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CRYSTALLOGRAPHIC ACTIONS ON CONTRACTIBLE
ALGEBRAIC MANIFOLDS

KAREL DEKIMPE AND NANSEN PETROSYAN

ABSTRACT. We study properly discontinuous and cocompact actions of a dis-
crete subgroup I' of an algebraic group G on a contractible algebraic manifold
X. We suppose that this action comes from an algebraic action of G on X such
that a maximal reductive subgroup of G fixes a point. When the real rank
of any simple subgroup of G is at most one or the dimension of X is at most
three, we show that I is virtually polycyclic. When T is virtually polycyclic, we
show that the action reduces to an NIL-affine crystallographic action. Special-
izing to NIL-affine actions, we prove that the generalized Auslander conjecture
holds up to dimension six and give a new proof of the fact that every virtually
polycyclic group admits an NIL-affine crystallographic action.

1. INTRODUCTION

The study of crystallographic groups and actions already has a long history.
The original concept was that of the Euclidean crystallographic groups. These
are discrete and cocompact subgroups of the group of isometries of a Euclidean
space. The crystallographic groups are then exactly those groups acting properly
discontinuously, cocompactly and isometrically on a Euclidean space. These groups
are well understood by the three Bieberbach theorems derived almost a century
ago (see [5], [6]). The first Bieberbach theorem describes the algebraic structure
of such crystallographic groups and implies that all of them are virtually abelian.
The torsion-free crystallographic groups, called Bieberbach groups, are exactly the
fundamental groups of the compact flat Riemannian manifolds.

About half a century later, L. Auslander in his fundamental paper [3] generalized
the first two Bieberbach theorems to the class of almost crystallographic groups.
These are subgroups of Isom(N), the group of isometries of a 1-connected nilpotent
Lie group N equipped with a left—invariant Riemannian metric, acting properly dis-
continuously and cocompactly on N. The generalization of the first theorem implies
that any almost crystallographic subgroup is virtually nilpotent. The torsion-free
almost crystallographic groups are then the fundamental groups of the almost flat
manifolds in the sense of Gromov (see [22], [31]). Although this is of no influence to
the sequel of our paper, we note that the generalization of the second Bieberbach
theorem in [3] is not correct. See [23] for the right generalization.
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Around the same time and in connection with the study of affine manifolds,
one also started to deal with affine crystallographic groups. These are subgroups
of Aff(R™), the group of invertible affine motions of a Euclidean n-space, acting
properly discontinuously and cocompactly on R™. For this class of affine crystal-
lographic groups, an analogue of the first Bieberbach theorem has not yet been
proven. In fact, two main problems, which are more or less converses of each other,
have been dominating much of the research in this field. The first problem is a
question posed by J. Milnor in 1977 (see [27]), who asked whether or not it was
true that any torsion-free polycyclic-by-finite group could be realized as an affine
crystallographic group. On the other hand, there is a conjecture due to L. Auslan-
der (see [4]) stating that any affine crystallographic group is polycyclic-by-finite.
In fact L. Auslander formulated this as a theorem, but it has been shown that his
proof contains a gap and since then it is referred to as Auslander’s conjecture. It
is clear that a positive answer to both Milnor’s question and Auslander’s conjec-
ture could be interpreted as a first Bieberbach theorem for affine crystallographic
groups (giving a clear description of their algebraic structure). Unfortunately, the
answer to Milnor’s question is negative, even for nilpotent groups, as was shown
by Y. Benoist in [8]. Moreover, the Auslander conjecture is still open and is only
known to hold up to dimension 6. (In fact, to our knowledge, a full proof has only
been given up to dimension 3 (see [2I]) and a positive result up to dimension 6 has
been announced in [I].)

Inspired by the negative answer to Milnor’s question, one has been looking for
other possible generalizations for which the analogue of Milnor’s question has a
positive answer. The first positive result in this direction was given in [I8]. Tt
was shown that any polycyclic-by-finite group admits a properly discontinuous and
cocompact action on some R™ where the action is given by polynomial maps of
bounded degree. So, although not all torsion-free polycyclic-by-finite groups can
be realized as affine crystallographic groups, they can be realized as polynomial
crystallographic groups.

To introduce yet another generalization, we again consider a 1-connected nilpo-
tent Lie group N, and define the affine group of N to be the group Aff(N) =
N xAut(N) acting on N by (m, h)-n = mh(n), for allm,n € N and all h € Aut(N).
A subgroup I' C Aff(N) acting properly discontinuously and cocompactly on N is
called an NIL—affine crystallographic group. For N = R", this immediately reduces
to the ordinary case of affine crystallographic groups. It has been shown in [I7]
and independently in [7] that any torsion-free polycyclic-by-finite group can also
be realized as an NIL-affine crystallographic group, so also in this situation the
analogue of Milnor’s question has a positive answer.

On the other hand, for all of these possible generalizations one can also study
a generalized version of Auslander’s conjecture. Some results in this direction for
polynomial and NIL-affine actions can be found in [I3]16].

However, up till now, all approaches to the Auslander conjecture and its gener-
alizations have been dealing with the specific situation (affine, polynomial or NIL-
affine). In this paper we introduce a unified approach to all known generalizations
of the concept of a crystallographic group and start the study of the generalized
version of the Auslander conjecture in this most general setting.

The general setting is obtained by replacing R™ or the 1-connected nilpotent
Lie group N (i.e. the space on which the crystallographic groups are acting) by
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a contractible real algebraic manifold X and by considering subgroups I' C G, or
slightly more general representations p : I' = G, where G is a real algebraic group
acting algebraically on X.

Definition 1.1. Let G be a real algebraic group acting algebraically on a con-
tractible real algebraic manifold X. A representation p : I' — G letting I' act
properly discontinuously and cocompactly on X is an algebraic crystallographic
action. The image p(I") is said to be an algebraic crystallographic group.

In the case where no confusion is possible, we will just talk about crystallographic
actions and crystallographic groups.

In the examples above, the groups Isom(R"™), Isom(N), Aff(R™) and Aff(N) are
indeed algebraic groups acting algebraically on R™ (or N which is isomorphic to
R"™ as an algebraic manifold). Also, in the case of crystallographic groups of poly-
nomial actions of bounded degree, the action factorizes through the action of a real
algebraic group, as it is explained in [9]. It follows that all types of crystallographic
groups considered thus far are also algebraic crystallographic groups.

In all of the above types of crystallographic groups, a key observation is that a
maximal reductive subgroup of the algebraic closure of I' has a fixed point. This
leads us to the following generalization of Auslander’s conjecture:

Question 1: If a maximal reductive subgroup of G fixes a point
of X and T' acts crystallographically on X via a representation
p:T'— G, is I virtually polycyclic?

Note that a positive answer to this question would provide a full geometric char-
acterization of the class of polycyclic-by-finite groups. Indeed, we already know
that any such group admits an algebraic crystallographic action (e.g. an NIL-affine
crystallographic), and a positive answer would imply that these are the only groups
admitting a crystallographic action with the extra condition that a maximal reduc-
tive subgroup of G has fixed point.

Using results of Section 2, we can equivalently ask a more specific:

Question 2: Let I' be Zariski dense in a connected algebraic group
G. Let R be the radical, U be the unipotent radical, and H be a
maximal reductive subgroup of G. Let V be a closed subgroup of
U normalized by H. Define a left action of G on the homogeneous
space U/V of left cosets by

wh - [u] = [whuh™', Vu,w € U,Yh € H.

If ' N R = {e} and the action of T on U/V is crystallographic, is
T trivial?

Expanding on the results of Soifer and Tomanov on affine actions by generalized
Lorentz motions (see [33] Theorem A], [34, Theorem A]), we derive the following
theorem, which can be seen as a first positive indication for the general Auslander
conjecture.

Theorem A (Theorem BI)). Let I' be a subgroup of an algebraic group G. Let
G = UH where U is the unipotent radical and H is a mazimal reductive subgroup.
Suppose G acts algebraically on a contractible algebraic manifold X such that there
exists xg € X with Hxg = xg. Suppose I acts crystallographically on X .

(a) If the real rank of any simple subgroup of G does not exceed one, then I" is
virtually polycyclic.
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(b) If T' is a wvirtually polycyclic, Zariski dense subgroup of G, then X is G-
equivariantly isomorphic to U with the G-action given by

wh - u = whuh™, Yu,w € U,VYh € H.

The second part of the theorem may be interpreted by deducing that every
such action must necessarily be NIL-affine crystallographic and in this sense rigid
(see Remark B2)). To illustrate the practicality of this result, for an arbitrary
virtually polycyclic group I', we construct a crystallographic action on a contractible
algebraic manifold and use this rigidity to obtain that I' admits an NIL-affine
crystallographic action (see Theorem B.3]). In this way, we give a new proof of the
aforementioned result appearing in [I7] and in [7].

Next, we specialize to NIL-affine crystallographic actions and show that the
generalized Auslander conjecture remains valid up to dimension 6.

Theorem B (Theorem BA). Let I' be an NIL-affine crystallographic group of a
1-connected nilpotent Lie group N. If the real rank of any simple subgroup of the
algebraic closure of T' does not exceed one, then ' is virtually polycyclic and N is
isomorphic to the unipotent radical of the algebraic closure of T'.

Theorem C (Theorem B.6). Suppose T' is an NIL-affine crystallographic group of
a 1-connected nilpotent Lie group N of dimension at most sixz. Then I' is virtually
polycyclic and N is isomorphic to the unipotent radical of the algebraic closure of
Ir.

At last, we consider groups that admit properly discontinuous actions on a con-
tractible algebraic manifold of dimension at most three. Consequently, we answer
Question 1 affirmatively up to this dimension.

Theorem D (Theorem B7). Let T be a finitely generated Zariski dense subgroup
of a connected algebraic group G. Let H be a maximal reductive subgroup of G.
Suppose G acts algebraically on a contractible algebraic manifold X such that there
exists xg € X with Hxg = xg. Suppose I' acts properly discontinuously on X.

(a) If dim(X) = 2, then T is virtually polycyclic.
(b) If dim(X) = 3 and T is not virtually polycyclic, then T is virtually free and

X is G-equivariantly isomorphic to R®, where G acts by Lorentz transfor-
mations on R3.

For examples and a survey of actions by Lorentz transformations, we refer the
reader to [19], [20], and [14].

2. CRYSTALLOGRAPHIC ACTIONS

In this section, we derive the necessary lemmas for our main results. We say that
X is an algebraic manifold if it is a nonsingular real affine variety (see [10], [32]). By
an isomorphism of algebraic manifolds, we mean an isomorphism (biregular map)
of the affine varieties. We say that an algebraic group G acts algebraically on X if
the action map G x X — X is a morphism of algebraic varieties. By an algebraic
group, we will always mean a real algebraic group, which in turn will be the set of
real points of a linear algebraic group.

In the general setting, I will be a subgroup of a real linear algebraic group G that
acts algebraically on a contractible algebraic manifold X such that the restriction
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of the action to I' is properly discontinuous and cocompact. As already stated in
Definition [T, we will call such an action by I' crystallographic.

Note that, since G acts continuously and I' acts properly discontinuously on X, I'
must necessarily be discrete in G. Of course, the notions “properly discontinuous”
and “discrete” refer to the usual topology and not to the Zariski topology.

The first few lemmas we present contain some small but indispensable results
related to properly discontinuous and cocompact actions.

Lemma 2.1. Suppose G is a group acting on a locally compact Hausdorff space X .
Let m: X — X/G denote the natural quotient map. Then, for any closed compact
subset K C X/QG, there exists a compact set K' C X such that m(K') = K.

Proof. Let S be the preimage of K. Since K is closed, S is also closed. For each
x € S, let U, be a neighborhood of z in X such that U, is compact. As {U, | z € S}
covers S, {m(U) | # € S} is an open cover of K. So, we can find a finite subcover
{r(Us,) | wi € S,i € I} of K. Let K' = J;¢; Uz, NS. Then K is a closed subset
of a compact set and it is therefore compact. Clearly, 7(K') = K. |

Lemma 2.2. Let T" be a group acting properly discontinuously and cocompactly on
a connected locally compact Hausdorff space X. Then I is finitely generated.

Proof. By Lemma 2], we can find a compact subset C of X such that I'C = X.
Let U be an open subset containing C' such that U is compact. Then, the set
F ={yeTl |yUNU # 0} is finite. We claim that I = (F).

Let A = (F) and set A = |J, o7V and B = |J,cp ,7U. Since A and B are
open and AU B = X, it follows that either AN B # ) or B = 0. If B # (), then
there exists 7/ € I' \ A for which /U N A # (). Hence, there exists v € A such that
y'U N~U # (). This implies v~ 1Y'U NU # (), showing that y~!'4’ € A. But then
~" € A, which is a contradiction. Thus, B =0 and I' = A. O

The following is a well-known fact on aspherical manifolds (see 8.1 of [12]).

Lemma 2.3. Let ' be a group acting freely and properly discontinuously on an n-
dimensional, contractible topological manifold M without boundary. Then cd(T") <
n with equality if and only if M /T is compact.

In our study of algebraic actions, we will often deal with actions of unipotent
groups and their homogeneous spaces. In the next lemma, we collect some basic
results in this context.

Lemma 2.4. Suppose U is a connected, unipotent group.

(a) IfV is a closed, connected subgroup of U, then U/V is an algebraic manifold
isomorphic to R* where k = dim(U) — dim(V).

(b) Suppose U acts algebraically on an algebraic manifold X. Then, for each
x € X, the orbit Ux is Zariski closed in X. Also, the isotropy group U, of
x s a connected subgroup of U.

(c) With the assumptions of part (b), for each x € X, Uz is isomorphic to R¥
where k = dim(U) — dim(U,,).

Proof. Let {X1,...,X,} be a weak Mal’cev basis of the Lie algebra u through the
subalgebra v where U = exp(u) and V = exp(v). Then the map ¢ : R¥ — U/V
given by

(tl, ey tk) — exp(thn,kH) e exp(thn) -V
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is an isomorphism of algebraic manifolds (see Theorem 1.2.12 and preceding Remark
1 of [15]). This proves (a).

The fact that the orbit Ux is Zariski closed in X is now standard and was first
proven independently by Kostant and Rosenlicht (see [30]). For the second part of
(b), we let u € U, and note that the one parameter subgroup u! is the minimal
algebraic subgroup containing u. Therefore, ut < U,, proving that U, is connected.

Part (c) follows directly from (a) and (b). O

The next lemma is a generalization of a result first observed by Margulis on
affine crystallographic actions (see Prop.1 of [33]).

Lemma 2.5. Let T be a subgroup of an algebraic group G. Let G = UH where U is
the unipotent radical and H is a reductive subgroup. Suppose G acts algebraically on
a contractible algebraic manifold X such that there exists g € X with Hxg = xg.
If T acts crystallographically on X, then U acts transitively on X .

Proof. Since I' acts crystallographically, by Lemma [Z.2] it is finitely generated. By
Selberg’s Lemma, we can find a torsion-free subgroup I'V of finite index in I'. By
Lemma 233 ¢d(I”) = dim(X), implying ved(T") = dim(X).

On the other hand, Uzg = Gxg is I'-invariant. By Lemma [Z4] it is a closed
and contractible submanifold of X. This implies ved(I') < dim(Uzg), resulting in
dim(Uzp) = dim(X) and hence Uzy = X. O

In our study of algebraic crystallographic groups, we will often be able to reduce
the situation by first studying the radical of the algebraic group G. With this in
mind, next we will derive a few necessary results in case G is solvable.

Lemma 2.6. Let 'y be a Zariski dense, solvable subgroup of an algebraic group G .
Let G1 = Uy Hy where Uy is the unipotent radical and Hy is a reductive subgroup.
Then, there exists a compact subset K C Uy such that G, =T KH;.

Proof. Since (G has a finite number of connected components, we can assume it is
connected. As a general fact, the commutator subgroup [I'1,T'1] is Zariski dense in
[Gl, Gl] (See p59 of [11}) Let GQ [Gl, Gl] and FQ G2 ﬂFl Then [Fl, Fl] < FQ.
So, I'y is Zariski dense in Go. Let G1 = (G1/Gy and F1 =Ty /T5. Since Gs is
unipotent, we can find a compact subset K such that Go = I'> K> (see 2.3 of [29]).
Since G1 is abelian, there is a natural epimorphism 1 : Gi1— U, onto the unipotent
radical U;. It follows that the image ’(/J(Fl) is Zariski dense inside U; (see p.57 of
[11]). So, there exists a compact subset K1 in Uy such that U; = w(Fl)Kl This
shows that G1 I‘lK 1H 1 where H 1 is the maximal reductive subgroup of G1

Let G; = Uy H1 where Uj is the unipotent radical and H; is a reductive subgroup.
Denote by ¢ : G1 — G the natural quotient homomorphism and note that ¢(U;) =
U, and o(Hy) = Hy. Let K be a compact subset of Uy such that ¢(K;) = K.
Then, we have G1 = FlGQKlHl = FlKQKlHl and KQKl Q Ul. This finishes the
proof. O

Lemma 2.7. Let 'y be a Zariski dense, solvable subgroup of an algebraic group
G1. Let Uy be the unipotent radical and Hy be a maximal reductive subgroup of
G1. Suppose G1 acts algebraically on a contractible algebraic manifold X such that
there exists xg € X with Hyxg = x¢ and suppose the restriction of the action to
T’y is properly discontinuous. Then, I'1 acts crystallographically on the orbit space
Gizo and Uy acts freely and transitively on Gxg.
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Proof. The fact that I'y acts crystallographically follows directly from Lemma
Transitivity of the action of U; is clear. Next, we show that this action is also free,
i.e. Uy acts freely on Ujxg.

In fact, it is enough to show that for each nontrivial u € Uy, uxg # zg. Suppose
otherwise, that an element u in U; fixes xg. By Lemma [2.6] we have that for each
integer 4, u* = ~v;c;h; where v; € I'1, ¢; € K, and h; € Hy. Then, u'zy = vicixo.
Suppose the set & = {7; | i € Z} is finite. Then, there exists an infinite subsequence
{u%} such that v’ = yci hi, where v € &, ¢;; € K, and h;; € Hy. Let v = v,
where 7, € U; and ~y, € H,. Since u% = YuYhCi; ngvhhi]., it follows that y,h;; =1
for all j. Then u% = v,y 7, ', showing that the set {u% | j € Z} is contained
in the compact set {~, } K, which is clearly a contradiction. Hence, <7 is infinite.
Now, we have x¢ = u'xy = y;c;zo for all i. This implies that the set

{’yEFl | K.’L‘()ﬁ’}/KJ?Q#Q}

is infinite, which is again a contradiction. O

Lemma 2.8. Let I'y be a discrete, finitely generated, Zariski dense subgroup of a
connected solvable algebraic group G1 = Ui Hy, where Uy is the unipotent radical
and Hy is a reductive subgroup. Suppose G1 is a normal subgroup of an algebraic
group G and assume G acts algebraically and transitively on an algebraic manifold
X such that there exists xg € X with Hizg = xg. Let Q = GYNTy. Then there
exists a connected Lie subgroup L of G¢ such that Q is a cocompact lattice in L,
the commutator subgroup [G1,G1] is in L, and Lz = Gz for allx € X.

Proof. As before, let Gy = [G1,G1] and I'y = 'y N Go. Then T’y is Zariski dense
in Gy. Since Gs is unipotent, I's is a cocompact lattice. Let A = Q/T'y and
T = GG1/G2. Then A is a finitely generated subgroup of the abelian group T'. Using
one-parameter subgroups, we can easily construct a connected Lie subgroup A of
T such that A is a cocompact subgroup of A. Now, we let L be the preimage of
A under the epimorphism of G; onto T. Clearly, Gy < L and 2 is a cocompact
lattice in L.

For a given x € X, there exists a maximal reductive subgroup of G that fixes it,
which implies Giz = Uyz. We claim that Lz = U;z. To see this, it suffices to show
that the standard projection from Gy onto U; (mapping uih; to uy for uy € Uy
and h; € H;) remains onto when restricted to L. By taking quotients with Go, we
can reduce to the abelian case where T" maps onto its unipotent radical V' via the
standard projection 7 : T'— V. Since A is a finite index subgroup of I'; /Ty, the
projection 7(A) is a finite index subgroup of 7(T';/T'2). Because I'1 /Ty is Zariski
dense in T', m(T'y /T'3) is Zariski dense in V. This implies that 7(A) and hence 7(A)
are Zariski dense in V. Since m(A) is a connected Lie subgroup of V, we deduce
that w(A) =V. O

The following lemma provides us with a key tool to use an induction approach
for the study of algebraic crystallographic actions.

Lemma 2.9. Suppose I is a Zariski dense subgroup of an algebraic group G. Let
I’y be a solvable normal subgroup of I' and G be the algebraic closure of I'v. Let Uy
be the unipotent radical and H1 be a mazimal reductive subgroup of G1. Suppose
G acts algebraically on a contractible algebraic manifold X such that there exists
xg € X with Hxy = x¢ where H is a mazimal reductive subgroup of G containing
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Hy. Suppose I acts crystallographically on X. Then,

(a) Gizg is G1-equivariantly isomorphic, as an algebraic manifold, to Uy with
G1-action analogous to ().

(b) X = X/G1 is G-equivariantly isomorphic, as an algebraic manifold, to a
quotient of U by a closed connected subgroup where G acts as in ().

(¢) The group [ = /Ty is a crystallographic group of motions of X.

Proof. For part (a), Lemma [27] shows that Gixg is isomorphic to U;. The fact
that this isomorphism can be chosen to be G-equivariant will be evident from the
proof of part (b).

To prove (b), we note that, by Lemma 25 X = Uzy. The action of G on X
is transitive. It is not difficult to see that the isotropy group G;, at the point

To = Gixo of X is VH where V = U N G3z,. We define a left action of G on the
homogeneous space of left cosets U/V by

(1) wh - [u] = [whuh™Y], Yu,w € U,Yh € H.
Then, we have a G-equivariant isomorphism of algebraic manifolds
X~UH/VH~U/V.

Here, the second isomorphism is defined by [uh] — [u], for all w € U, h € H. This
proves part (b).

For (c), let K be a compact subset of X. Let K’ be a compact subset of X
mapped onto K by the projection of X onto X. Let us consider the sets

B={(7 T |FKNK # 0},
¢ ={y el |yK' NG K' #0}.

Let ¢ : T — [ be the quotient map. It is not difficult to see that o(%) = AB.
Now, from Lemma [Z.8 it follows that G1 K’ = QCK’ for some compact subset
C of GY and Q = GY NT;. We define

2 ={yeT | yCK' N CK' # 0}.

By our choice of the compact set C' it follows that € C I'1 2. Since I" acts properly
discontinuously on X, 2 is a finite set. It follows that Z C ¢(I'12) = ¢(2) and,
therefore, 4 is also finite. This proves that I' acts properly discontinuously on X.

To show that I' acts cocompactly, we note that X/I' = X/T" where ' acts
through the quotient I'/T;. As X/I is an image of the compact set X/I, it is
clearly compact. O

When considering algebraic crystallographic actions, by means of the previous
lemma, we will be able to assume that the crystallographic group I' intersects
trivially with the radical R of G and consequently that it embeds as a discrete
subgroup in G/R. We will therefore shift our attention to actions of semisimple
and more generally of reductive algebraic groups. The last part of this section is
devoted to the necessary results in this direction.
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Lemma 2.10. Suppose G is an algebraic group. Let R be the radical of G and let
S be the semisimple group G°/R. Suppose ' is a discrete subgroup of G° and is
Zariski closed in G. Set T’ = I'/RNT. Then T acts properly discontinuously on the
symmetric space Xg of S.

Proof. Since T is a discrete subgroup of G, by Corollary 5.4 in [2], it follows that
[ is a discrete subgroup of S. Let C' be an arbitrary compact subset of Xg. Let C’
be a compact subset of S such that 7(C’) = C where 7 : S — X is the quotient
map. Let K be a maximal compact subgroup of S and consider the sets

&={FeT |7CNC +0},
F ={7eT |3C'KNC'K +0}.

Since I is discrete, it acts properly discontinuously on S. Therefore, & = % is
finite. |

Lemma 2.11. Let u be a nilpotent real Lie algebra and let v be a subalgebra of u
that does not contain any nonzero ideal of u. Assume that ¢ € Aut(u) is such that
@(v) = v and denote by ¢ the induced linear map on u/v. If the restriction o), of
@ to v is not unipotent, then @ is also not unipotent.

Proof. Let us consider the complex Lie algebra uc = u ® C and its subalgebra
vc = v ® C. Tt is obvious that vc also does not contain any nonzero ideal of uc.
It follows that it is enough to prove the lemma in the case of complex Lie algebras
instead of real Lie algebras. Therefore, in what follows, we will drop the subscripts
C from our notation and assume that u and v are Lie algebras over C.

Let A= {9 € Aut(u) | ¢»(v) = v}; then A is an algebraic subgroup of Aut(u). It
follows that for every ¥ € A, its semisimple part s and its unipotent part 1, are
in A. Now, for the given ¢ we can also consider ¢, and it is obvious that ¢|b is not
unipotent if and only if the restriction ¢, of s to v is not unipotent. Moreover,
the induced map of ¢ on u/v is unipotent if and only if the induced map of g
on u/v is trivial. So, it suffices to show that there is no semisimple automorphism
¢ € Aut(u), with o), nontrivial and @ trivial.

We will prove this by contradiction and so we assume that such a semisimple
¢ exists. Let ¢ denote the nilpotency class of u and let 1 (u) = u and ;41 (u) =
[u,v;(u)] denote the terms of the lower central series of u. Then, v.(u) # 0 and
Yet1(u) = 0.

We define the following subalgebras of u:

Vie{l,2,...,¢}: v; =~ (u)No,
Vie{1,2,...,c}: u; =0+ ().
Then, we have v; = v and u; = u. In this way, we obtain a filtration of u:
0Co,C---CoaCo; Cuc C--- Cup Cuy.

Moreover, each term of this filtration is preserved by ¢. Let v.11 = 0 and u.4q1 =
v = v; and denote by I; = dimv;/v;41 and k; = dimu; /u;4q for 1 <i<ec. As g is
semisimple, we can choose a basis of the vector space u which consists of vectors

Vijen(1<i<c¢1<j<l) and Upgeu(1<p<c, 1<qg<k;)
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where each of these vectors is an eigenvector for ¢ and
v, =span{V;; |r<i<e, 1<j <} for all r € {1,2,...,¢c},
u, =span{U, 4 | r<p<e¢, 1<qg<k}+uv for all r € {1,2,...,c}.

We use A; ; € C to denote the eigenvalue corresponding to the eigenvector V; ;. By
the condition on ¢, we know that there is at least one pair (¢, j), with X; ; # 1.
Also, p(Up.q) = Up.q, since ¢ induces the identity on u/v. Let

io =max{i € {1,2,...,¢c} | Fj € {1,2,...,l.}: \i; #1}

and fix a jo € {1,2,...1.} with X;, j, # 1. For brevity, we will use A\g = A, j,
and Vo = V;, j,- Note that the choice of 7y implies that ¢ is the identity on v;,41.
Because of the fact that v is not an ideal of u, we know that there exists a vector
U € u with [U, V] # 0. So, there must also exist a basis vector U (V; ; or U, )
with [U, Vo] # 0. We distinguish two possibilities, each of which will lead to a
contradiction.

Case 1. There exists a vector Uy, 4 with [Up 4, Vo] # 0.

Let X = [Up,q, Vol; then ¢(X) = [¢(Upq), (Vo)] = [Up,g, AoVo] = Ao X, hence
X is a (non-zero) eigenvector for the eigenvalue A\g. If X ¢ v, this contradicts the
fact that ¢ induces the identity on u/v. Hence, we must have that X € v, but then
X € v;,41, contradicting the fact that, by our choice of ¢y, ¢ induces the identity
on v;,41.

Case 2. There is no vector U, , with [Up, 4, Vo] # 0, but [V} ;, V] # 0 for some (3, j).

Let ¢y = max{i € {1,2,...,¢} | 3j € {1,2,...,l.} : [Vi;, W] # 0} and choose
aj1 €{1,2,...,0;} with [V;, j,, Vo] # 0. We use the abbreviation V; = V;, ;, and
A1 = A;,j,- By the choice of i1, we know that [v;,41, Vo] = 0. We observe that
A1Ao = 1, otherwise, [V7, Vj] € v;,11 would be a (nonzero) eigenvector for ¢ for the
eigenvalue \gA; # 1, contradicting the choice of ig. So, we know that \; = 1/ #
1. As [V1, Vp] # 0, there exists a basis vector X of u with [X, [V4, Vi]] # 0. By the
Jacobi identity, we have that

(2) (X, Vi, VoIl = =[Va, Vo, X]] = [Vo, [X, Wl

First suppose that X = U, , for some values of p and ¢g. Since [Vp,Up 4] = 0, this
implies [Up, 4, V1] # 0. As [Up 4, V1] is an eigenvector of eigenvalue A; # 1, we must
have that [Up 4, V1] € v. Moreover, [U, 4, V1] € 7, +1(u) and hence [Up 4, V1] € v, 41.
But, by the choice of i1, this implies that [Vj, [Up,q4, V1]] = 0. This shows that both
terms on the right-hand side of () are 0, implying that also [X,[Vi,V]] = 0, a
contradiction.

Therefore, we may assume that X = V;, ;, for some pair (i2,j2). We use the
notation Vo = V;, ;, and A2 = A,, j,. Note that ¢[Va, [Vi,Vo]] = Aa[Va, [Vi, Vol].
Then [Va,[V1,V0]] is a nonzero eigenvector associated to the eigenvalue Ag. As
[Va, [V1, Vo]] € 0541, this implies that Ay = 1.

Now, we look again at the right-hand side of @), for X = V5. As [V, V4] € v;, 41,
we immediately have that [Vp, [Va, Vi]] = 0, by the choice of i1. As ¢([Vo, V2]) =
AoA2[Vo, Vo] = Ag[Vh, V2] and [V, V2] € 0,41, the choice of iy forces [Vy, Vo] = 0.
Again, both terms of the right-hand side of (@) are 0, leading to the fact that
[Va, [V1, Vo]] = 0, a contradiction. O
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Lemma 2.12. Let U be a 1-connected nilpotent Lie group and let H < Aut(U)
be a reductive subgroup. Assume that V- < U is a closed and connected subgroup
of U which is invariant under the action of H. Suppose that the induced action of
H on UJV is faithful. Then the corresponding action of H on the tangent space
Ty (U/V) of UV at €V is faithful.

Remark 2.13. First of all, we remark that the requirement that H is reductive is
necessary. Let U be the three-dimensional Heisenberg group

1 = =z
[,y,2]: =1 0 1 gy | z,y,z € R
0 0 1

and let V' be the subgroup {[z,0,0] | x € R}. It follows that we can identify U/V
with R? by the map

VUV = R?: [z, y, 2]V = (y,2).
Now, for all ¢t € R,
b U = U:[2,y,2) =[x+ ty,y, 2 + ty?/2]
is an automorphism of U, with ¢¢(V) = V. Each ¢; induces on U/V a map
¢ R? = R?: (y,2) = (y, 2+ t%/2).

Note that the differential of ¢; at (0,0) is the identity map and that {¢; | t € R} is
a unipotent subgroup of Aut(U) acting faithfully on U/V = R2.

Proof of Lemma 2121 Tt is not difficult to see that when V' is a normal subgroup of
U, the proposition is trivial to prove. In fact, even more is true. Let us explain that
we can discard the maximal normal subgroup N of U which is contained in V. It is
easy to see that N is a connected subgroup of U and that for every automorphism
¢ € Aut(U), with ¢(V) =V, we also have that ¢(N) = N.

There is a natural identification of the spaces U/V and (U/N)/(V/N), under
which the action of H on U/V can also be seen as an action of H on (U/N)/(V/N).
It follows that by replacing V' by V/N and U by U/N, we can assume that V' does
not contain any nontrivial normal subgroup of U.

Let us now denote by u the Lie algebra of U and by v the Lie algebra of V, so
v is a subalgebra of u. Any automorphism ¢ € Aut(U), induces an automorphism
d¢ € Aut(u) and vice versa. Of course ¢(V) = V if and only if d¢(v) = v. The fact
that V is a subgroup of U which does not contain a nontrivial normal subgroup of
U is equivalent to the fact that v does not contain any nonzero ideal of u. This, in
turn, is equivalent to the fact that v N Z(u) = 0.

To be able to describe the action of H on U/V, we will fix a diffeomorphism of
U/V with a finite dimensional real vector space, using a weak Mal’cev basis of the
Lie algebra u of U. We suppose that u is ¢-step nilpotent and define the subalgebras
u; = 7v;(u) + v forming a descending sequence

U=U; DU U3 2D+ DU 20 = Uy

of subalgebras, which are invariant under the action of H. Moreover, for any ¢,
u;41 is an ideal in u;. This will turn out to be crucial in what follows.

As in the proof of the previous lemma, we use k; to denote the dimension of
u;/u;41 and choose for each i elements X; 1, X;0,...,X;, in u; in such a way
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that the natural projections of these elements form a basis of u;/u;11. Then each
element u € U can be uniquely written under the form

(3)  exp(ti,1X1,1)exp(t1,2X1,2) - exp(tir, X1,x,)exp(ta1X21)
-+ exp(tek. Xek, ) exp(Y)
where ¢; ; € Rand Y € v. The map
WUV — RevFhatthe g (81 b0, otk B2y tek, )

where the ¢; ; are as in (@), is a diffeomorphism sending the point eV to the origin.

Now, consider an automorphism ¢ € H. Assume that there exists an ¢ €
{1,2,...c} such that ¢ (or rather d¢) does not induce the identity on u;/u;q;.
This means that there are real numbers a, 4, 1 < p,¢ < k; so that do(X; ) =
Zﬁ;l ap,qX;p and the k; x k;~matrix A = (ap,q) is not the identity matrix. Using
the fact that u;y; is an ideal in u;, we find that

@ (exp(ti,1 Xi1) exp(ti 2 Xi2) - - - exp(tin, Xik;))
= exp(D_ a14tigXin) exp(D | asgtiqXin) - exp(d_ ak, gtigXin,) - @
q q

q
for some « € exp(u;41). This means that for the action of ¢ on the space U/V =
RF1++ke we have that

(b' (0507"'a05ti,1ati,27"' ati,kiaovow' 70)
= (0,0,... 7O,Za1,qti’q,2agﬁqti’q, A Zaki’qti’q,*, Ky oy k).
q q q

It follows that the differential of this map at the origin is nontrivial. Thus, if we
can show that for any ¢ € H there exists an i € {1,2,...,c} such that ¢ does not
induce the identity on u;/u;;1 we are done. Therefore, we consider the morphism

(4) ¥ H — GL(u1/ug) x GL(ug/uz) x -+ x GL(u¢/uet1)

mapping any ¢ in H to the c-tuple of maps it induces on the consecutive quotients.
Suppose, by a way of contradiction, that K = Ker(+) is nontrivial. Then, as H is a
reductive group, so is K. Since K is nontrivial, there must exist an element ¢ € K
which is not unipotent. It follows that d¢ is also not a unipotent element. However,
the fact that ¢ € K implies that d¢ acts trivially on each of the factors u;/u; 1,
implying that d¢ induces a unipotent map on u/v. On the other hand, since d¢
is not a unipotent element, this also implies that dip), is not unipotent. But, now
Lemma 1] tells us that dé is not unipotent on u/v, which is a contradiction. It
follows that K is trivial and this finishes the proof. |

In the next lemma, we derive the “eigenvalue one criteria” on the induced rep-
resentation of the reductive subgroup of the given algebraic group which will be
essential in our subsequent arguments.

Lemma 2.14. Let T’ be a Zariski dense subgroup of an algebraic group G. Suppose
G acts algebraically on an algebraic manifold X such that there exists xg € X fized
by the action of a mazimal reductive subgroup H of G. Let p : H — GL(T,,X)
be the representation corresponding to the action of H on the tangent space T, X

at xo. If T' acts freely on X, then p(h) has an eigenvalue equal to one for every
heH.
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Proof. The fact that H acts algebraically on X implies that p is a morphism of
algebraic groups. Let ¥ : G — H denote the projection of G onto H. Next, we will
show that for each v € T, p o 9(7) has an eigenvalue equal to one. Since 9 (T') is
Zariski dense in H, this will give us the desired result.

For this purpose, we let v = 7,7, be the Jordan decomposition of a nontrivial
element 'y 6 T', where ~y; is semisimple and +,, is unipotent. There exists u € U such
that uysu™! = hg € H. We let 4% be the one-parameter subgroup of v, and define
a curve in G by v(t) = 7Lvs, t € R. Since I' acts freely, the curve y(t) does not fix
the point 21 = u~'zy of X. Analogously to the representation p, we can construct
a representation 3 : = Hu — GL(T}, X ). By identifying the tangent spaces with
an isomorphism, it follows that p and 3 are conjugate by du : T,;, X — T, X. Since
vs fixes z1, it also fixes the curve 7(t)x; pointwise. It follows that 5(7s) has an
eigenvalue equal to one. Since hg = ©(7s), we also have that p ot (ys) has an
eigenvalue equal to one. But p o () = po(ys)p o ¥(v.) and p o ¢ preserves
Jordan decomposition (see 4.4(c) of [I1]). Hence, p o ¥(y) has an eigenvalue equal
to one. O

We end this section by a lemma on special real representations of semisimple
groups. For its proof, we refer to Lemma 5 of [33].

Lemma 2.15. Suppose S is a montrivial connected semisimple Lie group such
that the real rank of any simple subgroup of S is at most one. Denote by Xg the
symmetric space of S. Let p: S — GL,(R) be a faithful representation of S such
that for every s € S, p(s) has an eigenvalue equal to one. Then n > dim(Xg).

3. MAIN RESULTS

We begin with a generalization of [33], Theorem A] and [34, Theorem A].

Theorem 3.1. Let I' be a subgroup of an algebraic group G. Let G = UH where
U is the unipotent radical and H is a mazimal reductive subgroup. Suppose G acts
algebraically on a contractible algebraic manifold X such that there exists ro € X
with Hxg = xg. Suppose I' acts crystallographically on X.

(a) If the real rank of any simple subgroup of G does not exceed one, then I" is
virtually polycyclic.

(b) If T is a wvirtually polycyclic, Zariski dense subgroup of G, then X is G-
equivariantly isomorphic to U with the G-action given by

wh - v = whuh™, Yu,w € U,Vh € H.

Proof. We first prove (a). Since T' is a finitely generated linear group, in view
of Selberg’s Lemma, we can assume that it is torsion-free. Also, without loss of
generality, we can assume that I' is Zariski dense in G. Let R be the solvable
radical of G and let S be a maximal connected semisimple Lie subgroup of H.
We set I'1 = ' R and denote by G the algebraic closure of I'; in G. Also, let
G=G/G;, T =T/I', and X = X/G.

By Lemmas |Z'_Z| andIZQL I'y acts crystallographically on G1xg and T acts crystal-
lographically on X. Since T'is a finitely generated linear group, we can assume that
it is torsion-free and hence acts freely on X. Let L be the kernel of the action of G
on X. Then L is a normal algebraic subgroup containing G;. We define G' = G/L
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and its subgroup IV = T'L/L. Since T acts freely on )Z’, I'NL =T NGy and thus
I’ ~T. Therefore, it is enough to show that I is virtually polycyclic.

Observe that IV, G’ and X satisfy the hypothesis of the theorem in place of T,
G and X, respectively. Therefore, proceeding by induction on the dimension of G,
we can assume that L is trivial.

Next, let us consider the tangent space T, X of X at z¢ and the action of S on
Ty, X. We denote by p : S — GL(T,,X) the representation corresponding to this
action. Since S acts faithfully on X, Lemmal[Z0(b) together with Lemma 212l show
that p is a faithful representation. Since I' intersects trivially with the solvable radi-
cal of G, by Lemma 210l a finite index subgroup of I acts properly discontinuously
on the symmetric space Xgo,g. This implies cd(I') < dim(Xgo/g) < dim(Xg).
Also, since T' acts crystallographically on X, cd(I') = dim(X). Hence, we have
dim(p) = dim(7,,X) = dim(X) = cd(I') < dim(Xg).

On the other hand, by Lemma [214] it follows that for every s € S, p(s) has an
eigenvalue equal to one. But, according to Lemma 2.5} this is only possible when
S is trivial. We deduce that I" is virtually polycyclic.

If T is a virtually polycyclic, Zariski dense subgroup of G, then the identity
component of G is solvable. Assertion (b) now follows directly from Lemma29 O

Remark 3.2. Assuming the hypothesis of part (b) of the theorem, let us consider
the resulting action of the group G. Note that the conjugation action gives rise
to a representation ¢ : H — Aut(U). Let H' be its image and denote by G’ the
semidirect product U x H’. Then there is an epimorphism of algebraic groups
Y : G — G given by uh — ug(h) for each u € U and h € H. Now, the action
of G on X factors through G’ and has kernel equal to ker(¢). Because I' is a
crystallographic subgroup of G and X = U, its image under t is an NIL-affine
crystallographic subgroup of G’ and T'Nker(¢) is finite. This shows that the action
of I on X is NIL-affine crystallographic.

As we mentioned earlier, every virtually polycyclic group admits an NIL-affine
crystallographic action. This was proven independently by Dekimpe in [I7] and
Baues in [7]. Next, we present a new proof of this result which is a constructive
application of Theorem BII(b).

Theorem 3.3. Let I be a virtually polycyclic group. Then it admits an NIL-affine
crystallographic action.

Proof. 1t is well known that any virtually polycyclic group is linear. Therefore,
we can assume I' is a Zariski dense subgroup of an algebraic group G. Since T is
virtually solvable, G° is a solvable normal subgroup of G. Let G; = [G°, GY] and
I't = I'NG1. Then G is a normal unipotent subgroup of G and I'y is Zariski
dense in Gy and hence it is a cocompact lattice. Let A = I'/T;. Then A is a
virtually abelian group. We denote by E(n) the image of the standard embedding
of the group of isometries of R into GL,11(R). By a theorem of Zassenhaus
[36], we know that A admits an Euclidean crystallographic action on some R, i.e.
there exists a representation p : A — E(n) with finite kernel such that p(A) is
crystallographic. Let G = G x E(n) and note that we can embed I into G by the
homomorphism 7 ~ (7, p([7])), ¥y € I'. We identify I with its image in G.
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_ Let U be the unipotent radical of G. Next, we construct a transitive action of
Gon X =U x R™ by

g9 (u,y) = (whuh™" x4+ ay) Vg = (wh,(z,a)) € G,¥(u,y) € X.

This is clearly an algebraic action and it is not difficult to see that a maximal
reductive subgroup of G fixes a point. We claim that the restriction of the action
to I' is properly discontinuous.

Suppose this is not the case. Then there exists a compact subset K = K1 x Ky
in X, where K; C U and K5 C R"™ such that the intersection of the sets

g:{"yEF|"yK1ﬁK1§£®},
%:{’YGF|[’Y]K2QK27£®}

is infinite. Now, since A acts properly discontinuously on R™, this implies that
there is an element 7 € I', for which

I ={yegnA|hl="Iol}
is infinite. Hence, also the set

{6 'y €Ty | v 'K Ny LKy # 0},

containing 7, 1.7 is infinite. This is a contradiction to the fact that I'; is a discrete
subgroup of U.

Next, let T’ be the algebraic closure of I' in G and denote by H’ a maximal
reductive subgroup of I'. Then H' is a reductive subgroup of G and hence it is
contained in a maximal reductive subgroup H of G. Let zg be a point fixed by H
and consider the orbit Y at x( of the action of I on X. It is clearly a contractible
algebraic submanifold of X. Since T is solvable and Y = foxo, by Lemma [Z0] it
follows that I' acts crystallographically on Y. Therefore, Theorem B.1] and Remark
show that I' admits an NIL-affine crystallographic action on the unipotent
radical of T' which is isomorphic to Y. ([l

Now, we consider algebraic crystallographic actions in the case where the ambient
space X is the 1-connected nilpotent Lie group N and the algebraic group is the
group affine motions of N. Recently, Abels, Margulis, and Soifer have shown that
Auslander’s conjecture holds up to dimension 6 (see [I]). Building on this result,
we prove that the generalized Auslander conjecture for NIL-affine actions also holds
up to dimension 6. But first, we need a lemma.

Lemma 3.4. Let N be a 1-connected nilpotent Lie group and suppose H is a
mazimal reductive subgroup of affine transformations AfH(N). Then there exists
xo € N such that Hxg = xg.

Proof. Let U be the unipotent radical of Aff(N). Consider the natural epimorphism
of algebraic groups 7 : Aff(N) — Aut(N). Since ker(m) = N is unipotent, 7 :
H — Aut(N) is injective. As any two maximal reductive subgroups are conjugate,
we can assume H < Aut(N). Hence, He = e, finishing the claim. O
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The lemma together with Theorem B.I] gives us the following.

Theorem 3.5. Let I' be an NIL-affine crystallographic group of a 1-connected
nilpotent Lie group N. If the real rank of any simple subgroup of the algebraic
closure of I' does not exceed one, then I is virtually polycyclic and N is isomorphic
to the unipotent radical of the algebraic closure of T.

Theorem 3.6. Suppose I' is an NIL-affine crystallographic group of a 1-connected
nilpotent Lie group N of dimension at most 6. Then T is virtually polycyclic and
N is isomorphic to the unipotent radical of the algebraic closure of T'.

Proof. In [13], this result has been proven when dim(N) < 5. In the abelian case,
N = RS Auslander’s conjecture has been settled (see [1]). Also, if N is 2-step
nilpotent, then by Proposition 3 of [I3], I' admits an affine crystallographic action
on R8. So, by the abelian case, we can again conclude that I is virtually polycyclic.

Now, we observe that in dimension 6, there are 33 nonisomorphic, nonabelian,
nilpotent real Lie algebras (see [24], [28]). For 30 of them, the Lie algebra n corre-
sponding to N is either 2-step nilpotent or has solvable derivation algebra Der(n).
When Der(n) is solvable, since it is the Lie algebra of Aut(n), it directly follows
that Aff(N) is virtually solvable. Therefore, in these 30 cases, we can deduce that
I is virtually polycyclic.

Using Theorem B35 we will show that in the remaining three cases, T' is also
virtually polycyclic. (To describe the three cases, we use the notation of [28§].)

Case 1. 96,12: [Xl,XQ] = )(57 [Xl,X5] = Xﬁ, [X37X4} = X6~

By writing the elements of the Lie algebra as column vectors using basis { X, . . .,
X1}, we find

By aies A A3 A2 A
0 alﬁg €4 E3 €2 €1
0 0 84 83 0 61
Aut = < GLg(R),
ut(ge,12) 0 0 Y4 3 0 m o(R)
0 0 0 0 B2 pr
0 0 0 0 0 o
0463 — O3e4 _ 7V4€3 — V3€4 _ 2
where 9y = s = ;1P # 0, and Oyy3 — 374 = o1 Pa.

a1 a1pP2
Let @1 : Aut(ge,12) = GLg(R) be the morphism defined by

affy aiea Ay A3 A A aify 0 0 0 0 0
0 a1y €4 €3 &2 & 0 a;B; 0 0 0 O
0 0 84 (93 0 81 s 0 0 54 33 0 0
0 0 Y4 3 0 0m 0 0 4 v 0 0
0 0 0 0 B [ 0 0 0 0 (B 0
0 0 0O 0 0 o 0 0 0 0 0 o
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The kernel of ¢ is unipotent. We note that Im(p;) = GL2(R) x R* x R* and hence
has semisimple rank one. Therefore, by Theorem [3.5], I' is virtually polycyclic.

Case 2. g5 4 ®R: [ X1, Xo] = X3, [X1, X3] = Xy, [Xo, X3] = X5,

By writing the elements as column vectors using basis { X5, X4, X3, X6, X2, X1},
we find

Pax Pz €3 €6 €2 €1
Qo 1T 83 86 82 81

0 0 = 0 72 m

Aut(gs 4 ®R) = < GLg(R),

o O O

0 0
0 0 0 B2 K
0 0
where €3 = 172 — foy1, 03 = 172 — ag71, d¢ # 0, and x = foay — Brag # 0.

Just as in the previous case, there exists an epimorphism of Aut(gs4 @ R) onto
GL3(R) x R* and the kernel is unipotent. Thus, T is virtually polycyclic.

Case 3. 941 ®R?: [X1, Xo] = X3, [X1, X3] = X,

By writing the elements as column vectors using basis { X4, X3, Xg, X5, X2, X1},
we have

By arye 05 05 O O
aifa 00 v m
0 X A5 A2 A1
0 ¢ €5 €E2 &1
0 0 0 B2 p
0 0O 0 0 o

Aut(gs; ®R?) = < GLg(R),

o
0
0
0
0
0

where a18y # 0 and Ages — Aseg # 0. There exists an epimorphism of
Aut(gs1 ® R?) onto GL2(R) x R* x R* with unipotent kernel. It follows that
I is virtually polycyclic. O

Lastly, we study groups which act properly discontinuously on a contractible
algebraic manifold of dimension at most three.

Theorem 3.7. Let I be a finitely generated Zariski dense subgroup of a connected
algebraic group G. Let H be a maximal reductive subgroup of G. Suppose G acts
algebraically on a contractible algebraic manifold X such that there exists ro € X
with Hxy = xg. Suppose I acts properly discontinuously on X .

(a) If dim(X) = 2, then T’ is virtually polycyclic.

(b) If dim(X) = 3 and T is not virtually polycyclic, then T' is virtually free and
X is G-equivariantly isomorphic to R®, where G acts by Lorentz transfor-
mations on R3.

Proof. Let 'y = 'R and G be the algebraic closure of I'; in R. Denote [ = r/r,
and let S be a Levi factor of H. By Selberg’s Lemma, we can assume that both I'
and I" are torsion-free.
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Now, let us consider the orbit space Gzg. It is an algebraic submanifold of X
that is G-equivariantly isomorphic to the quotient of the unipotent radical of G
by a closed connected subgroup. We denote this submanifold by Y and define
Y =Y/G,. Note that when I' acts cocompactly, Y = X and Y = X. Proceeding
as in the proof of Theorem B it follows that the action of S on the tangent space
T;cOY of Y at o = G1xg is faithful. Then, the representation p : S — GL(TmOY) is
faithful.

To prove (a), observe that SLy(R) is the only nontrivial connected semisimple
subgroup of GLy(R). But, SLy(R) does not satisfy the assertion of Lemma 2.14]
Therefore, S must be trivial.

For part (b), we again observe that the groups SO(3), SO°(2,1), SLy(R) x {1},
and SL3(R) are the only nontrivial connected semisimple subgroups of GL3(R).
The case S = SL3(R) is impossible by Lemma T4l Suppose that S = SO(3).
Then T is trivial, because it is a discrete subgroup of a compact group. So, I is
virtually polycyclic. N

Next, let us assume S = SLy(R) x {1}. It follows that dim(Y’) = 3, otherwise
the representation p : S — GL(T;COY) would violate the eigenvalue one criteria of
Lemma 214 We deduce that Y =Y = X = X and I' = I'. It follows that G
acts transitively on X and X is G-equivariantly isomorphic to the quotient of the
unipotent radical U by a closed and connected subgroup V' (see Lemma [29)). Next,
we proceed as in the proof of Lemma

First, we can assume that V' does not contain a nontrivial normal subgroup of
U. We denote by u the Lie algebra of U and by v the subalgebra corresponding to
V. We suppose that u is c¢-step nilpotent and define the subalgebras u; = ;(u) + v
forming a descending sequence

U:u12U22u32"'2uCQU:uC+1

of subalgebras, which are invariant under the action of H. In addition, for each
i, uj+1 is an ideal in u;. We obtain the following faithful representation of H (see
):
¥ H — GL(u1 /ug) x GL(ug/ug) x - -+ x GL(u¢/uet1).

We distinguish three possible cases. Either u, = u and GL(u./ucy1) = GL3(R) or
u. Zuand ¢ : H — R* x GLy(R) or u. # u and ¢ : H — GLy(R) x R*.

In the first case, I' admits an affine action on R3. So, by applying Theorem 2.1
of [21], we conclude that it is virtually polycyclic.

In the second case, there is an H-invariant proper ideal to of u such that u/ro = R
and /v =2 R2. Since 1 is faithful and satisfies the eigenvalue one criteria, it is not
difficult to see that H acts trivially on u/w. Thus, the image of the representation

p: H — GL(u/v) lies inside
( GLy(R) ‘ : \|

\o o [ 1)/

Let W be the normal unipotent subgroup of U corresponding to to. Consider the
map ¢ : I' — U/W = R given by v — [yz|[z™}] where x € U/V and []: U — U/W
is the quotient homomorphism. We claim that this map is independent of the choice
of z and hence it is a homomorphism. Indeed, since G acts transitively on U/V, it
acts as in (1). Because H acts trivially on U/W, it follows that for v = uh, u € U,
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h € H, we have [yz][z~1] = [uhzh~![z71] = [u][z][z~!] = [u]. Now, it is routine to
check that ¢ is a homomorphism. The kernel of ¢ is the subgroup of I' that leaves
invariant the submanifold W/V =2 R2. Thus, by part (a), it is virtually polycyclic
and so, I' is virtually polycyclic.

In the third and final case, there is an H-invariant proper ideal to of u such that
u/r =2 R? and /v = R. It follows that H acts trivially on to/v. By identifying the
tangent space T, X = u/v with R3, we obtain that the image of the representation
p: H — GL(u/v) is a subgroup of

(L ]|« x\

(3 Tawm)

Let us suppose that T is not solvable. By Lemma 2.10 of [21], there are elements
7 and 72 in T' such that the projections to GLy(R) of their images in p(H) are
hyperbolic (have real distinct inverse eigenvalues) and share no common eigenspace
in u/w.

The action of T" on U/V descends to the plane U/W. It follows that there is a
unique point [u;] € U/W invariant under the action of +; for ¢ = 1,2. This means
that the curve {; = w;W/V in U/V is invariant under action of ~; where u; € U
is a preimage of [u;]. Next, we will argue that these curves coincide. To see this,
first we choose a Riemannian metric on the quotient manifold X/T" and endow X
with the covering space metric. Let A; = (v;) for ¢ = 1,2 and consider the quotient
map U/V — U/W = R? which is I-equivariant. Let ¢ > 0 and denote by W¢
the e-tubular neighborhood of I; in U/V. Since the action of A; on U/V leaves
WE¢ invariant, the image of WF in U/W is a A;-equivariant neighborhood of the
point [u;]. Since «; acts as an Anosov diffeomorphism of U/W fixing [u,], it is not
difficult to see that any A;-equivariant neighborhood of [u;] in U/W contains the
A;—invariant lines through [u;] on which ~; acts respectively as a contracting and
expanding map. Let us refer to these two lines as the coordinate axes of [u;]. It
follows that the image of W¢ in U/W contains the coordinate axes of [u;]. Let [ug]
be an intersection point of the coordinate axes of [u;] and [uz]. We have just shown
that both W and W5 contain the curve uoW/V. This implies that every point on
u W/V is arbitrarily close to uaW/V and hence the two curves must coincide.

Now, the group generated by =1 and <2 acts properly discontinuously on the
curve u1 W/V and is therefore cyclic. This is a contradiction to the fact that 4,
and 72 have no common eigenspace.

Finally, we suppose S = SO°(2,1). By Corollary 5.2 in [2] (see also 8.24 of 29)),
[ is a discrete subgroup of G/R which is locally isomorphic to S. Therefore, [isa
discrete subgroup of isometries of the hyperbolic plane H? and thus cd(T ) <2 If
Y / I is compact, then I acts crystallographically on Y and dim(Y ) < 2. So, by part
(a), T is virtually polycyclic. If I' is not virtually polycyclic, then dim(f/) =3. In
this particular case, we will not assume that I" is torsion-free. Passing to a quotient
of I' by a finite subgroup, we can assume that G acts faithfully on X. We deduce
that Y =Y =X =X andL'is a quotient of I' by a finite subgroup. It follows that
G acts transitively on X and X is G-equivariantly isomorphic to the quotient of U
by a closed and connected subgroup V. We will argue that V is a normal subgroup
of U such that U/V is abelian. As before, we can assume that V' does not contain a
nontrivial normal subgroup of U and construct a faithful representation ¢ of H. It
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is not difficult to see that, since SOO(Z, 1) < H, the representation is only faithful
when u, = u and GL(u./uc4+1) = GL3(R). This finishes our claim.

Since there are no proper connected algebraic subgroups of GL3(R) properly
containing SO(2, 1) such that all their elements have an eigenvalue equal to one, it
follows that H = SO(2,1). Hence, G =2 U x SO(2,1) and G acts on U/V = R3 by
Lorentz transformations. _

Now, according to a theorem of Mess (see [26]), I' cannot contain the fundamental
group of a closed surface. This implies that Vcd(f) = 1 and so, by Stallings’s
theorem, [is virtually free. Then, I" is finite by virtually free and it is also virtually
torsion-free. Therefore, I' is virtually free. O

Immediately from the theorem, we obtain the generalized Auslander conjecture
(see Question 1) up to dimension 3.

Corollary 3.8. Let G be an algebraic group acting algebraically on a contractible
algebraic manifold X of dimension at most three such that a maximal reductive
subgroup of G fizes a point of X. If I' acts crystallographically on X via a repre-
sentation p : I' = G, then I' is virtually polycyclic.
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