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FORCING, GAMES AND FAMILIES OF CLOSED SETS

MARCIN SABOK

ABSTRACT. We study forcing properties of o-ideals generated by closed sets.
We show that if a o-ideal is H% on E% and generated by closed sets, then
it is generated by closed sets in all forcing extensions. This implies that the
countable-support iteration of forcings associated with such o-ideals is proper.
We use it to prove an infinite-dimensional version of the Solecki theorem about
inscribing positive Gy sets into positive analytic sets.

We also propose a new, game-theoretic, approach to the idealized forcing,
in terms of fusion games. We provide a tree representation of such forcings,
which generalizes the classical approach to Sacks and Miller forcing.

Among the examples, we investigate the o-ideal £ generated by closed null
sets and o-ideals connected with not piecewise continuous functions. For the
first one we show that the associated forcing extensions are of minimal degree.
For the second one we show that the associated forcing notion is equivalent to
Miller forcing.

1. INTRODUCTION

Idealized forcing is a technique of applying forcing to descriptive set theory. It
was systematically investigated by Zapletal in [2I] and [22]. If 7 is a o-ideal on
a Polish space X, we consider the associated forcing notion Pz = Bor(X)/Z (or
an equivalent forcing, Bor(X) \ Z ordered by inclusion). Among the well-known
examples are Sacks forcing and Miller forcing. The former is associated to the o-
ideal of countable subsets of the Cantor space (or any other Polish space), and the
latter is associated to the o-ideal of K, subsets of the Baire space (i.e. the o-ideal
generated by compact subsets of w*).

Zapletal [22] investigated forcings arising from o-ideals generated by closed sets
and proved [22, Theorem 4.1.2] that if Z is a o-ideal on a Polish space X generated
by closed sets, then the forcing Pz is proper and has continuous reading of names
in the topology of X.

Definability of a o-ideal usually relies on the property called IT} on 31 (cf. [9]
Definition 35.9]), which says that for any analytic set A C X?, the set {x € X :
A, € T} is coanalytic. By classical results of Mazurkiewicz [9] Theorem 29.19] and
Arsenin-Kungui [9, Theorem 18.18], both the o-ideal of countable subsets of 2¢
and the o-ideal K, on w* are ITi on 1. It is well known (see [9, Theorem 35.38])
that if IC is a hereditary (i.e. closed under taking subsets) and coanalytic (in the
sense of the Effros space) family of closed subsets of X, then the o-ideal generated
by K is IT} on X}.
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Note that if Z is a II} on 21 o-ideal, then it makes sense to define Z" in any
model W of ZFC (containing the parameters of the definition) as the family of
analytic sets satisfying the ITi definition of Z. We prove the following result.

Theorem 1.1. Let Z be a II on 1 o-ideal. If T is generated by closed sets in 'V,
then IV is generated by closed sets in all forcing extensions V.C W.

Notice that, as a corollary, we get that if Z is II} on 31 and generated by closed
sets, then Pz is proper in all forcing extensions and hence the countable-support
iteration of such forcings is proper.

Solecki proved [I8, Theorem 1] that if Z is a o-ideal on a Polish space X generated
by closed sets, then each analytic set in X either belongs to Z or contains an Z-
positive Gy set.

Note that this result has forcing consequences: it implies that if 7 is generated
by closed sets, then the forcing Pz is equivalent to the forcing Q7 with analytic
ZI-positive sets.

Kanovei and Zapletal [22 Theorem 5.1.9] proved that if Z is iterable and II}
on X1, then for each a < wy, any analytic set A C X either belongs to Z (the
a-th Fubini power of Z) or contains a special kind of Borel Z%-positive set. In
this paper we extend this result and prove an analogue of the Solecki theorem for
the Fubini products of II} on X1 o-ideals generated by closed sets. Namely, we
re-introduce the notion of Z-positive cubes when (Zs : 8 < «) is a sequence of
o-ideals, (X3 : B < ) is a sequence of Polish spaces, Zg on Xg respectively, and
« is a countable ordinal. Similar notions have been considered by other authors
under various different names; cf. [§], [4] or [22]. We prove the following (for the
definitions see Section [).

Theorem 1.2. Let (X,, : n < w) be a sequence of Polish spaces and T = (I,, :n <
w) a sequence of II} on X1 o-ideals generated by closed sets, I,, on X,, respectively.
IfACT],c., Xn is X1, then

o cither A€ @, .., In

e or A contains an I-positive Gy cube.

Recall that Sacks and Miller forcings are equivalent to forcings with trees (perfect
or superperfect trees, respectively). In both these cases we have fusion (Axiom A),
which implies both the properness and continuous reading of names. We generalize
this as follows.

Theorem 1.3. If T is a o-ideal generated by closed sets on a Polish space X, then
the forcing Pz is equivalent to a forcing with trees with the fusion property.

Axiom A alone can also be deduced from a result of Ishiu [6, Theorem B] and
the fact that Pz is <w;-proper [23, Lemma 1.3]. Our result shows how to intro-
duce additional structure (trees) which gives deeper insight in the forcing Pz. In
particular, it can be used to give an alternative proof of the continuous reading of
names.

The proof of Theorem [[3] uses a technique of fusion games, which are general-
izations of the Banach—-Mazur game (cf. [9, Section 8.H]). Independently, T. Matrai
[T1] introduced and studied similar games. The approach of [I1] shows a connection
between fusion games and infinite-dimensional perfect set theorems.

In the last two sections we study examples of o-ideals generated by closed sets,
motivated by analysis and measure theory.
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First, we investigate an example from measure theory. Let £ denote the o-ideal
generated by closed null sets in the Cantor space (cf. [3]). In Theorem [Tl we show
that P¢ does not add Cohen reals, which implies that any forcing extension with
Pg is minimal. In Corollary [.4] we establish a fusion game for the o-ideal £.

Next we study an example from the theory of real functions. Let X and Y be
Polish. To any function f : X — Y we associate the o-ideal Z/ (on X) generated
by closed sets on which f is continuous. The o-ideal Z/ is nontrivial if and only
if f cannot be decomposed into countably many continuous functions with closed
domains, i.e. f is not piecewise continuous. Piecewise continuity of Baire class 1
functions has been studied by several authors (e.g. Jayne and Rogers [7], Solecki
[19], and Andretta [I]). In Corollary B0l we show that if f : X — w“ is Baire
class 1 and not piecewise continuous, then the forcing Pz is equivalent to Miller
forcing. As a consequence, in Corollary [B11] we get that any Borel function defined
on an Z/-positive set can be restricted to an Z/-positive set, on which it is either
1-1 or constant. In Corollary we establish a fusion game for the o-ideal ZF
when f: 2% — 2 is Borel.

2. NOTATION

All Polish spaces in this paper are assumed to be recursively presented.

If T CY<¥is a tree, then we say that T is a tree on Y. We write lim(T) for
{reY¥: (Vn <w)zin €T}. Lev,(T) stands for the set of all elements of T" which
have length n. If 7 € T, then we write T'(7) for the tree {c € T:0 C7 V 7 C o}.
We write [7]r for {x € im(T) : 7 C «} (when T is clear from the context, such as
w<¥ or 2<¥, then we write only [7]). We say that 7 € T is a stem of T if T = T (1)
and 7 is maximal such. We say that F' C T is a front of T if F' is an antichain in
T and for each z € lim(T") there is n < w such that zfn € F.

By a o-ideal we mean a family Z C P(X) closed under subsets and countable
unions. We say that a set B C X is Z-positive if B € T. A o-ideal of analytic sets
is a family of analytic sets closed under analytic subsets and countable unions. A
o-ideal of closed sets is defined analogously. If Z is a o-ideal and B is an Z-positive
set, then we write Z|B for {ANB: AeZ}.

3. COANALYTIC FAMILIES OF CLOSED SETS

If K is a family of closed subsets of a Polish space X, then its projective complex-
ity can be defined in terms of the Effros space F(X). Namely, if T is a projective
pointclass, then we say that IC is I if it belongs to I' in F'(X).

Recall that if X = w®, then for each closed set C C X there is a pruned subtree
T of w<¥ such that C' = lim(T"). If X is an arbitrary Polish space, then for each
closed set C' C X the family ¢ = {U basic open : U N C = ()} can be treated as a
code for C (since C' = X \|JU). Moreover, the family I/ has the following property:

(%) VU basic open U C UU = Uecl.

We can co@e all families U satisfying (*) by elements of w® a~nd create a universal
closed set C' C w* x X such that if ¢t € w* codes U(t), then Cy = X \ JU(t).
Using the property (x) of the coding, we can check that the function

w3t Oy € F(X)
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is Borel measurable (i.e. preimages of Borel sets in F(X) are Borel). Therefore,
for any projective pointclass I', a family of closed sets I is I' if and only if the set
{tew:CyeK}isT in w®.

The projective complexity of families of closed subsets of X can also be general-
ized to families of sets in other Borel pointclasses — in terms of universal sets. We
will now introduce a Borel structure on the family of G; sets.

Note that for any Gs set G C w® there is a pruned tree T C w<% and a family
(07 € w<¥: 7 € T) such that the family of clopen sets ([o,] : 7 € T) forms a Lusin
scheme and G = (., U, crnon[07]. Generalizing this to an arbitrary Polish space
X we claim that for any G4 set G in X there is a Souslin scheme (U, : 7 € w<¥)
of basic open sets such that

(i) diam(U,) < 1/J7],
(i) Ur CUri(r|-1)>

(iii) if U, # 0, then U,~,, # 0 for some n < w,
and G = (), ., U|r\:n Ur. Indeed, if G = (1, ., On (each O, open and O, 41 C
O,,), then we construct a Souslin scheme U, by induction on |7] as follows. Having
all U, for |7] < n we find a family {U, : 7 € w™*'} such that

o for each 7 € w"*! we have U, NG #0,
e for each o € w"™ we have U, N Oyy1 = J{U; : 0 C 7,7 € "L}

Let us code all Souslin schemes of clopen sets satisfying (i)(iii) by elements of the

Baire space w* and create a universal Gy set G C w¥ x X such that if t € w* codes
a Souslin scheme (Ur(t) : 7 € w=%), then G, =, ., U}, =, Ur (D).

Remark 3.1. Here we show how the above coding is done in the case of the Baire
space and Luzin schemes (the general case is analogous). We pick any bijection p
between w and w<* and consider the set H of all elements of w* which code (via p)
a Luzin scheme satisfying (iii). This set is a G; set and thus there is a continuous
bijection f :w* — H. Now, we say that © € w* codes a G; set G if f(x) codes a
Luzin scheme U such that G =, U=, Ur-

Lemma 3.2. If U C X is open, then
{tew’: GyNU # 0} is open.

Proof. Note that by (iii) and (i), Gy N U # 0 if and only if there is a nonempty
basic open set V' C U such that V occurs in the Souslin scheme coded by ¢. O

If T' is a projective pointclass and G is a family of Gs sets, then we say that G
isTif {tew”:G€G}isT in w*. By Lemma [32 the map

Gs;>G— G e F(X)

is Borel (i.e. preimages of Borel sets in F'(X) are Borel).

Let K be a family of closed sets in a Polish space X. We say that K is hereditary
if for any two closed sets C, D such that C' C D, if D € I, then C € K.

Let Z be a o-ideal on a Polish space X and A C X. We say that A is Z-perfect
if A # 0 and for each open set U the set ANU is either empty or Z-positive. If K is
a family of closed sets in a Polish space X and D C X is closed, then we say that
D is K-perfect if the sets from K have relatively empty interior on D. Note that if
K is hereditary, then a closed set D is K-perfect if and only if for each basic open
set U in X, either UND =0orUND ¢K.
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Lemma 3.3. Let T be a o-ideal generated by closed sets on a Polish space X. If
G Cw* is a Gs set and G is I-perfect, then G & T.

Proof. Let C = G and suppose C is I-perfect yet G € I. If G C U, Fr and F,
are closed sets in Z, then each F, N C' is a closed nowhere dense subset of C. This
contradicts the Baire category theorem. (I

Lemma 3.4. Let T be a o-ideal generated by closed sets on a Polish space X. If
G C w¥ is an I-positive Gg set, then it contains an I-perfect Gs set G'.

Proof. Put G’ = G\ |J{U : U is basic open set and UNG € T}. O

Lemma 3.5. Let X be a Polish space.

(i) Let T be a o-ideal on X generated by closed sets. If G C X is a Gs set,
then G is I-perfect if and only if G is T-perfect.

(ii) Let K be a family of closed subsets of X, let o(K) be the o-ideal of closed
sets generated by K and let T be the o-ideal generated by IC. If D C X is
closed, then the following are equivalent:

e D is K-perfect,
e D is o(K)-perfect,
e D is I-perfect.

Proof. (i) Clearly, if G is Z-perfect, then G is also Z-perfect. Suppose G is Z-perfect
but G is not Z-perfect. Then we can find an open set U such that U NG € Z and
UNG # 0. Consider U NG, which is Z-perfect because G is Z-perfect. U NG is a
Polish Z-perfect space which contains a dense G4 set in Z. By Lemma B3] we get
a contradiction with the Baire category theorem.

(ii) This follows directly from the Baire category theorem. O

Lemma 3.6. Let X be a Polish space and let T be a TI} on X1 o-ideal generated
by closed sets on X. Let IC be a hereditary coanalytic family of closed sets on X.
Then
(i) the family of I-perfect G sets is X1,
(i) the family of K-perfect closed sets is 31,
(iii) the family of Gs sets with K-perfect closure is 31.

Proof. (i) We see that G € Gy is Z-perfect if and only if
G#0 AN VYU basicopen (GNU #0=GNU ¢1I).

This is a ¥} condition by Lemma 321 and the assumption that Z is II} on X}.
(ii) Note that a closed set D is K-perfect if and only if

D#0 A VU basicopen (DNU#0)=DNU &K).

This is a X} condition since the closure is a Borel map.
(iii) This follows (ii) and the fact that the closure is a Borel map. O

Remark 3.7. In addition to coding Gs sets by Luzin schemes, we can also code
continuous partial functions on their dense Gy subsets, that is, triples (G, f,G")
where G is a Gg set, G’ is a dense G subset of G and f : G’ — w" is continuous.
For a sample method of coding see e.g. [9, Proposition 2.6]. If D C w* x w¥ is a
closed set and G C w* is a Gy set, then we write

f:G5D
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to denote that f is a continuous function from a dense Ggs subset of G and the
graph of f is contained in D.

It is well known (see [9, Theorem 35.38] or [5, Lemma 4.8]) that if K is a coana-
lytic hereditary family of closed sets, then the o-ideal generated by K is IT} on X1
Let us present a new proof of this fact, which uses idealized forcing and Solecki’s
theorem.

Corollary 3.8. Let X be a Polish space. If K is a coanalytic hereditary family of
closed sets in X, then the o-ideal generated by K is I} on 1.

Proof. Let T be the o-ideal generated by K and let A C X x X be Xi. Denote by
G the family of Z-perfect G4 sets. By Lemmas and 3.6, G is 1. By Solecki’s
theorem and Lemma 3.4 if x € X, then

A, ¢T if 3Geg GCA,.

Let D C X2 x w* be a closed set such that A = 7[D] (m denotes the projection to
the first two coordinates). Note that G C A, is equivalent to

Yy € G 3z €w? (y,2) € D,.
By Zi-absoluteness we get a name Z, such that
Gk (g,2:) € Dy.

Now, by the continuous reading of names and properness of Pz we get a G’ € G,
G’ C G and a continuous function f, : G’ — w* reading Z,. Notice that the graph

of f, is contained in D, so f, : G’ — D,. Conversely, if there is such a function
f, then dom(f) is an Z-perfect Gs-set contained in A,. Thus, we have shown that

A, ¢T iff 3IGegG 3If:GSD,.
Using the coding of Gy sets and partial continuous functions, one can easily check
that
3f: G5 D,

is a 31 formula. Thus, the whole formula is 31 and we are done. 0

Analytic sets in a Polish space X can be coded by a Xi-universal X1 set on
w* X X. In the remaining part of this section we fix a universal analytic set
A C w” x X which is 1 and good (cf. [12, Section 3.H.1]). The set A will be used
to code analytic sets in X as well as 2} (¢) sets for each t € w*.

We say that a set S C w” codes a o-ideal T of analytic sets if the family 7 =
{A, : t € S} is a o-ideal of analytic sets. Let I(v) be a IT} formula. Note that the
family of analytic sets whose codes satisfy I(v) is IT} on 3! (because A is good and
I(v) is a IT} formula).

Lemma 3.9 (Folklore). If A is a II} on X1 family of analytic sets, then A is
downward closed, i.e. if A, B € ¥} are such that AC B and B € A, then A € A.

Proof. Suppose A C B are ¥} and B € A. Let Z C w* be such that Z € 31 \ IT}.
Take L C w* x X such that

(t,x)eL & (teZAhzxeB)VzeA
As {t e w¥ : L, € A} € T, we conclude that A € A. O
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Suppose V C W is a generic extension and in V we have a IT on X} o-ideal Z.
Let I(v) be a IT} formula which codes the o-ideal of analytic sets ZNX1. By ZV we
denote the family of analytic sets whose codes satisfy I(v) in V[G]. This definition
does not depend on the formula I(v) since if I’(v) is another such formula, then

Vtew I(t) e I'(t)

is a TI} sentence and hence it is absolute for V. C W.
Now we prove Theorem [[11

Proof of Theorem [L1l. Let K (v) be a II} formula defining the set of codes of closed
sets in Z. By K" we denote the family of closed sets in W whose codes satisfy
K (v) (as previously, this does not depend on the formula K (v)).

First we show that in W the family K" is hereditary. Consider the following
sentence:

Jt,s cw? (—K(s) A K(t) A Cs CCy).

It is routine to check that it is 3 and hence absolute for V' C W. This shows that
KW is hereditary.

Next we show that ZW is a o-ideal of analytic sets. Let D C w¥ x X X w* be
a closed set such that 7[D] = A (here 7 denotes the projection to the first two
coordinates). Consider the following formula I’(v):

- (3G € G5 G is K-perfect A 3f: G 5 D,)

(writing that G is K-perfect we mean that G is perfect with respect to the family
of closed sets defined by K (v)). Using Lemma B.6(iii) we can check that I’(v) is a
I} formula. From the proof of Corollary B.8 and from Lemmas 3.3 B4l and we
conclude that in V' we have

Vtew? I(t) < I'(t).

This is a IT} sentence and hence it holds in W. Therefore, it is enough to check
that (I")" (w*) codes a o-ideal of analytic sets. However, it follows from Solecki’s
theorem and from Lemmas B3] B4 and B35 that (I')" (w®) codes the o-ideal
generated by K (w*)W.

The fact that ZW is II} on X1 now follows from the remarks preceding this
proposition. O

We also have the following alternative proof.

Alternative proof of Theorem [Tl Throughout this proof we denote the closure of
a set A by clA. Without loss of generality assume that Z is I} on 31 and X = wv.

We will use the following notation. If ¢(v) is a formula and ¢ € w®, then by
Y1(t) A (respectively Al(t) Ap) we denote the family of X1 (¢) (respectively Al(t))
sets whose codes satisfy o (v).

Let I(v) be a II} formula defining the set of codes of analytic sets in Z. Let K
be the family of closed sets in Z and let K (v) be a II formula defining the set of
codes of the (closed) sets in K (in terms of the universal closed set C'). Consider
the formula K (v) saying that clA, € K. Note that K (v) can be written as follows:

Vsew? C,Ccld, = K(s),

and notice that it is a I} formula.
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Consider the set F' C w* x X defined as follows:
(tx)eF iff  ze| J(AL()AK).
By the usual coding of Al sets we get that F is I1}.

Lemma 3.10. For each t € w* we have
Usior k) =Jaim A K) = JEiw) AT,

Proof. Without loss of generality assume that ¢ = 0. The first equality follows
from the First Reflection Theorem (since K (v) is a I} formula). Denote C' =
UL A K) = USHE) A K), A

In the second equality, the left-to-right inclusion is obvious since K(s) implies
I(s), for each s € w*. We need to prove that if A € X} is not contained in C,
then A ¢ Z. Suppose A € ¥} and A ¢ C. Since C € II}, we may assume that
ANC = (. Let T be a recursive pruned tree on w x w such that A = proj[T].
If A € Z, then there is a sequence of closed sets (D, : n < w) such that each
D, € Z and A C |J,,.,, D,. By induction we construct a sequence of (7, € w<“)
and o,, € T such that for each n < w the following hold:

® 0pt1 20y and Tpt1 2 Th,
* proj[T(on)] C [ral,
e proj[T(op—1)] N [m] N D, = 0.

We take o_1 = (). Suppose o, and 7, are constructed. Notice that proj[T'(c,,)] is
1. Since ANC = 0 we see that cl(proj[T(c,,)]) € K. Consequently, proj[T(c,)] €
D,, and hence there is 7,41 2 Tn, [Tnt1] C 7 such that

(i) Proj(T(c)] N [rsa] £ 0.
(i) proj[T(on)] N [Tay1] N Dy = 0.
Using (i) find 04,41 2 oy, such that 0,41 € T and proj[T(cn+1)] C [Th+1]-

Now, if s = | J,, <, On, then s € im(T"), so w(s) € A, but 7(s) € U,,.., Dn. This
ends the proof of the lemma. O

Consider the following formula I’ (v) (v is a variable):
Vze X ze[lv:>z€Fv.
Note that I’ is a II} formula and
VEVtew I(t)<I'(t).

This is a II} sentence, so by absoluteness we see that I and I’ define the same set
of codes of analytic sets in W.

Now we will show that ZV is a o-ideal generated by closed sets. The fact that
IV is closed under taking analytic subsets follows from Lemma 3.9 because Z% is
I1} on 31,

Let us show that Z" is closed under countable unions. Pick a recursive bijection
[[]: (w?)* — w*. The sentence

(%) V(t, :n<w)e W) (Vn<wl(ty) = I'([th:n<w]))

is I3 and hence it is absolute. Note that for any (¢, : n < w) € (w*)* we have
Fy, C Fp4,n<w for each k < w (because t, € Ai([t, : n < w])). Therefore (x)
holds in V' and hence also in W. This shows that the family of analytic sets coded
by (I")" (w*) is closed under countable unions.
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To see that Z" is generated by closed sets, take any t € W N w* such that
(AW), € ZW. This means that W = I'(t), so (AW), € (FW),. Let (t, : n < w) €
W be the sequence of all elements of w* in W which are Al(#) and satisfy K (v).
By the definition of F' we see that

W= (A", < | @AY),,
nw
is satisfied in W. Let (s, : n < w) € W be a sequence of elements of W N w®
such that W = (CW), = cl(AW), for each n < w. Now W = K(t,) implies

n

W = K(sp). Therefore W = (CW),, € IV because
Vi, s ew” (A, CC, A K(t) = I(s)
is TI} and holds in V. Since
W (), € (@),
n<w

we conclude that ZW is generated by closed sets. O

4. PRODUCTS AND ITERATIONS

If 7 is a o-ideal on X, then we write VZx € X ¢(z) to denote that {z € X :
—p(x)} € Z. Let T and J be o-ideals on Polish spaces X and Y, respectively.
Recall that the Fubini product of T and J, denoted by Z ® J, is the o-ideal of
those A C X x Y such that

Vize XVWyeY (z,y) € A.

If 7, is a o-ideal on Xy, for each £ < n, then we naturally extend the above
definition to define @, _,, Zr = Zo ® @< <n Ir- For each n < w we also define the
Fubini powers of a o-ideal Z as follows: " = @), _,, Z.

Lemma 4.1 (Folklore). Suppose T and J are IIi on 31 o-ideals on Polish spaces
X and Y, respectively. Let AC X xY be a X} set in T® J. There is a 1 set D
such that AND =0 and

Viz e X¥WyeY (v,y)€D.
Proof. To simplify notation suppose that X =Y = w*, A € 31, and Z and J are
I} on ¥1. Put
Ut =JEinT)

and let U2 C w® x w* be such that for each ¢t € w¥ we have
%), =i na).

By the First Reflection Theorem we have U = |J(AI1NZ) and (U?), = J(A1()NT)
for each t € w¥. Therefore, by the usual coding of Al sets, we get that U! and U?
are I1}. Put

C=(U'xY)u U
Notice that A C C' (since otherwise we get that A Z® J). Now B=X xY \C
is as needed. O
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Generalizing the finite Fubini products, one can define the Fubini product of
length « for any @ < wy. A game-theoretic definition of Z¢ is given in [22], Definition
5.1.1]. Definition 3] below (equivalent to [22] Definition 5.1.1]) appears in [4] p.
74]. If 0 < B < « are countable ordinals, then we write 7, g for the projection to
the first 3 coordinates from [[ _, X, to [[ 5 X,. For each D C [[,_, X, we

Fy<a Y

define o o[D] to be X. IfFAC [ _5,, X, and z € [] 5 X, then A, denotes the

vertical section of A at x. If A C X and x € X, then we put 4, = A.

Definition 4.2. Let a be a countable ordinal, (Xz : 3 < ) be a sequence of Polish
spaces and Z = (Zg : f < a) be a sequence of o-ideals, Zg on Xg, respectively. We
say that a set D C Hﬁ<a Xg is an Z-positive cube if

(i) for each 8 < «a and for each x € 7, g[D] the set
(Tap+1[D))z is Zp41-positive,
(i) for each limit 3 < a and z € X7,
remagD] © Yy<fB zly€many[D].
We say that D is an Z-full cube if additionally we have
(i") for each § < a and for each x € m, g[D] the set

(7‘('0(,/34_1 [DD;C is I/3+1—full.

If T' is a projective pointclass, then we say that D is an T-positive (resp. full) T
cube if D is an Z-positive (resp. full) cube and additionally

e for each 8 < a the set 7o 5[D] € I'([[, .5 X5).

Analogous definitions also appear in [§], [4] and [22]. Now we define Fubini
products.

Definition 4.3. Let « be a countable ordinal, (Xg : § < a) be a sequence of Polish
spaces and Z = (s : B < a) be a sequence of o-ideals, ZTg on Xg, respectively.
A set B C [[3., Xp belongs to @4, Zs if and only if there is an Z-full cube
DC Hﬁ<a Xp disjoint from B.

Remark 4.4. Let X be a Polish space and let Z be a I} on X1 o-ideal on X,
generated by closed sets. Suppose A C X? is X1. We will show that either A
belongs to Z2 or contains an Z2-positive G set.

Let D C X2 x w* be a closed set such that 7[D] = A (here 7 denotes the
projection to the first two coordinates). By Lemma B8 the family G of Z-perfect
G sets is B! (in the sense of Section[3] in terms of G). Put A’ = {z € X : A, ¢ T}.
If A’ € 7, then clearly A € I?. Suppose that A’ ¢ T.

By Solecki’s theorem, for each z € A’ there is an Z-perfect G4 set G contained
in A,. Pick # € A’ and such a G C A,. Using Xi-absoluteness, we get a Pr-name
¢ for an element of D such that (we identify (X?), with X here)

GlFn(y) =g

(g is the name for the generic point).

Now, by properness and continuous reading of names for Pz, there is an Z-perfect
G; set G’ C G and a continuous function f : G/ — w® with f C D. To see this, find
a continuous function f’ reading ¥, take a suitable countable elementary submodel
M < H, (k large enough), find G’ consisting of generic reals over M and put
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f = f'IG. The fact that (z, f(z)) € D for x € G follows from Xi-absoluteness
between M[z] and V.
Therefore, for each x € A’ the following holds:

3GeG 3f:GS D,.
This is a X} formula, so by Xi-absoluteness we have
A'lF3Geg 3f:GS Dy

Again, by properness and continuous reading of names (applied to the name for (a
code of) dom(f)) we get an Z-perfect G4 set G’ C A’ and a continuous function
g : G’ — G such that for each z € G’ we have ég(x) C A, Let G={(z,y) € X?:
reG Nye C?g(x)} = (g,id)*l[é]. This is an Z%-positive G4 set contained in A.

Note that the following lemma immediately follows from Lemma FT]

Lemma 4.5 (Folklore). Suppose T = (I, : k < n) is a sequence of I} on i
o-ideals, I, on Xy. Let AC ], Xk be a 1 set in Xpcn . There is an I-full
31 cube D disjoint from A.

If « is a countable ordinal and (Zg : 8 < «) is a sequence of iterable o-ideals,
I on Xp, then we denote by *5oPz, the countable support iteration of Pz,’s of
length o. If A C H5<a Xp is an Z-positive Bor cube, then we associate with A the
following condition p,(A) in *3<oPz,. If B < «, then p,(A)(B) is a *,<sPz -name
Y} (for an Zg-positive Borel set) such that

pa(maslA]) IF Vg = Ay,

where gg is the name for the x,sPz -generic point in H,Y <p Xy Zapletal proved
the following (the statement in [22, Theorem 5.1.6] deals with just one o-ideal Z,
but the proof shows the stronger statement).

Theorem 4.6 (Zapletal, [22] Theorem 5.1.6]). Let o be a countable ordinal. If
1= (Zp : B < ) is a sequence of iterable o-ideals on Polish spaces X g, respectively,
then the function p. is a dense embedding from the poset of -positive Bor cubes
(ordered by inclusion) into *g<qPz,. Moreover, any ®B<a Zg-positive Borel set in

Hﬁ<a Xp contains an Z-positive Bor cube and the forcing P@ﬁ@z

5 s equivalent

to *ﬁ<a]P>I/3 .

The proof of this result uses Shelah’s method of showing that the countable-
support iteration of proper forcings is proper. Theorem was further used by
Kanovei and Zapletal to prove the following result (again, the statement of [22]
Theorem 5.1.9] deals with one o-ideal, but the proof generalizes to the statement
below).

Theorem 4.7 (Kanovei, Zapletal, [22] Theorem 5.1.9]). Let o be a countable or-
dinal and T = (Zs : B < a) be a sequence of iterable o-ideals on Polish spaces X3z,
respectively. If A C ], ., Xp is 31, then either A € Qp<als or A contains an
I-positive Bor cube.

In the proof of Theorem [£.7], Kanovei and Zapletal generalized Lemma [£.35] in the
following way.
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Theorem 4.8 (Kanovei, Zapletal, [22 proof of Theorem 5.1.9]). Let « be a count-
able ordinal and T = (I : B < ) be a sequence of II} on X} o-ideals on Polish
spaces Xg, respectively. If A C Hﬂ<a Xg, is X1 and A € ®B<azﬁ7 then there is
an I-full 1 cube D disjoint from A.

The following (unpublished) corollary was communicated to the author by Paw-
likowski.

Corollary 4.9 (Pawlikowski, [15]). If X is a Polish space and « is a countable
ordinal, then M(X)* N B} (X)) C M(X?).

Theorem was motivated by Solecki’s theorem, Theorem E7] and Corollary
Now we restate it, in a slightly stronger version.

Theorem 4.10. Let (X, : n < w) be a sequence of Polish spaces and I = (Z,, :
n < w) be a sequence of I} on X} o-ideals generated by closed sets, I, on X,,
respectively. If A CT[, ., Xn is 31, then

o cither Ac @, .., In

e or A contains an I-positive G5 cube G such that

EHT X0 N Q) Zo)IG € M(G).

n<w n<w

Proof. Suppose A C [],, ., Xy is an analytic @), ., Zn-positive set. By Solecki’s
theorem and Theorem [T}, the o-ideals Z,, are iterable, so we may apply Theorem
M7 and assume that A is an Z-positive Bor cube. For each n < w write A4,, for
Twn[A] and let B, C T, ., Xi x w* be a closed set projecting to A,. Let G, C w*
be the analytic set from Lemma consisting of codes of all Z,,-perfect G sets.
In this proof we denote 7, ,—1 by 7, and write Z,, for (Z; : i < n).

We will use the following lemma.

Lemma 4.11 (Kuratowski, Ulam). Let X and Y be Polish spaces and let f:Y —
X be a continuous open surjection. Suppose B CY has the Baire property and

vMz e X B f{z}] is meager in f1[{z}].
Then B is meager in Y .

Proof. The proof is almost the same as the proof of the “product” version of the
Kuratowski-Ulam theorem [, Theorem 8.41]. The difference is that instead of [9,
Lemma 8.42], we need to prove that if U C Y is open dense, then

(%) vMgz e X Un f'{z}] is open dense in f~![{z}].

To show this, we take the open basis (U, : n < w) of Y and show that for each
n < w the set

Vo={zeX: f{a}]nU,=0 Vv f{z}]nU.,NU #0}

contains an open dense set. Indeed, let W,, = X \ f[U,] and notice that the set
flU,] U W, is open dense in X. Moreover, W,, CV,, and V;, N f[U,] is dense open
in f[U,]. Now, notice that if € (), V;, then U N f~*[{z}] is open dense in
f7t[{=z}]. This proves (). O
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We shall construct a sequence of Gy sets G, C [],_, X; such that

<n
(i) m[Grn] C Gp—1 is comeager in G,,_1,
(ii) for each = € m,[Gy,] the set (G,,), is Z,-perfect,
(i) |Gy 2 Gy, — T, |Gr) is an open map,
(iv) if D C [],., X; is an Z,-full 3] cube, then D N G,, is comeager in G,,.
Note that, by Lemma 3] (iv) implies
(V) (E%(Hmn XZ) N ®i<n Ii)an c M(Gn)
For n = 0 use Lemma [B.4] to find an Zy-perfect Gs-set Gog C Ag. Notice that
(XH(Xo) NZo)|Go € M(Gyp) follows from the fact that G is Zp-perfect.
Suppose the set G, € X™ is constructed. Similarly as in Remark L4l we conclude

that by Lemma [3.4] X}-absoluteness and continuous reading of names for Pz, for
each x € G, there is a code c(x) € G, 41 for an Z,1-perfect Gs set G,y and a

function f : Gc(z) X (En+t1)z. Consider the set
W={(z,d) e X" xw”: x€Gy,, Ic€Gyt13f: G. 5 (Eni1)s dom(f) = éd}.

W is analytic and all vertical sections of W are nonempty. Hence, by the Jankov-
von Neumann theorem, W has a (X1)-measurable uniformization g : G,, — Gp11.
In particular, g is Baire measurable and hence it is continuous on a dense Gs set
G, € G,,. Let

Ghi1i={(z,y) eX"xX:zeG, Ny€ G’g(w)}.
Gpy1 is a Gy set since G 1 = (g,id)*l[é’]. Moreover, m,11[Gni1] = G, is comea-
ger in G,.

Note that the function 7, 41[Gpt1 : Gni1 — G, is open by Lemma and the
fact that g is continuous on G,.

Now, let D C [I, .41 Xi be an Z,,41-full B} cube. The set D,, = mp41[D]
is an Z,-full 1 cube, so, by the inductive hypothesis, D, N G,, is comeager in
Gp. Therefore, D, N G, is comeager in G). Moreover, if x € G}, N D, then
D, N (Gp1)z is comeager in (Grpi1)z, since (Gpi1)z is Zy41-perfect. Now, D has
the Baire property, so by Lemma ETT] (for the function 7,41[Gnt1 : Gny1 — G)
we have that D N G, 41 is comeager in G 41.

This ends the construction.

Put

G= () mahlGnl.

n<w

G is a Gg set and it is contained in A since A is a (Z-positive) cube. For each
n,k < w also consider the set

Hvli ={r, € Gy: vMyn-&-l € (Gn+1)xn VMyan € (Gnyr)

ikt € (CGrnakt1)@nynitrynsr)  (TnsYntls s Yniht1) € Gy}

(TnsYnt1seYntk—1)

Applying (k + 1)-many times Lemma EIT] we conclude that HF is comeager in
G, for each k < w. Put

H, = ﬂ HF.

k<w
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Each H, is also a comeager subset of G,. Notice that m,11[Hp+1] € H, and
Tn+1[Hn+1] 18 comeager in G, for each n < w. Moreover, for each n < m < w

(%) Tom,n[Hm] is comeager in G,

(by repeatedly applying Lemma LTT]).
Notice that for each n < w we have

Consequently, by () we have that m, ,[G] is comeager in G,,. Therefore, it is
&X); < Li-positive, by (v). For each k¥ < w and = € m, [G] we may repeat the
above argument in the space ([],.,, Xn). and conclude that the set (7 x+1[G])2
is comeager in (Gj41), and hence is Zy11-positive (since (Gr41)z is Zgy1-perfect).
Therefore G is an Z-positive G cube.

Now we prove that (21(I],.., Xn) N Q,,., Zn) |G € M(G). By Theorem EJ
it is enough to prove that if D C [],.,, Xn is an Z-full i cube, then DN G is
comeager in G. Write D,, = 7, »[D]. Using (iv) we see that D,, is comeager in G,,.
For each n < w find a dense in G,, Gs set Gl C D,, such that G, C =, *[Gl].
Let G” = (N, TomlGn]. Note that G” € DN G and G” is a Gs set. We will
prove that G” is dense in G.

Repeatedly applying Lemma [ TT] and property (iv) we see that for each n < w
the following holds:

VMyo € Gy VMyl S (Gl)yo VMyn S (Gn)(yo 77777 Yn—1) (y(), . 7yn) € G;,i

Using this we can easily show G” is nonempty, and, in fact, that if U, C X" is
open, then G N} [Uy] is nonempty. But this implies that G” is dense in G.
This ends the proof. O

Let X and Y be Polish spaces and F : X — P(Y) be a multifunction. If A is
a family of subsets of X, then we say that F' is A-measurable if for each open set
UCY theset F~Y(U)={z € X : F(x)NU # (0} belongs to .A. We say that F is
an analytic multifunction if its graph, i.e. J, ¢y {z} x F(x), is analytic in X x Y.
The following result was motivated by the Kuratowski-Ryll Nardzewski theorem.

Proposition 4.12. Let X be a Polish space and T a o-ideal on X generated by
closed sets. If F : X — P(w¥) is an analytic multifunction, then there is an
I-positive G5 set G such that F|G is £3-measurable.

Proof. Denote the graph of F' by A and let a be such that A € $1(a). Let A(v,w)
be a ¥i(a) formula defining the set A. Take M < H, (for a large enough r)
containing a and Pz. Let Gen(M) C X be the set of all Pz-generic reals over M.
Gen(M) is an Z-positive Borel set by properness of Pz. Find an Z-positive G set
G C Gen(M). We will show that F|G is ¥$-measurable. Notice that if 7 € w<¥
and = € X, then
re F Y ([r]) iff 3Jye[r] Alz,y).

This is a ¥1(a) formula, so it is absolute for M[z] C V. Therefore, by a usual
forcing argument and the fact that Z-positive Gg sets are dense in Pz, we get

FHFA = {GePrnM: GeGs A GIFIyelr] A@Gy)}-
This is a 9 set. g
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5. FUSION GAMES

In this section we briefly recall basic definitions concerning infinite games and
introduce fusion games for o-ideals.

By a game scheme we mean a set of rules for a two-player game (the players are
called Adam and Eve, and Adam begins). Formally, a game scheme is a pruned
tree (i.e. without terminal nodes) G C Y <% for a countable set Y where the last
elements of sequences at even and odd levels are understood as possible moves of
Eve and Adam, respectively. In particular, in any game scheme the first move is
made by Adam (the moves are numbered by w \ {0}). Nodes of the tree G of even
length are called partial plays and elements of lim(G) are called plays. Note that
partial plays always end with a move of Eve.

If 7 is a partial play in a game scheme G, then by the relativized game scheme
G, we mean the tree {o € Y<¢ : 770 € G}. The game scheme G, consists of the
games which “continue” the partial play .

A payoff set p in a game scheme G is a subset of lim(G). By a game we mean a
pair (G,p) where G is a game scheme and p is a payoff set in G (we say that the
game (G,p) is in the game scheme G). For a game (G, p) we say that Eve wins a
play g € lim(G) if g € P. Otherwise we say that Adam wins g.

A strategy for Adam in a game scheme G is a subtree S C G such that:

e for each odd n € w and 7 € S such that |7| = n, the set of immediate
successors of 7 in S contains precisely one point,

e for each even n € w and 7 € S such that || = n, the sets of immediate
successors of 7 in S and G are equal.

The strategy for Eve is defined analogously. If (G, p) is a game in the game scheme
G and S is a strategy for Adam in G, then we say that S is a winning strategy
for Eve in the game (G,p) if lim(S) C p. Winning strategy for Adam is defined
analogously.

Recall the classical Banach-Mazur game [9] Section 8.H] which “decides” whether
a Borel set is meager or not, in terms of existence of a winning strategy for one of
the players. Now we introduce an abstract notion of a fusion game which will cover
the classical examples as well as those from Sections [ and Bl Suppose we have a
game scheme G together with a family of payoff sets p(A) for each A C X such
that:

(i) p(A) C lim(G) is Borel, for each Borel set A C X,
(ii) p(A) C p(B) for each B C A,
(iii) P(Upew An) = Npew P(An) for each sequence (A, : n < w).

n<w TN

Intuitively, p(A) is such that a winning strategy for Eve in (G,p(A4)) “proves” that
A'is “small”. For each A C X the game G(A) is the game in the game scheme G
with the payoff set p(A). We denote by G(-) the game scheme G together with the
function p. We call G(-) a fusion scheme if

(iv) the moves of Adam code (in a prescribed way, in terms of a fixed enu-
meration of the basis) basic open sets U, such that WH C U, and
diam(U,) < 1/n,

(v) for each Borel set A C X and each play g in G(A) if Adam wins g, then
the single point in the intersection of U,’s (as above) is in A.
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Notice that if the family of sets ¢ C lim(G) such that Eve has a winning strategy
in the game (G, q) is closed under countable intersections, then the family of sets
A C X such that Eve has a winning strategy in G(A) forms a o-ideal (by (iii)).

The idea of considering o-ideals defined in terms of a winning strategy in a game
scheme occurs in a paper of Schmidt [I7] and later in a work of Mycielski [14].

If the family of sets A C X for which Eve has a winning strategy in G(A) forms
a o-ideal Z, then we say that G(-) is a fusion scheme for T.

Suppose X = lim(T) for some countable tree T'. Also suppose that the game
scheme G is such that the possible n-th moves of Adam correspond to elements at
the n-th level of T' (such as in (iv), to the basic clopen sets [7]7 for 7 € Lev,,(T)).
Let Gz(+) be a fusion scheme for a o-ideal Z and let T be a partial play in the game
scheme Gz. Let U be the basic clopen set coded by the last move of Adam in 7.
Recall that the relativized game scheme (Gz), consists of the continuations of 7 in
Gz. The game scheme (Gz),, together with the function p,(A) = p(A)NU, defines
a relativized fusion scheme. Using the property (v) we easily get the following.

Proposition 5.1. Let X = lim(T), Gz, 7 and U be as above. Let A C X. Ewve
has a winning strategy in (Gz),(A) if and only if Eve has a winning strategy in
GI(A n U) .

6. FUSION IN THE FORCING Pz

In this section we give a proof of Theorem[I.3l The main ingredient here is fusion
schemes for o-ideals generated by closed sets.

We now give an informal outline of the proof of Theorem[I:3l The general idea is
as follows: having a o-ideal Z generated by closed sets, we find a fusion scheme Gz (+)
for Z such that the trees of winning strategies in Gz(B) (for B € Pz) determine
some analytic Z-positive sets. Moreover, for each B € Pz the winning condition
for Adam (the complement of the payoff set) in Gz(B) is a Gy set in lim(Gz). We
consider the forcing with trees of winning strategies for Adam in the games Gz(B)
(for all B € Pz) and show that it is equivalent to the original forcing Pz (we in
fact show that it is equivalent to the forcing with Z-positive 31 sets and then use
Solecki’s theorem to conclude that all three forcings are equivalent). Using the fact
that the winning conditions in Gz(B) are the intersections of w many open sets,
we define w many fronts in the trees of winning strategies (such that crossing the
n-th front implies that the game is in the n-th open set). Now, using these fronts
as analogues of the splitting levels in perfect or superperfect trees, we define fusion
in the forcing of winning strategies for Adam.

Although the general idea is based on the above outline, we will have to addi-
tionally modify the games in order to avoid some determinacy problems. That is,
instead of a fusion scheme for Z and the games Gz(B) we will use their unfolded
variant. We would like to emphasize that in many concrete cases of o-ideals (such as
in Sections[7 or ), we can use simpler fusion schemes and the fusion from Theorem
can be simplified.

Proof of Theorem [L3l To simplify notation we assume that the underlying space
X is the Baire space w®. Pick a bijection p : w = w X w. H,, stands for the
family of hereditarily countable sets (it will be used to make sure that the forcing

we define is a set).
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We will use the following notation:

e Let Y be an arbitrary set. If 7 € (wxY)<“, then by 7 € w<* we denote the
sequence of the first coordinates of the elements of 7. Suppose T is a tree
on w X Y. The map py : im(7) — w® is defined as follows: if ¢t € lim(7T)
and t[n = 7,, then py (t) = U, .o, Tn-

e Let z be arbitrary. If 7 € (wx Y)<¥ and 7 = (a; : @ < |7]), then by
7% € (w x Y X {2})<% we denote the sequence ((a;,z) : ¢ < |7]). If T is a
tree on w x Y, then by T% we denote the tree {r* : 7 € T} on w x Y x {z}.

e If Y =W x Zand 7 € (wxY)<¥, then by iy € (w x W)<¥ we denote
(Twxw(a;) =i < |7|) (where muxw : w X W x Z — w x W is the projection
to the first two coordinates). By Ty we denote the tree {ry : 7 € T'}.

ForY € H,, and a tree T on w x Y let Gz(Y,T') be the game scheme in which

e in his n-th turn Adam constructs 7, € T such that 7, 2 7,1 (7_1 = 0),

=

e in her n-th turn Eve picks a clopen set O,, in w® such that

proj[T'(m)] € T = On N proj[T(r,)] ¢ .

By the end of a play, Adam and Eve have a sequence of closed sets Ej, in w* defined
as follows:

Ej =2\ U 0,

i<w

Put z = J, ., Tn € w”. Consider a payoff set in Gz(Y,T') such that Adam wins if
and only if
k<w

In this proof, the game in the game scheme Gz(Y,T) with the above payoff set will
also be denoted by Gz(Y,T) (this should not cause confusion since we are not going
to consider other payoff sets in the game scheme Gz(Y,T)).

Here is more notation:

e If S is a subtree of the game scheme Gz(Y,T), then by S C T we denote
the tree built from the moves of Adam in partial plays in S (i.e. we forget
about Eve’s moves). We write proj[$] for proj[9)].

e IfY' =Y x Z, z€ Zis fixed and T is a tree on Y’ such that 7% C T, then
by S* we denote the subtree of Gz(Y’,T"), in which the moves 7 of Adam
are changed to 77.

Lemma 6.1. The game Gz(Y,T) is determined. Fve has a winning strategy in
Gz(Y,T) if and only if
proj[T] € T.

Proof. First suppose that proj[T] € Z. Then Eve chooses §) in all her moves and
wins the game.

On the other hand, suppose that proj[T] is Z-positive. We define a winning
strategy for Adam as follows. In his moves, Adam constructs 7, € T so that

L4 [77—71] COn 1
* proj[T ()] ¢ L.

Suppose Adam is about to make his n-th move, his previous move is 7,,_; and the
last move of Eve is O,,—1 (O—1 = 0). Using the fact that O,,_; Nproj[T(1,-1)] € Z,
Adam picks 7, € T extending 7,1 such that [7,] € O,_1 and proj[T(r,)] & Z.
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This is the strategy for Adam. It is winning since after each play we have that
r € O, for each n < w, so in particular z € J, ., Er- O

Remark 6.2. Note that if S is a winning strategy for Adam in the game Gz(Y,T),
then for each partial play = € S, we have proj[S(m)] & Z. This is because otherwise
we could construct a counterplay to the strategy S. In particular, if 7 is the last
move of Adam in 7, then we have proj[T(7)] & Z.

Now we define the key notion in this proof. Let 7 be a partial play in Gz(Y,T) of
length 2[, in which Eve chooses clopen sets O;, for i < [, and Adam picks 7;_1 € T
in his last move. Suppose that Y/ =Y x Z, Z € H,,, z € Z is fixed and T” is a tree
on w x Y’ such that (7,_1)% € T’. By the relativized unfolded game Gz(Y’',T")Z we

mean the game in which
e in his n-th move Adam picks 7;, ., € T', 7, 2 7/, (7/_y = (11-1)7),
e in her n-th move Eve picks a clopen set O,,4; in w* such that

proj[T" (1, )] € Z = Ot Nproj[T'(1;,1)] & Z.
The payoff set is the same as in the unrelativized case, i.e. we use all (O, : n < w)
to define a sequence of closed sets (Ej : k < w), we put z = |J,_y,,,, 7, and Eve

wins if and only if z € U, ., Er-
With an analogous proof as in Lemma we get the following lemma.

Lemma 6.3. Suppose 7 is a partial play in Gz(Y,T) and 7 is the last move of
Adam in 7. Let Gz(Y',T")Z be a relativized unfolded game. Eve has a winning
strategy in Gz(Y',T")Z if and only if

proj[T'(7%)] € Z.
Lemma 6.4. If S is a winning strategy for Adam in Gz(Y,T), then
proj[S] & Z.

Proof. Let A = proj[S]. I A € Z, then there are closed sets Fj € Z such that
A C Uk<w Ey. Let UJ" be clopen sets such that U] C U,TH and w* \ By =
U< U for each k < w. We construct an Eve’s counterplay to the strategy S
in the following way. Suppose she is to make her n-th move and let 7, be the last
move of Adam. By Remark 621 proj[T(7,)] € Z. Let p(n) = (i, k). She chooses
m > n large enough so that

U Nproj[T(m,)] € Z.
Let her n-th move be O,, = U;". If she plays in this way, then
U Opi(ipy = &\ Ex,
i<w
i.e., the closed sets she gets are precisely the sets Ey. If x =, 7 is the point

in w* constructed by Adam, then by the definition of A, z € A C J,_,, Ex, which
shows that Eve wins. 0

Note that it follows from Lemmas and that any analytic Z-positive set
A C w* contains an analytic Z-positive subset of the form proj[S] for a winning
strategy S for Adam in a game Gz(Y,T) (where Y = w and T is a tree on w X w
such that A = proj[T]).
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Let Tz be the set of all triples (Y,T,S) where Y € H,,, T is a tree on w X Y
and S is a winning strategy for Adam in the game Gz(Y,T). Tz is a forcing notion
with the following ordering: for (Y’,T",S"),(Y,T,S) € Tz let

Y, 1',8') < (Y,T,5) iff proj[S] C proj[S].

Notice that (Y,T,S) ~ proj[S] is a dense embedding from Tz to Qz = (2} \
Z,Q). Indeed, suppose that (Y',77,5") L (Y,T,S). If proj|S’] and proj[S] were
compatible in Qz, then we would find an Z-positive 31 set A C w* such that
A C proj[S’] Nproj[S]. Take any tree T' on w X w such that proj[T] = A and find a
winning strategy S” for Adam in Gz(w,T). Then (w,T,5") < (Y, T',5"), (Y, T,S),
a contradiction.

By Solecki’s theorem, Pz is dense in Qz . Therefore the three forcing notions
Tz, Q7 and Pz are equivalent. We will show that the forcing Tz satisfies Axiom A.

Take (Y,T,S) € Tz and recall that for each play p € lim(S) ending with ¢ €
w¥ x Y, with z € w* (defined from the moves of Adam) and a sequence of closed
sets E, (defined from the moves of Eve), we have z ¢ |J, Ex. Note that for each
k € w there is n € w (even) such that (the partial play) t[n already determines that
x & Ey (ie. [Tn] € Oy, for some m < w such that p(m) = (i, k) for some i < w).
Let no(p) € w be the minimal such n for k = 0. Put

Fy(S) = {pMno(p) : p € lim(S)}.

Note that Fy(S) is a front in S. Analogously we define Fj(S) for each k < w
(instead of Ey take Ej and put ng(p) > ng_1(p) as a minimal even number such
that plng(p) determines x ¢ Ey).

Define (Y',T7,5") < (Y, T, S) iff

i y,1,8) < (Y,T,S),
(ii) thereis Z € H,, such that Y/ =Y x Z,

(iii) thereis z 6 Z such that 7% C T”,

() (T")y

(v) Fk(S’) Fi()".

We will prove that Tz satisfies Axiom A with the inequalities <j. Condition (ii)
serves for unfolding the game and condition (iii) is used later to make the unfolding
“rigid”. Condition (iv) is a technical detail. The crucial one is (v), which says that
the “splitting levels” are kept up to k-th in the k-th step of the fusion.

1. Fix k < w. Suppose that (Y,T,S) € Tz and & is a name for an ordinal.
We shall find (Y',77,5") <x (Y,T,S) and a countable set of ordinals A such that
(Y', TS lFp, &€ A.

For each m € Fy(S) find an ordinal «, and an Z-positive analytic set A, C
proj[S(m)] (recall that proj[S(m)] is Z-positive by Remark [6.2)) such that

Ar kg, & = .

Let 7 € T be the last move of Adam in 7. Next, pick Z, € H,, such that 0 € Z,
(0 will be used as z from (iii); it does not matter what element we choose for z, as
long as it belongs to H,,) and find a pruned tree T on w x Y x Z. such that

o 7,0 ¢ T, and 7,0 is a stem of T},
L4 (T‘n')Y g 57
o A, = proj[Ty].
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(T, is chosen such that its projection to w® x Y is the analytic set lim(S)Npy ' [Ax].)
Ensure also that

o for each m, 7' € Fy(S), if m # «’, then Z, N Z, = {0},

e for each 7 € Ty, if 7 2 (7,)°, then 7(|7| — 1) € w x Y x (Z, \ {0}).
Put

Z= |J Z. =z2=0, Y =YxZ
TEF(S)

For each m € Fi(S) let S, be a winning strategy for Adam in Gz(Y x Z.,T,)2.
Such a strategy exists by Lemma [6.3] since proj[Ty(7:°)] = proj[T] = Ax € T
(recall that 7,° is a stem of T};). Let

=10 |J T«
WEFk(S)
and consider the game Gz(Y’,T'). The tree

= UJ =8,
TEF,(S)
is a strategy in G(Y’,T") since all %, for m € Fy(S), are partial plays in G(Y’, T")
(because T C T'). Moreover, it is a winning strategy for Adam since each S is
a winning strategy for Adam in Gz(Y x Y, Tyx)r. Therefore (Y',T',S") € Tz. By
the construction we have (Y',T",S") <; (Y,T,S). Moreover,

Y",7",58") IFr, & € {a, : 7 € Fi(S)}

because the set {proj[S’(m)] : m € F(S)} is predense below proj[S’] and we have
proj[S’(m)] kg, & = dr (since proj[S’(w)] C A,).

2. Let (Y, Tk, Sk) : k < w) be a fusion sequence. For each k < w let Z € H,,
be such that Y41 = Yy X Z; and let 2z € Z be as in the definition of <j. Let
Z = {2k 2hg1, ). Put Y = U, (Vi)™ and T = U, (T)®. T is a tree on Y.
Notice that for each k < w, for each 7 € T}, we have

(%) proj[Ty (7)) = proj[T'(77)].
Indeed, proj[Tk(7)] C proj[T(77)] follows from (iii) and proj[T(7%)] C proj[Tk(7)]
from (iv) (because for each t € lim(7T(7%)) a sequence of its initial coordinates is
in lim(Sy) and hence in lim(7%)).

Consider the game Gz(Y,T) and let

S = Fu(Se)™.
k<w
Note that it follows from (x) that S is a strategy for Adam in Gz(Y,T'). Moreover,
for each k < w we have Fy(S) = Fy(Sk)?, by the definition of Fj. Since for each
p € lim(S) we have
Vk <w3Im<w plme F(9),

it follows that S is a winning strategy for Adam in Gz(Y,T). Therefore (Y, T, S) €
T.

To see that (Y, T,5) < (Yi, Tk, Sk) we use property (iv). Indeed, if = € proj[S],
then there is a play in lim(S) in which z is defined. By (iv), however, we can extract
from this play a play in lim(S) in which z is defined.

To check that (Y,T,S) <p (Yi, Tk, Sk) we put Z =[], <1 Zm and z = Z.

This ends the proof of Theorem [[.3} a (I
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7. CLOSED NULL SETS

We denote by £ the o-ideal generated by closed null sets in 2¢ (with respect to
the standard Haar measure p on 2¢). The sets in € are both null and meager. &
is properly contained in M NN [2, Lemma 2.6.1] and, in fact, one can show that
£ is not ccc.

The family of closed sets in £ coincides with the family of closed null sets and
ENTIY(2¥) is a Gg set in K (2¢) (for each € > 0 the set {C' € K(2¥) : u(C) < e} is
open). Therefore, £ is II} on X} by Corollary 3.8

The forcing P¢ adds an unbounded real and a splitting real. In fact, one can
check that the generic real is splitting. To see that P¢ adds an unbounded real,
recall a theorem of Zapletal [22, Theorem 3.3.2], which says that a forcing Pz is
w®“-bounding if and only Pz has continuous reading of names and compact sets are
dense in Pz. Let G be a G set such that G € A/ and 2¥\ G € M. G is E-positive,
but no compact E-positive set is contained in G. In particular, compact sets are
not dense in P¢ and hence this forcing is not w“-bounding. P¢ does not, however,
add a dominating real. This follows from another theorem of Zapletal [22] Theorem
3.8.15], which says that if Z is a IT} on X} o-ideal, then the forcing Pz does not
add a dominating real.

Zapletal proved in [22] Theorem 4.1.7] (see the first paragraph of the proof) that
if 7 is a o-ideal generated by an analytic collection of closed sets and V C V[G] is
a Pz-extension, then any intermediate extension V' C W C V[G] is equal either to
V or V]G], or is an extension by a Cohen real. Therefore it is natural to ask if Pg
adds Cohen reals.

Recall that a closed set D C 2 is self-supporting if for any clopen set U the
set D N U is either empty or not null. Notice that a closed set is self-supporting
if and only if it is E-perfect. If p is a Borel measure on X and A € Bor(X) is
such that p(A) > 0, then by pua we denote the relative measure on A defined as
1a(B) = u(A N B)/u(A).

Theorem 7.1. The forcing Pg does not add Cohen reals.
Proof. Suppose B € Pg and ¢ is a name for a real such that
B I & is a Cohen real.

By Lemma [B4] and continuous reading of names we find a Gs set G C B such
that D = G is self-supporting and a continuous function f : G — w* such that
G I+ & = f(g). Pick a continuous, strictly positive measure v on G. For each
T € w<¥ the set Cr = f~1[[r]] is a relative clopen set in G. Find open sets CZ. C D
such that C; = C. N G. D is zero-dimensional, so by the reduction property for
open sets we may assume that

L C7I'0 - 07/.1 for T0 - T1,

e G/ NCL =0form L.
We will find a tree T C w<* such that lim(7') is nowhere dense in w* and the
closure of the set f~![lim(7T)] is self-supporting.

Enumerate all nonempty clopen sets in D in a sequence (V! : n < w) and all
nonempty clopen sets in G in a sequence (V,, : n < w), and elements of w<¥ in a
sequence (0, : n < w). If 7€ w<¥, then (C/ . :n <w)is a sequence of disjoint
open sets in D and (C;~,, : n < w) is a sequence of disjoint open sets in G. Thus
for each ¢ > 0 there is n € w such that u(C.. ) < ¢ as well as v(C,~,) < e.

T n
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Moreover, for each m € w there is n € w such that py, (V;, NC!_ ) < e and
vy, (Vm N Or”n) < €.
By induction, we find a collection of nodes 7,, € w<“ such that the tree

T={rew“:Vnr, L1}

is such that lim(7") is nowhere dense, and for each m < w we have

either V) C U C.ooor p(Vin\ U C.)>0
n<w n<w
and
either V,, C U C., or v(Vp\ U C..) > 0.
n<w n<w
Along the induction we also construct sequences of reals £, > 0 and ¢, > 0.

At the n-th step of the induction consider the sets U, = V;\U,,, Cr, and U, =
Vi \U;<p, Cr,, which are either empty or of positive measure (p or v, respectively)
by the inductive assumption. Put ¢, = u(U)), 6, = u(Uy,). Find 7, € w<* such
that 7, = 0,k for some k < w and for each i <n

e if &; > 0, then py/ (C7, NV)) <27 gy,
e if §; > 0, then vy, (C,, NV;) < 277714,
The set

A:G\UC‘FH

is of type G;. Moreover, it follows from the construction that A = D\ J,, C. and
that A is self-supported, so A € £ by Lemma B3 On the other hand, A I+ & €
lim(7T), which gives a contradiction, since lim(7') is nowhere dense. (]

Corollary 7.2. If G is Pg-generic over V., then the extension V- C V[G] is minimal.

Now we will introduce a fusion scheme for the o-ideal £. Denote by G¢ the
following game scheme. In his n-th turn, Adam picks &, € 2" such that &, 2 &,

=

(é—1 =0). In her n-th turn, Eve picks a basic clopen set C,, C [£,,] such that

1

u[gn](Cn) < E

For a set A C 2¥ we define the game G¢(A) in the game scheme Gg as follows.
Eve wins a play in Gg(A) if

xr€A VvV VY nzxzel,
(where € 2% is the union of the &,’s picked by Adam). Otherwise Adam wins.

Proposition 7.3. For any set A C 2%, Eve has a winning strategy in Gg(A) if
and only if A€ €.

Proof. First suppose that Eve has a winning strategy S in Gg(A). For each o € 2<%
consider a partial play 7, in which Adam picks successively o |k for k < |o|. Let
C, be Eve’s next move, according to S, after 7,. Put E,, = |, cyn Co. Clearly E,
is a clopen set and u(E,) < 1/n. Let D,, = (),,>,, En. Now, each D, is a closed
null set and A C |J,, D,, since S is a winning strategy. Therefore A € £.
Conversely, assume that A € £. There are closed null sets D,, such that A C
U,, Dn. Without loss of generality assume D,, C Dy41. Let T, C w<“ be a tree
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such that D,, = lim(T;,). We define a strategy S for Eve as follows. Suppose Adam
has picked o € 2" in his n-th move and consider the tree T},(o). Since lim(7}, (o))
is of measure zero, there is k < w such that

T, (c)N2% 1

T < E .
Let Eve’s answer be the set (. ¢7, (,)nor [7]- One can readily check that this defines
a winning strategy for Eve in Gg(A). O

Corollary 7.4. If B C 2¥ is Borel, then B € & if and only if Eve has a winning
strategy in Gg(B).

8. DECOMPOSING BAIRE CLASS 1 FUNCTIONS

Let X and Y be Polish spaces and f : X — Y be a Borel function. We say that
f is piecewise continuous if X can be covered by a countable family of closed sets
on each of which f is continuous.

Recall that a function is Ggs-measurable if preimages of Gy sets are Gy or,
equivalently, if preimages of open sets are Gg. If f : X — Y is a Gs-measurable
function, then preimages of closed sets are F,. Therefore, if Y is zero-dimensional,
then preimages of open sets are also F,, so consequently AJ.

The following characterization of piecewise continuity has been given by Jayne
and Rogers.

Theorem 8.1 (Jayne, Rogers, [7, Theorem 5]). Let X be a Souslin space and 'Y
be a Polish space. A function f : X — Y is piecewise continuous if and only if it
is Gg-measurable.

A nice and short proof of the Jayne-Rogers theorem can be found in [I3]. Classi-
cal examples of Borel functions which are not piecewise continuous are the Lebesgue
functions L, L; : 2¥ — R (for definitions see [I9, Section 1]). For two functions
f: X —=>Yand f: X' — Y wewrite f C f’ if there are topological embeddings
p:X = X and ¢ : Y — Y’ such that f' o = o f. In [I9] Solecki strengthened
Theorem R.1] proving the following result.

Theorem 8.2 (Solecki, [I9, Theorem 3.1]). Let X be a Souslin space, Y be a Polish
space and f: X —'Y be Baire class 1. Then

e cither f is piecewise continuous
e or LC f, or L1 C f.

Theorem [R.I] follows from Theorem because neither L nor L is Gg-
measurable.

From now until the end of this section we fix a Polish space X and a Baire class
1, not piecewise continuous function f : X — w* (w* can be replaced with any
zero-dimensional Polish space). Consider the o-ideal Z/ on X generated by closed
sets on which f is continuous. We will prove that the forcing Pzs is equivalent to
Miller forcing (see Corollary RI0).

Suppose C' C X is a compact set and ¢ : 2 — C' is a homeomorphism. We call
(¢,C) a copy of the Cantor space and denote it by ¢ : 2¥ — C C X. We denote by
Q the set of all points in 2 which are eventually equal to 0.
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Proposition 8.3. Suppose that G C X is a G4 set such that G & I7. There exist
an open set U C w* and a copy of the Cantor space ¢ : 2* — C C X such that

o fHUINC = [Q],

e O\ Q] CG.

Proof. Denote {T € 2<¥ : 7 =0V 7(|7| — 1) = 0} by Q.

Definition 8.4. A Hurewicz scheme is a Cantor scheme of closed sets F, C X
for 7 € 2<% together with a family of points z, € X and clopen sets U, C w* for
T € @ such that

® Trrp=2Zr, UT”O =U,,

oz, € F,Nf YU,

Suppose that G = (,, Gy, with each G,, open and G,41 € G,,. We will construct
a Hurewicz scheme such that for each 7 € 2" the following two conditions hold:

o (BN F [UserngUs]) NG €7,
o I C (FT \ f_l[Uaezan UUD NG

We need the following lemma (its special case can be found in the proof of the
Jayne-Rogers theorem in [13]).

Lemma 8.5. If I is a closed set in X and F NG ¢ IF, then there is x € F and a
clopen set U C w¥ such that f(x) € U and for each open neighborhood V' of x

(VAFHUNNG ¢ 1.

Moreover, if W C w® is a clopen set such that F N f~[W] & I/, then we may
require that U C W.

Proof. First let W = w®“. Without loss of generality assume that for each nonempty
open set V C F we have VNG ¢ Z7. Suppose that the conclusion is false. We show
that f is continuous on F, contradicting the fact that F'N G ¢ Z/. Pick arbitrary
x € F and a clopen set U such that f(z) € U. By the assumption there is an open
neighborhood V' 3 x such that (V' \ f~[U]) NG € Z/. We claim that V C f~1[U].
Suppose otherwise; then there is y € V' such that f(y) ¢ U. Pick a clopen set U’
such that U' NU = () and f(y) € U'. Again, by the assumption there is an open
neighborhood V' of y such that (V' \ f7'{U)NG € Z/. Now V" =V NV'isa
nonempty open set and since U’ N U = () we have that

V'nG < (VAFTIUDNG u (V\ fTIU)NG.

This shows that V" NG € I/, a contradiction.

Now, if W C w is a clopen set such that F N f~1[W] € Z/, then f~}{[W]NF is
an F, set since f is Baire class 1. So there is a closed set I C F such that F’ ¢ 7t
and f[F'] C W. Applying the previous argument to F’ we get a clopen set U such
that U C W. This ends the proof. O

Now we construct a Hurewicz scheme. First use Lemma to find xp, Uy and
put Fy = X. Suppose the scheme is constructed up to the level n — 1.

First we will construct U,~q and x,~ for each o € 2771\ @Q (recall that for
oce2"'nQ weput U,~g = U, and 1,~¢ = 7).

For each o € 2771\ @ find a nonempty, perfect closed set C, C w® such that
F,N f~YV] € I/ for each nonempty relatively clopen set V C C, (this is done by
removing from w® those clopen sets U such that F, N f~1[U] € Z).
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Lemma 8.6. There is a sequence of nonempty clopen (in w*) sets (W, : 1 €
271\ Q) such that

e W.NC, #0,
e for each o € 2" "1 N Q and for each open neighborhood V of x, we have

(0 U rwdy U rw)ne gz

o’e2n—1NQ Te2n—1\Q

Proof. Enumerate 2”1\ Q in a sequence (7; : i < 2"~2) and construct the sets W,
by induction on i < 2”72, Fix i < 2"~2 and suppose that W, are already defined
for j < i and

(W\ U oy )mGgﬂ

oce2n—1NQ j<i

Claim. If Og and O; are two disjoint nonempty clopen sets in w®, then for each
o € 2" 1N Q there exists k € {0, 1} such that for each open neighborhood V of x,,
the following holds:

(Vv U o Usrwnl)ney o] ¢,

oe2n—1nQ j<i

Proof. Notice that for a single open neighborhood V' of z, one k € {0,1} is good.
If (V,, : » < w) is a base at z,, then some k € {0,1} is good for infinitely many of
them. (]

Enumerate 2”71 N Q in a sequence (o} : k < 2"~2). Using the above Claim and
the fact that C;, is perfect, find a decreasing sequence of nonempty clopen sets
O, C w® for k < 272 such that

e O C Oy,
L4 Ok N On' 7£ Q)a

o for each open neighborhood V of z,,

(Vv U o Usrwnl)ney o] ¢,

oe2n—1NQ j<i

Finally, let W, be the last of the Oy’s. O

By the assumption on C,’s, we have F, N f~1[W,] & Z7, for each 7 € 271\ Q.
Using Lemma B for each 7 € 2"~1\ @ find a clopen set U,~, C W, and a point
T~ such that the assertion of Lemma holds.

Now all U, and z, for 7 € 2" N Q are defined and we need to find sets F, for
o e 2™

Claim. For each o € 2"~ ! there are two disjoint Z/-positive closed sets F.~q, F,~; C
F, of diameters less than 1/n such that

Fory C (F5 \ U FHU) NG

TE2"NQ

and F,~q contains x,~g.
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Proof. For each o € 27! take an open neighborhood V,, of x,~( of diameter < 1/n.

The set
.\l U u]
re2MNQ

is F,, (since f is Baire class 1) which has Z/-positive intersection with G. Thus it
has a closed subset F' such that F also has Z/-positive intersection with G. Now,
the set FNG,_1 is F,, so find F,~; which is a closed subset of F N G,,_; and has
T/-positive intersection with FF'N G. Let F,~, be a closed neighborhood of z,~,
disjoint from F,~. O

This ends the construction of the Hurewicz scheme. To finish the proof, we put
U= U;er<o Ur, C = Ny Useon Fr and ¢ : 2¥ — C C X such that c(z) €
Mp<w Frin for each z € 2¢. O

Proposition 8.7. The o-ideal I/ is I} on X}.

Proof. This follows from Corollary [3.8 since the family of closed sets on which f is
continuous is hereditary and ITj. O

Remark 8.8. Using Proposition B3 we can explicitly write the formula defining the
set of closed sets in ZF. Let K C w®” x X be the universal closed set. Notice that
K, ¢ 7 if and only if

JU C 2¥ open  3c: 2% — K, topological embedding
(c[29]N f71U] is dense in ¢[2°]) A (c[2] \ £ [U] is dense in c[2¢]).

Indeed, the left-to-right implication follows from Proposition (when G = X).
The right-to-left implication holds because the set f~'[U] is an F, set which is
dense and meager on ¢[2*], therefore it cannot be a relative G set on ¢[2¥]. Hence,
by the Jayne-Rogers theorem we have that f is not piecewise continuous on c[2¥]
and K, ¢ Z7.

Now, the above formula is 1. Indeed, it is routine to write a 31 formula saying
that ¢ : 2¢¥ — K, is a topological embedding. The first clause of the conjunction
can be written as

Vre2<¥ Jzer] flclx)) €U,

which is 31, and analogously we can rewrite the second clause.

If G C XisaGgsetand b: w” — G is a homeomorphism, then we call (b, G) a
copy of the Baire space and denote it by b: w*” — G C X.

Proposition 8.9. For any B € Pzs there is an I/ -positive Gs set G C B and a
copy of the Baire space b : w* — G C X such that

TG = {b[A] : ACw¥, A€ K,}.

Proof. By Solecki’s theorem and the continuous reading of names we may assume
that B is of type Gs and f is continuous on B. Applying Proposition we
get a copy of the Cantor space ¢ : 2% — C C X and an open set U C w” such
that f~U]NC = ¢[Q] and C \ ¢[Q] € B. Let G = C\ ¢[Q]. Via a natural
homeomorphism of w* and 2%\ Q we get a copy of the Baire space b : w* — G C X.
Note that C ¢ Z7 (by Theorem Bl since f~![U] N C is not Gs in C) and hence
also G ¢ Z7.
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The o-ideal Z7 |G is generated by the sets D NG for D C C closed such that
fID is continuous. The o-ideal {b[A] : A C w*, A € K, } is generated by compact
subsets of G. We need to prove that these two families generate the same o-ideals
on G.

If D C G is compact, then D is closed in C' and f is continuous on D because f
is continuous on G. Hence D = DN G € Z7|G.

If D C C is such that f is continuous on D, then DNG = (fID) " !{w* \ U] is a
closed in D subset of G, therefore compact.

This ends the proof. O

As an immediate consequence of Proposition B9 we get the following corollary.
Corollary 8.10. The forcing P75 is equivalent to Miller forcing.

Recall that Miller forcing has the following property: if x € w® is a real added
in a generic extension, then either x is a ground model real or there is a ground
model Borel automorphism ¢ : w* — w* such that ¢(x) is the generic real. From
this and the above corollary we get the following result, which does not mention
forcing at all.

Corollary 8.11. For any ZI7 -positive Borel set B and any Borel function g : B —
w¥ there is an I/ -positive set C C B such that g | C is either 1-1 or constant.

Recall a theorem of Kechris, Louveau and Woodin [I0, Theorem 7] which says
that any coanalytic o-ideal of compact sets in a Polish space is either a Gy set or is
IT}-complete. If X is compact, then Zf N K (X) is a coanalytic o-ideal of compact
sets by Proposition B

Proposition 8.12. Z/ N F(X) is a II}-complete set in F(X).

Proof. As in Proposition take ¢ : 2¥ — C C X as a copy of the Cantor space
and b : w* — G C X a copy of the Baire space, and G C C a dense Gy set in
C. Recall that the Borel structure on F(C) is induced from the topology of the
hyperspace.

It is well known (see [9, Exercise 27.9]) that the set K, N F(w®) is a IT}-complete
set in F(w¥). Let ¢ : F(w¥) — K(C) be the function

F(w”) 3 F = b[F] € K(C),

where A denotes the closure of A in C' (for A C G). It is routine to check that ¢
is Borel-measurable. By Proposition B we have ¢ ~![Z/] = K,. This proves that
7/ is TI}-complete. O

Piecewise continuity of functions from w® to w* has already been investigated
from the game-theoretic point of view. In [20] Van Wesep introduced the Backtrack
Game Gg(g) for functions g : w* — w*. Andretta [I, Theorem 21] characterized
piecewise continuity of a function g in terms of the existence of a winning strategy
for one of the players in the game Gg(g).

For a Borel not piecewise continuous function g : w* — w*, the Backtrack Game
can be used to define a fusion scheme for the o-ideal Z9. In the remaining part of
this section, we will show a very natural fusion scheme for 7, when g : 2 — 2% is
Borel, not piecewise continuous.

Recall that partial continuous functions from 2 to 2* with closed domains can
be coded by monotone functions from 2<% into 2<¢ (see [9, Section 2B]).
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If T C 2<% is a finite tree, m : T — 2<% is a monotone function and n < w,
then we say that (T, m) is a monotone function of height n if m(7) is of length n
for each terminal node 7 of T. We say that (T1,m1) extends (Tp,mo) if T1 is an
end-extension of Ty and mq D mg.

We define the game scheme Gy, as follows. In his n-th move, Adam picks §,, € w"
such that &, 2 &,—1 (€1 = 0). In her n-th turn, Eve constructs a sequence of finite
monotone functions (H}* : i < w) such that

o V[ H" = (),
e M extends H' ',
e H! is a monotone function of height n whenever H* # .
K3
function which defines a partial continuous function h; with closed domain (possibly
empty).

Let g : w¥ — w* be a not piecewise continuous function and B C w*. The game
G3.(B) is a game in the game scheme G, with the following payoff set. Eve wins
a play p in G{.(B) if for z = J,, ., &n (&, is the n-th move of Adam in p)

x¢B VvV 3Jie€w(xedom(h;)Aglx)=hi(z))

(where the functions h; are computed from Eve’s moves as above). Otherwise Adam
wins p.

In each play in Gy, for each i < w we have that H; = |J,,., H;" is a monotone

Proposition 8.13. For any set A C w*, Eve has a winning strategy in the game
G3.(A) if and only if A € T9.

Proof. If A € 79, then there are closed sets C,, C 2 such that A C |J,, Cy, and
glC,, is continuous. Fach function g[C), has its monotone function G, and Eve’s
strategy is simply to rewrite the G),’s.

On the other hand, suppose that there is a winning strategy for Eve and let
S be the tree of this strategy. The nodes of S are determined by Adam’s moves,
so S is isomorphic to 2<¥. For 7 € T let m} : T} — 2<% be the monotone
function Hy, defined by Eve in her last move of the partial play 7. Denote by HJ[7]
the restriction of mj, to T (7). Put Gy = (U, Hf[7] and let gi be the partial
continuous function with closed domain determined by the monotone function Gy.
It follows from the fact that S is winning for Eve, that g[A C |J,, g»n. This proves
that A € 79. O

Corollary 8.14. If B C 2¥ is Borel and g : 2 — 2% is a Borel, not piecewise

continuous function, then B € 19 if and only if Fve has a winning strategy in
G9.(B).
pc
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