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SHARP HARDY UNCERTAINTY PRINCIPLE AND GAUSSIAN
PROFILES OF COVARIANT SCHRODINGER EVOLUTIONS

B. CASSANO AND L. FANELLI

ABSTRACT. We prove a sharp version of the Hardy uncertainty principle for
Schrodinger equations with external bounded electromagnetic potentials, based
on logarithmic convexity properties of Schrodinger evolutions. We provide, in
addition, an example of a real electromagnetic potential which produces the
existence of solutions with critical gaussian decay, at two distinct times.

1. INTRODUCTION

This paper is concerned with the sharpest possible gaussian decay, at two distinct
times, of solutions to Schrédinger equations of the type

(1.1) 0w =i(Aa + V)u,
where u = u(z,t) : R” x [0,1] — C, and

V=V(x,t): R" x [0,1] = C,
As:i=V2, Vai:=V—id, A=A():R"—R"

We follow a program which has been developed in the magnetic free case A = 0,
in the recent years, by Escauriaza, Kenig, Ponce, and Vega in the sequel of papers
[7HI1], and with Cowling in [3]. One of the main motivations is the connection with
the Hardy uncertainty principle, which can be stated as follows:

if f(z)=0 (e_‘1|2/32) and its Fourier transform f(f) =0 (6_4‘5|2/0‘2>, then

af <4= f=0,
122

aff =4 = fis a constant multiple of e 57 .

The solving formula for solutions to the free Schrodinger equation with initial datum
f in L?, namely

)= e (o) = (amit) B (055 ().
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gives a hint of the following PDE version of the Hardy uncertainty principle:
if u(z,0) =0 (e*mQ/BQ) and u(z,T) := eT%u(z,0) = O (e*|x‘2/a2), then

af < 4T = u =0,
, , ~(Fz+r) lal?
af =4T = u(z,0) is a constant multiple of e \62 1T .
The corresponding L2-versions of the previous results were proved in [19] and affirm
the following;:

ell/B% p e 2 MEF/* f o2 (B 4= f=0,
ele* /8%y (2,0) € L2, el™’/o*eiTAy(2,0) € L2, af <AT = u = 0.

We mention [2,[13,20] as interesting surveys about this topic. In the sequel of
papers [3[THIT], the authors investigated the validity of the previous statements for
zero-order perturbations of the Schrodinger equation of the form

(1.2) Oru=1i(A+V(t x))u.

An interesting contribution of the above papers is that a purely real analytical
proof of the uncertainty principle is provided, based on the logarithmic convexity
properties of weighted L?-norms of solutions to (L2). Namely, norms of the type
H(t) := He“(t)‘”%(t)‘?u(t)HLZ(Rn), where a(t) is a suitable bounded function, and
b(t) is a curve in R™ are logarithmically convex in time. The interest of these
results relies on various motivations. First, since just real analytical techniques are
involved, rough potentials V € L* can be considered, which are usually difficult to
handle by Fourier techniques. In addition, in [I0] it is shown that a gaussian decay
at times 0 and T of solutions to (I2)) is not only preserved, but also improved, in
some sense, for intermediate times, up to suitably moving the center of the gaussian.
A consequence of Theorem 1 in [I0] is the following: if V' (¢, ) € L is the sum of a
real-valued potential V; and a sufficiently regular complex-valued potential V5, and
||e\1|2/ﬁ2u(0)|\L2 + ||e‘””|2/°‘2u(T)||L2 < 400, with a8 < 4T, then v = 0. Moreover,
the result is sharp in the class of complex potentials: indeed, Theorem 2 in [10]
provides an example of a (complex) potential V' for which there exists a non-trivial
solution u # 0 with the above gaussian decay properties, with a8 = 4T.

The fact that the potential in [I0] is complex-valued might have an appealing
connection with the examples by Cruz-Sampedro and Meshkov in [4[I7] about
unique continuation at infinity for stationary Schrodinger equations. In particu-
lar, an interesting question is still open, concerning the possibility of providing
analogous real-valued examples.

Our first result states the following: if one introduces a magnetic potential in
the hamiltonian, then real-valued examples in the spirit of Theorem 2 in [I0] can
be found.

Theorem 1.1. Let n = 3, k > 3/2, and define A = A(z,y, z,t) : R*"1 — R3 and
V =V(z,y,2t): R3*t = R3 as follows:

2kt z
1. A t) = . —x? —q?
( 3) (xﬂy)'Z? ) 1+t2 (l‘2+y2)(1—|—7“2) (SCZ,yZ, X y ))

1 2k 4k(1 + k)r? )
1.4 1% t)=——|—+6k————F— — |A t
(L) Viomat) = s (o + 0 - T a0 )
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where 2 1= 22 + y> + 22. Then the function
n _(d—it) 2
(1.5) u=u(rt) = (14it)?*=3 (1 4 r2) ke a0
is a solution to
10+ Aqu=Vu

r2 ﬁ
satisfying He B u(—l)HL2 + He 5 u(l)HL2 < 00.

Remark 1.2. The choice of the time interval [—1, 1] instead of [0, T does not lead to
the generality of the result, since by scaling one can always reduce matters to this
case (see also Remark[[Blbelow). Notice that both A and V are real-valued, and this
is (to our knowledge) a novelty. Observe moreover that A is time-dependent, and
singular all over the z-axis # = y = 0, with Coulomb-type singularity (2% + y?)~2.
We finally remark that we are not able to generalize the above example to any
dimension n # 3, and it is unclear to us if this is an intrinsic obstruction or not.

The main idea relies in the expansion
Ajg=A—2A-V —idivA— |A]

Applying this operator to the function w in ([Hl), one notices that the first-order
term 27 A-Vu vanishes, since u is radial and we choose the Crénstrom gauge A-x = 0;
on the other hand a purely imaginary, non-null zero-order term idiv A naturally
appears, since A is real-valued. We refer to Section 2] below for the details of the
proof, which is a quite simple computation.

Theorem [Tl motivates us to think to electromagnetic Schrodinger evolutions
as a natural setting for the study of Hardy uncertainty principles. We also need
to keep in mind the well known fact that the magnetic ground states (and hence
the corresponding standing waves) have gaussian decay (see [6] and the references
therein).

In recent years, some results in the spirit of the Hardy principle appeared, con-
cerning generic first-order perturbations of Schrodinger operators. Among the oth-
ers, Dong and Staubach in [5] proved that an uncertainty property holds, under
suitable assumptions on the lower order terms; nevertheless, a quantitative knowl-
edge of the critical constant in the gaussian weights seems to be difficult to be
found, due to the generality of the model. The paper [5] generalizes a previous
result by Tonescu and Kenig in [I5], in which unique continuation from the exterior
of a ball is proved, in the same setting.

We stress that an electromagnetic field is not any first-order perturbation of a
Schrédinger operator, since it has a peculiar intrinsic algebra which has to be taken
into account. The feeling is that quantitative results could be obtained for such
operators, under geometric assumptions on the magnetic field. As an example, we
mention [I], where a non-sharp version of the Hardy uncertainty principle (with
af < 2T) in the presence of (possibly large) magnetic fields has been recently
proved, inspired by the techniques in [9]. The last result of this paper improves the
ones in [I], covering the sharp range a8 < 4T. In order to settle the theorem, we
need to introduce a few notation.

In the sequel, we denote by A = (A(z),...,A"(z)): R® — R" a real vector
field (magnetic potential). The magnetic field, denoted by B € M, «,(R), is the
antisymmetric gradient of A, namely

B = B(z) = DA(z) — DA (x), Bjr(z) = A¥(z) — A](2).



2216 B. CASSANO AND L. FANELLI

In dimension n = 3, B is identified with the vector field curl A, by the elementary
properties of antisymmetric matrices. We can now state the last result of this paper.
Theorem 1.3. Let n > 3, and let u € C([0, 1]; L2(R™)) be a solution to

(1.6) Ou=1(Aa+Vi(z) + Va(z,t)u

in R™ x [0,1], with A = (A(z),...,A"(x)) € Cl’g(R";R”), Vi =Vi(z) : R™ - R,

loc

Vo = Va(x,t) Rt — C. Moreover, denote by B = B(z) = DA — DA, Bj, =
A? — A} and assume that there ezists a unit vector £ € S™! such that

(1.7) ¢'B(z) = 0.
Finally, assume that
(1.8) lz* B[ 7 < oo,
(1.9) Villze < oo,

112
(110) sup em%(.’t) esuPte[O,l]”%VQ('J)”LOO < 00,

te[0,1] L
L2 L2

(1.11) e u(-,0)|| +|ea?u(-1) < 00,

L2 L2

for some a;, 8 > 0.
The following hold:
o Ifaf <4, thenu=0.
o IfafB >4, then

a(t)|-|2 ‘ H /e NIORE O Il
sup |le u(t + t(1l—t)Val(e @y
te[0,1] ®) L2(R™) ( IVl ) L2(R" x[0,1])
(1.12) e e
<N ||les? u(0 + [leaT u(l) ,
L2(R™) L2(R™)
with
afR

‘O = ST AU D)7 + 2Rt — B 0)7

where R is the smallest root of the equation

LR
20  4(1+ R2)’

and N > 0 is a constant depending on o, and V| a1

thB”Loo(]Rn)-
Remark 1.4. Notice that, apart from the local regularity assumption A € Cllof,
which is the minimal request in order to justify an approximation argument in
Lemma [3:3] below, all the hypotheses of Theorem [[3] are in terms of B and V/,
respectfully, of the gauge invariance of the result. It is possible to prove, by standard
perturbation theory (see e.g. Proposition 2.6 in [I]), that, under the assumptions
of Theorem [[13] the operator —A 4 — V; is self-adjoint on L2, with form domain
H'(R™); this fact will always be implicitly used in the rest of the paper.
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Remark 1.5. The choice of the time interval [0, 1] does not lead to the generality of
the results. Indeed, v € C([0,T], L*(R™)) is solution to (L)) in R™ x [0, 7] if and
only if u: [0,1] — C, u(z,t) = T%v(v/Tx, Tt) is solution to

Ou = i(Aaru+ Vr(x, t)u), in [0,1] x R™,

where
Ap(x,t) = VTA(NTz, Tt), Vp(z)=TV(VTz,Tt).

Moreover, observe that

L= |2 L2|2 J|2
lle 7 v(0)]| = lle = u(0)l], [le = v(T)|| = [le=u(1)],
sup [lea@=02y(t)|| = sup [le@ =0 u(t)]],
te[0,T] te[0,1]

with 8/ =T33, o/ =T 2a.

Remark 1.6. The magnetic field in Theorem [[.3] does not depend on time, different
from the example in Theorem [[LJ1 Nevertheless, it could probably be possible to
generalize the result to the case of time dependent magnetic fields, by assuming the
existence of the purely magnetic flow and the L?-preservation, but this will not be
an object of study in the present paper.

Remark 1.7. Assumption (7)) is fundamental in our strategy of proof, and it does
not allow us to include the 2D-case in the statement of Theorem [[3] due to el-
ementary properties of antisymmetric matrices. We mention [I] for some explicit
examples of magnetic fields satisfying (7). It is an interesting open question if
there exist examples of magnetic fields which do not satisfy (L7), for which the
Hardy uncertainty holds with different quantitative constants or different exponen-
tial decays. Observe that the example in (3] satisfies (7)), with & = (0,0,1).
Indeed, an explicit computation shows that

2kt 2z

B =curlA = . — 0).
wld = e 0

The strategy of the proof of Theorem [[.3]is the following:

(1) first we reduce to the Cronstrom gauge = - A = 0 (see Section [.T]), which
turns out to be a helpful choice;

(2) by conformal (or Appell) transformation (see Lemma[d3]), we reduce to the
case a = 3, and we perform a time scaling to reduce to the time interval
[—1,1] (see Section [A2);

(3) we prove Theorem [[3]in the case u := a = § (see Section E3));

(4) we translate the result in terms of the original solution, by inverting the
transformations in step (2)), thus obtaining the final result.

The key ingredient is Lemma B3] below, which comes into play in the proof of
step [B). This is based on an iteration scheme, introduced in [I0]: by successive
approximations, we can start an iterative improvement of the decay assumption
(LI, by suitably moving the center of the gaussian weight. In the limit, this
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argument leads to an optimal choice of the function a = a(t): [-1,1] — R for
which the estimate

2
(1.13) e ()| e 117y 22 vy < Ol BTV oo 2 Bll o)

holds. The presence of a magnetic field makes things quite more complicated, once
the iteration starts, as we see in the sequel. The rest of the paper is devoted to the
proofs of our main theorems.

2. PROOF OoF THEOREM [LL1]

The proof of Theorem [[1lis a straightforward computation. First, we expand
the magnetic Laplace operator and rewrite

(i0; + Aa)u = (i0; + A)u — 2 A - Vou — i(divy A)u — |A]*u.

Now we compute

. 1 2% Ak (k + 1)r?
O+ A)u—= —— 6k — AR )T
(10 + &)u 1+r2<1+@'t+ 1+ 72
1 2ikt 2k 4k(k + 1)r?
— - 6k — — AT T
1+r2< 11 T Tre 1472 )’

where u is given by (LH). Observe that, since u is radial and A - x = 0 by the
definition (L3)), we have A - V,u = 0. Finally, another direct computation gives

idiv, A= 2K 1
1+t2 1472
In conclusion,
, 1 2%k ak(k+ 1),
O+ A u=— [y PETIT 4y
(@0 + Aa)u 1+r2 <1+t?Jr 1+12 4] s

by the definition (4]), which completes the proof.
The rest of the paper is devoted to the proof of Theorem [[.3]

3. SOME PRELIMINARY LEMMATA

Let us fix some notation and recall some results from [I0] and [I]. We denote
(f):= [ fadw. H(F) = I = (£.9),

for f,g € L?(R").

Lemma 3.1 ([10], Lemma 2). Let S be a symmetric operator, A a skew-symmetric
one, both allowed to depend on the time variable, and f a smooth enough function.
Moreover, let v: [c,d] — (0,+00) and ¢: [c,d] = R be smooth functions. If

(3.1) (YSf () +7[S, Alf(8) + 7 Sf(), F(1) = —p(D)H(E), t€ed],
then, for all e > 0,
H(t) +e< e2T(t)+ME(t)+2N5(t)(H(C) +5)9(t)(H(d) + 6)1—9(1&), te [C, d],
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where T and M. verify

{amatT) =—¢, teled, [o,(yaM.) = AIRIZSIAIE g e g,
T(c)=T(d) =0, M. (c) = M.( ) =0,
d ds
(G T{ON (C)] PRI
H(s)+e [ ds
c v
Moreover,
2  OOOH - aROS =S AL ) +yll0f - SF - AfIP

200Sef + (S, Alf +4 ST 1)
For ¢ = ¢(z,t) : R"™ — R, we can write
@D, —iA)e P =9, — S — A,
where

A=i (AA + |V190‘2)
(see [1). Observe that S and A are respectively a symmetric and a skew-symmetric
operator. Our first goal is to apply Lemma [B.1] with a suitable choice of S, A. In
order to do this, we need to obtain the lower bound (Bl when S and A are given

by B3) and (B3], respectively. This is done in the following lemma, analogous to
[10], Lemma 3.

Lemma 3.2. Let

plz,t) = a(t)lz + b(B)]%,

(3.5)
a=a(t):R—=R, b=b(t)=bt)E:R—=R", ¢cS"H
and S, A be defined as in B3) and B4). Assume that

x-A(z) =0

(3.6) b Ay(o) =

for all x € R™ and assume (LT). Assume moreover

. . 2
(3.7) Fla,y) = ’y<a+32a —32%—% <g+%> ) >0 in [e, d].

Then, for a smooth enough function f,

(St +7[S, Al +48) £, f)

5 91512
(38) > — ((% + 27a||actB||ioo> /s f) ,  forallt€lc,d.
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Proof. The proof is analogous to the one of Lemma 3 in [10], with some additional
magnetic terms to be considered. Explicit computations (see Lemma 2.9 in [1)
give:

Sffdx:/ [—i(2na|f|2+4a($+b)~VAfJ?)} dx
R Rn
+/ [afz + |7 + 20b - (x + B)|fI?] dz,
RTL

Affd:v:/

[(@'AAf + dia?|x + b\2f)ﬂ dz,
R’n

R™

/R”[S,A]ffda: :/RL {Sa\VAﬂQ+32a3|x+b|2|f|2} dz

[43[f 2a(z + b)' BV A f]] da

+

[1S(Fa(e +b) - Vaf + Fab - Vaf]] da,

2
F\N
~
jSH
=
|
T
[N}
@
o
=
8
_|_
=
_|_
[N}
QL
E .
<
b
=
_h
IS8
8

+ [ ale+ b~ ta(o -+ b)- 4] | da
Rn
[48b - (2 +b) + 2ab - (2 + b) + 2a[BP] | .

Summing up we get

/(78t+7[5,«4]+75)ffdx
Rn
:/ (i + 324 + 5a)|x + b*|f]? da

+ / [(4vab + 2yab 4 29ab) - (z + b) + 2ya[b|*]| f|* dz

+ /n 8va|V A f|? + 2R(—=iV o f) - (4vabf) dx

+ /n 2R(—iVaf) - ((29a + 4va)(z + b) f) dx
- / A3(v/2a(x + b)'BV 4 f)dz

—/ dary (z +b) - Al f]? da.
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The last term in the previous equation vanishes, because of ([B.0). Completing the
squares in the previous equation we get

/n (¥St + (S, Al +48) f f da

) b a | j
—/n8’ya —ZVAf+§f+(%+E> (x+Db)f| dz
9) e
ayb 2 v a”|b| 2
+ F(a,y)|lr+b+ fIfde — ——— fl”dx
/n (a,7) F(a,v)‘ /] F(a,7) Rn| |

- 8’ya/ S(f(z +b)'BV4f) dx.

Thanks to hypothesis (7)) and the fact that B is antisymmetric, we have

f(x+Db)'BVAf = fa'BVAf = fxtB<VAf+igf+i (2% + %) (:z:+b)f>,

for almost all z € R",t € [0,1].
We can finally estimate

8va f(x+b)' BV 4 fdx
Rn

_ , b, (a4 4
= 8yaR - f:L‘tB (—ZVAf + §f + (% + H) (x4 b)f) dx

2 2
< 2al' Bl [ |f7da
Rn

+8’ya/

which proves the result. O

2

. b a | 5

‘We now choose

hence

1 34
F(a) := F(a,v) = o (d—|—32a3— %).

The next result is the key ingredient in the proof of our main Theorem [[3l Its
magnetic-free version B = 0 has been proved in [10].

Lemma 3.3 (Improved decay). Let u € C([—1,1], L?(R™)) be a solution to
Ou = i(Aau+ V(z,t)u) in R" x [-1,1],

with V' a bounded complex-valued potential and A € Wllote’oo(R”). Assume that,
for some p > 0,

(3.10) sup [ u(t)|| < +o0,
te[—1,1]
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and, for a: [—1,1] = (0,400), smooth, even and such that a <0, a(1) = p, a > p,
andF()>0m[ 1,1], we have
(3.11) sup He(“(t)_a)‘xlzu(t)ﬂ <400 foralle > 0.

te[—1,1]

Then, for b =Db(t) =b(t)¢: [-1,1] — R"™, smooth, such that b(—1) =b(1) =0,
(3.12)

2
2 DIHPOF (1) || < T O+2AV oo+ =

sup [l u(t)|, —1<t<1,
te[—1,1]

where T is defined by
s
o (3oiT) = = (R +21e'BIG~) in 11,
T(-1)=T(1) =0.
Moreover, there is Cq > 0 such that

id |12
V1 =2V 4 (e 5ale] W)l L2 @n x—1,17)

a x 2
(3.13) + Call V1 = 26D gul| o g 1)
V12 oo
< Vit = e u(e)]).

te[-1,1]
Proof. Extend u to R"™! as v = 0 when |t| > 1 and, for & > 0, set
as(t) :=a(t) —e, ge(z,t) = eas(t)lm‘2u(x,t), felz,t) = eai(t)‘””er(t)lQu(z, t).
The function fe is in L>°([—1,1], L?(R™)) and satisfies
Oufe = Sefe = Acfe =iV (1) f2

in the sense of distribution, i.e.

fE(_aSC_S€C+A€<) dyds =i erédyds
R R
for all ( € C§°(R™ x (—1,1)), where S and A, are defined as S and A are in
B3), B4) with a. in place of a. We denote here S¥*, AZ' and SY*, AY® as the
operators acting on the variables x,t and y, s respectively.

Since all the previous results make sense for regular functions, the strategy is to
mollify the function f., obtain results for the new regular function, and uniformly
control the errors. Then let § € C* (R"H) be a standard mollifier supported in
the unit ball of R"*! and, for 0 < § < 1, set g.5 = g * 05, f-.s = f- * 05, and

. e r—y t—s
05" (y,5) =6 w( . — ).

The functions f. s and g. ¢ are in C*°([—1, 1], S(R™)).
By continuity, there exists €, > 0 such that

in [—1,1],

when 0 < ¢ < &4, and for such an £ > 0 it is possible to find §. > 0, with 6,
approaching zero as € tends to zero, such that

a(t) = =) 2P < plal, (alt) = 2) e+ b)) < plzf?,
2 2
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when 2 € R", 1 — 4. < [t| < 1. In the following we assume 0 < ¢ < g, and
0<d <.

We can apply LemmaBdlto f. 5, with H, 5(t)= || fz.5(t)|1%, [c. d] =[-1 + 6., 1 — 8],
y=a-1, 8§ =38. and A= A.. It turns out that

2
(3.14) Hgﬁg(t) < ( sup Heu\ﬂtlzu(t)” —i—a) 2T () +Me 5(1)+2Ne,5(t)
te[—1,1]

when [t| <1 — 6., and where T, M, s and N, s are defined by

(3.15) O (LOT.) = — 45 —2[2' Bl 1w, t€[-140.,1-05c],
T(-1+6.)=T(1—-6.) =0,

at(iatMg 5) — 1 HBtfs,&*szs‘,(i*-Asfs,&”2, t c [_1 + 587 1— 65]’
(3.16) ae ’ ac Hs+e

Me,é(_l + 68) = ME,(S(l - 56) = O,

_ 1o [(0s = Sc — Ac) fes(3)l
(317) NE75 = ds.
—1+4. Hes(s) +e

In order to let § — 0 in BI4)), BI3), BI4), BI1), we compute
(8tfe,5 - ngﬁtfa,& - A?’tfa(;)(ft, t)

= | [y, 8)(=0:05" (y, ) dyds +/ (=82 = AZ) [y, )85 (y, 5) dyds

R

= fo(y,8) (=05 — SL° + AL*)0T (y, 5) dyds
Rn
+ | fely,s) (=8P — AT + ST — AT%)05 (y, 5) dyds.
Rn

Making explicit the term in the previous relation, we get

(3.18)
(8tf€75 - Sgw’tfs,é - A?tfa,ﬁ)(xv t)

= | fely,8)(=0s = SY° + AL)05 (y, 5) dyds
Rn

+ . ey, 8)[(ac(s) + 4ia2(s)) |y + b(s)” — (ac(t)
+ 4ia?(t))|z + b(t)[7105" (y, s) dyds

b [ 100 5)2ac(9)B(5) - (3 D)) = 20 (B(E) - (B0 (0. dyds
i [ 9)ac(s) -+ b(s) - Ty + st + B(0) - Va5 (0. 5) dyds
+ [ 2inf g, 9)lacs) + a0)65" (v, ) dyds

—i | [y, 8)[Ane — DA )05 (v, 8)dyds = T+ T+ T+ IV +V + V1.

R
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Since V05" (y,s) = =V, 05" (y, s), we have

(3.19)

1V =i [ (0, 9)lae()(y + b(s)) — ac(t) (& + ()] - V87 (y, )] dyds
R7l

+4 Rnfs(ya s)[=ac(s)(y +b(s)) - Aly) +a=(t)(z +b(1)) - A(2))05" (y, 5) dyds.
Moreover, recalling that
Aaf=Vif=Af—i(V-A)f—2A-Vf—|APf
and A, 07" (y,8) = A.05"(y, s), we obtain
VI= [ £s)[~(T2 A@) + 9, - A) +2(A@) ~ AG) -V,
+i(lA@)F = 1AW)I) |65 v 5) dyds.

By BI8), 319), B20) we can hence write
(3.21) (O¢fes —SZ" fos — AL fos)(,t) = i(V fo) % 05(,t) + Ac 5 (2, t) + Be s(2, 1),
where

A&g(l’, t)

= /. F=(y, $)[(az(s) + diaZ(s))ly + b(s)|*

— (a=(t) + 4ia?(t))|z + b(t)[*105" (y, s) dyds

(3.20)

L fo(y, 5)[2a=(5)b(s) - (y +b(s)) = 2a=()b(t) - (x + b())]05" (y, 5) dyds

+4 . Je(y.9)la=(t)(z +b(t)) - A(z) — az(s)(y + b(s)) - A()]05" (y, 5) dyds

+i [ R IA@F = AW ) dyds,

and
Bg,g(l‘, t)

=i [ ) (5) + b(s)) — au(0)a-+ b)) +2(4(0) — Aw))
. Vyﬁg’t(y, s)] dyds

" Jen fe(y, s)[2in(ac(s) + ac(t) — (Vo - A(x) + Vy - A(y))]05" (y, 5) dyds.

Since a., b are smooth, and A € Cllo’i, there is a Ng b 4, > 0 such that
322) el SONapac b @O u(b),
(3.23) 1Besll L2 rn x [~ 1451-5)) < Nayb,a,e tes[’glf,u e =l 1.
Moreover,

£ 2
(3.24)  sup (V) %050 < VI poomrnoaay sup [le@O= 1y,
te[—1,1] te[—1,1]
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The function g. s verifies analogous relations, obtained by setting b = 0 in the

previous equations.
Since the f. s and g. s are now regular, (3.2)) holds. Therefore,

€

1 1
O <— O Hes — — R(01ge.56 — Segers — Asge,évge,é))
e a
1
(325) + a_ ||8tga,6 - 889575 - Aags,6||2
€

1 a
> 2 (a Sstgs s+ — [Ss; A ]gs s — a; Ssgs,éags,c?) .

Qe €

Moreover, from (33) in the proof of Lemma [32] with v = 1/a. and b =0, we get

1
/ < Set"’ [SEaA] S>gaégeéd$
n \ e a2
) Qe
_ZvAgs,é + (4 ) TGe,s
Qe

(3.26) _ / 8

— 8/’ 3(ge,5 ¥ BV age 5) da.

2

dx—i—/ F(a)|z||ge.s|? da
]Rn

Since F'(a.) > 0, there exists a constant C' > 0 depending on a, such that we have

. a
/ 8 ’_'LvAga,é + <4a€ > TGe,s
(3.27) " .

>,

Moreover there exists an arbitrarily small 7 > 0 such that
(3.28)

—8/ $(ge,5 2' BV age 5) da ——|| tB||L°°/ \ge 5] da — / IV age.s]” da.
R’IL

By B.23), B.26), B.27), B.28), we get

dde (12 2
/ Vi (el geyé)‘ d:c+C/ IV ages) + |2]*]ge.6” da

(3'29) < at (a 615 e, — éR(atge 6 — 8695,5 - Aege,5795,5)>

2

de+ | F(ao)|af*|ge 5| d
Rn

de 2
Va (55 g )| dw+c / Vage sl + 2flge sl do
R7l

1
+ (1,_ ||atg€,5 - 8696,5 - Aega,énz + D”xtBHiocHe,t%
5

for some constants C, D > 0 depending on a. Multiplying the last inequality by
(1 —4.)? — 2, and integrating by part in time, we get

IV (@ =0)? =2V agesll 2 @nx(-145.1-5.) S Napres

and analogously

|| V (1 - 65)2 - t2VAfE,5||L2(Rnx[,1+5571755]) < Na,b,B,67

thanks to (321I), 322, and (323). Letting § tend to zero, we find that

V(1 —=06:)% — t2vAf€||L2(R”><[71+§E,17§E]) S Nap,Be
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which makes it possible to integrate in time by parts the first term in B, 5, obtaining
Bes(z,t) = — = Vyfe(y,8) - [i(ac(s)(y +b(s)) — ac(t)(x + b())))05 " (y, 5) dyds

= | Vifey.s) - [2(A(x) — Ay)]65 " (y. s) dyds

R™

R Fe(y, 9)[2in(a=(t) — az(s))+(Vy - A(y) =V - A(2)))05 " (y, 5) dyds.

This, together with the fact that A € Che, allows us to finally get

loc?

(3.30) 1 Be.sll 2(rn —146.,1-5.]) < INab,Ae

when 0 < § < ., which improves ([3:23).

Thanks to the above convergence results, we have f. is in C°°((—1,1), L?(R"))
and H. 5 converges uniformly on compact sets of (—1,1) to H.(t) = ||f-(t)|]*. Let-
ting § and € tend to zero, we finally get

@@y (1))12 < sup el u(t) || 2T OTM OV
te[—1,1]

when [¢| < 1, with

{at (%@M) = _%HVHioo’
M(-1)=M(1) =0.

Notice that M is even, and

= HV||L°C/ / des in [0, 1],

and, since a is monotone in [0, 1], we get (m) Using ([B27)) again, analogously
we have

dde |12

[V (1 =6c)% =12V a(eBe= =l 96,5)‘|L2(Rﬂ><[—1+65,1—65])
+ CallV/ (1 = 55)2 =V age sl L2 mnx(—146.,1-6.))

+ Call V(1 = 6)* = 2xGe 5| L2 (Ro x [~ 146.,1—6.])

HVHLOC

< C2lVllLoot sup [l u(t)|| + 6Nuc a5,
t

€[—1,1]

for C = C(||V||lo,ll2"Bl|,,)- Letting § and & go to zero, we get (BI3) and we
conclude the proof. |

4. PROOF OF THEOREM [I.J]

For convenience, we will denote

(4.1) Mp = 2||z" B3 < +o0,
v
(4.2) My = 2|[V|| o + == < +o00.

The proof is divided into several steps.
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4.1. Cronstrom gauge. The first step consists of reducing to the Croénstrom
gauge
x-A(x) =0 forall z € R",

by means of the following result.
Lemma 4.1. Let A = A(z) = (A'(z),...,A™(z)) : R* = R", forn > 2 and

denote B = DA — DA" € My, xn(R), Bjr = A% — Ay, and ¥(x) := z'B(x) € R™.
Assume that the two vector quantities

(4.3) /1 A(sx)ds € R™, /1 U(sz)ds € R"

are finite, for almost Zvery x € R”; moreover,o define the (scalar) function
(4.4) p(r) = /1 A(sx)ds € R.

Then, the following two identities hold:O

(4.5) A(z) := A(z) — Vo(z) = — /01 U(sz)ds,

(4.6) 2'DA(z) = —¥(z) + /01 U(sx)ds.

Remark 4.2. Notice that
(4.7) z-Alz)=0, x-2'DA(z)=0.

From now on, we will hence assume, without loss of generality, that ([@7) are
satisfied by A. Observe moreover that assumption (7)) in Theorem [[3lis preserved
by the above gauge transformation, and we have in addition that A-£ = 0. We
also remark that
|7 + 2" Bl < M.

Finally notice that the first condition in (&3] is guaranteed by the assumption
Ae Cllo’i in Theorem [L.3

We mention [16] for the proof of the previous lemma; see alternatively Lemma
2.2 in [IJ.

4.2. Appell transformation. Following the strategy in [TOl[10], the second step is
to reduce assumption (IIT]) to the case a = 8, by pseudoconformal transformation
(Appell transformation).

Lemma 4.3 ([1], Lemma 2.7). Let A = A(y, s) = (A'(y, s),..., A" (y,s)) : R*1 —

R™, V =V(y,s), F=F(y,s) : R" = C, u=u(y,s) : R" x [0,1] = C be a solution

to

(4.8) Osu=1(Aau+V(y,s)u+ F(y,s)),

and define, for any o, > 0, the function

(4.9) u(x,t) = __vaB  \* u zvaf , tB e AT 5T
af(l—t)+pt a(l—t)+ 0t a(l —t)+ St

Then w is a solution to

(a—B)A -z

(4.10) 6,*,% =1 (Aga + m

a+ﬁ@¢m+ﬁ@¢0,
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where
(4.11)
-~ JaB z\/ap tp
Al D= Sy vt (a(l —t)+ Bt a(l-1) +5t) 7
(4.12)
- B af zv/of s
Vet = aa—n+pe” (a(l — )+ Bt a(l 1)+ 5t> ’
(4.13)
L VaB \' [ uyap 1\ et
Fet = (M) F(a(l—t)+6t’a(1—t)+ﬁt)e o

Remark 4.4. The term containing A -z vanishes (see Remark L2l above). Moreover,
assumptions (A1) and [@2) still hold for B and V. We finally remark that A is
time dependent. Nevertheless, notice that

(4.14) z-Ay(z) =0, €-Ax)=0,
for all x € R™,t € [0,1].

By direct computations, we have

L2 L2 L2 L2
e*su(0)|| =llesZu(0)| , |leFu(l)]] =|e-Tu(l)|
L? L2 L2 L?
L2 2
sup ||e? u(t = sup [|e(at+p0-0)2 y(t)
te[0,1] L2 tel0,1] L2

For convenience, we change the time interval in [—1,1]: let v(z,t) = 2‘%1(%, .
The function v is a solution to

Ov =1(Aqv+Vv), inR"x[-1,1],
with

Az, t) = %A (% %) L V() = %v (% %) .

The assumptions of Theorem still hold (up to a change of the constants), and
moreover

L2 L2 L
ez p(0) = |le’«F u(0) =|le sz u(0)||
L2 L2 L2
L2 L2 L2
ezBy(l)|| =|le*ru(l)| =|e-zu(l)| .
L? L? L?
|12 L2 o
sup |le2eBu(t = sup |le=Fu(t)|| = sup |lelt+rsG-0Zqy(t)
te[—1,1] L2 te[0,1] L2 te(0,1] L2
We set
1
(4.15) pi=—.
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The basic ingredient of our proof is the following logarithmic convexity estimate:

112

(4.16) sup He“"lzv(t)‘ = sup ||e(at+80-0Z y(t)
te[-1,1] L2(R™)  teo,1] L2(R)
B(1—t) at
|12 at+B(1—1) 112 ot FB(1—1)
< C sup ||e? u(-,0) ea?u(-1)
te[0,1] L2 L2
|2 |2
<C|lllefu-0) +|eau(-1) < 400,
L2 L2
with
|12
C=C|abp, ||£CtB||Loo, ||V1||L°<>7 sup ||e(et+801-1)2 ‘/2(.715)
te[0,1] Lo

,esupte[o,l]Hsvzc,t)nm) .

For the proof of (£I6]) see Theorem 1.5 in [I]. From now on, we denote v, A and
VY by u, A and V.

We follow the same strategy as in [I0], which is based on an iteration scheme.
The argument here is a bit more delicate, due to the presence of additional terms
involving the magnetic field.

4.3. Conclusion of the Proof. We now apply an iteration scheme which is com-
pletely analogous to the one performed in [I0]. The idea is to get the best possible
choice for a(t) such that an estimate like

2
(4.17) e (®)1#! w(@, )| oo (—1 1 p2@ny < Cles B, T [V oo, MB)

holds. In order to do this, we will construct a as the limit of an appropriate
sequence a;(t), having in mind the improvement result of Lemma B33 At each
step of the procedure, assumptions ([B.10) and (B.II)) have to be checked. Also the
curve b(t) = b(t)¢, with £ € S"~1 as in (7)), is naturally involved in the following
argument.

4.3.1. Iteration scheme. Let us first construct the iteration scheme. Assume that k
even and smooth functions a;: [~1,1] — (0,+00) and Cy; >0, j = 1,...,k, have
been generated, such that

(4.18)

p=ay <ag <---<ap in(-1,1),

a; <0 in [0,1], F(a;) >0 in[-1,1], a;(£l)=p,
] 2 1o 2

supye_1,1) e O u(-, )] < eMefo sesdseMv gup, o flet! Pl 1)),
aj+%\z|2 as (8)z]2

V1 —1t2V s(e 7 " 5% u)||L2(R”><[—1,1]) + Co,[[V1 = t2e ()| VAU’HLQ(]R"X[—LI])

2
< CeMVsupyey yller! Tul, 1),

where C' = C(||V|| . l|z'Bll) >0, forall j =1,...,k.
The construction is identical to the one in [I0]; we repeat it here for the sake of
1

completeness. In order to simplify notation, set ¢, := a, 2. Let by: [-1,1] — R be
the solution to

T F(ar) _ -3 ..
(4.19) b = =L = 20, (166, % - &),

br(£1) =
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Observe that by, is even and
1 s
F
(4.20) be(t) = / / ) ygs i [21,1);
¢ Joo ar(T)
moreover, b, < 0 in (0,1]. Now apply (312)) in LemmaB3 with a = ax and b = by,
for n € RE = {p& | p € R}. We get

(4.21) Heak(t)l'+bk(t)7]‘2u(.7t)‘|L2(Rn) L elsW+My oy ||eu|~\2u(.7lg)HLz(Rn)7
te[—1,1]

with
72 2 2
8,5 (%ang) = — (lek"(a‘:)‘ + MB) — (F(asi)hﬂ + MB) in [_1’ 1]7
Ti(£1) = 0.
T} is even and, remembering that ag(s) < ap(7) if 7 < s,

1 prs 2
o= | (“’“(j; Flax(r))lnl -l—ak(S)MB) drds

ag( ag(T)
2 [ " Plax(r)) s lsa s)ds
<|n /t /0 an () drd +MB/t k(s)d

:bk(t)|77|2 + Mg / sag(s) ds,
¢

for t € (—1,1). Therefore the right hand side of (£2I]) can be estimated as follows:

/ e2ak(t)|m+bk(t)"7‘2‘u(t)|2dx<ebk(t)‘n‘zeMBftlsak(s)dSeMV sup ||e“|‘|2u(-,t)||.
te[-1.1]

Consequently we obtain

/ 20k (D)1 —20°bi (1) (1= ()b () H4ax (b (D1 (12

(4.22) P )
<eMelisan@dseMvqup ler Ty (- 1)
te[—1,1]

Notice that, since ay, is continuous in [—1,1], we can estimate
eMB ftl sak(s)ds < Ck < +o0.

By ([4.22)), the check to be performed is concerned with the sign of 1—a(0)by(0).

If 1 — ax(0)b(0) < 0, then by [@22)) u = 0 and the scheme stops.

If 1 — ar(0)bg(0) > 0, then 1 — ax(t)bk(t) > 0 for all ¢ € [—1, 1], because of the
monotonicity of ay and by. In this case, we define the (k + 1)—th functions a4
and ¢4 as follows:

ag _1
4.23 - 3
( ) Ak+1 1— apby’ Ck+1 = Qg {4

We prove that the new defined aj; verifies the requests of ([@IR). Indeed it is
easily seen that ayy1 is even, ap41(£) = p, ar < agy1 in (—=1,1), ax+1 < 01in [0,1].
The proof that F(axy1) > 0 in [—1,1] deserves some comment: recall that

Flaps1) = 26,11 (166,23 — 1)
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moreover, from (23],

[N

Ck+1 = (Ci - bk) )
b? .
Cha1 = Cppq | 16 — Zk + cxlrby — ¢Rby — 16, %Dy | .
From (@I8) and @20), we get éxby < 0 and 16bgey > 4 b7 > 0 in [~1,1]; hence
_3 .
16Ck+1 — Cky1 > 0.
Multiplying @22) by exp(—2eby(t)|n]°), € > 0, and integrating the correspond-
ing inequality on the line R, with respect to 1, we get

(4.24) sup [l Oy )| < Cu(1+e ) EeM sup e Pu(, )],
te[—1,1] te[—1,1]
with
ot _ (1+€)ak .
k1 14+¢e— akbk

Thanks to [@24]), we have
sup ||e(“’“+1(t)_€)"|2u(-,t)|| < 400, foralle>0.
te[—1,1]

Using the previous estimate, we can conclude that (£I8) holds up to j = k + 1,
thanks to Lemma

4.3.2. Application of the iteration scheme. Let us describe the first step of the
iteration. Choose aq(t) = p, for all t € [—1,1]; obviously {I8) holds. Set by to be
the solution to (@I9), that is,

bi(t) = 16p(1 —t?), te[-1,1].
We need the following preliminary result, already proved in [I], which will be useful

in the sequel.

Lemma 4.5 ([I], Theorem 1.1). In the hypotheses of Theorem [[3] if af < 2, then
u=0.

Proof. The condition o < 2, namely p > 1 by (@IF), is equivalent to 1 —
a1(0)b1(0) < 0. Then u = 0 by the above arguments based on [22), and the
proof is complete. O

By means of the previous lemma, we only need to consider the range aff > 2,
ie. p < i.

Apply the above described iteration procedure. If there exists k& € N such that
1 — ar(0)br(0) < 0, then v = 0 and the procedure stops. If for all & > 1 we have
1 — ar(0)be(0) > 0, the above described iteration produces an increasing sequence
(ar)k>1 of functions verifying (LI8). Set

a(t) == liinak(t), tel-1,1].
We now need to distinguish two cases.
Case 1: limy ax(0) < +oo. In this case, from [@I8]) we have

sup ([P u(, o) < eMeJo s dseMygup ey (- 1)),
te[—1,1] te[—1,1]
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iay| |2 a(t)—e)|z|?
V1= 29 (et E1 0| gy +Call VT = 26O g g 4y
<C sup el P,
te[—1,1]

for some C' = C(||V]| ., |z"B]|,,) > 0.
Moreover, a can be determined as the solution to a suitable ordinary differential
equation (see [I0] for details). One has
R
L —
alt) 4(1 + R%t2)’

where R > 0 is such that
R

=10+ Ry
This forces 1 < 3. Estimate (LIZ) hence immediately follows after inverting the
changes in Section

Case 2: limy ax(0) = 4+o0. In this case, if fol sa(s)ds < +oo, then (LI8) forces

u = 0. If otherwise fol sa(s)ds = +oo, we need a more detailed analysis. For all
k > 1, let s; be the maximum point of say(s) in [0, 1]; from (I8]) we have

v 2
2|V oo + 114

o> e sup ||e#|-\2u(.7t)||>/ (2 (O)lal*~Ms [} sai()ds|y (0) 2 g

te[—1,1]

> / 2o Ol =Moo b3y (0)[* da > / ¢2x0)(1a*=M5 ) 1, 0)|? d.
If there exists a subsequence (sg, )5 such that s, — 0, then the previous inequality
implies that w(0) = 0 in R™, i.e. u = 0. If no subsequences of s; accumulate in 0,
take § > 0 as a limit point of (sg)g; the previous inequality implies that «(0) = 0
in the complementary of the ball centered in the origin of radius (Mpgs)/2. As a
consequence, by (L.IT)), one can take $ > 0 arbitrarily small; then, by Lemma [£35]
we conclude that © = 0 in this case.

In conclusion, we summarize the above argument as follows: if p > %, then
necessarily we are either in Case 2 or in the case in which the scheme stops in a
finite number of steps. In both cases, we proved that u = 0; if u < %, one can prove
the logarithmic convexity estimates in (LI2]), by the arguments described in Case
1 above and the inversion of the changes of variables of Section [£2] for which we
omit further details.
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