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MENNICKE SYMBOLS, K-COHOMOLOGY
AND A BASS-KUBOTA THEOREM

J. FASEL

ABSTRACT. If A is a smooth algebra of dimension d > 3 over a perfect field
k of characteristic different from 2, then we show that the universal Mennicke
symbol MSg41(A) is isomorphic to the K-cohomology group HY(A, Kgi+1)-
We then prove an analogue of the Bass-Kubota theorem for smooth affine
surfaces over the algebraic closure of a finite field.

INTRODUCTION

As its title indicates, this paper mainly deals with Mennicke symbols. These
symbols were extensively studied, for instance, in the solution of the congruence
subgroup problem ([5]), the relations between Milnor K-theory and Quillen K-
theory ([33]) and the computation of orbit sets of unimodular rows ([35]). One
of the goals of this article is to show that if A is a smooth algebra of dimension
d > 3 over a perfect field k of characteristic different from 2, then the universal
Mennicke symbol M .S;11(A) has a cohomological interpretation. More precisely, it
is isomorphic to the K-cohomology group H%(A, K1) (here it doesn’t matter if we
consider Milnor or Quillen K-groups). In this sense, this paper is a sequel of [16],
where it was shown that the universal weak Mennicke symbol has a cohomological
interpretation in the situation above. Weak Mennicke symbols were introduced by
W. van der Kallen in order to understand orbit sets of unimodular rows, and it
is clear by construction that there is a surjective homomorphism from the univer-
sal weak Mennicke symbol to the universal Mennicke symbol. Our cohomological
approach allows us to compare these two symbols and derive some results on presta-
bilization in K;. We are also able to compute the universal Mennicke symbol in
some situations, for instance in the case of smooth rational real algebras, as well as
to show that this symbol can be big over fields of small cohomological dimension.
The methods we use can be seen as an extension of the methods used in [I7] to
prove that stably free modules of rank d — 1 are free over smooth affine algebras of
dimension d over an algebraically closed field.

In the second part of the paper, we also study the Mennicke symbols of length
2. We use Grothendieck-Witt groups to prove that if S is a smooth surface over an
algebraically closed field k, then SL2(S) N ESpa(S) = SLa(S)NE3(S). This allows
us to deduce that for a smooth surface S over the algebraic closure of a finite field,

MS5(S) = Uma(S)/SLa(S) N E3(S) = Uma(S)/SL2(S) N ESpa(S) = MSpa(S),
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which is an analogue of the Bass-Kubota theorem for Dedekind rings (see [20] for
instance).

The organization of the paper is as follows. In Section [I we first recall the
definitions of a Mennicke symbol and of a weak Mennicke symbol of length n > 3
associated to a unimodular row of length n > 3. We then recall the definitions of
the sheaves we will need for the comparison theorem. In particular, we introduce
the K-cohomology groups H'(X, K ;) associated to a regular scheme X. We then
state and prove the comparison theorem, which says that if A is a smooth algebra
of dimension d > 3 over a perfect field k with char(k) # 2, then the universal
Mennicke symbol of length d + 1 is isomorphic to H%(A, K441). The proof is an
easy consequence of the description of the universal weak Mennicke symbol obtained
in [I6l Theorem 4.9].

In Section 2] we use cohomological methods to compare the universal weak Men-
nicke symbol of length d + 1 with the universal Mennicke symbol of length d + 1
over a smooth algebra of dimension d. We also obtain divisibility results for uni-
versal Mennicke symbols. We then perform the computation of MSgy1(A) when
A is a smooth rational real algebra of dimension d before focusing on stabilization
questions. We finally prove that over smooth algebras of odd dimension d over a
field, M S441(A) is sufficient to understand the stably free modules of rank d.

The proof that SLo(S) N ESpy(S) = SLa(S) N E3(S) for a smooth surface
S over an algebraically closed field takes place in Section Bl We start with a
quick reminder of basic results on higher Grothendieck-Witt groups, including the
definitions. These groups are used to prove that if S is a smooth surface over an
algebraically closed field of characteristic different from 2, then K;Sp(S) injects
into SK;(S), yielding the result. We then introduce stable Mennicke symbols of
length 2 before proving the Bass-Kubota theorem.

Conventions. The fields considered are of characteristic different from 2. If X
is a scheme over a field k and z,, € X?), we denote by m, the maximal ideal in
Ox,z, and by k(x,) its residue field. Finally w,, will denote the k(z,)-vector space
EX’C%X‘% (k(zp), Ox,z,) (which is one-dimensional if X is regular at x,,).

1. SYMBOLS AND COHOMOLOGY

In this section, we recall the definitions of Mennicke symbols and weak Mennicke
symbols. We then explore their links to the cohomology groups of some sheaves.
The main result is the comparison theorem, which says that for a smooth affine
algebra A of dimension d > 3 over some perfect field k (with char(k) # 2), the
universal Mennicke symbol of length d is isomorphic to the K-cohomology group
HYA Kqy1).

1.1. Unimodular rows. Let R be a ring. A unimodular row of length n > 2
is a row a = (a1,...,a,) with a; € R such that there exist by,...,b, € R with
> ab; = 1. We denote by Um,,(R) the set of unimodular rows of length n and
consider it as a pointed set with base point e; := (1,0,...,0). If M € GL,(R)
and a € Umy,(R), then aM is also unimodular, and thus Um,, (R) is endowed with
a right action of GL,(R). Of course, any subgroup of GL,(R) acts, and one is
classically interested in the (pointed) orbit set Um,(R)/SL,(R), which classifies
up to isomorphism projective modules such that P® R ~ R", and Um,,(R)/E,(R),
which classifies unimodular rows up to elementary homotopies and is endowed with
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an abelian group structure when n is reasonable compared to the Krull dimension
d of R (|36l Theorem 4.1]). A way to understand unimodular rows is through
symbols, as explained in the next two sections.

1.2. Mennicke symbols. A Mennicke symbol of length n > 3 is a pair (¢, G)
where G is a group and

¢:Umy(R) = G
is a map such that the two following properties are satisfied:
msl. ¢(1,0,...,0) =1 and ¢(v) = p(wM) if M € E,(R).
ms2. ¢(a,as,...,a,) - ¢(b,as,...,a,) = P(ab,as,...,a,) for any unimodular rows
(a,az,...,a,) and (b, ag,...,ay).
It is clear from the definition that a universal Mennicke symbol (ms, M S, (R))
exists.

1.3. Weak Mennicke symbols. A weak Mennicke symbol of length n > 3 is a
pair (¢, G) where G is a group and
¢:Umy(R) = G
is a map such that the two following properties are satisfied:
wmsl. ¢(1,0,...,0) =1 and ¢(v) = p(wM) if M € E,(R).
wms2. ¢(a,ag,...,a,)  &(1 —a,as,...,a,) = ¢(a(l — a),as,...,a,) for any uni-
modular row (a, as, ..., a,) such that (1 —a,as,...,a,) is also unimodular.

The definition of a weak Mennicke symbol, due to W. van der Kallen (|36, §1.3]),
was originally more complicated. However, van der Kallen could show that in most
of the situations the original definition is the same as the definition given above
(BT, Theorem 3.3]).

Again, it is clear that a universal weak Mennicke symbol (wms, WMS,(R))
exists. Since a Mennicke symbol of length n is obviously a weak Mennicke symbol
of length n, there is a unique homomorphism F : WM S,,(R) — M S, (R) such that
the diagram

Ui (R) ™% WMS,,(R)

S b

MSy(R)

commutes. Observe that f is surjective by definition.

1.4. Cohomology. Let F' be a field. For any n € N, we denote by K,,(F') the n-th
Milnor K-theory group of F'. We also denote by W (F') the Witt ring of F', and for
any n € Z by I"(F) the n-th power of the fundamental ideal in W (F) (with the
convention that I"(F) = W (F) when n < 0). If L is an F-vector space of dimension
1, then we can also consider the twisted Witt group W (F, L) (classifying vector
spaces V' endowed with symmetric anisotropic isomorphisms V' — Hompg(V,L)).
Choosing a generator of L yields an isomorphism W (F) — W(F, L) under which
we can consider the images of I"™(F). The resulting subgroups I"(F,L) C W(F, L)
are independent of the choice of the generator of L ([I4, Lemma E.1.2]).

By definition, I"*1(F, L) C I"™(F, L) for any n, and it turns out that the quotient
is canonically isomorphic to I™(F)/I"t1(F) := T"(F) (|14, Lemma E.1.3]). There
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is a homomorphism s, : K,(F) — I (F) defined on symbols by (|23, Theorem
4.1])

Sn({ala RS an}) = <_17a1> ®...0 <_17 an>'
Note that s, induces an isomorphism K, (F)/2K,(F) — I"(F) by [41] and [25).
We define G (F, L) following [4, §1] as the fibre product

G"(F,L) — I"(F, L)

|

Ky (F) ——— T (F)

Observe that G™(F,L) coincides with the (twisted) Milnor-Witt K-group
KMW(F, L) defined in [24, Definition 5.1] (see [24, Theorem 5.3]).

Let X be a regular connected scheme over k. If U C X is an open subset we can
consider the kernel of the residue homomorphism ([23] Lemma 2.1]):

Ko (HU) ~2 @, v Kn-1(k(x)) .

This defines a presheaf on X, whose associated sheaf we denote by K,,. For the
properties of the cohomology groups of this sheaf, we refer the reader to [19] or
[27]).

Similarly, we can consider for any U C X the kernel of the residue homomorphism
([I4, Chapter 7] and [14, Lemma 9.2.3])

I(k(U) —" @, I (k(2), w) -

We denote by I™ the sheaf associated to this presheaf and by T" the quotient
I"/I"t1. Since dk and d; are compatible ([I4, Theorem 10.2.6]), we also get
a residue homomorphism on G™(k(U)) and a sheaf G™ on X. Observe that by
definition there is an exact sequence of sheaves on X:

0 I+t G" K, 0.

For the properties of the sheaves I"™! and G™, we refer the reader to [14] §9.3,
§10.4] and [13].

The homomorphisms s,, : K,(F) — T (F) induce a homomorphism of sheaves
K, /2K, — 1", which is an isomorphism (again by [41] and [25]). These two sheaves
are yet isomorphic to a third one: For any U C X and any prime number [/, consider
the kernel of the residue homomorphism

HE, (k(U), 1) —— @ypepo Hey (k(), ™)

defined for instance in [27]. We denote by #H™(I) the sheaf associated to this
presheaf. There is a natural homomorphism K,, — H"(l) ([23| Lemma 6.1]), which
yields a homomorphism K, /I — H"™(l). This is an isomorphism by Voevodsky’s
work [41] and [25] when [ = 2, by Merkurjev and Suslin when n = 2 ([21]), and
by Voevodsky-Suslin-Rost with Weibel’s patch when [ # 2 and n > 3 ([42]). One
of the features of the sheaf #™(I) is the Bloch-Ogus spectral sequence ([9]). This
spectral sequence is defined at page 2 by EY? := HY (X,H%(l)) and converges to
H5t+q(X> /J'l)'
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1.5. Comparison theorems. Let A be a smooth algebra of dimension d over a
field k. Recall from [16, Theorem 2.1] that Umg41(A)/Eq441(A) can be identified
with morphisms of schemes Spec(A4) — A%l — {0} up to naive homotopies. A
straightforward computation shows that H¢(A?+t! — {0}, G*1) = GW (k), where
the latter is the Grothendieck-Witt group of & ([16, §3.3]). We obtain in this way
a map
¢ : Umgi1(A)/Egiq(A) — HYA G
defined by v ~— v*((1)), where v : Spec(A) — A?*! — {0} is a unimodular row and
v*: HA(ATH — {0}, G4*1) — HY(A, G4 is the pull-back homomorphism defined
in [13} Definition 7.1]. It turns out that ¢ is a weak Mennicke symbol and therefore
induces a homomorphism ([16, Theorem 4.1])
®: WMSqi1(A) - HY(A, G,

Theorem 1.1. Let A be a smooth algebra of dimension d > 3 over a perfect field
k with char(k) # 2. Then the homomorphism

®:WMSy1(A) — HY (A, G
is an isomorphism.
Proof. See [16, Theorem 4.9]. O

Remark 1.2. In [16], we could only prove that WM Sy 1(A) — H(A, G4 was
an isomorphism for d > 3. However, this result is also true for d = 2, as we will
show in further work.

We will now prove that the universal Mennicke symbol M Sg41(A) is isomorphic
to HY(A, Kq41) under the same hypotheses as in Theorem [Tl We first define a
map

¥ : Umgs1(A)/Eayr(A) = HY (A, Kay1)

as the composition

Umas1(A)/Eay1(A) — HY(A, G —— HI(A, Kay1) |

where the right homomorphism is the homomorphism induced by the map of sheaves
Gd+1 — Kd+1.

Lemma 1.3. The map v induces a homomorphism
U MSyi1(A) = HY A, Kgi1).

Proof. Tt suffices to prove that 1 satisfies relation ms2. We can follow [I6] proof of
Theorem 4.1] with K41 instead of G4t to get the result. O

Theorem 1.4. Let A be a smooth algebra of dimension d > 3 over a perfect field
k of characteristic different from 2. Then W : MSyi1(R) — HY(A, K411) is an
isomorphism.

Proof. Observe first that the following diagram is commutative:

WMSgi1(A) —2— HY(A, GI+1)

| |

MSg41(A) —5— HY (A, Kay1)
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Indeed, HY(A, K441) being a Mennicke symbol, it is also a weak Mennicke symbol.
There is then a unique homomorphism WM Sqy1(A) — H%(A, K411) extending .
Since both compositions in the diagram do the job, they are equal.

Consider now the following commutative diagram:

0 C s WMSgi1(A) — 5 MSyi1(A) —0
I
[ @l J\I/
+

0——C" —— HYA,GH) —— HY A, Kqy1) —— 0

where C' and C’ are the kernels of the horizontal homomorphisms. Since ® is an
isomorphism by Theorem [[.T] it suffices to prove that the induced homomorphism
C — (' is surjective to conclude. Using the exact sequence of sheaves

0 Id+2 Gd-i-l K%—l 07

we get a surjective homomorphism H%(A, [4+2) — C’.
Let m be a maximal ideal of A. Arguing as in [7, Corollary 2.4], we see that
there exists a regular sequence (vy,...,v4) C A such that

Af(v1,...,vq) = A/mx A/My x ... x A/M,,

where the M; are m;-primary ideals for some distinct maximal ideals my,..., m,
(also distinct of m). Let

wvl,...,vd : A/(’Ul, e ,Q)d) — EXti(A/(?)l, . ,’Ud), A)

be the isomorphism defined by ¥, ,,(1) = Kos(vi,...,vq), where the latter is
the Koszul complex associated to the regular sequence (v1,...,vq). Using the same
argument as in [16, §4.1], we see that I?(A/m,wy) is generated by elements of
the form (—1,a) ® (=1,b) - ¥y, ... v, With (a,v1,...,vq) and (b, v1,...,v4) unimod-
ular. Doing the same for all maximal ideals m C A, we get a set of generators of
H4(A, I%%2). The image in C” of such a generator is of the form

(ab> <_1uab> '¢v1,..‘,vd) - (a7 <_17a> . wvl,...,vd) - (b, <_1>b> . wvl,‘..,vd)'

This is precisely the image of

wms(ab, vy, ...,vq) —wms(a,vy,...,vq) —wms(b,vy,...,vq)
under the homomorphism ® : WM Sy, 1(A4) — HY(A,G41). Now by definition
the element wms(ab,vy,...,vq) —wms(a,v,...,vq) —wms(b,vy,...,vq) vanishes
in MS4y1(A), whence the result. O

This cohomological description allows us to perform some computations of the
universal Mennicke symbol of length d + 1, as we will see in the next section.

2. PRESTABILIZATION AND STABLY FREE MODULES

2.1. Preliminary computations. As in the previous section, A is a smooth al-
gebra of dimension d > 3 over a perfect field k& with char(k) # 2.

Theorem 2.1. Let k be a perfect field such that c.d.o(k) < 2 and let A be a smooth
affine algebra of dimension d > 3 over k. Then the homomorphism

WMSd+1 (A) — MSd—i—l (A)

is an tsomorphism.
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Proof. In view of Theorem [[.4] it suffices to show that the homomorphism
HYA, G = HYA, Kgy1)

is an isomorphism. Using the exact sequence of sheaves

0 Id+2 G+t K}, ——0,

we see that it suffices to prove that H?(A,I9"2) = 0. Observe that the group
H4(A, I%*2) can be computed by using a flasque resolution of I%+2 the (filtered)
Gersten-Witt complex of A ([I3, Theorem 3.11]):

Id+2(k(X)) e @ggd,leX(d—U Ig(k(xd—l)awxde_) @wdex(d) IQ(k(md)vwwd)7

where X = Spec(A).

If 2; € X, then k(z;) is of cohomological dimension c.d.o(k(z;)) < d+2 —i
by [31, §4.2, Proposition 11]. It follows that H%™ % (k(x;), ua) = 0 and then
194374 (k(x;)) /T34 (k(x;)) = O by [25, Theorem 4.1] and [41, Theorem 7.4].
The Arason-Pfister Hauptsatz ([1]) then shows that I9t3~%(k(z;)) = 0. There-
fore H'(A, I972) = Hi(A,TdH) for any i € N and H'(A,T') = 0 for any i € N and
j > d+3. Now HY(A,T) ~ H' (A H/(2)) (as seen in Section [4)), and inspec-
tion of the Bloch-Ogus spectral sequence shows that Hd(Ajd+2) ~ H2(A, po).
The latter is trivial since A is affine of dimension d over a field of cohomological
dimension at most 2 ([22, Chapter VI, Theorem 7.2] and [22, Chapter III, Theorem
2.20)). O

Following the arguments of [I7, Proposition 6.1], we can also prove the following
theorem.

Theorem 2.2. Let A be a smooth algebra of dimension d > 3 over a perfect field k
with c.d.(k) < 1. Then MSq11(A) is uniquely divisible prime to the characteristic
of k.

Proof. Let [ be a prime number with [ # char(k). We consider the exact sequences
of sheaves (see [8, proof of Corollary 1.11] for instance) given by the multiplication
by [ on sheaves

0 1Ka Kip1 —— 1Kgp1 ——0

and
0 le+1 Kd+1 Kd+1/l—>0.

The second sequence yields a long exact sequence in cohomology which ends with
I{d_l(fl7 Kd-‘rl/l) — Hd(A7 le+1) — Hd(A7 Kd+1) — Hd(A, Kd+1/l) — O

Now the groups H*(A, K441/1) are isomorphic to H*(A, H*1(1)) (see Section [[4).
As in the above proof, k(x;) is of cohomological dimension c.d.o(k(x;)) < d +
1 — i by [31, §4.2, Proposition 11] when z; € X, Then inspecting the Bloch-
Ogus spectral sequence, we get an epimorphism H2#(A, ;) — H YA, Kqy1/1)
and an isomorphism H?(A, K441/1) ~ H2* (A, ). Since A is affine, both étale
cohomology groups are trivial by [22, Chapter VI, Theorem 7.2] and [22 Chapter
I11, Theorem 2.20]. It then follows that H%(A, 1K) ~ H¥(A, Kq41).
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We next use the first exact sequence of sheaves. This yields
I{(iil(fl7 le-',—l) — Hd(A, le-H) — Hd(A, Kd+1) — ]‘[d(A7 le+1) — 0.

Using our result in the previous paragraph, this sequence becomes

Hd_l(A, leJrl) — Hd(A, leJrl) — Hd(A, Kd+1) —l> Hd(A, KdJrl) — 0.

It then suffices to prove that the left homomorphism is surjective to conclude.
The second exact sequence of sheaves yields a homomorphism H9~2(A, K4,1/1) —
HY1(A,1K4,1) and we consider the diagram

HY2(A, Kg41/1)

J ~_f
\\
~«

HY (A IK 41) —— HY (A, Kq41)

Suppose that k contains a primitive [-th root of unity £. For any field £ C F' and
any n > 1, there is a homomorphism K,,_1(F)/l — K, (F) defined on symbols
by {a1,...,an—1} — {& a1,...,a,—1}. It is not hard to see that this induces a
morphism of sheaves K4/l — Kg11. It follows from [34] Theorem 1.8] that this
morphism of sheaves induces an isomorphism H?(A, Kg/1) — H (A, Kq441). If
we denote by E%? the terms at page 2 in the Bloch-Ogus spectral sequence, the
homomorphism f then reads as

[ B2ty pld

and is precisely the differential at page 2 by [2, Proposition 7.5]. Now Eg’d injects
in H2Y(A, j1;), and we have seen above that the right hand term is trivial. Therefore
f is surjective and

1:HYA Kgy1) — HY(A, Kg11)
is an isomorphism.

If k& doesn’t contain a primitive [-th root of unity, it is enough to show that
fiHT2(A Kgq1/1) — HY(A, 1 Kg.1) is still surjective to conclude. There exists
a finite separable extension k& C L of degree prime to [ such that L contains a
primitive [-th root of unity. If we denote by Ay, the algebra A ®j L, we see that the
morphism g : Spec(Ar) — Spec(A) is finite and étale. A simple computation shows
that the composition g.g* : H(A, K411) — HY(A,Kg441) is the multiplication by
[L : k] and is therefore surjective. It follows that g, is surjective, and we can
conclude from the commutative diagram

_ f
HY2(Ap, Kgy1/1) —— HY (AL, 1 Kas1)

HY2(A, Ky /1) — HYA, Kq1)

that the lower f is surjective. O

When the base field is of cohomological dimension greater than 2, then Theorem
2Tlis no longer true. As a simple illustration of this fact, we consider varieties over
R. Recall that a smooth connected variety X of dimension d over R is rational if
X x Spec(C) is birational to PZ. We begin with the computation of MSy1.
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Theorem 2.3. Let A be a smooth rational R-algebra of dimension d > 3. Then
MSqi1(A) ~ HY(X(R),Z/2),

where X = Spec(A) and the right hand term denotes the singular cohomology of
the real manifold X (R).

Proof. First recall from [I6] Proposition 5.4] that there is an exact sequence

HYX x Spec(C), Kgi1) = HUX, Kgi1) — HYX, Kgi1/2K 1) — 0

where f, is the push-forward associated to the (finite) morphism X x Spec(C) — X.
Since A is rational, H4(X x Spec(C), K441) = 0 by [16, Proposition 5.6]. Now
HYX, Kg11/2K441) ~ HY(X, H41(2)) by Section [[4]and we get an isomorphism
HYX, Kqy1) ~ HYX,H4TY(2)). Finally, HY(X,H41(2)) ~ HY(X(R),Z/2) by
28, (19.5.1)]. O

In [16, Theorem 5.7], the group WM S,11(A) is computed when A has a trivial
canonical bundle. We have WM Sqy1(A) ~ HY(X(R),Z) for d > 3. It follows that
the homomorphism WM S;,1(A) = MS441(A) is in general not injective.

2.2. Prestabilization. Let A be a smooth algebra of dimension d over a field k.
The natural homomorphism SLgy1(A) — SK;(A) is then surjective, and its kernel
is SLgy1(A)N Eq12(A) by [38]. A matrix in SLgy1(A) N Egi2(A) is called 1-stably
elementary of size d 4+ 1. Our goal in this section is to understand this kernel in a
cohomological way when the dimension d of A is odd.

Recall from [36, Theorem 5.3 (ii)] that the map r : SLgy1(A) = WMSg11(A)
sending a matrix to its first row is a well defined homomorphism. Moreover, when
d is odd, we can interpret [36] Theorem 6.1(ii)] by saying that there is an exact
sequence

SLd+1(A) n Ed+2(A) — WMSd+1(A) E— MSd+1(A) — 0.

It follows that the kernel K of the map WM S441(A) = MS441(A) computes ex-
actly the 1-stably elementary matrices of size d+1 whose first row is not completable
in an elementary matrix. When A is of odd dimension d over R and oriented (i.e.
/\d Qa/r =~ A), there are a lot of these matrices.

Theorem 2.4. Let A be a smooth affine algebra of odd dimension d > 3 over R
and let X = Spec(A). Suppose that A is rational and oriented. Let C be the set of
compact components of X(R). Then K ~ @ e Z.

Proof. First observe that HY(A,I') ~ @, Z for any j > d ([16, Proposition
5.1]). Moreover, the natural homomorphism H?(A, [’T1) — H9(A, I7) is multipli-
cation by 2 on any compact component of A(R) (and hence is injective). Now the
homomorphism H?(A,G7) — HY(A, I7) is an isomorphism for j > d ([16, Theorem
5.7]). We can now conclude that the sequence

HAYA 132) —— HYA, G —— HY A, Kgy1) —— 0

is also exact on the left. Hence K ~ H¥(A,I9?) ~ @ . Z. O
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Example 2.5. If A = Rlzy,...,2441]/(3 22 — 1) is an algebraic real sphere of
dimension d > 3, then [I6, proof of Corollary 5.12] shows that WM S,1(A) is
generated by [x1,...,2q41]. If d = 3, then (x1,...,24) is the first row of the
symplectic matrix (see [I5, Theorem 6.11])

Z1 T2 Zs3 Ty
—ZT2 1 —Z4 I3
—I3 T4 z1 —T2
—T4 —X3 T2 I

The first row of the square of this matrix

21‘% -1 2.’1)11)2 21)11‘3 21‘1.134
—2xr1T9 233% -1 —2x1x24 21173
—2x1x3  2T174 23:% —1 —2x179
—2x1xy4 —2x123 2T129 Qx% -1

represents 2z, ..., x4] in WM S4(A). Hence its first row is not the first row of an
elementary matrix. However,

2.’1}% -1 23311)2 2.’1)11‘3 21)1.134 0
—2x1x9 1 — 23:% —2x9x3 —2x9714 0
—2x1x3 —2x013 1— 2x§ —2x3x4 O
—2x1xy4 —2x014 —2x3T4 1-— in 0
0 0 0 0 1
Ty
is elementary by [40, Lemma 2.2] (with = (21 22 x3 x4) andv = —2 zQ )
3
Ty

In contrast, we have:

Theorem 2.6. Let k be a perfect field such that c.d.o(k) < 2 and let A be a
smooth affine algebra of dimension d > 3 over k. Then the first row of any 1-stably
elementary matrix of size d + 1 is completable in an elementary matriz.

Proof. If d is odd, then it is a straightforward consequence of Theorem 211 If d is
even, this is [39, §6, Theorem 10]. O

Remark 2.7. If c.d.o(k) <1 and (d+ 1)! € k*, then a stronger result is proved in
[26].

2.3. About stably free modules. Recall from Section [[I] that the pointed set
Umy(R)/SL,(R) computes the set of isomorphism classes of projective R-modules
P such that P& R ~ R™. A consequence of Theorem [[.4]is that we get a cohomo-
logical description of Umgy1(A)/SLg+1(A) N Egp2(A) when A is a smooth algebra
of odd dimension d > 3.

Proposition 2.8. Let A be a smooth algebra of odd dimension d > 3 over a perfect
field k with char(k) # 2. Then Umgy1(A)/SLas1(A) N Egyo(A) ~ HY(A, Kgp1).

Proof. This is an easy consequence of [36, Theorem 6.1(ii)]. O
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In view of Theorem 2.3 we get the following corollary.

Corollary 2.9. Let A be a smooth algebra of odd dimension d > 3 over R. Suppose
moreover that A is rational and let X = Spec(A). Then

Umgi1(A)/SLay1(A) N Eqy2(A) ~ HY(X(R),Z/2).

Using the homomorphism r : SLg11(A) = WMSg11(A) sending a matrix to its
first row, we get a description of Umg41(A)/SLat1(A) over any perfect field.

Theorem 2.10. Let A be a smooth affine algebra of odd dimension d > 3 over a
perfect field k. Then Umgy1(A)/SLai1(A) ~ HY(A, Kg11)/SLav1(A).

Remark 2.11. This result is wrong when the dimension d is even. For example,
when A is the real algebraic sphere of dimension 2, then Um3(A)/SLs(A) = Z by
[16, Corollary 5.12]. On the other hand, H?(X, K3) = Z/2.

Remark 2.12. Under the assumptions of the theorem, we have the stabilization
isomorphism SLg11(A)/SLay1(A) N Eqy2(A) ~ SK;(A). The first row homomor-
phism then yields a homomorphism

T SKl(A) — Hd(A,Kd+1)
whose cokernel is precisely Umg41(A)/SLgy1(A).

3. THE BASS-KUBOTA THEOREM FOR SURFACES

3.1. Grothendieck-Witt groups. In this section, we briefly recall some basic
facts about Grothendieck-Witt groups. The reader is referred to [29] §8] for more
information. If X is a scheme over k and L is a line bundle over X, then there
are abelian groups GW/ (X, L) for any ¢ € Z and j € Z/4 generalizing the classical
Grothendieck-Witt group GW(X). If X = Spec(R), then GW?(R) = K,O(R)
while GW?(R) = K;Sp(R). The other groups correspond with Karoubi’s U and V'
groups ([30 §3.6]). To compare Quillen K-theory and higher Grothendieck-Witt
groups, there are two functors

f:GW!(X,L) = Ki(X)
and ‘

H:K;(X)— GW/}(X,L)
respectively called a forgetful functor and a hyperbolic functor. In this setting,
Karoubi periodicity reads as a long exact sequence

e GWI(X, D)L KO ewiIt (X, L) D eW (X, D)L K (X)L

A basic tool to study Grothendieck-Witt groups is the Gersten-Grothendieck-Witt
spectral sequence ([I2] Theorem 25| or [I8, Theorem 1.7]). Namely, for any regular
scheme X and any n € Z there exists a spectral sequence F(n)P? converging to
GW! (X) whose terms at page 1 are

n—p—q
Emi= @ GW;F  (k(xp),ws,).
z,€X(P)

By construction, the hyperbolic and forgetful functors induce a morphism of spec-
tral sequences H : EP? — E(n)P? and f : E(n)?? — EPY, where EP? is the Brown-
Gersten-Quillen spectral sequence in K-theory (|32, Theorem 5.20]).
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For our purpose we will need only the following two results, the first one being
an easy lemma.

Lemma 3.1. Let F be a field. For 0 < n < 2, the image of the homomorphism
n: GWMF) — GW'-(F) is equal to I"(F) and the diagram

GW(F) —— I"(F)

is a fibre product, where f : GW}(F) — K, (F) is the forgetful homomorphism.

Proof. For n = 0, this is obvious. For GW{, see [3, Corollary 4.5.1.5] and see
[34, Corollary 6.4] for GW3. O

Proposition 3.2. Let S be a smooth affine surface over an algebraically closed
field. Then the forgetful homomorphism f : K1Sp(S) — K1(S) is split injective.

Proof. We may assume that S is connected. Recall first that K1Sp(S) = GWZ(9).
We use the Gersten-Grothendieck-Witt spectral sequence E(2) to compute this
group. Since S is a surface, the information is concentrated on the lines ¢ = —1,0, 1.
The line ¢ = 1 is trivial by [I2] Lemma 2.2], while the line ¢ = —1 is as follows:

GW3(k(z0) — €D GWi(k(x1) — P GWY(k(x2)).

z1eX® 206X (2)

The forgetful functor f induces a commutative diagram

GW3(k(zo) —— P CWi(k(z1) — @ GW(k(x2))
z1€X M) z2€X(2)
3(k

By [12, Lemma 2.4], the forgetful functor f : GW; (F) — K;(F) factors through
the 2-torsion and induces a surjective map f : GW; ' (F) — {2}K;(F) for any
i = 1,2 and any field F. Moreover, if F' is algebraically closed, then the map
f:GWY(F) — {2} K, (F) is an isomorphism. It follows that the cokernel of

P oWy k) — @ GWP(k(2))

z1eX (D) 226X (2)

is isomorphic to CH?(S)/2, which is trivial by [T, Lemma 1.2]. This proves that
the spectral sequence induces an isomorphism K;Sp(S) ~ E(2 )1 0 Explicitly,
K1Sp(S) is isomorphic to the homology of the complex

GW3(k(zo) — P GWl(k(z1) —— P GW(k(2)).

z1€X M) ro€X(2)
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Arguing as in the proof of Theorem 21 we see that I4T1=7(k(z;)) = 0 for any
z € XU). Lemma B then shows that the forgetful functor induces an isomorphism
of complexes

GW3(k(z0) — € GWl(k(x1) — P GW§(k(x2))
z,€X) ro€X(2)

! fl fl
Ky (k(wg) —— P Ki(k(z1)) —— P Kolk(x2))
reX) T2€X(2)

Therefore the forgetful functor f : K1Sp(S) — K;1(S) induces an isomorphism
K;1Sp(S) ~ HY(S,K3). Now using the Brown-Gersten-Quillen spectral sequence
EP49 converging to the K-theory of S, we see that EL~2 = H!(S, K5) and that
f in fact induces an isomorphism K;Sp(S) — EL~2. It follows that f is split
injective. (|

We now have all the tools in hand to discuss the analogue of the Bass-Kubota
theorem for surfaces over an algebraically closed field. This is the object of the
following subsection.

3.2. Mennicke symbols of length 2. Let R be a ring. It is well known that
in general F5(R) is not a normal subgroup of SLy(R) (see [10] for instance). Our
purpose being the description of the group SK;i(R) in special cases, we will have to
consider slightly modified Mennicke symbols that we call stable Mennicke symbols of
rank 2. The definition below is different from the original definition of [5, Definition
2.5] (compare also with [40, (4.3), (4.4)]).

A stable Mennicke symbol of length 2 is a map ms : Umg(R) — G, where G is
a group, such that:
msl. ms(1,0) = 1 and ms(v) = ms(wM) if M € SLy(R) N E(R).
ms2. ms(a,c) - ms(b,c) = ms(ab, ¢) for any unimodular rows (a,c) and (b, c).
We write M So(R) for the universal stable Mennicke symbol. It follows from [40, §4]
that the map

®: Umq(R) — SK;(R)

a

f
is a stable Mennicke symbol of length 2.

A symplectic stable Mennicke symbol is a map msp : Ums(R) — G, where G is
a group, such that:
msp 1. msp(1,0) =1 and msp(v) = msp(wM) if M € SLy(R) N ESp(R).
msp 2. msp(a,b) - msp(a, c?) = msp(a, bc?) for any (a,b), (a,c?) € Uma(R).

defined by ®(a,b) = < Z , where e, f are any elements in R such that ae—bf = 1,

We denote by MSps(R) the universal symplectic stable Mennicke symbol. By
[40, §4] again, the map ® above factorizes through K;Sp(R), yielding a map

U : Uma(R) — K1Sp(R)

which is a symplectic stable Mennicke symbol. If R is of dimension 2, then
Umy4(R) = e1E4(R) = e1 ESpy(R) by [40, §4]. It follows that ¥ induces a sur-
jective homomorphism M Sps(R) — K1Sp(R).
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Lemma 3.3. Let S be a smooth affine surface over an algebraically closed field of
characteristic different from 2,3. Then

SLy(S)NE(S) = SLy(S) N E3(S) = SLy(S) N ESps(S) = SLa(S) N ESP(S).
Proof. The diagram
0 —— SLy(S)N ESp(S) —— SL2(S) —— K15p(5)
| lf

|
0 —— SLy(S) N E(S) —— SLy(S) —— K1(S)

4

and Proposition B2l show that SLy(S) N ESp(S) = SL2(S) N E(S). Now
SLy(S)NESp(S) = SLa(S) N ESpa(S)
by [6, Theorem 2] and SL2(S) N E(S) = SL2(S) N E3(S) by [26] §3]. O

It follows from this lemma that M .S5(S) is a symplectic stable Mennicke symbol.
Therefore:

Corollary 3.4. Let S be a smooth affine surface over an algebraically closed field
of characteristic different from 2,3. Then there is a unique homomorphism

a: MSpa(S) — MSy(S)
such that the diagram
Ums(S) = MSpa(S)
M S>(S)
commauytes.

In order to prove the analogue of Bass-Kubota theorem for surfaces over the
algebraic closure of a finite field, we will need a few preparatory results:

Lemma 3.5 (Mennicke-Newman lemma). Let S be an affine surface over the al-
gebraic closure k of a finite field. Given unimodular rows (a,b) and (c,d), there
exist elementary matrices My, Ms € Es(S) such that if (a/,b") := (a,b)M; and
(,d") := (¢, d)Ms, we have (a’,c') unimodular.

Proof. Consider the unimodular row (a, ¢, bd) € Ums(S). By Vaserstein’s theorem
[40, Corollary 17.3], there exists e € S such that (a + ebd, c 4+ ebd) € Ums(S). We

set M; = (eld (1)) and My = (elb ?) O

Lemma 3.6. Let R be a ring and (a,b), (¢,d) € Uma(R) such that (a,c) € Uma(R).
Then

ms(a,t) msfe.d) = ms((a.0) (0 7))

in MSs(R) for any e, f € R such that cf — de = 1.
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Proof. First observe that there exists e, f € R such that ¢f — de = 1 and (a, f)
is unimodular. Indeed, since (c,ad) € Uma(R) there exists A, € R such that
Ac+ pad = 1. Tt suffices to choose f = A and e = —pua.

Given such e, f € R, let a := ms(ac + be,ad + bf) - ms(—f,d) - ms(f,a). Since

(_01 _01) € E3(R), we have

a = ms(ac+be,ad +bf) - ms(— 7d) s(—f,—a)
= ms(ac+ be,ad + bf) - ms(—f, —ad)
= ms(ac+ be,ad + bf) - ms(f, ad)
= ms(ac+ be,ad + bf) - ms(f,ad + bf)
= ms(f(ac+be),ad +bf)
= ms(f(ac+be) —e(ad + bf),ad + bf)
= ms(a,ad + bf)
ms(a,bf)

ms(a,b) -ms(c d) ( f7 ) ms(fva) - ms(a7b) ~ms(f,a)

= ms(a,b) -ms(a,—f)

= ms(a, —bf).
It suffices therefore to prove that ms(a,bf) = ms(a, —bf) to conclude. Using again
that <_01 _01> is in F3(R), we obtain

ms(a,bf) = ms(a,b) - ms(a, f) = ms(—a, —b) - ms(—a, —f)
=ms(—a,bf) = ms(a, =bf).
O

Corollary 3.7. Let S be a smooth affine surface over the algebraic closure of
a finite field of characteristic different from 2 and 3. Then the stable Mennicke

symbol ® : Umsg(S) — SK1(S) is universal and the map ms : Umsa(S) — M S5(S)
induces a bijection

Proof. Tt follows from Lemmas and that the map ms : Uma(S) — M S5(S)
is surjective. By Lemma [3.3] we obtain a surjective map

ms : Umg(S)/SLa(S) N E3(S) — MSy(S).
Now @ : Umz(S) — SK1(S) induces an injective map

which is also surjective by [40, Corollary 7.3]. Finally, ® is a stable Mennicke
symbol, and therefore there exists a homomorphism f : MS5(S) — SK;(S) such
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that the diagram

x Jf
SKL(S)

commutes. It follows that ms is also injective and that f is an isomorphism. (Il

Remark 3.8. In a previous version of this paper, we asserted that the map

was a bijection for any algebraically closed field of characteristic different from 2 and
3. However, as pointed out by the referee, the Mennicke-Newman lemma doesn’t
hold in this generality and it is not clear that the map is surjective.

To conclude, we bring the universal symplectic stable Mennicke symbol in the
picture.

Theorem 3.9. Let S be a smooth affine surface over the algebraic closure of a
finite field of characteristic different from 2 and 3. Then the maps in the diagram

Uma(S)/SLa(S) N E3(S) —=2 MSps(S)

T, |

M S5(95)
are bijections.

Proof. In view of Corollary B.7 it suffices to show that msp is surjective. Consider
the map
0 : Uma(S) = MSpa(S)

defined by 6(a,b) = msp(a?,b). It is not hard to check that # satisfies rules msl.
and ms2. and therefore it induces a homomorphism f : MS5(S) — MSpa(S)
such that f(ms(a,b)) = msp(a,b?). Using Corollary Bl we see that it suffices
to prove that f is surjective to deduce the surjectivity of msp. To do this, it
suffices to show that given (a,b) € Uma(S) there exists (¢, d) € Umsa(S) such that
msp(a,b) = msp(c, d?).

Now Ums(S)/SLa(S) N ESps(S) ~ MS5(S) = SK1(S) and it suffices to prove
that SK7(S) is 2-divisible to conclude. We use the Brown-Gersten-Quillen spectral
sequence EP? to compute SK;(S). By definition, E;® = H2(S, K3). Lemma
L3 yields a homomorphism M S3(S) — H?(S, K3) which is surjective by [16, proof
of Proposition 4.3]. Since Ums3(S)/E5(S) = 0 by [0, Corollary 17.3], we get
SK;(S) = EL™2 = H(S, K3). The proof of Theorem 2.2 applies to prove that this
group is divisible (not uniquely though). O
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