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L BOUNDS FOR THE COMMUTATORS
OF SINGULAR INTEGRALS
AND MAXIMAL SINGULAR INTEGRALS
WITH ROUGH KERNELS

YANPING CHEN AND YONG DING

ABSTRACT. The commutator of convolution type Calderon-Zygmund singular
Q(x)
[z[™
tablished the LP (1 < p < oo) boundedness of the commutators of singular
integrals and maximal singular integrals with the kernel condition which is

different from the condition Q € H(S™~1).

integral operators with rough kernels p.v. are studied. The authors es-

1. INTRODUCTION

The homogeneous singular integral operator Tg, is defined by

Qx—y
Tof(z) = pw./ (—n)f(y) dy,
rn [T =yl
where Q € L1(S"~1) satisfies the following conditions:
(a) € is homogeneous function of degree zero on R™ \ {0}, i.e.

(1.1) Qtz) = Qz) for any t > 0 and x € R™\{0}.

(b) € has mean zero on S™~!, the unit sphere in R”, i.e.

(1.2) /Sni1 Q(z') do(z") = 0.

For a function b € Ljo.(R™), let A be a linear operator on some measurable
function space. Then the commutator between A and b is defined by [b, A]f(z) :=
b(x)Af(x) — A(bf) ().

In 1965, Calderén [6] defined a commutator for the Hilbert transform H and a
Lipshitz function b, which is connected closely the Cauchy integral along Lipschitz
curves (see also [7]). Commutators have played an important role in harmonic
analysis and PDE, for example in the theory of nondivergent elliptic equations
with discontinuous coefficients (see [5], [8], [13], [14], [20]). Moreover, there is also an
interesting connection between the nonlinear commutator, considered by Rochberg
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and Weiss in [I6], and the Jacobian mapping of vector functions. They have been
applied in the study of nonlinear partial differential equations (see [9], [27]).

In 1976, Coifman, Rochberg and Weiss [10] obtained a characterization of LP-
boundedness of the commutators [b, R;] generated by the Reisz transforms R, (j =
1,---,n,) and a BMO function b. As an application of this characterization, a
decomposition theorem of the real Hardy space is given in this paper. Moreover,
the authors in [16] proved also that if 2 € Lip(S™~!), then the commutator [b, Tq)]
for T, and a BMO function b is bounded on Lp for 1 < p < oo, which is defined by

b, Tolf(x) = pv / M) (0a) - b))

In the same paper, Coifman, Rochberg and Weiss [16] outlined a different approach,
which is less direct but shows the close relationship between the weighted inequal-
ities of the operator T and the weighted inequalities of the commutator [b, T]. In
1993, Alvarez, Bagby, Kurtz and Pérez [3] developed the idea of [I6] and established
a generalized boundedness criterion for the commutators of linear operators. The
result of Alvarez, Bagby, Kurtz and Pérez (see [3], Theorem 2.13]) can be stated as
follows.

Theorem A ([3]). Let 1 < p < oo. If a linear operator T is bounded on LP(w) for
allwe Ay (1 < ¢ < 00), where A, denote the weight class of Muckenhoupt, then
for b€ BMO, ||[b,T]f||r < ClbllBaoll fllze-

Combining Theorem A with the well-known results by Duoandikoetxea [I§] on
the weighted LP boundedness of the rough singular integral Tq, we know that if Q €
L9(S™ 1) for some g > 1, then [b, Tg] is bounded on LP for 1 < p < oo. However,
it is not clear up to now whether the operator T, with Q € L! \Ugs1 La(sn-1)
is bounded on LP(w) for 1 < p < oo and all w € A, (1 < r < o). Hence, if
Qe L'\ Ugs1 L4(S™~1), the LP boundedness of [b, Tq] cannot be deduced from
Theorem A.

The purpose of this paper is to give a sufficient condition which contains
U a1 L9(S™71), such that the commutator of convolution operators are bounded
on LP(R™) for 1 < p < oo. This condition was introduced by Grafakos and Stefanov
n [25], which is defined by

14+«
1
(1.3 swp [ 100 (o) o) <,

gesn—t ‘5 |

G-

where o > 0 is a fixed constant. It is well known that

U £9(s™") € Llog* L(S™') c H'(S"1).

q>1
Let F,(S™ ') denote the space of all integrable functions £ on S™~! satisfying
(1.3). The examples in [25] show that there is the following relationship between
F,(S" 1) and H'(S""!) (the Hardy space on S"1):

U zus ) c (Fa(s" ) g H'(S" ) & | FalS™).
g>1 a>0 a>0

Condition (1.3) above has been considered by many authors in the context of rough
integral operators. One can consult [1], [2], [@], [10], [L1], [I2], [19], [26] among the
numerous references, for its development and applications.
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Now let us formulate our main results as follows.

Theorem 1. Let Q be a function in L'(S"™1) satisfying (1.1) and (1.2). If Q €
F,(S™ 1Y) for some a > 1, then [b, Tq| extends to a bounded operator from LP into
itself for QT'H <p<a+l.

Corollary 1. Let Q be a function in L'(S™~1) satisfying (1.1) and (1.2). If Q €
Nas1 Fa(S™71), then [b,Tq] extends to a bounded operator from LP into itself for
1<p<oo.

The proof of this result is in Section 4. In the proof of Theorem 1, we have
used the Littlewood-Paley decomposition and interpolation theorem argument to
prove LP (1 < p < oo) norm inequalities for the rough commutator [b, Tq]. These
techniques have been used to prove the L? (1 < p < o0) norm inequalities for rough
singular integrals in [25] or [I7]. They are very similar in spirit, though not in
detail. In the following, we will point out the difference in the methods used to
prove LP (1 < p < o0) norm inequalities for rough commutators and rough singular
integrals.

Let T' be a linear operator; we may decompose T' =, _, T; by using the proper-
ties of Littlewood-Paley functions and Fourier transform, reducing T to a sequence
of composition operators {T;};cz. Hence, to get the LP (1 < p < co) norm of T, it
suffices to establish the delicate L? (1 < p < o0) norm of each T} with a summation
convergence factor, which can be obtained by interpolating between the delicate
L? norm of T}, which has a summation convergent factor, and the L7 (1 < g < o0)
norm of T}, for each | € Z.

Let T be a rough singular integral. The delicate L? norm of each Tj can be ob-
tained by using the Fourier transform, the Plancherel theorem and the Littlewood-
Paley theory. The LY (1 < ¢ < o0) norm of each T} can be obtained by the method
of rotations, the L9 (1 < g < 00) bounds of the one dimensional case of the Hardy-
Littlewood operator and the Littlewood-Paley theory.

On the other hand, if T" is a rough commutator of singular integral, the delicate
L? norm of each Tj can be obtained by using the L? norm of the commutators of
Littlewood-Paley operators (see Lemma 3.3) and Lemma 3.4 in Section 3. With
these techniques and lemmas, G. Hu [29] obtained the result in Theorem 1 for
p = 2. Therefore, it reduces the L? (1 < p < 0o) norm of T to the L (1 < g < o0)
norm of 7T; for each [ € Z. Unfortunately, since each T; is generated by a BMO
function and a composition operator, the method of rotations, which deals with
the same problem in rough singular integrals, fails to treat this problem directly.
Hence we need to look for a new idea. We find that the Bony paraproduct is the
key technique to resolve the problem. In particular, it is worth pointing out that
the main method used in this paper indeed gives a new application of the Bony
paraproduct. It is well known that the Bony paraproduct is an important tool in
PDE. However, the idea presented in this paper shows that the Bony paraproduct
is also a powerful tool for handling the integral operators with rough kernels in
harmonic analysis.

It is well known that maximal singular integral operators T¢; play a key role in
studying the almost everywhere convergence of the singular integral operators. The
mapping properties of the maximal singular integrals with convolution kernels have
been extensively studied (see [I7], [25], [32], for example). Therefore, another aim
of this paper is to give the LP(R™) boundedness of the maximal commutator [b, T¢g)]
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associated to the singular integral Tq,, which is defined by
Qzx—y
[ ) - b))
|z—y|>27 lz -yl
The following theorem is another main result given in this paper:
Theorem 2. Let Q be a function in L'(S™"~1) satisfying (1.1) and (1.2). If Q €

F,(S™71) for some o > 2, then [b, Tg;] extends to a bounded operator from LP into
itself for 225 <p < a.

[b, To]f (x) = sup
JEZ

Corollary 2. Let Q be a function in L'(S™~1) satisfying (1.1) and (1.2). If Q €
Nase Fa(S™71), then [b,T¢] extends to a bounded operator from LP into itself for
1<p<oo.

One will see that the maximal commutator [b, 7] can be controlled pointwise
by some composition operators of Tq, M, Mg and their commutators [b, T], [b, M]
and [b, Mq], where M is the standard Hardy-Littlewood maximal operator and M
denotes the maximal operator with rough kernel, which is defined by

/2 Uz =9) yay.

i< |w—y| <2041 |z —y|"

Mgq f(x) = sup
jez

The corresponding commutators [b, M| and [b, M| are defined by

b, M1 () = sup — Ib(z) — b(w)||f ()| dy

n
r>0 T lz—y|<r
and

[b, Ma] f(x) = sup
JEZ

000) ) ) pya)
2i < |z —y|<2i+1

We give the following LP(R™) boundedness of the commutators [b, Mg]:
Theorem 3. Let Q be a function in L*(S"~1) satisfying (1.1). If Q € F,(S"1)

for some o > 1, then [b, Mq] extends to a bounded operator from LP into itself for
ol cp<a+l

Corollary 3. Let Q be a function in L*(S™Y) satisfying (1.1). If
Qe () FalS™),
a>1
then [b, Mgq] extends to a bounded operator from LP into itself for 1 < p < oco.
Theorem 3 is actually a direct consequence of the LP(R™) boundedness of the

commutator formed by a class of the Littlewood-Paley square operator with rough
kernel and a BMO function. In fact, if Q = Q — A+ with A = Jgn—1 Qz")do(2'),

‘Sn—l\
then () satisfies (1.2). It is easy to check that

(b(z) — () HE =Y () ay

[b, Mo]f(x) < sup =

JEZ

20 <|z—y|<2itt
+ C[b, M]f(x)
(1.4) < C([b, gglf (x) + [b, M] f (),
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where go and [b, go| denote the Littlewood-Paley square operator and its commu-
tator, which are defined respectively by
2> 1/2

mit) = (2
b, gal () = (Z [ o) T2 gy

JEZ
= [z =y

Q(fﬂ—y)f

|z —y|™

(y)dy

27 <|w—y|<20+1

and

2) 1/2

Thus, (1.4) shows that Theorem 3 will follow from the L?(R™) boundedness of the
commutators [b, go] and [b, M]. Since the LP(R™) boundedness of the latter is well

known (see [23]), we need only give the LP(R™) boundedness of the commutator
[b, ga], which can be stated as follows.

21 <|z—y|<2it+t

Theorem 4. Let Q be a function in L'(S"™1) satisfying (1.1) and (1.2). IfQ €
F,(S™ 1Y) for some a > 1, then [b, go] extends to a bounded operator from LP into
itself for QT'H <p<a+l.

Corollary 4. Let Q be a function in L'(S™™ 1) satisfying (1.1) and (1.2). If Q €
Nas1 Fa(S™71), then [b, go] extends to a bounded operator from LP into itself for
1 <p<oo.

In fact, Theorem 4 is a corollary of Theorem 1. Write Tq, f(z) = - K;xf(z),
J

where K,(z) = %X{2j<|x‘ggj+l}. Define T} f(x) = K; * f(x); then [b,Tq]f(x) =

Siezlb. T)f(x) and [bgolf(x) = (e, Tj1f(x))"%. Then we get the LP
boundedness of [b, go] by using Theorem 1, the Rademacher function and Khint-
chine’s inequalities.

This paper is organized as follows. First, in Section 2, we give some important
notation and tools, which will be used in the proofs of the main results. In Section 3,
we give some lemmas which will be used in the proofs of the main results. In
Section 4, we prove Theorem 1 by applying the lemmas in Section 3. Finally, we
prove Theorem 2 by applying Theorem 3 and Theorem 4 in Section 5. Throughout
this paper, the letter “C'” will stand for a positive constant which is independent
of the essential variables and not necessarily the same one in each occurrence.

2. NOTATION AND PRELIMINARIES

Let us begin by giving some notation and important tools, which will be used in
the proofs of our main results.

1. Schwartz class and Fourier transform. Denote by .7 (R™) and .#/(R™) the
Schwartz class and the space of tempered distributions, respectively. The nota-
tion “7” and “V” denote the Fourier transform and the inverse Fourier transform,
respectively.

2. Smooth decomposition of identity and multipliers. Let ¢ € .#(R™) be a
radial function satisfying 0 < ¢ < 1 with its support in the unit ball and ¢(&) = 1 for
€] < 3. The function ¥(€) = ga(g) — (&) € S (R") is supported by {3 < [¢| < 2}
and satisfies the identity Y., 1%(277¢) =1, for & # 0.
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For j € Z, denote by A; and G; the convolution operators whose the symbols
are 1(277¢) and p(277¢), respectively. That is, A; and G; are defined by &j\f(f) =
$(279€) f(€) and G, f(€) = ©(279€) f(£) (see [30]). By the Littlewood-Paley theory,
for 1 < p < oo and {f;} € LP(I?), the following vector-valued inequality holds (see
[24], p. 343)):

(2.1) H Z|Aj+kf] 1/2H <CH \fj 1/2} . for ke [-10,10].

Lp

3. Homogeneous Triebel-Lizorkin space F;q(R”) and Besov space B;’q(R").
For 0 < p,q < 0o (p # o0) and s € R, the homogeneous Triebel-Lizorkin space

EF39(R™) is defined by
. 1/q
o= (zasme) | <o)
JEL Le
and the homogeneous Besov space BZ’Q(R") is defined by

1/q
s = (S rIAIL ) <o)
JEZ
where .#/(R™) denotes the tempered distribution class on R".
4. Sequence Carleson measures. A sequence of positive Borel measures {v;};cz
is called a sequence Carleson measure in R™ x Z if there exists a positive constant
C > 0 such that 3,5 v;(B) < C[B| for all k € Z and all Euclidean balls B with

radius 27%, where |B| is the Lebesgue measure of B. The norm of the sequence
Carleson measure v = {v;};¢z is given by

ol =su { 5 St}

ji>k

Erarr) = {f e S®Y: |f]

B3(R") = {f €' (R"): ||f]

where the supremum is taken over all & € Z and all balls B with radius 2.

5. Homogeneous BMO-Triebel-Lizorkin space. For s € R and 1 < ¢ < 400,
the homogeneous BMO -Triebel-Lizorkin space F' 514 is the space of all distributions
b for which the sequence {2579|A;(b)(x)|?dz} ez is a Carleson measure (see [21]).
The norm of b in F;;q is given by

frg;a = Sup {|B| Z/ QSJQ‘A ‘qu ;

>k

6]

where the supremum is taken over all k& € Z and all balls B with radius 27*. For
q = 400, we set F5>° = B%>. Moreover, %% = BMO (see [21], [22]).

6. Bony paraproduct and Bony decomposition. The paraproduct of Bony [4]
between two functions f, g is defined by

wr(9) = > (A, 1)(Gj-s9).
JEZ
At least formally, we have the following Bony decomposition:

(22)  fg=ms(9)+my(f)+ R(f,9) with R(f,9)=> > (Aif)(Arg).

€L |k—i|<2
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3. LEMMAS

We first give some lemmas, which will be used in the proof of Theorem 1 and
Theorem 2.

Riesz potential and its inverse. For 0 < 7 < n, the Riesz potential I, of order
7 is defined on ./ (R™) by setting fT\f(f) = [¢]7"F(€). Another expression of I, is

Li@ = [ L ()

re |T =y T

where y(7) = 2777 /2T (257)/T'(%). Moreover, for 0 < 7 < n, the “inverse op-

erator” I-' of I, is defined by I; ' f(¢) = \§|Tf(§), where A denotes the Fourier
transform.
With the notation above, we show the following two facts:

Y

Lemma 3.1. For 0 < 1t < 1/2, we have
(3.1) v(r) < Cr,
where C' is independent of T.
Proof. Applying Stirling’s formula, we have
Vora® 12emr < I'(z) < N0 2rz" V2" for x> 1.
Thus, by the equation sI'(s) = I'(s 4+ 1) for s > 0, we get

(3.2)
_ _ _ (%4»%) _M_
P(57) = ;2 0(257 +1) < 2v2r (257 +1) et <
and
(3.3) (%) = 3F(£+1) >\/%(I+l)(%+%)67%*1-2 >C/r
2 T 2 = 2 T — .

Hence, (3.1) follows from (3.2) and (3.3). Obviously, the constant C' in (3.1) is
independent of 7.

Lemma 3.2. For the multiplier Gy, (k € Z), b € BMO(R"), and any fized 0 < 17 <
1/2, we have

2k:‘r
(3.4) |Grblz) = Grb(y)| < C—la —y["[IbllBrso,

where C is independent of k and T.

Proof. Note that I.(I-1f) = f; we have
I71(Gib)(2)

Gkb(ac):'y(T)/ P dz.
Rn
Hence
(3.5)
1
_ —1 1
Gatte) ~ Gvt) = o) [ 1@ (s — e )
1
-1 1
L e e
1
_ —1 1
= (DI (G|~ / N - e
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We first show that

1 1
(3.6) - <CrYHa -y
lz—y+-"7 [T
In fact,
L — —i|dz
re ||z —y+2rmm T
1
:/ n—r |z|7%*7' dz
z|<2lo—y| [T =Y+ 2
1
+ n—r |z\i_" dz
|z|>2]z—y| |(E —y+ Z|

g/ %dw/ Iz‘,%derC/ un%illdz
|21<3lz—y| 2| |21<2]z—y] |2l>2lz—y| 12|

< Cu7
T
where C' is independent of 7. By (3.5), (3.6) and (3.1), we get
(3.7) |Grb(x) = Grb(y)| < Clo — y[ | I7H(Grb) || L

where C is independent of 7. We now estimate ||[I-'(Ggb)||r~. Since GrA,b =0
for u > k + 1, we have

111 (Grb) o =

I7G()_AD)| < Y G A,

u€Z L u<k+1

S A

u<k+1

(3.8)

IN

Take a radial function ¢ € .%(R") such that supp(¢) C {1/4 < |z| < 4} and ¢ = 1
in {1/2 < |z| < 2}. Then we have

—
—

L1 Ab(E) = 2T0(27 )12 ¢ Aub(€).
Set a function h by h(£) = ¥(€)|¢|7. Then

I7PALb(7) = 27”/ 2" h (2% (z — y)) Aub(y) dy.

So we have
17 Abll e < 297 [1297R(2% )| 2| Aubl| Lo = 27 ||l L1 | Aub] oo
Thus, if there exists a constant C' > 0, independent of 7, such that
(3.9) Al < C,
then by (3.7)-(3.8), we have

(Gib(a) = Gibly)| < Cle =y S 27 Al

< C|l’ _ y‘72k7' SUPyez, ||Aub||Loo Zu<k¢+1 2(u7k)‘r.
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Since for some 0 < 7 < 1,

e ) o7 227’ 227’ C

gu—k)T _ 9—IT — = = =

Z Z 1—92-7 27 _ 1 7.297- < 7.’
u<k+1 Jj=—1

for 0<7<1/2,
where C' is independent of 7. Using the fact (see [24], p. 615]) that
(310) sug HAubHLoo < Cn||b||BM07
ue

we have
| TokT
Gib(z) — Gib(y)| < CE=Z )b paso,

where C is independent of k and 7. Thus, to finish the proof of Lemma 3.2, it
remains to show (3.9). In fact,

2]l = / |h(z)|dx + / |h()|dz < Co(IhllLz + Il - ["h()L2) = Cu(l1 + I2).
lz|<1 lz|>1
Since supp(¢) C {1/4 < |¢] <4} and 0 < § < 1/2, we get

I = [[9(©)E N2 < C,

where C' is independent of 7. Thus, to get (3.9), we need only verify that Io < C.
To do this, let us recall some notation about the multi-index. For a multi-index
a = (ai,...,a,) € Z%, denote 0%f = 0" ...00"f, |a] = aq + -+ + , and
x® = o ...z~ for x € R". By [24] p. 425], we know that

2n/2 _ nt @ &
(L+[eP)2=3" ol (1+ [g[2)m/2

loe|<n

s is an LP (1 < p < oo) multiplier whenever

and the function m,(§) = ﬁ

|a] < n. Hence

(1 +1E2)"2h(6))" = 3 Cam(ma(©)Eh(€))"

|| <n
=0 Y Canlmal©)3°h(6))".
|| <n

where V denotes the inverse Fourier transform. Applying the equation above, we
get
I <O+ [EP)2hE)lle = (1 +[€1*)"/*h(€))Y | 2

L

< Cz|a|gn Coa ]| 0% 2

— Czlalﬁn Coml|l0®R]| 2 = szgn Con
Notice that
(3.11) (W(E)IE[) =D OB OB (07(€))(0°P(I€]M)),

BLa

0%($(E)IEI) 2

where the sum in (3.11) is taken over all multi-indices § with 0 < §; < «; for
all 1 < j < n. Trivial computations show that there exists C' > 0, independent of
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7, such that |8a*5(|§\7~)| < Cfor1/4 < |¢] <4and 0 < 7 < 1/2. Further, by
P € C°(R™), then [0P4(€)| < C. So we get |0%(¥(€)|€]7)| < C. From this we get

1/2
I < ngn Canll0*((E)IEIN)] o> <f1/4<§|<4 df) <C,

where C' is dependent only on n, but is independent of 7. This completes the
estimate of (3.9) and Lemma 3.2 follows.

Lemma 3.3 (see [28]). Let ¢ € /(R") be a radial function such that supp ¢ C
{1/2 < €] <2} and 3, ¢*(271€) =1 for €] # 0. Define the multiplier operator
Sy by Sif(€) = ¢(2716) F(€) and S? by S2f = Si(Sif). For b € BMO(R™), denote
by [b,S1] (respectively, [b,S?]) the commutator of S; (respectively, S?). Then for
1<p<ooand f € LP(R™), we have

0 (S Sz](f)2)1/2
i [[(S e sor)”

i) (1%, sl
LP(12).

< C(n,p)|IbllBaroll fll e
Lr

< C(n,p)l|bllBaroll fllzes

L 1/2
(X, 7)

< C(n,p)||bllBaro

, AN} €

Lp L

Lemma 3.4 (see [29]). Let m, € Cg°(R™) (0 < 0 < 00) be a family of multipliers
such that supp(my) C {|¢| < 20}, and for some constants C, 0 < A < 1/2, and
a >0,
oz~ < Cmin{do,log™* 12+ 0)}, [ Vmollz= < C.
Let T, be the multiplier operator defined by
T5 (&) = mo(§)f(E)-

For b € BMO, denote by [b,T,] the commutator of T,. Then for any fixred 0 < v <
1, there exists a positive constant C = C(n,v) such that

16, T5]fll 22 < C(Aa)" log(1/A) bl zarol fllz, if o < 10/VA,
16, Tolfllz2 < Clog™ V" 2+ ) [[bll paro | fll2. if o 2 10/V/A.
Similar to the proof of Lemma 3.4, it is easy to get

Lemma 3.5. Let m, € C§°(R™) (0 < o < 00) be a family of multipliers such that
supp(m,) C {|¢] < 20}, and for some constants C, 0 < A < 1/2, anda > 0, j € N,

Moz~ < Cmin{A2 90,log"* 1 (2+ 270)}, ||[Vme|p~ < C27.
Let T, be the multiplier operator defined by

T, 1(€) = mo () F(6).

For b € BMO, denote by [b,T,] the commutator of T,. Then for any fixred 0 < v <
1, there exists a positive constant C = C(n,v), 0 < § < 1, such that

116, To ) fll 22 < €279 (A0)" log(1/A) bl parollf| 2. if o < 10/VA,
[, To) fll 22 < Clog™ @tV (2 4 270) |bl| saro || |z if o > 10/VA.
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Lemma 3.6. For any j € Z, let Kj(z) = %X{kaggﬂl}(a@). Suppose Q0 €
LY(S™~1) satisfying (1.1). Then for 1 < p < oo, the vector-valued inequality

1/2 1/2
H<Z|Kj*|fj|2) (Zmz)
JEZ

JEZ
holds for any {f;} in LP(I%).

< CPHQ”Ll
Lp

Lpr

Proof. Note that for Q € L1(S"~1) and any local integrable function f on R", we
have

o (f)(@) = Sup I5| * f(2)] < CMgof(z) for any =z €R",
J

where

1
(3.12) Mg f(x) = sup — 2z —y)I[f(y)] dy.
r>0 T |lz—y|<r
By the L? boundedness of Mg, for all ¢ > 1 with Q € L1(S"~1), o* is also a bounded
operator on L4(R™) for all ¢ > 1 with Q € L'(S"~!). Thus, by applying the lemma
in [I7, p.544], we know that, for 1 < p < oo, the vector-valued inequality (3.12)
holds.

Lemma 3.7. For any j € Z, define the operator T; by T, f = K;* f, where K;(x) =
%X{2j<|r‘§2j+l}(z). Denote by [b, Sl_jTjSl{j] the commutator of Sl_jTjSl{j
Suppose Q € L*(S™ 1) satisfying (1.1). Then for any fized 0 < 7 < 1/2, b €
BMO(R"™), 1 < p < oo,

2Tl
(3.13) < ClIbll paro max{—, Z}|Q| 2 [| fll +

> 10,81 TySE I f

JEZ

Lp
where C' is independent of T and [.
Proof. For any j,1 € Z, we may write

[b, S5 T3P 1f = [0, Si—j /(T3 S7_ 1 f) + Si—j b, Ti(SE; f) + Si—5 T (b, SE_16)-
Thus,

|5 b smist s

<HZ [b, S (T3.52 jf H

(3.14) HZ ST (10, S H
ISR
:= Ly + Ly + L.

Below we shall estimate L; for i = 1,2, 3, respectively. For L, by Lemma 3.3 (iii),
Lemma 3.6 and the Littlewood-Paley theory, we have

2 9 1/2
Ly < C“bHBMOH(Z]EZ |T;S7_;f17) HL,,
1/2
< C||Q||L1||b||BMOH(ZjEZ 5312)" ], = Clotzlblmarol e

Similarly, we have Ly < C||Q|| 1 ||bl| Baroll fllze-
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Hence, by (3.14), to show (3.12) it remains to give the estimate of L3. We will
apply the Bony paraproduct to do this. By (2.2), we have

b, Tj)S7 i (x) = b(@)(T;SE; f) (@) = T; (S f) (=)

= [maysz 5 (0)(@) = Ti(m(sz 5 (0))(2)]
+[R(b,T;S7_; f)(x) = T (R(b, S7_; f)) ()]

Hmo (T3 S7 ;1) (@) = T (mo(SE_ ) ()]

Thus
Ly < H Do Similmasz () - Tj(ﬁ(sffjf)(b))]‘ )
(3.15) +H Zjez Si— [R(0, T;SF_;f) = T;(R(b, Sf_jf))}ﬂm
+H Zjez Si-j [Wb(TjSl{jf) - jjj(ﬂ-b(sffjf))} ’ .
= My + My + Ms.

(a) The estimate of My. For My, by A;Si_jg = 0 for g € ' (R") when
li — (I —j)| > 3, we get

Ty S2_.f) (b)(z) =T (W(Sl{jf) ()(z)
(316) = Disyes THAST ) @)(Gisb) (@) = T[(A:87;1)(Gisb)) ()}

= Zu-(z_mgz[G“’b’ Ti)(ASE; f)(@).

Note that
[Gisb, Tj)(A:S? f)(=)]
- | TE ) (Gab(o) - Giab) AP, )y
23 <|z—y|<20+1
1) <c = NI

27 <|z—y|<29+1
By Lemma 3.2, we have
|[Gi—sb, Tj]1A:S7; f ()|

2T Oz —
< CTHbHBMO [z = v)]

2 <|z—y|<2i+1

el AT )y

9(i+5)T Qz—y
<C bl Baro ﬁ |ASE f(y)ldy
29 | —y|<2i+1

2(i+j)7' )
(3.18) = C———IPbllzrroTiay,; (1A:5;f1)(@),
where

Qlx—y
Tiq); f(z) = %Jc(y)dy-

27 <|o—y| <29+
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Then, by (3.16), (3.18) and applying Lemma 3.6, (2.1) and the Littlewood-Paley
theory, we have that, for any fixed 0 < 7 < 1/2,
(3.19)
27’1 ) ) 1/2
T LT DI [ SR RINSE B

27’[
<O Plmwoll @l Y, _, (0, 185:53112) 7|

Lp

. [k|<2 Lp
27 oy 1/2
< O lpwrol ¥ (3 1)
27'

< C—lbllsaro Il [l fllze,

where C' is independent of [ and 7.
(b) The estimate of M. Since |k| < 2, A1 1S1_jg = 0 for g € . (R") when
li — (I —j)| > 8. Thus

R(b, T35 f) — T;(R(b, Si—; ) ()
=) (A @)(TjAi kS f) (@) — TJ(Z > (Aib)(AHkSl,jf))(x)

i€ |k|<2 i€Z |k|<2
2

((Aib><x><Tin+ksuf><x> T (A Ak ) (x))

k==2i—(-j)|<7

Z Z [Aib, T;[(AivkS1—j f) ().

k==21]i—(-7)|<7

By the equality above and using Lemma 3.6, (2.1), (3.10) and the Littlewood-Paley
theory, we have

/
My < e sup 18,0 Y [ (S Tai(ar s aDE)

|k|<7  J€EZ
(s,
JEZ
(320) < Clbllzaoll QL |Iflle-
(c) The estimate of M. Finally, we give the estimate of Mj. Note that
Si—j((A;9)(Gi—3h)) =0 for g, h € 4 (R™) if |i — (I — )| > 5. Thus we get
Si—j (mo(Ti 81— F) = Tj(m(Si— 1))

=S ( D (AD)(GisTiSi—if) — Ty ( Z(Aib)(Gi—BSl—jf))) (z)

€L i€L

Lp

< Clbllsaoll€| L

= Z {Sl—j((Aib)(Gi—BTjSl—jf))(x) - Sl—jTj((Az’b)(Gz’—3Sz—jf))(33)}

li—(l—5)|<4

= > 5([Ad.T)(GimsS1-5 ).

li—(l—=7)|<4

Applying Proposition 5.1.4 in [24] p. 343], it is easy to see that

H(Z|Gj+ksjfj|2)1/2HLp < H(Z|fj\2)1/2HLp for ke [-10,10].
JEL JEL
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Thus, by the Littlewood-Paley theory, Lemma 3.6 and (3.10) we get
(3.21)

1/2
My <C A;(b)|| L Tiali(|Gi—jix—3Si_i f)|?
s < Cswp D) quH(ZM 011G gex-351-5/N12) |
1/2
< Clellawoll@le (3, 19:71%)"
< Clbllsarolll Lo [I.f]] -
By (3.15), (3.19)-(3.21), we get

Lp

27’1
L3 < Cmax{2, T}Hb”B}\/[OHQ”Ll lfllr for 1€ Z.
Combining this with (3.14), we complete the proof of (3.13).

4. PROOF OF THEOREM 1

Let ¢ € C§°(R™) be a radial function such that 0 < ¢ < 1, suppp C {1/2 <
€] <2} and

YT =1, [¢#0.
1€z
Define the multiplier operator S; by

S (€) = 6(27') ().
Let K;(z) = %X{kagyﬂ}. Define the operator

i@ =Kef@= [ ey

~

and the multiplier 7! by TLf(€) = TS, /(€) = ¢(2771¢)K;(€)F(€). With the
notation above, it is easy to see that

bTQ Zzbsl jTSl]f()

LEZ jEZ
=N STl () = Y Vif ()
I€Z jer <

where V, f(z) = Zjez[b’ S1—;T}Si—;]f(x). Then by the Minkowski inequality, we
get

[log v2]
(4.1) 16, Talfllr < Hzl_m Vif

* H Zl:[log V2]+1 if

Now, we will estimate the two cases respectively.

llog v2]
‘}:FW vif

Since € L*(S™ 1) satisfies (1.1) and (1.2), by a well-known Fourier transform
estimate of Duoandikoetxea and Rubio de Francia (See [17, pp. 551-552]), it is easy
to show that

Lr

Case 1. The estimate of

Lp

|K;(6)] < Cl1Q|1[27¢].
A trivial computation gives that

IVE; | < C27)|Q|1.
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Set m;(€) = K;(€), mh(€) = m;(€)$(2971¢), and recall T} by

o~

T} (€) = m5(€) F(8)-
Straightforward computations lead to

Im5 (277 )z < ClIQU2,  [Vm5(277 )|z~ < C)|Q|L1,

supp{m};(277¢)} C {J¢| < 2'*2}.

Let T]l be the operator defined by

TUf() = mb(277€) 7).

Denote Tl paf=1b Tl]f and T b of = Tlf Similarly, denote Tl baf =1, le]f and

j;b,Of lef. Thus via the Plancherel theorem and Lemma 3.4 we state that for
any fixed 0 <v < 1, k € {0,1},

1T f Nz < ClBNE a0l 22| fllz2, 1< [log V2.
Dilation-invariance says that
(4.2) 1T 1 fllzz < ClolBaro Q02 | fll 2, 1< [log v2].
First, we will give the L? norm estimate of V;f by using inequality (4.2). Recalling
that Vi f(z) = Zjez[b’ S1-3T}Si—;1f (x), for any j,| € Z, we may write
b, 13T} Si—51f = [b,Si—)(T}Si—5.f) + Si—j[b, T} (Si—5 f) + Si—5Ti([b, Si—] ).

Thus,
(4.3)

Wifles < |32 0.5 Tlsz_jf>H X s sin|),
+HZ S5, TS, jf)‘

=@+ Qz + @s.
For 1, by Lemma 3.3(iii), (4.2) for £ = 0 and the Littlewood-Paley theory, we get

1/2
& < Cllawo| (L, 1Ti5-007) |

1/2
< Cllbllsrro2” [z (Zjez SzijQ) }
< Clbllsao2 |19l Ll £ 22
For @2, by the Littlewood-Paley theory, (4.2) for k = 0 and Lemma 3.3(i), we get

(4.4)

L2

Q@ < CH (Zjez 1750, Sl_j]f)|2) 1/2‘

L2
1/2

<zt ( X, I 5m0r?) |

< ClIbll saro2”! 10|z 11l z-

(4.5)

L2
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Regarding Qs, by (4.2) for k£ = 1 and the Littlewood-Paley theory, we have

1/2
! )2
@ <c|( X, IbTisane) |,
(46) vl 2 2
<ozl (3, lsi02) |
< Clbllsro2? |19l | 1 22
Combining (4.4) with (4.5) and (4.6), we have
(4.7) IVifllze < Clbllsaro2 |90zl fllrz, 1< [log v2].
On the other hand, since lef(m) =T;S,_;f(x), then
Vif(@) =D [0, Si-i TSP )f (@)

JEZ

L2

Applying Lemma 3.7, we get for 1 < p < oo

(4.8) Vifllier < ClbllsaollQl el fllee, 1< [logv2].
Interpolating between (4.7) and (4.8), there exists a constant 0 < 5 < 1, such that
(4.9) IVifllze < C2°° Qi bl Baol fllze, 1< [log v/2].

Then by the Minkowski inequality, we get for 1 < p < 0o

o V3 -
IS I e (2

[log v2]
<> 2 bl paro || ]
< Clblmaroll Uzl -

‘ Zl:1+[log V2] vif

Recall that Vif(xz) = Z'ez[b’ Sl_jTjSl{j]f(x). We will give the delicate L?
J

norm of V; f and the L? (1 < p < co) norm of V, f respectively. It is easy to see that
if Q € F,(S™" 1) for o > 1 satisfies (1.1) and (1.2),

K] < Clog™ 7 (12¢] +2), VK|~ < 0.
Set m;(&) = I/{\j(f), mh(€) = ¢(2771¢)m;(€). Let T} be the operator defined by

— ~

— ol ; i

T}Hf(&) = mb(€)f(€). Straightforward computations lead to

It (279 )= < Clog™* "' 2+2), [V} )]lu= < C.
supp{m;(277)} C {|¢| < 2'*?}.

Let T’Jl be the operator defined by

T} f(§) = m§(2 99 ().
Denote Tgl‘;b,1f = [b, TJl]f and Tgl‘;b,of = T}f. Similarly, denote fgl‘;bgf =[b, fjl]f and

f};b,of = fjlf Thus via the Plancherel theorem and Lemma 3.4 with o = 2! we
state that for any fixed 0 < v < 1, k € {0, 1},

411) (| Thpufllee < CllblErroClog ™ 2 4 2| f g2, 121+ [log v2).

(4.10)

Case 2. The estimate of

Lp
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Dilation-invariance says that
(412) | Tjpufllze < ClblBarolog V" 2+ 2| fllL2, 1> 1+ [log v2].

Applying (4.12), Lemma 3.3 and the Littlewood-Paley theory, similar to the proof
of (4.7), we get

(4.13) [Vifllz2 < Cllbllzaolog ™~V (2 + 2) | £l 12, 1> 1+ [log v2].
On the other hand, by Lemma 3.7, for any fixed 0 <7 < 1/2, 1 < p < o0,

Wil < Clllowom|sslflir. 121+ [log v,
where C' is independent of 7 and [. Take 7 = 1/I; we get
IVifllze < ClbllBaoll€U L[| f1] e, 1> 1+ [log V2],
where C'is independent of [. This says that for any r satisfying 1 < r < oo, we have
(4.14) Vifller < Cliplimollfllr, 1> 1+ [log V2],

Now for any p > 2, we take r sufficient large such that » > p. Using the Riesz-
Thorin interpolation theorem between (4.13) and (4.14), we have that for any [ >

1+ [log v2],

IViflle < ClIbllBarol* =% log >~V (2 4 21| £ 1,

where

_2r=p)
p(r—2)

We can sce that if 7 — oo, then 6 goes to 2/p and log! (=@~ D+ (9 4 91) goes to
log!(ma=DvtD2/p(9 4 91y Therefore, we get

(4.15)

IVif e <Clbllsarol 2P log o=V D5 (242 fll e, 1>14[log V2], p>2.

Then by the Minkowski inequality, for 2 < p < a + 1, we get

H Zl 1+[log \/_

(4.16) < C|bllzmo Zl s ]11 2/p)((—a—1)v+1)2 AT
< Clblisaoll fllze-
If 1 < p < 2, by duality, we get for p > O‘H
oo
(4.17) Zz:1+[1og v Vi o < Clpbllsaoll flle-

Combining (4.16) with (4.17), we get for 2t < p < +1,

- v <Ol N
Zz=1+[log\/§] of o 16l Baroll f1I L

This completes the proof of Theorem 1.
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5. PROOF OF THEOREM 2

Let o > 2, K; and the operator T; be the same as in the proof of Theorem 1.
Define

b = [0 ) [ ) d
RS s 2z =)
_Zijs /2j<|x—y|§2j+1(b( )~ b)) |z —y[" fw)dy
=3 BT,
where
() = 2 — b)) &= Y)
N X RS PN COR ke ¥ (O
So, we get
sup b, 731 (2)] - < sup | 377 [ T3)f(2)).

To prove Theorem 2, it suffices to estimate the L” norm of sup,c

o0
Zj:S (b, T;]f (x)
Take a radial Schwartz function ® such that 5(5) =1 for |¢] <1 and <T>(§) =0 for
|€] > 2, and define &, by ®4(£) = ©(2°¢). Write

STl = [ (I Talf - X T ) @)
X7 s - e (37 i) @)
= Lsf(z) + Js f(x).
Observed that
s—1 s—1 s—1
v (X 0T @ =ntes X 110 - vl X 71 ) @)
j=—00 Jj=—00 j=—00

where W is a convolution operator with its convolution kernel ®,. Observe that

’cps * i K;(x)

j=—oc

<9l /(A + 27"

(see [I7]) and Zj:m T f(2) = Tof(2) — S50, Ty f(). Tt follows that
Sup |Ls f(z)| < CM([b, Tolf)(z) + C[b, M]f(x) + [b, M|(Ta f)(z) + [b, M(TGf)(2).

Then by Theorem 1, the LP (=%+ < p < «a) boundedness of Tq, T, with kernel

a—1

function Q € F,, for o > 2 (see [25]) and [b, M] (see [23]), we get for %5 < p < a,

(5.2) IISuglLsfHILP < Cbllsaroll fll -
se
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To estimate sup ¢y |Js f ()|, write

o0 o0 o0

S BT 00 (0T )0 = BT @) - .2, *ZK
Ws](Zij) (@
Thus we get

supl o f (@) < sup | D7, (5 = @) « Kyl @) + b, MI(T3 ) @),

where § is a Dirac mass at the origin. Since -%5 < p < «a (see [25]),

(5:3) [[[b, MI(T3H) L < ClbllBrroll fllLe-

Thus, to give the estimate of the LP norm for the term supsEZ |J f(z)], it suffices to

give the estimate of the L? norm for the term sup,c; ‘ Z (0 —D4) * K] f(x))|
Note that
su (6 — @) * K] ‘ < su (0 —@5) x Kjys)f(x)].
up| >0 [ Do llb (5= @)« Ky ) (x)

Let Usj f(xz) = (6 — ®5) * Koy * f and [b,Us ;] f(z) = [b, (6 — Ps) * Koy ;] f. Then

(5.4) sup’Z] . (60— Ds) * K] ‘ <Z] Osup\bUsj]f( x)|.

SEZL SEL

It is easy to see that

sup|[b, Us ;1 (@)
SEZL

< Osupllb. Toy 1 w)| + Cup (Wllb, Toss 1+ Clo, Wil (Tass ) 1)
< O [0 Tur )70 + CMsup [ T 1)) + T MM )0
s€E s€
< Clb, Mol f(x) + CM([b, Mo f)(x) + C[b, M](Ma f)(x).
Applying Theorem 3, the L? (1 < p < o) boundedness of M, Mq with kernel
function Q € L*(S™71) (see [24]) and [b, M] (see [23]), we have for %5 <p < a,

(5.5)
| Sup 116, Us il flllee < CU[[b, Mol fllze + bl mol|Maflle) < CllbllBaol| flle-

On the other hand, set

s+ ()6(2°7'€).

oy}
2]
<
m
|
=
[
=0
)
m
=)
)
+
.
~
oy}
s
<
~
I
=
[
=0
2]
~
=)
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Define the operator USZJ by Uijf(f) = U{SJ\f(f)qS(ZS*lf), and denote by [b, USZJ] the
commutator of U, éj Then it is clear that

b, Us 51 f () = Y [0, UL ;571 f ().

leZ

By the Minkowski inequality, we get

1/2
Hba Us,j]f|2>

L 1/2

(5 i)
1/2

S ZZGZ (ZSEZ Hb’ Ué,j]sfsfP)
1/

+ ZlEZ (ZSEZ |U<£‘7j [b’ Slz—s]f|2)

= .[1 + Ig.

||ilellz')‘[b7 (]s,j]me2 S H<Zse

Z

L2
(5.6)

L2
2

L2

To complete the proof we will estimate each term separately. Denote U s.jib1 f=
[b,U! ;1f and U J pof = éjf Obviously, if we can prove that for any 0 < v < 1,
ke {0 1}, there exists a constant 0 < 8 < 1, such that

(5.7) HUé,j;b,kaL2 <279l ar02! fllLe,  for 1< [log V2]

and
(5.7)
||Ul,g,b pfllez: < CIb a0 log ™oV £ 9)| fll 2, for 1> [log V2], +1,

then we may finish the estimate of I; and I5. We first consider I;. In fact, by (5.7)
and (5.7) for k = 1 and the Littlewood-Paley theory, we get

[log v/2]
L <

l ) 1/2
Z|bU Sl sf‘

SEZ

L2

l 2 12
> b, UL ;ISP f]

SEZ

l=—00

oo

DY

1=[log v2]+1

L2

‘ [log V2]
<cr bl Y 2

l=—o00

1/2

OENE

SEZL

L2)
%)

+C|b||BMo< > loglT a9t 4 9) H(Z|Sl sf|2>

I=[log V2] +1 SEZ

/2

o)

Since (I +3)? > 1(j + 1), we get

(—a—1)v+1
2

(5.8) L<CH+1) [0l Bacoll Iz
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We will now estimate I. By (5.7) for £k = 0, the Littlewood-Paley theory and
Lemma 3.3 (ii), we get

(5.9)
[log V2] 1/2
CED PN <Zsele£7j[bvsf_s}f|2) B
o 1/2
2 2
+Zl:[log\/§]+1 (Z |U [b S }f| )

L2
flogv2] _, |

1/2
SC?‘“(Zl:_O@ 2 (Zsez[b,Sf_s]fIQ) Lz)
1/2
= (—a=1vt1(gl+j 5 12
+C<Zz—uogm+1 log (2 +2)H(ZS€Z|U;, S2 /| )

)

. (—a—1)v+1
<CU+1 = |blemollfllre-
Combining I; with I>, we get
. (—a—1)v+1
(5.10) [ Sup 6. Usjlflllzz <CG+1) = [[bllemoll fll L=

Interpolating between (5.5) and (5.10), similar to the proof of (4.15), for p > 2, we
get,

2 (—a—
(5.11) Fsup {6, Us g1 flllee < CG+1)7 “lbllaro]l 1l
s€
Then by (5.4), we get for 2 <p < a,
(5.12)
sup| (6= @) H <Y G blsaoll
s€ s

< Clpllsaoll fllze-
Similarly, for p < 2, we get

2 (za—
I

a—1)v+1
(5.13) lsup |, Vs )l < CG+1)7 == bl sarollfllor-
S
Then by (5.4), we get for 4 <p<2,
(5.14)
| 3 b 6= 2) H <3G ol £l
SE S

< C”bHBMOHf“LP
This completes the proof of Theorem 2. Hence it remains to prove (5.7) and (5.77).

To this end, define multiplier U ; by U, U f(ﬁ) = Biﬁj(Z_sf)f(f), and denote by
[b, Uslﬁj} the commutator of Uslﬁ Deﬁne Ulj paf = b Uslyj]f and Ué,j;b,of = Ué,jf'
Recall that
By j(€) = (1= () Kep;(§),  BL(€) = (1= By(€)) Kyp;()9(2°71).
It is easy to see that
|Bs i (§)] < C27712%¢] for [2°¢] <1,
B3 (€)] < Clog™*71(|2°¢ +2) for [2°¢] > 1,
VB, ;(€)| < C2°2.
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Since supp(B. ;(275¢)) C {€: 2/71 < [¢] < 2}, we have the following estimates:
1B, ;(27°¢)| < C2'77 for 1<0,
|Bs;(27%¢)| < Clog™* 1 (2!79 +2) for 1>0,

VBl (27%¢)| < 0.

Applying Lemma 3.5 with o = 2!, A = 1/2 and the Plancherel theory, there exists
a constant 0 < 8 < 1, such that for any fixed 0 < v < 1, k € {0, 1},

Hﬁi,j;b,kf”lzz < Oblknr027 72! fllpe,  for 1< [log V2],

”ﬁé,j;b,kf”LQ < C|ollfpro log T (21 4 2)|| fllpe,  for 1> [log V2] + 1.
This implies that

HUsl,j;b,kf||L2 < Oolkrr027 72" fllp,  for 1< [logv?2],

UL o af e < ClbIGarolog! ™" (2% 4 2)|1fll 2, for 1> [logv/2] +1,
by dilation invariance. This establishes the proof of (5.7) and (5.77).
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