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AN EXPLICIT FORMULA
FOR THE CUBIC SZEGO EQUATION

PATRICK GERARD AND SANDRINE GRELLIER

ABSTRACT. We derive an explicit formula for the general solution of the cubic
Szegd equation and of the evolution equation of the corresponding hierarchy.
As an application, we prove that all the solutions corresponding to finite rank
Hankel operators are quasiperiodic.

1. INTRODUCTION

This paper is a continuation of the study of dynamical properties of an inte-
grable system introduced by the authors in [2], [3]. As an evolution equation, the
cubic Szeg6 equation is a simple model of nondispersive dynamics. More precisely,
it can be identified as a first order Birkhoff normal form for a certain nonlinear
wave equation; see [4]. As a Hamiltonian equation, it was proved in [2] to admit a
Lax pair and finite dimensional invariant submanifolds corresponding to some finite
rank conditions. In [3], action angle variables were introduced on generic subsets of
the phase space, and on open dense subsets of the finite rank submanifolds. How-
ever, unlike the KdV equation or the one dimensional cubic nonlinear Schrédinger
equation, this integrable system displays some degeneracy, since the collection of its
conservation laws does not control the high regularity of the solution, as observed
in [2]. An important consequence of this instability phenomenon is that the action
angle variables cannot be extended to the whole phase space, even when restricted
to one of the finite rank submanifolds. Our purpose in this paper is to prove a
formula for the general solution of the initial value problem for this equation. In
the case of generic data, this formula reduces to the one given by the action angle
variables above. However, the formula enables us to study the nongeneric case too,
and allows us in particular to establish the quasiperiodicity of all solutions lying in
one of the above finite rank submanifolds, despite the already mentioned lack of a
global system of action—angle variables. Finally, this formula is also very useful to
revisit the instability phenomenon displayed in [2]. We now introduce the general
setting of this equation.

1.1. The setting. Let T = R/27Z, endowed with the Haar integral
1 271'
/f = f(x)dx.
T
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On L?(T), we use the inner product

(flg) = / 13

The family of functions (e?**);¢z is an orthonormal basis of L?(T), on which the
components of f € L?(T) are the Fourier coefficients

F(k) = (fle™).
We introduce the closed subspace
L3(T) := {u € L*(T) : Vk < 0,4(k) = 0}.

Notice that elements u € L2 (T) identify to traces of holomorphic functions u on
the unit disc D such that

27
sup/ lu(re®)|?dr < oo
r<l.Jo

via the correspondence

u(z) == Zﬁ(k)zk, z € D, u(x) = lim u(re'),

r—1
k=0

which establishes a bijective isometry between Li(']I‘) and the Hardy space of the
disc.

We denote by II the orthogonal projector from L?(T) onto L? (T), known as the
Szegd projector:

k=—00 k=0
On LZ (T), we introduce the symplectic form

w(hl, h2) = Im(h1|h2)

The densely defined energy functional

E(u) := i/ﬂq|u|4

formally corresponds to the Hamiltonian evolution equation,
(1) i = T(Juf*u),

which we called the cubic Szegé equation. In [2], we solved the initial value problem
for this equation on the intersections of Sobolev spaces with Li (T). More precisely,
define, for s > 0,

H (T) := H*(T) N L%(T) = {u € L%(T) : Z [a(k)|?(1 + k%)* < oo}.
k=0

Then equation () defines a smooth flow on H$(T) for s > 3, and a continuous

1
flow on H}(T). The main result of this paper provides an explicit formula for the
solution of this initial value problem.
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1.2. Hankel operators and the explicit formula. Let u € H_%_ (T). We denote
by H, the C-antilinear operator defined on L2 (T) as
H,(h) =1I(uh), h € L (T).

In terms of Fourier coefficients, this operator reads

H,(h)(n) =) a(n+p)h(p).
p=0
In particular, its Hilbert—-Schmidt norm || - | zs is finite since u € HJ% (T) and
(2) [Hullerz) < 1Hullms = llull e

We call H,, the Hankel operator of symbol u. Notice that this definition is different
from the standard ones used in references [9], [11], where Hankel operators were
rather defined as linear operators from Li into its orthogonal complement. The link
between these two definitions can be easily established by means of the involution

Fiz) = e " f(),
Notice that, with our definition, H,, satisfies the following self-adjointness identity:
(3) (Hy(h1)|ha) = (Hy(h2)[h1), b1, he € LZ(T).
In particular, H, is a R-linear symmetric operator for the real inner product
(h1, ho) := Re(h1]ha).

A fundamental property of Hankel operators is their connection with the shift
operator S, defined on L2 (T) as

Su(z) = e u(x).

This property reads
S*H, = H,S = Hg+y,

where S* denotes the adjoint of S. We denote by K, this operator, and call it
the shifted Hankel operator of symbol u. Notice that K, is Hilbert—Schmidt and
symmetric as well. As a consequence, operators H?2 and K2 are C-linear trace class
positive operators on Lﬁ_ (T). Moreover, they are related by the following important
identity:

(4) Ky = Hy — (|u)u.

Theorem 1. Let ug € HJ% (T), and let u € C(R, H% (T)) be the solution of equation
@ such that w(0) = ug. Then

M(t; Z) — ((I _ Ze—itHioeitKio S*)—le—itHgouo ‘ 1)

The proof of this theorem will be given in section[3 It is a nontrivial consequence
of the Lax pair structure recalled in section2l Our second result concerns the special
case of data ug such that H,,, is of finite rank. In this case, operators S*, HZO, KSO
act on a finite dimensional space containing wug, and the implementation of the
above formula reduces to diagonalization of matrices.
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1.3. Finite rank manifolds and quasiperiodicity. Let d be a positive integer.
1
We denote by V(d) the set of v € H7 (T) such that

rkH, = ﬂ , Tk, = é ,
2 2
where [z] denotes the integer part of z € R. Using Kronecker’s theorem [6], [I1],
[9], one can show that V(d) is a complex Kéhler submanifold of L2 (T) of dimension
d (see the appendix of [2]), consisting of rational functions of e’*. More precisely,
V(d) consists of functions of the form
A(ezz)
u(x) = W’
where A, B are polynomials with no common factors, B has no zero in the closed
unit disc, B(0) = 1, and
e If d = 2N is even, the degree of A is at most N — 1 and the degree of B is
exactly N.
e If d =2N + 1 is odd, the degree of A is exactly N and the degree of B is
at most N.
Using the Lax pair structure recalled in section 2 V(d) is invariant through the
flow of (). We now state the second result of this paper. In the sequel, S' denotes
the unit circle of complex numbers of modulus 1.

Theorem 2. For every ug € V(d), the map
t € R— u(t) € V(d)

is quasiperiodic. More precisely, there exist a positive integer n, real mumbers
Wi, W, and a smooth mapping

®: (SH" = V(d)
such that, for everyt € R,
u(t) = (et ... elwnty,
In particular, for every s > %,

(5) sup ||Ju(t) | gs < +o0.
teR

Notice that property (B) was established in Theorem 7.1 of [2] under the ad-
ditional generic assumption that ug belongs to V(d)gen, namely that the vectors
Hﬁ(’)’(l), n=1...,.N = [%], are linearly independent. Our general formula al-
lows us to extend property () to all data in V(d). However, it should be emphasized
that, while it is clear from the arguments of Lemma 5 in [2] that estimate (B is
uniform if uy varies in a compact subset of V(d)gen, (B) does not follow from an
a priori estimate on the whole of V(d), in the sense that one can find families of
data (uf) in V(d), belonging to a compact subset of V(d), in particular bounded in
all H®, and such that

1
supsup [[u®(t)| ms =00, s> ;
e teR 2

see corollary 5 of [2]. We shall revisit this phenomenon in section [ thanks to the
explicit formula of Theorem [Il
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Another natural observation is that property (B is in sharp contrast with the
results obtained by O. Pocovnicu for the cubic Szegé equation on the real line [12].
Indeed, in [12], Pocovnicu obtains an explicit formula for all rational solutions of
the cubic Szegb equation on the line, and displays a nongeneric rational solution of
this equation such that, for every s > %,

u(t) e — oo.

This illustrates how the growing phenomenon of high Sobolev norms may differ
depending on the domain of the equation.

Finally, let us mention that the generalization of property (B) to nonfinite rank
solutions is an open problem.

Note added in proof. Since this paper was accepted, we proved that property (&)
fails for generic initial data in H*® for every s > %

1.4. Organization of the paper. Section 2] is devoted to recalling the crucial
Lax pair structure attached to equation (dl). As a fundamental consequence, H, )
and K, ;) remain unitarily equivalent to their respective initial data. In section [3]
we take advantage of this structure to derive Theorem [II In section @ we apply
this theorem to the particular case of data ug belonging to V(3), which sheds a
new light on the instability phenomenon. The next two sections are devoted to the
proof of Theorem 2l As a preparation, we first generalize the explicit formula to
Hamiltonian flows associated to energies

J¥(u) = (I +yHy) (D),
where y is a positive parameter. The quasiperiodicity theorem then follows by ob-
serving, through an interpolation argument, that the map ® in the statement of
Theorem [2] can be defined as the value at time 1 of the Hamiltonian flow corre-
sponding to a suitable linear combination of energies JY.

2. THE LAX PAIR STRUCTURE

In this section, we recall the Lax pairs associated to the cubic Szegé equation;
see [2], [3]. First we introduce the notion of a Toeplitz operator. Given b € L>(T),
we define T}, : Li — Li as

Ty(h) =11(bh), h € L.
Notice that T is bounded and T, = T3. The starting point is the following lemma.
Lemma 1. Let a,b,c€ HY, s > % Then
Hyypey = TopHe + HaTve — HoHy He.
Proof. Given h € Li, we have
Hyyaiey(h) = T(abch) = M(abII(ch)) + I(ab(I —TT)(ch))
= TzH(h) + Ha(g) g:=b(I —1I)(ch).

: 2
Since g € L7,

g = 1l(g) = II(bch) — 11(bII(ch)) = Tye(h) — HyHe(h).
This completes the proof. ([l
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Using Lemma [[] with a = b = ¢ = u, we get

(6) HH(|u\2u) = T|u‘2Hu —+ HuTm‘Q — HS
Theorem 3. Let u € C*(R, H3),s > 1, be a solution of ({l). Then
dH, oo .
dt = [Bu,Hu}, Bu = §Hu — 1T|u\27
dK, T .
dt = [Cu, Ku}, Cu = §Ku - ZT\u|2-
Proof. Using equation ([I) and identity (@),
dH, . . 3
o = Hon(upa = —iHnquze) = —i(Tep He + £ Tz — Hy).

Using the antilinearity of H,, this leads to the first identity. For the second one,
we observe that

(7) KH(|u\2u) = HH(\uPu)S = T‘U|2HuS + HuT|u‘2‘S - HSS .
Moreover, notice that
Ty,(Sh) = STy(h) + (bSh|1).
In the case b = |u|?, this gives
T2 Sh = ST,z + (Jul>Sh|1).
Moreover,
(lul*Shi1) = (uluSh) = (u| Ku(h)).
Consequently,
Coming back to (@), we obtain
Kri(u)za) = Tjuj2 Ko + KTz — (H2 = (Ju)u) K,
Using identity (@), this leads to

(8) KH(\u|2u) = T‘u|2Ku —+ KuTm‘Q — Ki
The second identity is therefore a consequence of antilinearity and of
dK, _
@ = HEngupa-

O

In the sequel, we denote by E(Li) the Banach space of bounded linear operators
on Li. Observing that B,,, C,, are linear and antiselfadjoint, we obtain, following
a classical argument due to Lax [1],

Corollary 1. Under the conditions of Theorem B, define U =U(t) and V =V (t)
as the solutions of the following linear ODEs on L(L?):
du av

_:Bu;_: uV, = =1
- U, S = CuV, U0) =V (0)

Then U(t),V(t) are unitary operators and
Hy@y = Ut) Hyo)U@)", Ky = V() Kyo)V(1)"
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Remark 1. The notion of a Lax pair is now familiar in the theory of integrable
systems. The most famous examples concern the KdV equation [7] and the one
dimensional cubic Schrédinger equation [13]. It may seem strange and unusual
here that the cubic Szegdé equation admits two different Lax pairs. In fact, the
eigenvalues of the selfadjoint operators H2 and K2 corresponding to these two Lax
pairs are essentially independent, leading to a complete set of actions, as proved in
[3]. Indeed, according to Theorems 1.1 and 1.2 of [3], if u is generic, one can fix the
eigenvalues (07) of K7 independently of the eigenvalues (p?) of H7, except for the
interlacement constraint

P >0l >ps >8> ...
This suggests that the Lax pair for the cubic Szegé equation should be rather
regarded as the pair (L,, D, ), where L, is the operator diag(H,, K,) acting on
L% x L%, and D, := diag(By,Cy).
3. PROOF OF THE FORMULA

In this section, we prove Theorem [II Our starting point is the following identity,
valid for every v € Li:

(9) v(z) = (I —28*)"'w[1), z € D.
Indeed, the Taylor coefficient of order n of the right hand side is
((5%)"01) = (v]S"1) = 6(n),

which coincides with the Taylor coefficient of order n of the left hand side. Let
u € C(R, H}) be a solution of (), s > % Applying [@) to v = u(t) and using the
unitarity of U(t), we get

u(t,z) = (I - 28") " tu(®)|1) = (UE) " - 28") " u(t)|U(1)*1),
which yields
(10) u(t,z) = (I = 2U@®)*S*U1) U t) u(t)|U(#)*1).
We shall identify successively U(t)*1,U(t)*u(t), and the restriction of U(t)*S*U (¢)
on the range of H,,. We begin with U(¢)*1,

d
—U(t)"1=-U()"B,(1
SUW) 1 = ~U () Bu(1)
and ) )
i ) i
B (1) = SH2(1) = iTjups (1) = — L H2(1).
Hence
dU(t)*l = iU(t)*HQ(l) ~ iy Ut)*1
dt 2 uN e ’
where we have used Corollary [Il This yields
(11) U(t)*1 = e'# 0 (1),
Consequently,

U(t)*u(t) = U(t)*Hywy(1) = Hy U(t)*(1) = Hue‘H (1),

and therefore
2

(12) Ut ut) = e~ Mu0 (ug).
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Finally,
Ut)*S*U(t)Hyy = U(t)"S*HyyU(t) = U(t)" Ky)U(t),
and therefore
(13) U@)*S*U(t)Hu, = U@)"V (1) Ku, V(1) U (1)
On the other hand,

dtU( )V (t) = =U@)"BuwyV(£) + U)* Cuy V(£) = U ()" (Cugy — Buw))V(t)

= UMW (K2 — HX )V () = (U@ V(OKE, — HL U@V (D).
We infer
U)*V(t) = e 51l et 5K,
Plugging this identity into (I3]), we obtain
Ut)*S*U(t)H,, = e '2 $HL, 5 Kl K, etz 5K i Hilg

= o'z HzertK“OKqu“HUO

— o i% HﬁoenKﬁo S*Huoei%Hio

_ o iEHL K gre—is Hy, H,,

We conclude that, on the range of H,,,

(14) U(t)*S*U(t) = e~ 8 Hio oitEu g~ 18 H2y
It remains to plug identities (III), (I2), (I4) into ([I0). We finally obtain
u(t,z) = ((I— ze "3 §re ™15 g ) ~Le ™15 iy () |6/ 5 o (1))
= (= ze e g7) e i (ug) 1),

1
which is the claimed formula in the case of data ug € H3,s > % The case ug € H?
follows by a simple approximation argument. Indeed, we know from [2], Theorem

1
2.1, that, for every ¢ € R, the mapping ug — u(t) is continuous on H}. On the
1
other hand, the maps ug — Hy,, Ky, are continuous from H} into E(Li) as linear
operators satisfying ([2]). Since uO,K 2 are selfadjoint, the operator
efthiO ethio S*

has norm at most 1. Hence, for z € D, the right hand side of the formula is

1
continuous from H?} into C.

4. AN EXAMPLE

This section is devoted to revisiting sections 6.1, 6.2 of [2] by means of the explicit
formula. Given € € R, we define
us(z) = e 4 €.
It is easy to check that u§ € V(3). Hence the corresponding solution u® of () is
valued in V(3), and consequently reads
a(t)e'® + b (t)

ut(t,x) = 1= (e
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with a®(t) € C*,b°(t) € C,p°(t) € D,a*(t) + b°(t)p°(t) # 0. We are going to
calculate these functions explicitly. We start with the special case ¢ = 0. In this
case, [u| = 1; hence
u’(t, ) = e ") ()

SO

a®(t) =e % O(t) =0, p°(t) = 0.
We come to € # 0. The operators Hu07 Kﬁo, S* act on the range of Hyg, which is
the two dimensional vector space spanned by 1,e'. In this basis, the matrices of
these three operators are respectively

miz) = (17 ) mazy = (g g ) mesn= (g g )

The eigenvalues of Hgo are

2 2
3 €
hence the matrix of the exponential is given by
) —itpl _ 4—itp> 2 —itph _ 2 —itp®
Moy = ey P e
Py — P P2 —pt
o—it
= 5 (—2isin (wt) M(HZ,) + (2w cos(wt) + 2iQ sin(wt)))
w
where
[ 2 g2
W 1 + - Q =1+ 5
We obtain
—itH? e_iQt . .
e "uo(ug) = (—2ieQsin(wt) + 2ew cos(wt) + (2w cos(wt) — ie” sin(wt))e’™)
o2

M (e_itHioe“KﬁoS*) _ e "% (0 2wcos(wt) — ie? sin(wt)

2w 0 —2ie sin(wt)
and finally

) ) 2 2
af(t) = e MHE) pe(p) = emit(1+ER/2) (a cos(wt) — i sin(wt)) ,
4+¢€2

2 ; €
pe(t) = _\/ﬁ sin(wt) e—zt52/27 w = 5\/44‘62.

The important feature of such dynamics concerns the regime ¢ — 0. Though
p°(t) = 0, p(t) may visit small neighborhoods of the unit circle at large times.
Specifically, at time t© = 7/(2w) ~ 7/(2¢), we have |p°(t)] ~ 1 —¢&?. A consequence
is that the momentum density,

palt) i= (1%, m) P = mla (1) 4 b7 (1) (1) P ()2
54 52 n—1
- n—[1- —
(4+52)2< 4+52> ’

Z/‘n(ts) = T?‘(Kis(ts)) = TT(KZg) =1,

which satisfies
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FIGURE 4.1. The trajectory of p° for small €.

becomes concentrated at high frequencies
1
no~ —.
22

This induces the following instability of H® norms:

1 1
[lus () | s =~ gt

which is a phenomenon of the same nature as the one displayed by Colliander,
Keel, Staffilani, Takaoka and Tao in [I]. This proves in particular that conservation
laws do not control H® regularity for s > % This is in strong contrast with the
case of other integrable PDEs such as the KdV equation ([5], [7], [8], [9]) and the
one dimensional cubic NLS ([I3]). Notice that, as already mentioned at the end
of subsection of the introduction, the family (u§) approaches uJ, which is a
nongeneric element of V(3), since HSO admits 1 as a double eigenvalue.

Another example of integrable system is the cubic Szeg6 equation on the real
line, studied by O. Pocovnicu in [I2]. In this case, the author displays an example
of a nongeneric rational solution u such that

1 1

Quite similarly to what is discussed in this section, the phenomenon relies on a pole
of the solution approaching the real line at distance ¢~2 for large t. However, in
that case, it can be achieved on an individual trajectory, without appealing to an
extra parameter €.

Coming back to the cubic Szeg6 equation on the circle, these comments naturally
lead to the question of large time behavior of the H® norms of individual solutions
for s > % We are going to answer this question in the special case of finite rank
solutions by proving the quasiperiodicity theorem in the next two sections.

5. GENERALIZATION TO THE SZEGO HIERARCHY

The Szeg6 hierarchy was introduced in [2] and used in [3]. For the convenience
of the reader, and because our notation is slightly different, we shall recall the main
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facts here. For y > 0 and u € H_%, we set
T (u) = ((I+yHy) " (1)[1).

Notice that the connection with the Szegé equation is made by

1
B(u) = (087! _y — (07}, _o)?)

For every s > %, JY is a smooth real valued function on Hf, and its Hamiltonian
vector field is given by

Xyv(u) = 2iyw? Hyw?, w’ := (I +yH?) (1),

which is a Lipschitz vector field on bounded subsets of H$. This fact is a conse-
quence of the following lemma, where we collect basic estimates. We recall that the
Wiener algebra W is the space of f € L2 such that

I £llw =1 (k)] < oo.
k=0

Lemma 2. Let f,u,v € Li. Then

1w < allw
1Sy < Dol lee, 52 5,
1 fle <l s 20,
[l < Ut gl s> 1,
fola < CullfIwligl- + lalwlfl-),
X0 () = Xpu @)l < Co(Roy)ls = vlles s> 1l + ol < R

Proof. The first three estimates are straightforward consequences of the formula

Hof(k) = alk +0)f(0).
£=0

The fourth estimate comes from these estimates and the fact that
w¥ =1 —yHZw?, ||w¥|| g <1.

The fifth estimate is obtained by decomposing

o0

Fotk) =" flk—0g0)= Y Fk—0a00)+ > flk—0)3g(0).
=0

£ |k—e|<e |k—e|>0
As for the last estimate, we set
w!lu] == (I +yHy) " (1)
We write
lw?u] — w[v]llr2 = yll(I +yHy) ™ (HY = Hp)( +yHY) ™ 1)l < yRlu — vl g
Then, by again using the first two inequalities,
w’lu] — w![v] = y(H (w!v]) — Hi(w"[u]))

leads to
[w?[u] = wv]l|ze < C(R,y)llu— vz
Using moreover the fact that H® is an algebra, this yields the desired estimate. [
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By the Cauchy—Lipschitz theorem, the evolution equation
(15) = Xyv(u)

admits local in time solutions for every initial data in Hf{ for s > 1, and the
lifetime is bounded from below if the data are bounded in Hf. We shall see that
this evolution equation admits a Lax pair structure similar to the one in section 2

Theorem 4. For every u € HY, we have

Hix,yw = HJF}+F/H,,
Kix,yy = K,GY +GYK,,
GY(h) = —yw’T(w¥h) + y>H,w? T(H,wY h),
FY(h) = GY(h) —y*(h|Hyw?)H,w.
If u e C*(Z,HY) is a solution of equation ([I3)) on a time interval I, then
dH, dK,
dt = [BszuL dt = [CguKuL
BY = —iFY CY=—iGY.

Proof.
Lemma 3. We have the following identity:
Hap,(a)(h) = Hu(a)Ha(h) + Hy(all(@h) — (hla)a).
Proof.
Houp, (a)(h) = H(aH,(a)h) = Hy(a)Hq(h) + I(H,(a)(I — )(ah)).
On the other hand,
(1 =II)(ah) = II(ah) — (alh).
The lemma follows by plugging the latter formula into the former one. O
Let us complete the proof. Using the identity
wy =1 —yH>w?,
and Lemma B with a = H, (w?), we get
Huw #, (o) (h) = Hi, (o) (h) = YH g, (o) 12 () ()
= Hpy, (wr)(h) = yHy (w¥) Hpr, vy (h)
— yHu (0!I, (w9)h) = (| Hy (w")) Hu(w?))
=" i, o) (h) = yHu (Ho(w?) U, (wV)h) = (A () o (w") )
= WV NI(@V Hyh) — yH, (Ho(w) I (w0)h) - (b Hy(0¥) Hu(w") ).
We therefore have obtained
Hyw w1, (wvy = Ly Hoy + Hy R,
where LY and RY are the following selfadjoint operators:

Ly () = w! TI(w7 ), RY(R) = —y ((Hu(w! ), (w9)h) = (h|Hy(w?) Hy(w?) ).
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Consequently, using the symmetry of Hu g, (wv) for the real inner product,
Hyo i1, (wv) = %(LZ + RY)H, + Hu%(LZ + RY).
Multiplying by —2y, we obtain the desired formula, since
= —y(Li + RY).
We now come to the second identity. From the first one, we get
(16) Kix,, ) = Hix, S = HJFYS + F/K,.
For every h,v € L2, we use
II(vSh) = SII(vh) + (Sh|v)
and infer
FYSh = —yw!(w¥ Sh) + y*H,w II(H,wY Sh) — y*(Sh|H,w) H,w?

= SGYh — y(Shlw¥)wY = SGYh + y*(Sh|H>w?)wY

= SGYh+y* (Hu(w")| Ky (h))w?
where we have used w¥ = 1 — yH2wY again. Plugging this identity into ([If]), we

obtain the claim.

The last formulae are straightforward consequences of the antilinearity of H,,
and K. [l

Using Theorem Ml in a similar way to section 2l we derive

Corollary 2. Under the conditions of Theorem M, assuming moreover 0 € I,
define UY = UY(t) and VY = V¥(t) as the solutions of the following linear ODEs
on L(L?%):
duvy avy
= BYUY =CYVY UY00)=VY(0)=1.
Then UY(t),V¥(t) are unitary operators and

Hywy = UY(t)Hy o)UY ()", Kuwy = V() Kuo)VY(t)".

At this stage, we are going to slightly generalize the setting, for the needs of the
next section. Let y1,...,y, be positive numbers and aq,...,a, be real numbers.
We consider the functional

Zakﬂ/k (f(H}1)1), :zn:

=1 + Yrs’
and the evolution equation
(17) o= X;(u).
By linearity from Theorem [ it is clear that the solution of ({I7) satisfies
(18) dZu = [BuvHu]v % = [éuvKu}
with

(19) By, =Y ayBY, Cy=> arClt.
k=1 k=1
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Corollary 3. Let u be a solution of equation () on some time interval Z contain-
ing 0, and define U = ﬁ(t) and V = V(t) as the solutions of the following linear
ODEs on L(L?%):

— =B, U, — =C,V, U(0)=V(0)=1.

Then U(t), V() are unitary operators and
Hy@y = U Huo)U()" Ky = V(O Kuo)V ()",

As a consequence of this corollary, if we start from an initial datum w(0) such
that H, ) is a trace class operator, then H, ) is trace class for every ¢, with the
same trace norm. By Peller’s theorem [I1, Chap. 6, Theorem 1.1], the trace norm
of H, is equivalent to the norm of « in the Besov space Bil, which is contained in
W and contains H¥ for every s > 1. Consequently, if u(0) € H for some s > 1,
then u(t) stays bounded in W. We claim that, if w(0) is in V(d), the evolution
can be continued for all time. Moreover, since the ranks of H,) and K, are
conserved in view of Corollary [3] this evolution takes place in V(d) if «(0) € V(d).

Corollary 4. The equation [Ill) defines a smooth flow on V(d) for every d.

In view of the Gronwall lemma, the statement is an easy consequence of the
following estimate.

Lemma 4. Let R,y > 0,s > 1 be given. There exists C(d, R,y,s) > 0 such that,
for every u € V(d) with ||Jullw < R,

1 X (u)lle < C(d, R,y, s)(1 + [[u]| ).
Proof. By using Lemma [2 we are reduced to prove
[w’[lw < B(d, R, y).

We set N = [%] The above estimate is an easy consequence of
N
(I+H) = apHY
k=0

with |ag| <1 for k=0,...,N. In fact, the Cayley-Hamilton theorem yields

N
(H2)N+1 — Z(_l)kqsk(HZ)N—kH, Sy = Z iYL

k=1 01 <<l

and one can easily check that

where p? > .- > p% are the positive eigenvalues of H2, listed with their multiplic-
ities. (]
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Remark 2. For general data u(0) € HS, one can prove similarly that the solution
can be continued for all time if y||u(0)| g+ is small enough, or just if y Tr|H, )| is
small enough.

Our next step is to derive an explicit formula for the solution of (I7) along the
same lines as in section [l The starting points are the formulae

BY(1) = dyJY(u)w?,
CY—-BY = —iy*(:|Hw")H,w"
= iy (w)((+yHy) ™ = (I +yKD)™),
where we have used the identity K2 = H2 — (-|u)u. This leads to

n

Bu(1) = ig(H2)(1), g(s):=>_

k=1

aryrJ V" (u)
1+ yks

Arguing exactly as in section Bl we obtain the following formula.

Theorem 5. The solution u of equation () with initial data u(0) = ug € V(d) is
given by

(20)  w(t,z)=((I—- zemg(Hio)e_zitg(Kio)S*)_lezitg(Hio)uo |1), z € D,

where
n

aryrJ Y (u)
gls) =) ——
= l4us

6. PROOF OF THE QUASIPERIODICITY THEOREM

In this section, we prove Theorem 2l Let ug € V(d) be given. From Theorem [I]
it is easy to see that, after diagonalizing H2 and K7 , the solution indeed has the
form

u(t) = d(e™1, ... eint)
and, on the other hand, obviously belongs to V(d) for all ¢. In order to prove that
t — u(t) is a quasiperiodic function valued into V(d), we need to establish some
stronger property, namely that one can find a smooth function ® defined on the
torus (S')" and valued in V(d), such that the above formula holds.

We denote by 3 the union of the spectra of Hﬁo and Kﬁo. We set n = %, and
we identify (S1)™ to (S')*, or the set of functions from ¥ to S'. For every function
F : % — S', the operator F(H2 )F(KZ )S* has norm at most 1; hence we can
define

@(F)(=) = (I — =F(H2,)F(K2)S") " F(H2, Juo |1), = € D.
Notice that Theorem [ exactly claims that u(t, z) = ®(F;), where F} is the function
Y — St defined by Fy(s) = e~%*. Hence, in order to prove quasiperiodicity, it is
enough to prove that ®(F) defines an element of V(d) which depends smoothly
on F. First notice that, from the above formula, ®(F') is a rational function with
coefficients smoothly dependent on F'. Hence we just have to prove that, for every
F, ®(F) defines an element of V(d).
Let ' € (SY)*. For each s € ¥, we set

F(s) = ew(s),
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where w(s) € [0,27). Let y1,...,y, be n positive numbers pairwise distinct. Then

[he mal I"iX
1 yk}S k—L...,n,sEEI

is invertible, and hence the linear system

apyrJY* (uo)
=2 , SE X,
Z 14 ygs 5

has a unique solution aq,...,a,. Using Theorem B ®(F) is the value at time
t =1 of the solution u of equation (7)) with parameters a1,...,an,Y1,.-.,Yn- By
Corollary [ it belongs to V(d). This proves quasiperiodicity.

Since ® is a continuous mapping, ®((S')¥) is a compact subset of V(d). On
the other hand, for every s, the H® norm is continuous on V(d). It is therefore
bounded on this compact subset, which contains the integral curve issued from uy.
This completes the proof of Theorem

Remark 3. 1t is tempting to adapt the above proof of quasiperiodicity to nonfinite
rank solutions. However, even assuming that one can define a flow on H for all
y with convenient estimates for large y, this strategy meets a serious difficulty.
Indeed, on the one hand, the construction of a Hamiltonian flow on Hf for

J(u) = (f(H;)1I1)
requires a minimal regularity for f, say C', which, if f is represented as
< a(y)
= —d
1) = [ {2 duty)

for some positive measure p and some function a on R, imposes a decay condition

/0 " yla@)] du(y) < o

On the other hand, ¥ is made of a sequence of positive numbers converging to 0
and of its limit, and the interpolation problem

F(s) = exp (2@ /Ooo %‘]ZSM) du@))

would have a solution only if w : ¥ — S! is continuous on ¥. Unfortunately,
the space C(X,S!) is not compact, neither for the simple convergence nor for the
uniform convergence. Therefore the question of large time dynamics of nonfinite
rank solutions of the cubic Szegé equation remains widely open.
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