By Lemma H3] the minimum of F' does not decrease in t. Since
(nEmax)® = f(Kmaxs -« - s Kmax) = f(K1,--+,Kn), Fmax remains strictly positive and
H > 0 by Lemma

Remark 5.3. We used the second derivative bound p, but no concavity of f. One-
sided second derivative bounds might suffice, but mere parabolicity does not (unless
n = 2 as shown in [A4]); for example, no pinching cones exist if F = (H + ck2)®
with ¢ > 3 for n = 3.

6. CURVATURE BOUND

Next we prove upper bounds on the speed, by using an argument of Tso [T
to show that the speed remains bounded if the inradius stays positive. Suppose
r_(My) > ro for 0 <t <tg. Take the origin to be the centre of the insphere of M,
so that M, encloses B,,(0) for 0 <t <ty. Let Q = ﬁ By Theorem [5.1] and

Lemma 22 Kmin > Zyrnlo VnEnBU/ﬁmax with o < min{do, 41}, so
n{n— [ed

Skl p . (1 —ynn - 1)0) 141/
F hk hpl > aKminF > F )
n(l++/n Yo)

where we observed F = f(k1,...,kn) < f(:‘{max, ey Fmax) = (NKmax)”. Using this
we compute
8Q w Vie(X,v) F Skl
VY LU ek e - F p —2(1 F
E 2(X, v) “ V19 (2(X, V) — ro)? (TO P = 2(1 + ) )
- Ve(X,v) 141/a A
< P LR ek Rl 201 2 _ 141/ 241/
_‘CQ+ 2<X,V>_T0VZQ+ ( +OL)Q TO OQ ’

n(n 1)o)
— >
where C' = n(1+ = , and we used 2(X, v) —rg > ro. The maximum principle

then implies

o =\ —o/(1+a)
@ < max (—2(1 jL a)) 1"0_(1+a) <(1 + a_)C) ro_lt*a/(lJra)
>~ c ’ 20

It follows that F' is bounded, and hence so is Kyax- We have proved the following.
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Proposition 6.1. Let X : M x [0,ty] — R**! be a solution of (&) with ||1¢Ci||2 <
min{do, 81} H? at t = 0. Then there exists C. depending only on n, o, u, ry (M)
and r_(My,) such that kymax(z,t) < Cy (1 4+t~ YA+ for all (z,t) € M x (0, to].

7. REGULARITY RESULTS FOR PARABOLIC EQUATIONS

Here we summarise the ingredients needed for our regularity results. Denote by
Q, the space-time cylinder B,.(0) x (=72, 0]. We need the result on Hélder continuity
of solutions of linear uniformly parabolic equations by Krylov and Safonov [KS| (see
also [L, Corollary 7.26]):

Theorem 7.1. For any 0 < A < A < oo and B > 0, there exist v € (0,1) and K
such that for any smooth solution u: Q1 — R of the equation

Ou o 0%u ; Ou

1 S
(7.1) ot~ " Owidwi o oxt
with M|€]|? < a¥&;&; < Al€]]? for all € and |b'| < B, the following holds for
0<r<1:

+ 7

oscu < Kr? (QQSCU+ ||f||00> .
1

r

Schauder estimates give more regularity if the coefficients are regular (see [L
Theorem 4.9]):

Theorem 7.2. Let 0 < A< A < oo, A,B,C >0, and 8 € (0,1). Then there exists
K depending only on n, \, A, A, B, C and 8 such that for any smooth solution
u: @1 — R of the equation

ou 0% o
7.2 — =aY——— + b0 —
(72) at " 0xiow + ox'
where N[EI? < a¥igg; < A€]? for all €, |a¥(x,1) — a¥¥(y, )| < Amax{jz - yl?,
‘t_5|6/2}7 |bi(ﬂ;‘,t)| < B, |bi(x7t) _bi(yv S)| < Bmax{|x—y\5, |t_s|ﬂ/2}) |C(:L‘,t)| <
C and |c(z,t) — c(y,s)| < Cmax{|z —y|®, |t — s|%/2} for all (z,t) and (y,s) in
B1(0) x [=1,0], the following estimate holds:
Ou
ot

+ cu + f,

[ Dull Lo (@, 0) + 1D*ull L (@, ) +
L>(Q1/2)
ou

+ sup 5t (7,5) — 5y, 5)]
(@.)£(y,5) in @y, Max{|z —yl|?, [t — s|7/2}
+ sup | D2u(z, t) — D*uly, s)|
(2.0)£(y,5) in @y, Max{|z =y, [t — s|7/2}
|Du(z,t) — Du(z, s)]
[ — 5|0 TE)/2

+ sup
(2,t),(%,8)EQ1 /2, t#s

|f(z,t) = f(y,s)|
< K (Jullmon + Il +  sup |
( (@) (@) (z,t)#(y,s) in Q1 max{|33 - y|ﬁ7 ‘t - S|5/2}

In order to apply Schauder estimates to deduce higher regularity for solutions
of fully nonlinear parabolic equations, one must first prove that derivatives up to
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second order in space and first order in time are Holder continuous. In most such
cases it is necessary to use the results of Krylov [K] (or Evans [E] for the elliptic
case) which require concave dependence on the second derivatives. However in the
situation of this paper the geometric restrictions allow us to dispense with this
requirement. Cordes [Co] and Nirenberg [N] proved that linear elliptic equations
with coefficients close to the identity admit C1'® estimates. We use a result of this
kind from Ll Lemma 12.13], proved by adapting to the parabolic setting a method
of Caffarelli [Cal.

Theorem 7.3. Let 0 < A< A < oo, A>0 and B > 0. Then there exist constants
C>0,v€(0,1], K >0 and o > 0 such that for any u: Q1 — R with continuous
first time derivatives and second spatial derivatives, satisfying the equation

(7.3) % — 4" (2, ) DiDyu + alz, )
with A\69 < a(z,t) < A§Y, |Du| < B, la(z,t)| < A, and |a¥ (z,t) — a¥(y,s)| < o
for all (z,t) and (y,s) in Q1, we have for all 0 < r < 1,

osc Du < Cr” (osc Du + K) .
QT‘ Ql

8. HOLDER CONTINUITY OF SECOND DERIVATIVES

In this section we use the regularity results provided in the previous section
to prove Holder continuity of the second fundamental form. The proof proceeds
in several stages. First, we observe that upper and lower bounds on F' together
with the pinching result of Theorem [B.Ilimply bounds above and below on second
derivatives, which in turn imply that the evolving hypersurfaces can be described
locally as the graph of a function evolving by a uniformly parabolic equation. From
this we deduce that the unit normal v and the speed F' are Holder continuous in
space-time. It follows that on small space-time regions the evolving graphs have
first spatial derivatives satisfying an equation to which Theorem [Z.3] can be applied,
yielding the following:

Theorem 8.1. Let F satisfy Conditions @Il Then there exist 65 € (0,61] and
v € (0,1] depending only on n, o and p such tha)z‘)for any smooth uniformly convex
solution X : M x [0,7] — R of @I) with ||A||* < min{ds, o }H? everywhere,

[ (0,0) = oy s (w,w)] < € (X (,8) = Xy, )7 + |t = 5772 + | X (0) = X (w)]")

for all (x,t), (y,s) € M X [1/2,7] with | X (x,t) — X (y, )|+ /[t —s| < d, ve T, M,
and w € TyM (here X, is the derivative of X, so X.(v) is the vector in R"H
corresponding to v), where C and d depend on 7, ri =r(My), r— =r_(M;) and
iIlf]V[O F.

Proof. We first deduce a curvature bound:

Lemma 8.2. For X as in Theorem Bl there exist 0 < k_ < k4 < oo depending on
T, n, b, o, 7+ and infpr, F such that k— < k;(x,t) < ky for allx € M, t € [7/8,7]
and i€ {1,...,n}.

Proof. The uniform convexity of My implies that the speed F' has a positive lower
bound at ¢ = 0, and the evolution equation for F' in Lemma 33 implies that
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this lower bound is maintained as long as the solution exists. By Proposition
we deduce an upper bound on F' on M x [7/8, 7], depending only on r_ (M)
and r4 (Mp). Theorem B and Lemma imply upper and lower bounds on the
principal curvatures. O

In order to apply the results of the previous section we write the evolving hy-
persurface locally as an evolving graph: Choose 1 € M and t; € [7/8,7]. Since
ki < k4, M, encloses a sphere of radius 1/k4 which touches at X (z1,?1). Choose
the origin to be at the centre of this sphere. Then M; lies outside the sphere of

1
: —(1+a) Tto 1 .
radius (kyr Y (1+a)t— tl)) fort; <t<ti+ [ETSTRsCE In particular M;
lies outside the sphere of radius 2~ e k;l fort € [tl, t1 + mk;(yﬂl)] Choose

an orthonormal basis for R"*! with e, 11 = k4 X (x1,t1). By convexity, we have

M, N {X  epsr >0} 0 {|X — (ent1 - X) eng1| < Z’ﬁkf}

= {(z—ule,t)): o] <2 Ta ks

where u € C° <B (0) x [tl,tl + ék_(“ra)}) is convex for each ¢,

27 1+1a kll 2(14a) "+

0 > u(z,t) > —ki' and |Du(z,t)| < 2+ s for |z] < 271+%k;1. We bound the

second spatial derivatives D?u: The second fundamental form is h;; = ———=%
P K /14| Duf?’

and the induced metric is g;; = 0;; + D;u D;ju. The upper and lower bounds on
principal curvatures give k_g;; < h;; < k4 gs5, which becomes

k_ (5” + Dlu DJU) \ 1+ |Du|2 S DiDJ’U, é kJr ((5” + DZU DJ’LL) \/ 1+ |Du\2,

so that by the gradient bounds we have
2 \3
(81) k_éij S Dleu S k+ (1 + 22+1+_°¢)

The function u evolves according to the scalar parabolic evolution equation

0 l-a .
(8.2) 8—1: — (1+|DuP) = F(PT o D*uo P) = F(D?u, Du),
where P;; = 6;; — \/1+|Du|123(irfz;1+\Dul2) is the square root of the inverse of the

induced metric.
Our next step is to prove that the unit normal vector is Holder-continuous (in
space-time):

Lemma 8.3. For X as in Theorem RI], there exists C and d depending only on
r(My), r—(M;) and infp, F such that

v, ) = vy 9)| < C (IX(2,0) = X (g, 8)] + V/]E— 5]

for all (z,t) and (y,s) in M x [7/8,7] with | X (x,t) — X (y, s)| + /|t — s| < d.
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Proof. Differentiating equation (B2) in a spatial direction gives the following evo-

lution equation for v = g; for any i:
v kl k
(8.3) E = a™ Dy Djv + b° Dy,
where o = % and bF = 8{;(& . Explicitly we
"k l(r,p)=(D?u, Du) PE A (rp)=(D2u,Du)
have
8.4 M = /14 |Dul2FP prkpdt
(34) M = VTEDPE| | prhp,

and b* is an expression involving Du and D?u, which may be bounded as follows:
(8.5) b"| < C(|Dul, | D?ul)| Dul.

In particular [b¥| < B, where B depends only on 7, (M), r—(M,) and infyy, F.
We note that by equations ([84]) and [@3]) and (£4), there exists A > 0 depending
on i, n, a and 74 such that a”¢;&; < Al|¢||? for all £.

Equation Rl provides Lipschitz dependence of v in space. We use a barrier argu-
ment to deduce the required continuity in time: Since v(0,¢1) = 0, and |v(z,t)| <

3
25 | and |Dv(z,t)| < K =kt (1 —|—22+1ia) * everywhere on Bg—li k_l(O) X
+

{tl,tl + mk;(ua)}’ we have in particular that |v(z,t)| < Klz| < {f—; + elz|?
for any € > 0, for |z| < 2_1%&/4;;1 when t = ¢; and for |z| = Z_H;akfrl when
ty <t <t;+ mk;(pﬂl). Sub and super solutions for equation (B3] are then
given by v(ﬁ) ==+ (14(—52 +elx? + 2 (An + 271+;ak_~__1B) (t— t1)>, and so by the
comparison principle we have |v(z1,t)| < {f—; + 2¢(An + 27ﬁk;13)(t —t1). Op-
timizing over e for each ¢ gives |v(z1,t)| < \/Q(An + 2_1%&/4;;13)[(2(75 —t1). The
continuity of the unit normal v follows since it is a smooth function of the gradi-
ent. (]

We can now deduce Holder continuity of the speed F":

Lemma 8.4. For X as in Theorem B], there exist v € (0,1), C and d depending
only on ro(My), r—(M;) and infps, F such that

[P, t) = F(y, )] < C (1X(,0) = X(y, )7 + |t — 572)

for all (z,t) and (y,s) in M x [7/4,7] with | X (z,t) — X (y,s)| + /|t — s] < d.

Proof. As before we write the evolving hypersurface locally as an evolving graph

satisfying equation ([B2). Differentiating with respect to time, we find that the

function v = 2% again satisfies equation (83). The expression (84) for a'/, together

with bounds on Du and F and equations ([{3]) and (@), imply that there exist A

and A such that A[|€]|* < a™¢,&; < A||€||* for all £. The bounds on Du and D*u

also imply that [b'| < B. The function 9(z,t) = R~ 1v(Rz,t; + (1 + t)R?t) with
14

R = min 172_14+ak;1, L__k 2 } gives a solution of equation ([83) on Q

V2(1+a) T
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with b replaced by Rb (hence |[b] < B) still holds), and so Theorem [T] applies.
Rescaling back we have the estimate

osc v< K (—) osc v
Q- (0, t1+R2) R/ Qr(0,t1+R?)

for 0 < r < R. Finally, since E and Du are Holder continuous, so is F' by equation
ED). O

Now we complete the proof of Theorem BRIt Choose any (x1,t1) with ¢ €
[7/4,7]. We first rescale to ensure that F(zy,t;) = 1, by setting Y (x,t) =

F(xy,t)Y/*X (:E,tl —I—F(xl,tl)_HTat) and noting that Y is again a solution of

(@I). We write the evolving hypersurface Yt(M ) locally near (z1,0) as a graph
evolving according to equation (82), and let v = d - for some ¢ € {1,...,n}, so
that v evolves according to equation (83). The expressions (84]) and (Iﬂ), together
with the Holder continuity of Du and F', imply that on small enough regions we
can make |Du| as small as desired (in particular less than 1) and F as close as
desired to 1. By the expression 84) for a”/, and the bounds ([@3) and (&4), on
small regions we have A[|€]|? < a¢;&; < Al|€]|?, where A and A depend only on n, «
and p. Similarly, since F is close to 1 we have bounds above and below on principal
curvatures from Lemma 22 and hence bounds |Dv| < B and [b*D;v| < A, where
A depends only on n, o and u. Let o be given by Theorem with these values
of A\, A, A and B. Finally, by [@3)) and ([@4]) we can choose d; sufficiently small
(depending on n, «, p and o) to ensure that (a — o/4)1 < F(A) < (a+o/4)1
whenever F(A) =1 and HA |2 < 62H?. Tt follows that on small enough regions we
have |a¥ (z,t) — a¥(y, s)| < 0.

Now let 9(z,t) = R™'v(Rz, R?t) for R to be chosen. Then v satisfies equation
B3) on Q1 (for R sufficiently small) with b replaced by Rb‘, and hence for suffi-
ciently small R (depending on n, a, u, r4 and inf s, F') we can apply Theorem [3]
to deduce C'7 estimates on ©. Translating back to v we deduce C>7 bounds on w.
This implies Holder continuity of the second fundamental form of the solution Y7,
and again scaling back gives Holder continuity of the second fundamental form of
X, as claimed. O

9. HIGHER REGULARITY

The higher regularity for solutions of equation (41l now follows from Schauder
estimates:

Proposition 9.1. For each k € N there exists Cy, depending on ty, n, a, F, r4
and infp, F_such that for any solution X : M x [0, o] — — R of equation (@)
satisfying ||A||2 < min{dg, b2} H?, |VFA| < Ck on M x [to/2, o).

Proof. We again work with the local graph parametrization used in the previous
section, around some point (z1,%;). Since V¥ A is controlled once the derivatives up
to order (k+2) are controlled when the hypersurface is written locally as a graph, it
suffices to obtain bounds on D*u for the corresponding solutions of equation (8.2).

By Theorem 81} the function u is C?”, with Hélder bounds on second derivatives
depending on n, «, p, 7+, infz, F', and elapsed time. In particular this implies that
the coefficients of equation (B3] are Holder continuous, and therefore by Theorem
we deduce C?7 bounds on v = 2%, and hence C*" bounds on u. The higher

0zt)
regularity follows by induction, by considering the evolution equations satisfied by
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higher spatial derivatives of u: The Hdélder continuity of mth spatial derivatives of
u allows Theorem [7.2] to be applied to the evolution equation for order m —1 spatial
derivatives, yielding Holder continuity of order m+ 1 derivatives. By induction this
yields bounds on all spatial derivatives, and by the evolution equation this also
implies bounds on arbitrary spatial and time derivatives of u also. (I

10. CONVERGENCE TO A POINT

Proposition 10.1. OLet My = Xo(M) be a smooth, uniformly convex, compact
hypersurface with ||A||*> < min{dy,d2}H?. Then the mazimally defined solution
X: M x[0,T) — R" of equation [@I)) with initial data Xo is C*°, each hyper-
surface My = X;(M) is strictly locally convexr, and there exists p € R" ! such that
Xi(M) — p € R uniformly as t — T.

Proof. Suppose the inradius does not approach zero as the final time is approached.
At t = 0 the speed F has a positive lower bound since My is uniformly convex,
and this is maintained as long as the solution exists (see Remark [5.2]). Proposition
implies that F' is bounded since the inradius does not approach zero, and the
pinching estimate of Theorem [E.I] and Lemma then imply bounds above and
below on principal curvatures. Proposition then provides bounds on all higher
derivatives of curvature. In this case the solution can be continued to a larger
time interval, by the argument of [H1, Theorem 8.1]. This would contradict the
maximality of the interval of existence, so the inradius must approach zero ast — T.
The circumradius does also, by [AIl Lemma 5.4]. O

11. IMPROVING PINCHING

Now we prove that the bounds on the pinching ratio can be improved to show that
the pinching ratio is close to one when the curvature becomes large. For o > 1 this
can be done using the maximum principle, rather than the more involved integral
estimates and iteration techniques which are required to prove the corresponding
estimates for mean curvature flow in [HI].

The result is the following:

Theorem 11.1. Let § > 0 be as in Theorem Bl Let Mo = Xo (M) be a smooth,
compact, strictly convez hypersurface for which |A||? < ooH? with oo € (0,6). Let
b =supy, H, and let X : M x [0,T) — R be the solution of ([@I)). Then there
exists A > 0 such that for any t > 0, the second fundamental form A of M lies in
the set

E = {A : H/Li||2 < min {O'QH2,O'0f))\H2_)\}} .

Proof. At t = 0 we have H < b, and so H/ti||2 < ooH? = min{UoH2,Uoh/\H2_>\}.
We have already proved that the condition ||14ci |2 < ogH? is preserved. It remains
to prove that for suitable A > 0 the quantity Z = ||A[|> — coh*H2* cannot
attain a new zero maximum at a point where H > h. At such a point we let

A
o = oy (%) < 0g, and note that Z = 0, LZ < 0 and 0;Z > 0. The latter are
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related by the evolution equation for Z:

aa_f —LZ+2 (h” - (— + a> Hg”) FRTS hg V sh
n

— 2F (vihklvjh“— lvilervjlar> +20FV,HV;H
n

(11.1) + AcHGIF(V;h,V;h) — o A(3=NFYV,HV ;H + 2FY h;,, k™ Z
2= 1)F

+ AO’Fijhimhijz—
n

nio

nC’—(1+na)H||A||2+TH|A|2).
The terms which do not involve A can be estimated exactly as in the proof of Theo-
rem 51l For the remaining terms we have the following straightforward estimates:
Choosing A < 3 we discard the third term on the second line. The preceding term
we estimate by

Ao HE(V;h,Vih) < AaH* 1 My(o)|VA|2.
Thus all of the terms involving gradients of curvature can be estimated by
H 1|V A|? times

A0 v o) 4 2l T M) + 2D (ot VaN(@) + oo

Since 0 < gy < 0, the first three terms have a strictly negative sum, and so the
result is nonpositive provided A is sufficiently small depending on o.

The terms in the last line of equation (III]) can be estimated as follows: We
discard the negative term in the last bracket, and estimate the others using Lemma
The preceding term is bounded as follows: Since the principal curvatures are
nonnegative we have h;,h™; < Hh;;, and so

Ao FY by h™ H? < Ao Fhi i H® = Aaoc FH®.
This gives the following bound for the last line of (IT.I)):

(a)\a - %(a —1)o(1+no) (1 - m)) FH®,

which is strictly negative for A > 0 sufficiently small depending only on o and
Q. O

Corollary 11.2. If X is a solution of equation [@1)) as in Theorem [I11], then for
any € > 0 there exists a constant C1(g) > 0 such that k, < (14 &)1 + C1(e).

Proof. By Theorem [IT.T] we have
Kin — k1 < V|| A]]

< /o (H/b)' ~?
1 1
< Vnagh <—af' + —aq(H/[))qU)\/?))
p q
for any @ > 0 and 1/p + 1/¢ = 1, by Young’s inequality. Choosing ¢(1 — A/2) =1
gives

2— A\ A
Kn — K1 < \/nog {Taz/@A)H + Ebag/)‘} < ek + C1(e),
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for any € > 0, where we used Lemma to estimate H in terms of k1, and chose

a to satisfy ﬂ/nao% =(1—-+/n(n—1)og)e. Accordingly C(¢) is given by

2e(1 — y/n(n— 1)00)>¥
PEPIREN D

cl<s>=§m<

12. LOWER SPEED BOUNDS

The results of Theorem 3] and Corollary imply that the evolving hypersur-
faces are close to spheres when their diameter is small. In this section we use this
to deduce lower bounds on the speed. Our argument here is quite general and does
not require any assumptions on the speed except for homogeneity and parabolicity.

Proposition 12.1. Let X : M x [0,T) be a smooth, strictly convex solution of
a flow of the form (@Il) which contracts to a point as t — T, and such that the
ratio of the circumradius to the inradius approaches 1 ast — T. Then there exists
t_ < T and C > 0 such that F(z,t) > C(T —t)" ™% forall z € M andt € [t_,T).

Proof. We begin with the following observation, originally due to Smoczyk [S4]
Proposition 4] for the mean curvature flow and proved here by a different method:

Lemma 12.2. If M;, encloses p € R"™, then (X —p,v) + (1 + a)(t — to)F >0
fortg <t<T.

Proof of the lemma. The homogeneity of F' implies that
Xa(2,1) = A (X (527050 —t0)) — p) +p

is again a solution of the same flow, for any A > 0 and p € R™*!. When ¢ = t;
this amounts to a rescaling about the point p, so if My, encloses p, then X (M, tg)
encloses My, for any A > 1. By the comparison principle, X (M,t) encloses M (t)
for each t > tg and A > 1, and we deduce that

<%X/\(Z,t)‘ ,l/(z,t)> = i<X)\(Z,t)7y(z7t)> >0

)N A=1

for all z and ¢t > ty. Computing the left-hand side explicitly, we find
0< (X —p+ (L4 a)(t — to)Fr,v) = (X — p,v) + (1 +a)(t — to) .
O

Proof of the proposition, continued. Choose t; close enough to T' to ensure r (M)
< (1+e)r_(My) for all t € [t1,T), where e > 0 is such that (1 + 2¢)1t* < 5/4.
Fix tyg € [t1,T), and write r_ = r_(M,,). Choose ¢ € R"! to be the incentre
of My,, so that B,_(q) is enclosed by My,, and B(142.),_(q) encloses M;,. By
the comparison principle, B,)(q) is enclosed by M; for t > ty, where r(t) =

(r’Fe—(1+a)(t - to))l/(Ha), and Bpr)(q) encloses M; for t > tg, where R(t) =
14+a
(L +2e)r ) —(1+a)(t — to))l/(Ha). In particular this implies T > to+

,’,7

1+a
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3T1+u

Fix z € M, and let t = tog + 1(i7ay- Choose p to be the point in My, which

maximizes (p,v(z,t)), and apply Lemma [[2:2] This gives
<p — X(th)v V(th» > 4(T— — R(t))

B ([ e
The estimates above give R(t) = r_ ((1 4 2¢)'+ — 3/4)1/(1+a) < 27Vt hy
our choice of . Also note that T'— ¢ > %. These imply
—9-1/(+e) N
) 2 3(4(143-104)(2T - t))a/)um) = C(T =),
as required, for all z € Mandallt >t_ =t + %. O

13. THE CONVERGENCE THEOREM

Proof of Theorem [£2l The existence until the solution converges to a point p was
proved in Proposition 0.0l We next prove Hausdorfl convergence of the rescaled
hypersurfaces M, = X;(M) to the unit sphere: By Corollary and Theorem
Bl for any p > 0 there exists Ca(p) such that ry (M;) < (1 + p)r_(M;) whenever
ry (M) < Ca(p). Since M, converges to a point we have r4(M;) — 0 as t — T,
so for each p > 0 there exists t(p) < T such that r (M) < (1 + p)r_(M,) for
t(p) <t < T, and since M; converges to p, p is enclosed by M; for each ¢t. We can
relate 4 (M) to T — t. The time of existence is no less than that of the sphere of
radius r_ (M), and no greater than that of the sphere of radius r (M), so

P (M) (L p)r (M)

1+a — - 14+ 1+«
for ¢ > t(p). We can also control the distance from p to the centre p; of the
insphere of My: p is enclosed by My, which is enclosed by the sphere of radius
(re(My)' e — (1 +a)(t' — t))l/(HQ) about p; for t <t' < T. Taking t' — T gives

p—pi| < ((rg (M) o —(1+ a)(T = 1)U < (rp (M) 1o — () 1+e) Y/ OF),

This implies that

(13.1)

lpe — p| o\ M/0+a)
132 T oy < (e -

for t > t(p). The estimates (I3.I]) and (I3:2) amount to Hausdorff convergence of
M; to the unit sphere.

Next we observe that by Proposition [Z1] for ¢t > ¢_ we have F > C(T —t)” T+a,

and hence by the pinching estimate of Theorem .1l and Lemma 2.2l we have k5, >
1
(T —t)” ™.

We deduce an upper curvature bound from Proposition [2.T] using scaling to
deduce the correct dependence on the remaining time. Fix t. € [T/2,T), and
consider rescaled solutions defined by
X(p,t. + (T — t.)1)

(T —t,)T=
For any t* € [T/2,T), X(*+) is a solution of equation @I) on M x [—1,0]. Given

_1
p>0,if T —t, < (T —1t(p))/2, then by [I31I) we have r,(Xt(t*)) > % and

X (1) =
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r+()z't(t*)) < (14 p)(201+ oz))lJ%a, for —1 <t < 0. It follows from Proposition
2.1 that the rescaled solutions have F'(x,0) < C independent of ¢,, and hence the
unrescaled solutions have F' < C(T — t)_l%a.

Estimates on higher derivatives of curvature also follow: The solutions X (t+)
defined above have bounds on curvature in C* for any k on M x [-1/2,0], by

Proposition It follows that |[VEW|| < Cu(T — t)fw for each k, and the

rescaled hypersurfaces M, —p —— have uniform bounds on curvature and all
(A+a)(T—t)) THe

higher derivatives.

C*° convergence of the rescaled embeddings now follows: The pinching estimate
of Theorem [IT.] implies that (for ¢ close enough to T') the rescaled maps satisfy
||fci I? < C(T - t)lﬁ By interpolation we also have ||Vf(i | < C(T —t)P for some
B > 0, and hence by Lemma 211 |[VA| < C(T — t)?. Then interpolation again
gives that |[V® A| < Cy(T — )P for every k, where B, > 0. One can define a
normalized flow as in [HI, Section 9]. The time variable in the normalized flow
is 7 = log(T — t), so we have exponential decay of all derivatives of the second
fundamental form for the normalized flow, and the argument in [HI), Section 10]
can be applied. O

Remark. A similar result to Theorem also holds in the case a = 1: By a
slight modification of the proof of Theorem 5. an essentially arbitrary smooth,
homogeneous degree one speed F' preserves sufficiently strong pinching of a convex
hypersurface, with pinching ratio determined by n and a bound for the second
derivatives of F'. The argument given in Section [§ applies with minor changes
to prove Holder continuity of the second fundamental form, and higher regularity
follows by Schauder estimates. Convergence of the rescaled hypersurfaces then
follows by the argument given in [Al]. We note that a lower bound on F follows
in this case from the Krylov-Safonov Harnack inequality, so this situation does not
need the geometric result of Section Bl
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