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REFLECTION GROUP PRESENTATIONS
ARISING FROM CLUSTER ALGEBRAS

MICHAEL BAROT AND BETHANY R. MARSH

ABSTRACT. We give a presentation of a finite crystallographic reflection group
in terms of an arbitrary seed in the corresponding cluster algebra of finite type
and interpret the presentation in terms of companion bases in the associated
root system.

INTRODUCTION

The article [7] proved that cluster algebras of finite type can be classified by the
Dynkin diagrams. A matrix (the Cartan counterpart) is associated to each seed
in such a cluster algebra, and the cluster algebra associated to a Dynkin diagram
A is characterised by the fact that it contains seeds whose Cartan counterparts
coincide with the Cartan matrix of A (up to simultaneous permutation of the rows
and columns).

It is well known that the Dynkin diagrams also classify the finite crystallographic
reflection groups (see e.g. [§]). Our main result is a presentation of the reflection
group associated to a Dynkin diagram in terms of an arbitrary seed in the corre-
sponding cluster algebra. The presentation is given in terms of an edge-weighted
oriented graph, known as a diagram, which is associated by Fomin and Zelevinsky
to the seed.

If the Cartan counterpart of the seed is the Cartan matrix, then our presentation
reduces to the usual Coxeter presentation of the reflection group. However, in
general, the diagram of a seed contains cycles, and the presentation includes extra
relations arising from the chordless cycles in the diagram (i.e. induced subgraphs
which are cycles).

More precisely, if ' is the diagram associated to a seed in a cluster algebra of
finite type, we define, for vertices 7, j of T',

2 if i and j are not connected;
if + and j are connected by an edge of weight 1;

if 7 and j are connected by an edge of weight 2;

D =W

if ¢ and j are connected by an edge of weight 3.
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Let W(I') be the group with generators s;, i a vertex of I', subject to the following
relations (where e denotes the identity element):

(1) s2? = e for all 4

(2) (Sisj)m” = e for all i # j;
(3) for any chordless cycle C in I':

. w1 . wo . wo .
09— —> > ld—1 —> 10,
where either all of the weights are 1, or wy = 2, we have:
2 _
(Siosil ©Sig 58ig 1800 " Sil) =e.

Theorem A. Let T be the diagram associated to a seed in a cluster algebra of finite
type. Then W (T) is isomorphic to the corresponding reflection group.

This work was mainly motivated by the notions of quasi-Cartan companion [I]
and companion basis [10, Defn. 4.1] (see also [9]). A companion basis for a skew-
symmetric matrix B arising in a seed of the cluster algebra is a set S of roots
in the corresponding root system which form a basis for the root lattice and for
which the matrix A whose entries are (o, 8V) for a, 8 € S is a positive quasi-Cartan
companion matrix for B in the sense of [I]. This means that the diagonal entries
are equal to 2, that the values of the off-diagonal entries in A coincide with the
corresponding entries of B up to sign, and that the symmetrisation of the matrix
is positive definite. Quasi-Cartan companions are used in [I] to give criteria for
whether a cluster algebra is of finite type and companion bases were used in [9,[10]
to describe the dimension vectors of indecomposable modules over cluster-tilted
algebras in type A (dimension vectors of indecomposable modules over cluster-
tilted algebras in the general concealed case were also independently calculated
later in [I1]).

The reflections corresponding to the elements of a companion basis associated to
a seed in a finite type cluster algebra generate the corresponding reflection group.
We show that the generators in a presentation of the reflection group as considered
here can be regarded as this set of reflections. This perspective also allows us
to show that, in the simply-laced case, the presentations obtained here coincide
with root basis presentations of crystallographic reflection groups (amongst others)
which were obtained in [B] using signed graphs.

We were also motivated by the article [2], which gives a presentation of a complex
semisimple Lie algebra of simply-laced Dynkin type A in terms of any positive
definite unit form of type A (i.e. equivalent to the unit form associated to A). This
presentation also contains relations arising from chordless cycles, in this case arising
in the bigraph describing the unit form.

The article is organised as follows. In Section 1, we recall some of the theory of
cluster algebras of finite type from [7]. In Section 2, we collect together some of
the properties of the seeds of such cluster algebras. In particular, we consider the
diagrams associated to such seeds in [7] and the way in which they mutate, as well
as the oriented cycles appearing in them. In Section 3 we associate a group to an
arbitrary seed in the cluster algebra, using generators and relations. In Section 4 we
find an efficient subset of the relations sufficient to define the group (this is the set of
relations given above). In Section 5 we show that the group defined is invariant (up
to isomorphism) under mutation of the seed. Since the group associated to a seed
whose Cartan counterpart is a Cartan matrix is the reflection group corresponding
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to the cluster algebra, it follows that the group associated to any seed is isomorphic
to this reflection group. In Section 6 we explain the connections with quasi-Cartan
companion matrices and companion bases and with the extended Coxeter groups
associated to signed graphs in [5]. This also gives an alternative proof of the main
result in the simply-laced case.

1. CLUSTER ALGEBRAS OF FINITE TYPE

We first recall the definition of a (skew-symmetrisable) cluster algebra without
coefficients, as defined by Fomin-Zelevinsky [6].

Let F = Q(u1,u2,...,u,) be the field of rational functions in n indeterminates
over Q. Recall that a square matrix B is said to be skew-symmetrisable if there is
a diagonal matrix D of the same size with positive diagonal entries such that DB
is skew-symmetric. We consider pairs (x, B), where x = {x1,z2,...,2,} is a free
generating set of F and B is an n x n skew-symmetrisable matrix.

Given k € [1,n] = {1,2,...,n}, a new such pair u(x, B) = (x/, B), the muta-
tion of (x, B) at k, is defined as follows. We have:

,_{—&j ifi=korj=k;

ij = Biw|Bi;+Bir|Bi; .
I B;j + l""”%"”l otherwise.

Define an element zj € F by the exchange relation

xR = H x?ik—k H xi_B““,

B;r>0 B;r<0

and set x' = {x1,22,...,Tk—1, T}, Tht1, .- -, Tn}. We write yui(B) = B’.

Now we fix a pair (x, B), the initial seed. We shall call any pair that can be
obtained from (x, B) by a sequence of mutations a seed. Two seeds are regarded
as the same if there is a permutation of [1,n] which takes the matrix in the first
seed to the second (when regarded as a simultaneous permutation of the rows and
columns) and the free generating set in the first to the free generating set in the
second. Note that mutating twice at k sends a seed to itself.

Each tuple x = {z1,...,2,} such that there exists a seed (x,B) is called a
cluster and its entries x; are called cluster variables. The cluster algebra A(x, B)
is the Q-subalgebra of F generated by the set of all cluster variables. Up to strong
isomorphism (in the sense of [7, 1.2]), A(x, B) does not depend on the choice of
free generating set x so we shall write A(B) for A(x, B).

A cluster algebra is said to be of finite type if it has finitely many seeds. Given
a skew-symmetrisable matrix B, its Cartan counterpart A(B) is a matrix of the

same size defined by
AM:{Q if i =

—|Bij;| otherwise.

We recall a special case of a result of Fomin-Zelevinsky. Note that the original
result deals with more general cluster algebras (with coefficients) and allows more
general matrices (sign-skew-symmetric matrices) in the seeds.

Theorem 1.1 ([7, 1.4]). There is a canonical bijection between the strong isomor-
phism classes of skew-symmetrisable cluster algebras of finite type and the Cartan
matrices of finite type. A cluster algebra corresponds to a given Cartan matriz A
provided it contains a seed for which the Cartan counterpart of the matriz is A.
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A skew-symmetrisable matrix B is said to be 2-finite provided |B;;B;;| < 3 for
all 4,5 € [1,n]. Note that this means the opposite pair of entries (B;;, B;;) in B
must be one of (1, 1), (1,2), (2,1), (1,3) or (3,1) up to sign. Then Fomin-Zelevinsky
also show that:

Theorem 1.2 ([7, 1.8]). A cluster algebra A is of finite type if and only if all the
matrices appearing in the seeds of A are 2-finite.

As observed by Fomin-Zelevinsky [7, §9].

Corollary 1.3. Let B be a 2-finite matriz. Then any square submatriz of B,
obtained by taking a subset of the rows and the corresponding subset of the columns,
is again 2-finite. Thus, passing to such a submatrix preserves the fact that the
corresponding cluster algebra is of finite type.

Fomin-Zelevinsky [7, 7.3] define the diagram T'(B) of a skew-symmetrisable ma-
trix B to be the weighted oriented graph with vertices [1,n]. There is an arrow
from ¢ to j if and only if B;; > 0, weighted with the positive integer |B;;Bj;|. If B
is 2-finite, then by [7, 7.5], all 3-cycles in the underlying unoriented graph of I'(B)
are oriented cyclically. In this case, the mutation rule for diagrams is as follows:

Proposition 1.4 ([7, Lemma 8.5]). Let B be a 2-finite skew-symmetrisable matriz.
Then T'(ur(B)) is uniquely determined by T'(B) as follows:
(a) Reverse the orientations of all edges in T'(B) incident with k (leaving the
weights unchanged).
(b) For any path in T(B) of form i = k LA J (i-e. with a,b positive), let ¢ be
the weight on the edge j — i, taken to be zero if there is no such arrow. Let
c be determined by ¢’ > 0 and

c+c =maz(a,b).

Then T'(B) changes as in Figure [, again taking the case ¢ = 0 to mean
no arrow between i and j.

k k
AN, v/ N
el i—>c, J

FIGURE 1. Mutation of a diagram.

Note that the formula
Ve+ Ve =Vab

appears in [7, Lemma 8.5] but it is easy to check using [7, Prop. 9.7] (see Proposi-
tion [ZI] below) that the above formula gives the same answer. We thank the referee
for pointing this out to us.

We call I'(ug (B)) the mutation of T' at B and use the notation py(T).

We say that a skew-symmetrisable matrix B (and the corresponding diagram)
is of finite type if the corresponding cluster algebra is of finite type. Hence, by
Corollary [[3] we have:

Corollary 1.5 ([7, §9]). Let I be a diagram of finite type. Then any induced
subdiagram of T is again of finite type.
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2. DIAGRAMS OF FINITE TYPE

In this section, we collect together some properties of diagrams of finite type.
We call an induced subgraph of an unoriented graph which is a cycle a chordless
cycle. We first recall:

Proposition 2.1 ([7, Prop. 9.7]). Let T be a diagram of finite type. Then a chord-
less cycle in the underlying unoriented graph of U is always cyclically oriented in
I'. In addition, the unoriented graph underlying the cycle must be one of those in
Figure 2

We will refer to such cycles as chordless cycles in I'.

1 2

FI1GURE 2. The chordless cycles in a diagram of finite type.

A 1 i i 1 A 2 i j 2
1 1
FIGURE 3. 3-vertex connected subdiagrams of diagrams of finite type.

Lemma 2.2. Let I' be a diagram of finite type and let = be an induced subdiagram
with three vertices which is connected. Then the unoriented graph underlying =
must be one of those in Figure Bl

Proof. This follows from Proposition 2] together with the fact that a diagram of
form 1 — 2 — 3 (with positive weights) cannot have a weight greater than 2 or two
weights equal to 2, by [T, Prop. 9.3] and its proof. O

Corollary 2.3. Let T be a graph of finite type and suppose that there are 3 distinct
vertices i, j, k of T' with both i and j connected to k. Then the effect of the mutation
of T at k on the induced subdiagram must be as in Figure [ (starting on one side
or the other), up to switching i and j.

Proof. This follows from Lemma and Proposition [[4 O

We say that a vertex in a diagram I' is connected to another if there is an edge
between them. The next result describes the way vertices in I' can be connected to
a chordless cycle.
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"AEAN AR,
AR /\H/g

k

/\ /\ /\ VAN

7 O————0 ]

FIGURE 4. Local picture of mutation of a diagram of finite type.

Lemma 2.4. Suppose that a vertex k is connected to at least one vertex in a
chordless cycle in a diagram T' of finite type. Then k is connected to at most two
vertices of the cycle. If it is connected to two vertices, they must be adjacent in the
cycle.

Proof. Consider a chordless cycle C'
g — 11— —>1p_1 — 1o

in I', and suppose that k is connected to i4,, %a,,..., tq, for some ¢t < r, where
0<a; <as <---<a; <r—1. Suppose first that ¢ > 2. Since, by Proposition [Z.1]
the chordless cycles (in the underlying unoriented graph)

ial Z.alJrl Tt iag ial
and
tay lag+1 e lgg —— k Tay
are cyclically oriented in I'; we must have
lay = k — i,
from the first and
lag = kK — G,
from the second, giving a contradiction.
If r = 2, consider the cycle
iag Z’angl e ial iag

(where the subscripts are written mod 7). If it is a chordless cycle, it must be
oriented, giving
lay =~k — tq,,

again giving a contradiction. Hence this last cycle is not a chordless cycle, which
implies that 4., and i,, are adjacent in C as required. O
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Lemma 2.5. Let T be a diagram of finite type and T’ = ug(T') the mutation of T at
vertex k. In Figures Bl and [0l we list various types of induced subdiagrams in T (on
the left) and corresponding cycles C' in T’ (on the right) arising from the mutation
of ' at k. The diagrams are drawn so that C' is always a clockwise cycle, and in
case (i), C' has at least 3 vertices, while in case (j), C' has at least 4 vertices. Then
every chordless cycle in I arises in such a way.

() k k ) k k
a ° ° ° °
1 v BE ! 2 AL 1
C C’
Jd o g+——o d o ge——o
© A . @ s .
c ° ° ° °
C/
Jd o o g0
(e) ko<1—o (f) 41—0k o—1>ok
2{ 2 {2 Hk, 2} 2 |, Kk 21 ' {2
0 O o0

(2) ko—1>o (h) o—»ok
o7 ° o °

FicUre 5. Induced subdiagrams of I' and the corresponding
chordless cycles in TV = ug(T'), part 1.

Proof. Let C' be a chordless cycle in IV. We consider the different possibilities
for the vertex k in relation to C’. If k is a vertex of C’, then it follows from
Proposition 2] that C” arises as in case (a)-(f) or (j). If k& does not lie in C” and is
not connected to any vertex of C’, then C” arises as in case (k). If k does not lie in
C’ and is connected to exactly one vertex of C’, then C’ arises as in case (1). Note
that the edge linking &k to C’ must have weight 1 or 2 (since a diagram with two
edges with weights 3 and @ = 1,2 or 3 is not of finite type; see the proof of [7, Prop.
9.3]).

By Lemma 24 the only remaining case is where k does not lie in C’ and k
is connected to two adjacent vertices of C’. If the 3-cycle C) containing these 3
vertices in I has all of its weights equal to 1, then C” also has this property, since
the vertices in Cy UC” form a chordless cycle in I" containing two consecutive edges
of weight 1. Then C” is as in case (i).

If Cy has weights 1,2, 2, then it is not possible for the edge of weight 1 to be
shared with C’, since then in I', the vertices of C’ form a chordless cycle which is
not oriented. If the common edge has weight 2 and C’ has more than 3 vertices,
then the vertices of Cj, U C’ form a chordless cycle in I' with at least 5 vertices
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1

1 1
(i) L - »0 LR o
/ \ Mk / \
k ‘.\ : — k 1 c’ :
! o} OJ X‘c o«j
1 1 1 1
0 o ! L 1 L
J 1 1
/ \ K / \
k 1 : — k \ c’ :
\‘L o«j ! o} oJ
1 1 1 1
(k) C' is an oriented cycle in I' not connected to k. Then C’ is the corre-
sponding cycle in I".
Q) C' is an oriented cycle in T with exactly one vertex connected to k (via

an edge of unspecified weight). Then C’ is the corresponding cycle in I".

FIGURE 6. Induced subdiagrams of I' and the corresponding
chordless cycles in TV = ug(T), part 2.

and at least one edge of weight 2, contradicting Proposition 21l The only other
possibility is when C” has exactly 3 vertices, and then, by Proposition 2.1 it must
arise as in (g) or (h). The result is proved. O

3. THE GROUP OF A DIAGRAM ARISING IN A CLUSTER ALGEBRA
OF FINITE TYPE

In this section we define a group (by generators and relations) for any diagram
I" of finite type. We shall see later that it is isomorphic to the reflection group of
the same Dynkin type as the cluster algebra in which I' arises.

Let T be a diagram of finite type. For vertices 7, j of I' define

2 if 4 and j are not connected;

3 if 4 and j are connected by an edge of weight 1;
ms;, =
” 4 if i and j are connected by an edge of weight 2;

6 if ¢ and j are connected by an edge of weight 3.

Then we define Wr to be the group with generators s;, i = 1,2,...,n, subject to
the following relations:

(R1) s? = e for all 4,

(R2) (sis;)™ = e for all i # j,
where e denotes the identity element of Wr.

Note that, in the presence of (R1), relation (R2) is symmetric in that (s;s;)
e follows from (s;s;)™4 = e, since m;; is symmetric in ¢ and j. We shall usually
use this fact without comment.

For the remaining relations, we suppose that C, given by:

mji —

g —> 1] —> - —tg—1 —> 10
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is a chordless cycle in I'. For a = 0,1,2,...,d — 1, define (with subscripts modulo
d):
T(iav ia+1) = SiqSiaq1 " " Siaya—15tata—2 " Siay1-
(R3)(a) If all of the weights in the edges of C' are equal to 1, then we set 7(iq,iq1+1) =
efora=0,1,...,d—1.
(R3)(b) If C has some edges of weight 2, then, for a = 0,1,...,d—1, set r(is,iq11)"
= e where k = 4—w, and w, is the weight of the edge between i, and 7,_1.
Note that if we think of r(is,%q+1) as a path in T, then in (R3)(b), w, is the
weight of the only edge in C not used in the path.

Remark 3.1. We note that if I is the diagram associated to a matrix whose Cartan
counterpart is the Cartan matrix of a Dynkin diagram A, then Wr is the reflection
group of type A. In this case, the relations (R3)(a) and (R3)(b) do not occur, since
I' is a tree.

Remark 3.2. We also note that, as in Coxeter groups, if i # j, then the relation
(R2) for the pair 4, j is equivalent (using (R1)) to:

SiSjSi cee = SjSiSj ey,

where there are m;; terms on each side of the equation. In particular, if there is no
edge in I' between ¢ and j, then s;s; = s;55, and if there is an edge in I' between ¢
and j with weight 1, then s;s;s; = 555;5;. We shall use these relations liberally.

Remark 3.3. We shall see later (using the companion basis perspective) that, in the
simply-laced case, the group Wt coincides with a group defined in [5, Defn. 6.2].
See the end of Section [6l In this context, the elements 7(iy,i,41)? are referred to
as cut elements.

Example 3.4. We consider the example in Figure [, which is the diagram of a
seed of type Dy.

1 1 2
O——0O

1 1
O O

4 1 3

FIGURE 7. A diagram of type Djy.

The relations in this case are:
(R1) s?=efori=1,23,4;

(R2) (s182)% = (5283)% = (8354)% = (5451)% = e and (s153)? = (s5254)% = ¢;
(R3) For each element (i, j) of the following list we have r(i,j)? = e:

r(1,2) = $15253845382;
7(2,3) = $25354515453;
7(3,4) = $358451828154;
r(4,1) = $45152838251.

We shall see in the next section that the relations in (R3) can be reduced (in
fact, it is enough to choose just one of them).
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4. CYCLIC SYMMETRY

It turns out that, in the presence of the relations (R1) and (R2) in the above,
many of the relations in (R3)(a) and (b) are redundant. In the sequel, we shall
usually use (R1) without comment.

Lemma 4.1. Let ' be a diagram of finite type containing a chordless cycle C':
g —> 1] = —tg—1 —> 10

with the weights of all of its edges equal to 1. Let W be the group with generators
81,82, ..,8n subject to relations (R1), (R2) and r(ia,iqs41)? = e for a single fived
value of a. Then all of the relations in (R3)(a) hold for C.

Proof. Note first that it is enough to consider the case a = 0. For simplicity of
notation, we renumber the vertices of C' so that ¢; = j for j =0,1,...,a — 1. Thus
we assume that r(0,1)% = e in W.
We have, using (R2):
r(d—1,0) = 5q-15051 - - - Sd—354—25d—3 - * - 5150
= 50505d—15051 " * " $d—35d—25d—3 " * $18d—15d—150
= 505d—1505d—151 """ 5d—35d—25d—3 " * * 515d—15d—150
= 505d-1(5081 " 84-38d—18d—25d—15d—3 " * $1)8d—150
= 505a-1(5081 " 84—38d—25d—15d—25d—3 " " * $1)S8d—150
= 5084-17(0,1)s4-180.

It follows that r(d—1,0)? = e. Repeating this argument inductively, we see that
r(a,a + 1)? = e for all a, and we are done. O

Lemma 4.2. Let T" be a diagram of finite type containing a chordless 3-cycle C as
in Figure B (where we number the vertices 1,2,3 for convenience). Let W be the
group with generators s1, S, ..., S, subject to relations (R1) and (R2) arising from
the diagram I'. Then the following are equivalent:

(a) r(1,2)%2 =¢;
(b) 7(2,3)? =e.

Furthermore, if one of the above holds, then the following holds:
(c) 7(3,1)3 =e.

2
O
/N
l10«—o03
2

FIGURE 8. A 3-cycle (see Lemma [4.2]).

Proof. Note that r7(1,2) = s1828382, (2,3) = s2835153 and 7(3,1) = $3815251.
The equivalence of (a) and (b) follows from:

s1837(2, 3)28381 = $183525351838283 = $182838281828352 = 7(1, 2)2
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(using (R2)). Suppose that (a) and (b) hold. Then, by (b), s3s153525351 = S253.
Hence, using (R2),
518381(83815251)3515351 = (81838183815251515351)3 = (838183825351)3
= (8283)3 =6,

and (c) follows. O

Note that it is not claimed that (c¢) is equivalent to (a) and (b) (we do not know
if this holds, but it seems to be unlikely).

Example 4.3. Lemma [£1] implies that, in Example 3.4] we can replace the rela-
tions in (R3) with any fixed one, e.g.

7(1,2)? = (515953545352)° = e.

Lemma 4.4. Let T" be a diagram of finite type containing a chordless 4-cycle C as
in Figure [0 (where we number the vertices 1,2,3,4 for convenience). Let W be the
group with generators s1, Sa, ..., S, subject to relations (R1) and (R2) arising from
the diagram I'. Then the following are equivalent:

(a) r(1,2)%2 =¢;
(b) 7(3,4)? =e.
Furthermore, if one of the above holds, then the following both hold:

(c) 7(2,3)° =e;
(d) r(4,1)3 =e.
1 1 2
o——0
O+—0
4 1 3
FIGURE 9. A chordless 4-cycle (see Lemma [.7]).

Proof. Note first that 7(1,2) = $15283848382, r(2,3) = 528384818483, 1(3,4) =
538481828184, and 1(4,1) = $48182538251.
The equivalence of (a) and (b) follows from:

5354527 (1,2)525453 = S3545251525354535453 = S35452515284

= $35451825184 = 1(3,4),

using (R2). So suppose that (a) and (b) hold. Applying (R2) to (a), we have:
(515254333432)2 =e.

Thus, noting that sy and s4 commute, we have:
(515452538284)° = e.

So we get (545184528352)% = e and hence

(1) 5451545283892 = §95352545154.
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Therefore, using first sgs2s3 = 253828352 and then equation (), we get
$37(2,3)83 = 835283845184

= 8283(525352545184)

= 5253(845154528352)

= 898354(5152)548352,
where in the last equation we used that s; and s4 commute. Consequently

(s37(2, 3)33)3 = 828384(8182)3848382
= 67

since (s182)® = e. This shows that r(2,3)% = e.
By a similar argument, we see that (b) implies (d), and we are done. O

The following now follows from Proposition 2.J] and Lemmas [A.T], and 44

Proposition 4.5. Let I' be a diagram of finite type. Then, in the presence of
relations (R1) and (R2), the relations (3) considered in the introduction imply the
relations (R3) considered above. In particular, Wr is isomorphic to the group W (I")
defined in the introduction.

Finally, in this section, we consider the behaviour of the relations under reversing
all of the arrows in I'.

Proposition 4.6. Let I' be a diagram of finite type and let W be a group with
generators si,Sa,...,8y,. Then the s; satisfy relations (R1), (R2) and (RS3) with
respect to T' if and only if they satisfy relations (R1), (R2) and (R3) with respect
to I'°P.

Proof. We assume that the s; satisfy relations (R1), (R2) and (R3) with respect to
I, and show that they satisfy relations (R1), (R2) and (R3) with respect to I'°P.
The converse follows by replacing I" with I'°?. Since (R1) and (R2) do not depend
on the orientation of I', it follows that the s; satisty relations (R1) and (R2) with
respect to I'°P. In order to show (R3), we note that by Lemmas [£.1] and [£.4] we
only have to check one of the relations of the form 7(i4,i, + 1)? = e arising from a
cycle in order to be sure that all of the relations corresponding to that cycle hold.
Suppose first that I contains a chordless cycle C:
g —> 1] = = ig—1 —> %0
with the weights of all of its edges equal to 1. We renumber the vertices i;, j =
0,1...,d—1 so that they become 0,1,...,d — 1. Then, we have:
T‘(d — 1, d— 2) = S84d—1Sd—2 " *515051 " Sd—35Sd—2
= 84-15d—2 - 51(5081 " ** Sd-35d—25d—18d—2 " 51)8152 " ** Sd—1
= sg-15d4—2 - 517(0,1)s182 -+ - 541
Sor(d—1,d—2)?=e.
Suppose next that I' contains a chordless 3-cycle C' as in Figure [§ (where we
number the vertices 1,2, 3 for convenience). Then we have
$2817(1,2)8182 = $251818253828182 = 3828182 = (3, 2),

sor(3,2)? =e.
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Finally, suppose that I' contains a chordless 4-cycle C' as in Figure [ (where we
number the vertices 1,2, 3,4 for convenience). Then, using (R2), we have:

r(2,1) = $25154835481
= s1(s15251)(545354)81
= 51(828152)(835483)525281
= (5152)(815253545352)(s281)
= (8182)r(1,2)(8281);

hence r(2,1)% = e.
Since every chordless cycle in I'°? corresponds to a chordless cycle in I, the result
follows from Proposition 2.1l |

Remark 4.7. Proposition .6 shows that W could be defined using only the under-
lying unoriented weighted graph of I', by taking the relations (R1), (R2) and (R3)
corresponding to both I and I'°? as the defining relations.

5. INVARIANCE OF THE GROUP UNDER MUTATION

In this section we prove the main result, that the group of a diagram of finite
type depends only on the Dynkin type, up to isomorphism. We will prove this
by showing that the group of the diagram is invariant (up to isomorphism) under
mutation.

We fix a diagram T of finite type and a vertex k of I". Then we have the mutation
I’ = HE (F)

For a vertex i of I', we define an element ¢; € Wr as follows:

y {sksisk if there is an arrow i — k in I" (possibly weighted);
P =

S; otherwise.

Our aim is to show that the elements ¢; satisfy the relations (R1)-(R3) defining
Wrs. We denote the values of m;; for I" by mj;. Note that (R1) is clear, since
(sksisk)? = spsisk = e, so it remains to check (R2) and (R3). We will use the
previous section to reduce the number of checks that have to be done.

We first deal with some easy cases:

Lemma 5.1. Let ¢,j be distinct vertices of .
(a) Ifi=k or j =k, then (titj)m;j =e.
(b) If at most one of i,j is connected to k in T' (or, equivalently, in T'), then
(tltj)m;J = e.

Proof. For (a), suppose first that i = k. Note that m;; = m;;. The only non-trivial
case is thus when there is an arrow from j to k, so that t; = sps;si. But then
tit; = si5kS;Skr = 8555, and the result follows. The case when j = k is similar. For
(b), suppose first that i is connected to k. The only non-trivial case is when the edge
between i and £ is oriented towards k, so that t; = sps;si. Then t;t; = s15;515;
and the result follows from the fact that sis; = s;s5 (since j is not connected to
k). The case when j is connected to k is similar. ]

Proposition 5.2. The elements t;, for i a vertex of T, satisfy the relations (R1)-
(R3) defining Wr.
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Proof. After Lemma [B.J] the remaining relations to check are the relations from
(R2), that (titj)m;j = e when both ¢ and j are connected to k, and the relations
(R3) corresponding to the chordless cycles in I'. For the former, we need to check
that, in going (i) from left to right or (ii) from right to left in Corollary [Z3] (in each
case, from I' to I'') we have that (titj)mgf = e. (Note that it is enough to check
this for the given labelling of 4, j, since the relation for the pair (¢;,t;) follows from
the relation for (t;,t;).) At the same time, we will check that the cycle relations in
(R3) hold if any cycles are produced; we shall denote by r/(3, j), etc., the elements
in the cycle relations for Wr. Note that by Lemmas 1] and [£.4] we only have
to check one of the relations of the form r(i4,i, + 1)2 = e arising from a cycle in
order to be sure that all of the relations corresponding to that cycle hold.

(a)(i) We have (t;t;)% = (spsisksks;sk)? = sk(sis;)?s, = e.

a)(ii) We have (t;t;)* = (s;5;)? =e.

(b)(1) We have: t;t; = spsisks; = $iSksiS; = $;5k5;8; and therefore s;(t;t;)%s; =

(sks;)® =e. And (4, k)? = (tjtrtite)? = (sjSksksisksk)? = (sjs1)? =e.

(i) We have (t;t;)? = (sisgsjsk)? = r(i, k)* = e.

(i) We have (titj)2 = (sksisksksjsk)2 = sk(sisj)2sk =e.

ii) We have (t;t;)? = (s;5;)% = e.

d)(i) We have si(tit;) sk = si(sksisksj) sk = (sispsjsp)* = (sisjsps;)* and
therefore s;jsi(titj)*sks; = (sjsisjsi)* = (sisp)* = e. We also have
' (j, k) = (tjtrtit)? = (sjsksksisksk)’ = (sj8:)% = e.

(d)(i)) We have: (t;t;)* = (sispsjsi)? =r(i,k)? =e.

(e) Since the s; satisfy relations (R1), (R2) and (R3) with respect to I', they

also satisfy these relations with respect to I'°?, by Proposition For

each vertex i of I, let u; = spt;s;. Then it is easy to check that we have:

Sks;Sp  if k— i
U; =
S; else.

If the induced subgraph on vertices 4, j,k is as in case (e) for T, then it
is as in case (d) for I'°?. Applying case (d) to the u; we see that the u;
satisfy (R1),(R2) and (R3) for ug(I'°?) = (u(T"))°P, and hence so do the
t;, by the definition of the w;. Thus case (e) follows from case (d).

(£)(i) We have: s;(t;t;)?s; = s;j(spsisks;)®s; = (sjspsisp)® =r(j,k)® = e. And
sk’ (1, 5)% sk = sk(titjtit;)? sk = sk (SkSiskSjkS;)?sk = (8:5kS;jSKS;j8K)% =
(sisjsksj)? =r(i,5)* =e.

(f)(ii)) The argument is the same as for (f)(i) by symmetry.

Finally, we need to check that the elements ¢; satisfy the cycle relations (R3)
for all the chordless cycles in I. Note that Lemma, describes how the chordless
cycles in I arise from induced subdiagrams of I'. In each case, we need to check
that the corresponding cycle relations hold (using Lemmas LT 4.2 and [£4] to reduce
the work). Note that, in the above, we have already checked the cases (a)—(d) in
Lemma We now check the remaining cases. We also note that, arguing as in
case (e) above we see that we only have to check cases (e), (g), (i), (j), (k) and (1)
in Lemma We choose a labelling of the vertices in each case.
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(e) We label the vertices as follows:
k=1 1 2 k=1 1 2
e«——— 0 o—— 0
2‘/\2 A 2’ C’ lQ
Je—0 O+—0
4 1 3 4 1 3
We have ’I”/(l7 2) = t1t2t3t4t3t2 = 8185152851535453515251 and therefore
51828177 (1,2)815251 = (S152515281)838483 = Sa2838453 = 71(2,3). Hence
7(2,3)? = e implies r'(1,2)% = e.
(g) We label the vertices as follows:
k=1 1 2 k=1 1 2
e——O [ ] O
‘ \ 251 9
2 2 — 2 2
C/
O+—0 o 0
4 1 3 4 1 3

We have 1/(4, 3) = tytstats = $15451535253. Using that s; and s3 commute
we get s177(4,3)s1 = $48153828351 = S453(518281)S3 = S45382818283 =
7(4,3) and hence 7(4,3)? = e implies that 7/(4,3)% = e.

(1) We use the following labelling of the vertices:

O
h 1 ph-11 1 p_1 1
Note that t;, = sgspsk, while t; = s; for all ¢ # h.
7(1,2)% = (tity - th_1tntn_1 - t2)?
= ($152 "+ Sh_15kShSkSh—1 """ 52)°
= (s182* Sh—18nSkSnSh—1 -+ s2)° =1(1,2)* =e.

() We label the vertices as follows:

1 2 1 1 1 2 1

B
J

1
. L B / o
T
1L p—1 1 hol h—11
Here we have t1 = sgs1s, and t; = s; for all ¢ £ 1.
7 (hyh —1)% = (tptp_1---totpty - tp_1)?
= (snsn—1--- s25k51(SkSk)SkS1SKS2 -+ - Sp_1)°
= (snsh—1-- S2(SkS15K515%)S2 "+ Sh—1)”
= (SpSp—1"-" 828182 sh,1)2 =r(h,h— 1)2 =e.

(k) This is trivial.
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) Suppose that k is connected to exactly one vertex of C via an edge of
unspecified weight. We label the vertices as follows:

1 1 2 1 1 2

1 © /Q
K -—’»’< c x L S— cr e
X . : .

o
h—1 1 h—2 h—11 h—-2

If the edge between k and h points towards h, then ¢, = s, and the
relations for C’ are the same as the relations for C. If the edge points
towards k, then t;, = sispsr and we have:

r'(1,2)% = (tity - tptp_q - to)?

= (5182 "+ Sp_15KkShSKSh—1" " 52)°
= 85(5182+* Sh—15nSh—1" " 52)% 8
= s5,7(1,2)%s;, = e.

This finishes the proof. O

Note that, in the simply-laced case, some arguments of this kind have been used
in the proof of [5, Thm. 6.10]. We explain more about the connection with [5] at
the end of Section [@

Recall that we are in the situation where I'' = p(T"). We denote by s} the
defining generators of Wp.

For each vertex i of I' define the element ¢, in Wy as follows:

/

v sy sisy,  if there is an arrow k — ¢ in IV (of arbitrary weight);
! s; otherwise.

Proposition 5.3. The elements t;, for i a vertex of I, satisfy the relations (R1)-
(R3) defining Wr.

Proof. This follows from Proposition [(.2] interchanging I" and I and using the fact
that the definition of the group Wr is unchanged under reversing the orientation
of all the arrows in I' (see Proposition [4.0]). O

We can now prove the following:

Theorem 5.4. (a) Let T be a diagram of finite type and T = ug(T) the mu-
tation of I' at a vertex k. Then Wp = Wp.
(b) Let A be a cluster algebra of finite type. Then the groups Wr associated
to the diagrams T' arising from the seeds of A are all isomorphic (to the
reflection group associated to the Dynkin diagram associated to A).

Proof. Denote the generators of W (as defined in Section [3) by s;, for 1 <i < n.
By Proposition 5.2 there is a group homomorphism ¢ : Wr» — Wr such that
@(s}) =t; for all i. By Proposition [5.3] there is a group homomorphism ¢ : Wp —
Wrs such that v(s;) = t;. If there is no arrow ¢ — k in T', then there is also no
arrow k — ¢ in IV and consequently

ble(sh)) = v(t:) = ¢(si) =t = 5.
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If there is an arrow ¢ — k in I, then there is an arrow k& — ¢ in I and therefore

P(p(s) = ¥(ta)
= Y (sKSiSk)

=()()(8k)
thtit

= s;sfcs’s;s; =g
So ¥ o = idw,,, and, similarly, ¢ o9 = idw;., showing that ¢ and 1) are isomor-
phisms and (a) is proved. Part (b) follows from part (a) and Remark [311 O

6. COMPANION BASES

We first recall some results from [I]. Recall that a matrix A is said to be sym-
metrisable if there is diagonal matrix D, with positive entries on the diagonal, such
that DA is symmetric. A symmetrisable matrix A is said to be quasi-Cartan if its
diagonal entries are all equal to 2, and it is said to be positive if DA is positive
definite for some positive diagonal matrix D (this does not depend on the choice
of D). If B is a skew-symmetrisable matrix, a quasi-Cartan companion of B is a
quasi-Cartan matrix A such that |A;;| = |B;;| for all i # j. Such matrices are used
in [I] to give a characterisation of cluster algebras of finite type:

Theorem 6.1 ([I]). Let B be a skew-symmetrisable matriz. Then the cluster
algebra A(B) is of finite type if and only if every chordless cycle in T'(B) is cyclically
oriented, and B has a positive quasi-Cartan companion.

We also mention the following result, which we shall need later:

Proposition 6.2 ([Il 1.4]). Let A be a positive quasi-Cartan companion of a
skew-symmetrisable matriz B. Then, for every chordless cycle

g —> 1] = = ig—1 —> %0

in T'(B), the following holds:

d—1

H (_Aia,ia+1) < 0.

a=0

Let ® be a root system of rank n associated to a Dynkin diagram A and let B
be the exchange matrix in a seed (x, B) of the cluster algebra of type A. Moti-
vated by [I], Parsons [I0, Defn. 4.1] defines a companion basis of B to be a subset
51, B2, ..., 0B, of ® which is a Z-basis of Z® such that the matrix A with 7, j entry
Ai; = (B;, B;) for all 4, j is a quasi-Cartan companion of B. In the general case (not
necessarily simply-laced), we use A;; = (5, ﬁ ). Parsons uses companion bases to
obtain the dimension vectors of the 1ndec0mposab1e modules over the cluster-tilted
algebra associated to (x, B) by [3] and [4], in the type A case (they are obtained by
expanding arbitrary roots in terms of the basis; see [10, Theorem 5.3]). We remark
that independent later work of Ringel [I1] also obtains such dimension vectors (in
a more general setting which includes all the finite type cases).
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Suppose that B = {51, 52, ..., B} is a companion basis for an exchange matrix B
in a cluster algebra of finite type as above, and fix 1 < k < n. Parsons [10, Thm. 6.1]
defines the (inward) mutation B’ = ui(B) of B at k to be the subset {81, 85, ..., 6.}
of @ defined by

B = {35k (B;) 1if there is an arrow from i to k in I'(B);
! =

Bi otherwise.

Outward mutation of B is defined similarly.

Proposition 6.3 ([I0, Thm. 6.1]). Let B be a companion basis for an exchange
matriz B in a cluster algebra of finite simply-laced type and fir 1 < k < n. Then
wr(B) is a companion basis for uy(B).

We remark that mutations of quasi-Cartan companion matrices were considered
in 1.
Proposition can be extended to all finite type cases using a similar argument:

Proposition 6.4. Let B be a companion basis for an exchange matrix B in a
cluster algebra of finite type and fix 1 < k < n. Then ux(B) is a companion basis

for 1 (B).

Proof. We must check that if B = {f1,52,...,08,} is a companion basis for an
exchange matrix B underlying a diagram T, then B’ = {y1,72,...,%} = ux(B)
is a companion basis for the mutation B’ = pu(B), which underlies u;(T"). Note
that [10, Thm. 6.1] covers the cases (7,,7,) where p = k or ¢ = k or where at
most one of p and ¢ is connected to k by an edge (in this case the assumption of
simply-laced type is not used).

Hence, since [10, Thm. 6.1] covers the simply-laced case, we are reduced to cases
(d),(e) and (f) in Corollary [Z3l In each case, we are only left with checking that
| (i, i)l = Bl

We denote by A the 3 x 3 matrix

(B, BY) (B, BY)  (Bi, B))
(B, BY)  (Br> BY)  (Br, B})
(ijﬂzv) (ﬂj’ﬂl\c/) (Bjaﬂ]v)

We first consider case (d), mutating from left to right. There are two possibilities
for A:

2 £1 0 2 £2 0
+2 2 +1),(£1 2 =1
0 +£1 2 0 £1 2

0 1 0 0o -1 1
-2 0 1|—=1 2 0 -1
0 -1 0 -2 1 0
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We have
(71"7]\’/) = (Sﬁk (61)765/)
and

(Bj, (35, (8:))")

(58 (B5): )

(B = (B3 B) Br» BY)

= (85, 87) = (Bj: BY) (Br, BY) = £(Bw. B) = %2,

(’Yjv'yiv):

and this case is done.
In the second case, the mutation is:

0 2 0 0o -2 2
-1 0 1]—=1(1 0 -1
0 -1 0 -1 1 0

Arguing as above, we have (vy;, 'ij) = +2 and (v;,7,) = £1 as required.

Next, we consider case (d), mutating from right to left. Note that the skew-
symmetrisability of B imposes restrictions; see also [7, Lemma 7.6]. The only
possibilities for B are thus

0o -1 1 0o -2 2
2 0 -1 and 1 0 -1
-2 1 0 -1 1 0

In the first case, the mutation is

0 -1 1 0 1 0
2 0 -1]—=1-2 0 1
-2 1 0 0 -1 0

We have (vi,7)) = (Bi, 8;) — (Bi, BY)(Br, B} ). Moreover, [(8;, 8) = |(Bi, B))| =
|(Bk, B )] = 1. Note that the matrix A must be positive (as the ; form a basis of
Z®). Hence, by Proposition [6.2, an odd number of the signs of (8, 3}), (8i, 8y)
and (B, 5]\/) must be positive. We obtain the following table of possible values:

(5@5” | (51',5;\;) | (5kaﬂ;/) | (’Yz‘a’)’jv)
1 1 1
1 -1 -1
-1 1 -1
-1 -1 1

o O o o

In the second case, the mutation is

,_.
=
AN
1

AN
o
—
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As before7 (71,7]\/) = (Blaﬂy)_(ﬂuﬂl\:)(ﬂkaﬂj\/) We have |(61,BJ\/)| = ‘(ﬂlaﬂl\c/” =2

and [(Bx, B})| = 1. As in the previous case, we obtain a table of possible values:

2

2 1 0
2 -2 -1 0
—2 2 -1 0
-2 -2 1 0

and case (d) is complete.

For case (e), we note that replacing B with —B (and keeping the ; unchanged)
gives an instance of case (d). Hence, we have |ux(—B)i;| = | — Bj;| = [(vi, 7)),
where

, sg,(8:) i— kin I'(—B);
Vi =
B; else,

which coincides with sg, (;). Therefore

|Bij| = |(spi (i) s ()| = 13 %),

as required.

We are left with case (f) to consider. By symmetry, we only need to consider
the mutation from the left hand side of the figure to the right hand side. Using the
skew-symmetrisability of B (see [7, Lemma 7.6]) we conclude that there are only
two possible cases for B, namely

In the first case, the mutation is

0 1 -1 0 -1 1
-2 0 2 )1 =12 0 -2
1 -1 0 -1 1 0

We have (’77,77]\/) = (Sﬁk (ﬂz)vﬂ]\/) = (BZ,BJV) - (Blaﬂl\c/)(ﬂkaﬂjv) Again7 using
Proposition [6.2] we obtain the following table of possible values:

(5i,53v) | (51',@/) | (5k,5jv) | (’Yz‘a’Yjv)
1

1 2 -1
1 -1 -2 -1
-1 1 -2 1
-1 -1 2 1

A similar argument shows that (v;,7;") = £1. In the second case, the mutation
is:
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As before, (vi,7)) = (Bi,8}) — (Bi, BY)(Br, B ). and we obtain the following
table of possibilities:

(Bis 8Y) | (Bis BY) | (Brs BY) | (is7y)
1

2 1 -1
1 -2 -1 -1
-1 2 -1 1
-1 -2 1 1
A similar argument shows that (v;,7;”) = £1. The proof is complete. O

Remark 6.5. Every companion basis for u(B) is of the form py(B) for some com-
panion basis B for B, since it can be mutated back to a companion basis for B
using outward mutation, and outward and inward mutation are easily seen to be
inverses of each other.

Corollary 6.6 ([I]). Let B be an exchange matriz in a cluster algebra of finite
type. Then B has a companion basis.

Proof. This follows from results in [I] (see also [I0, Cor. 3.10]). Alternatively, it
can be proved using Proposition O

Remark 6.7. It is not the case that every subset of ® forming a basis for Z® is a
companion basis, even if we just restrict to the positive roots. For example, in type
Ay, the set of roots {a1, as, as + a3, as + a3 + a4} is such a subset, but is not a
companion basis (the inner product of any pair of distinct roots in this subset is
+1).

We can now prove:

Theorem 6.8. Let B={f1,02,...,0n} C ® be a companion basis for an exchange
matriz B in a cluster algebra of finite type A (with associated root system ®). Then
there is an isomorphism between W and Wrpp) as defined in Section B taking sg,
to s;. In particular, the defining relations for Wrp) can be regarded as giving a
presentation of W in terms of the generators sg,,Sg,, ..., 53, -

Proof. Note that any simple system in ® is a companion basis for an exchange
matrix B whose Cartan counterpart is a Cartan matrix of type A. By Remark [B.1]
it follows that the result holds for this case.

Suppose that the result holds for every companion basis associated to an ex-
change matrix B. Fix 1 < k < n and let B’ = {31, 65,...,0,,} be a companion
basis for p(B). By Remark [65] B’ is of the form py(B) for some companion basis
B= {ﬂl,ﬂg,. ,ﬂn} for B.

By assumption, the result holds for B, i.e. there is a group isomorphism 75 :
W — Wrppy taking sg, to s; for 1 <i < n. If there is no arrow from i to &k in I'(B),
then 8; = Bi. So, 75(sp:) = T5(sp,) = s; = t;. If there is an arrow from i to & in
I'(B), we have:

Sp1 = Ssp, (B:) = S 8&85,3 = 50,,58,5p4
SO 7'3(352) = 53,8;Sk = t;.

From the proof of Theorem [£.4] there is an isomorphism ) : Wrsy = Wrs)-
If the defining generators of Wr are denoted s}, then we have ¢ (¢;) = s;. Hence
g =1 oTg: W — W is a group isomorphism taking sg to s}. Therefore, the
result holds for B'. '
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The result follows in general by using induction on the number of mutations
needed to obtain B from a fixed exchange matrix whose Cartan counterpart is a
Cartan matrix of type A. O

Finally, we explain how the perspective of companion bases allows an alternative
proof of Theorem [54] in the simply-laced case using results from [5]. Let B be an
exchange matrix of a cluster algebra of finite simply-laced type with corresponding
diagram I'. Let B = {81, B2, ..., s} be a companion basis for B and let A be the
corresponding matrix with A;; = (8;, 5;).

Let G be the unoriented graph on vertices 1,2, ...,n with an edge between 7 and
j whenever A;; # 0. We define a map f from the set of edges of G to {1, —1} by
setting f({¢,7}) to be the sign of A;; whenever A;; # 0. In this way we obtain a
signed graph G(B) = (G, f) corresponding to B, whose underlying unsigned graph
coincides with the underlying unoriented graph of I'.

Note that A is positive definite, since B is a companion basis. By [II, Prop. 1.4]
or a remark in the proof of [B, Thm. 6.10], this implies that every chordless cycle
in (G, f) has an odd number of positive signs.

We recall the definition of local switching from [5]. Since we are in the positive
definite case, this takes a simpler form; see the comment after Remark 4.6 in [5].

Definition 6.9 (|5, 4.3]). Let (G, f) be a signed graph and suppose that the
symmetric matrix A = A;; with A;; = f(¢,7) and A;; = 2 for all 4, is positive
definite. Fix a vertex k of G and let I be a subset of the neighbours of k in G. Let
J be the set of neighbours of k& in G that do not lie in I. Then the local switching
of (G, f) at k is given by the following operations:

(i) Delete all edges of G between I and J.

(ii) For any ¢ € I and j € J not originally joined in G, introduce an edge {3, j}
with sign chosen so that the 3-cycle between 4, 7, k has an even number (i.e.
zero or two) of positive signs.

(iii) Change the signs of all edges between k and elements of I.

(iv) Leave all other edges and signs unchanged.

Lemma 6.10. Fix a vertex k of I'. Let I be the set of vertices i of I for which
there is an arrow i — k in T, so that J is the set of vertices j of T for which there is
an arrow k — j in T. Then (G', ') = G(ur(B)) coincides with the result of locally
switching (G, f) at k with respect to I.

Proof. By Proposition [63] G’ is the underlying unoriented graph of g (T"). Let
(G”, f") be the result of locally switching (G, f) at k with respect to I. Then it is
easy to see from Definition [6.9] that G” and G’ coincide as unoriented graphs. Let
ur(B) = (By,--.,04). It i € I, then

(Bis Br) = (s, (Bi), Br) = —(Bi, Br)

and we see that the signs on the edges of G’ incident with k and a vertex in I
coincide with the signs on the corresponding edges of G”. If {i, j} is an edge in G”
arising from step (ii) in Definition [6.9] its sign is chosen to ensure that the 3-cycle
on 4, j, k has an odd number of positive signs after step (iii) has been applied. Since
(G', f') must also have this property (using Proposition and the fact that B’ is
a companion basis) we have f”(i,7) = f'(4,). It is easy to see that the other signs
on the edges of G’ and G” coincide, and the result follows. O
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Since the signed graph G(B) has an odd number of positive signs in every cycle
(and noting Proposition 6] we have that the group Cox(G, f) defined in [5], Defn.
6.2] coincides with the group Wr defined in Section Bl in the simply-laced case.
Then Theorem B4 (in the simply-laced case) follows by combining [5, Thm. 6.10]
and [10, Thm. 6.1] (see Proposition [63]) with Lemma [6T0l
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