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INTRINSIC SQUARE FUNCTION CHARACTERIZATIONS
OF MUSIELAK-ORLICZ HARDY SPACES

YIYU LIANG AND DACHUN YANG

ABSTRACT. Let ¢ : R™ X [0,00) — [0,00) be such that ¢(z,-) is an Orlicz
function and ¢(+,t) is a Muckenhoupt A (R™) weight uniformly in ¢. In this
article, for any o € (0,1] and s € Z4, the authors establish the s-order in-
trinsic square function characterizations of H#(R"™) in terms of the intrinsic
Lusin area function Sa,s, the intrinsic g-function ga,s and the intrinsic g}-
function g3 , ; with the best known range A € (2 4 2(a + 5)/n,00), which
are defined via Lip, (R™) functions supporting in the unit ball. A ¢-Carleson
measure characterization of the Musielak-Orlicz Campanato space Ly,1,s(R™)
is also established via the intrinsic function. To obtain these characterizations,
the authors first show that these s-order intrinsic square functions are point-
wise comparable with those similar-looking s-order intrinsic square functions
defined via Lip, (R™) functions without compact supports, which when s = 0
was obtained by M. Wilson. All these characterizations of H¥(R™), even when
s=0,
p(z,t) == w(z)tP for all t € [0,00) and z € R™

with p € (n/(n + ),1] and w € A,(14a/n)(R™), also essentially improve the
known results.

1. INTRODUCTION

The intrinsic square functions were first introduced by Wilson in [35] to settle a
conjecture proposed by R. Fefferman and E. M. Stein on the boundedness of the
Lusin area function S from the weighted Lebesgue space Lf\/[(v) (R™) to the weighted

Lebesgue space LZ(R™), where 0 < v € L} _(R™) and M denotes the Hardy-
Littlewood maximal function. Moreover, Wilson [36] proved that these intrinsic
square functions are bounded on the weighted Lebesgue spaces LP (R™) when p €
(1,00) and w € A,(R™) (the class of Muckenhoupt weights). More applications of
such intrinsic square functions were also given by Wilson [37.[38] and Lerner [23124].

These intrinsic square functions can be thought of as “grand maximal” square
functions, in the style of the “grand maximal function” of C. Fefferman and Stein
from [12]: they dominate all the square functions of the form S(f) (and the clas-
sical ones as well), but are not essentially bigger than any one of them. Like the
Fefferman-Stein and Hardy-Littlewood maximal functions, their generic natures
make them pointwise equivalent to each other and extremely easy to work with.
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Moreover, the intrinsic Lusin area function has the distinct advantage of being
pointwise comparable at different cone openings, which is a property long known
not to hold true for the classical Lusin area function; see Wilson [35,[36LB8] and
also Lerner [23]24].

Recently, Huang and Liu [I8] obtained the intrinsic square function characteri-
zations of the weighted Hardy space H} (R") under the additional assumption that
f € LL(R™), which was further generalized to the weighted Hardy space H? (R")
with p € (n/(n + @),1) and a € (0,1] by Wang and Liu [34], under the addi-
tional assumption that f € (Lip(«, 1,0))*. Moreover, Wang and Liu [33] obtained
the weak type estimates of these intrinsic square functions on the weighted Hardy
space HE (R™) when p =n/(n+ a).

On the other hand, Birnbaum-Orlicz [2] and Orlicz [29] introduced the Orlicz
space, which is a natural generalization of LP(R™). Recently, Ky [21] introduced a
new Musielak-Orlicz Hardy space H?(R™), which generalizes both the Orlicz-Hardy
space (see, for example, [19,82]) and the weighted Hardy space (see, for example,
[14,[15,130]). Moreover, more real-variable characterizations of H?(R™) were ob-
tained in [I7,25] and the local Musielak-Orlicz Hardy space, h¥(R™), was studied
in [39). Musielak-Orlicz functions are the natural generalization of Orlicz functions
that may vary in the spatial variables; see, for example, [27]. The motivation to
study function spaces of Musielak-Orlicz type comes from their wide applications
in physics and mathematics; see, for example, [4H6L2T,28] and their references.
In particular, some special Musielak-Orlicz Hardy spaces appear naturally in the
study of the products of functions in BMO(R") and H!(R") (see [5,[6]), and the
endpoint estimates for the div-curl lemma and the commutators of singular integral
operators (see [3,BL22]).

In this article, we establish various s-order intrinsic square function character-
izations of H¥(R"™), including the intrinsic Lusin area function, the intrinsic g-
function and the intrinsic g3-function. To this end, we first show that the s-order
intrinsic square functions, defined via Lip, (R™) functions supporting in the unit
ball, are pointwise comparable with those similar-looking s-order intrinsic square
functions, defined via Lip, (R™) functions without compact supports, which when
s = 0 were obtained by Wilson [35]. Since the square function characterizations of
H?(R™) have been obtained in [25] and the intrinsic square function is larger than
the square function pointwise, it suffices to show the boundedness of the intrinsic
square functions from H?(R™) to L¥(R™). We point out that our characterizations
of H?(R™), even when s = 0,

(1.1) o(z,t) ;== w(x)t? forall z € R" and t € [0,00)

with p € (n/(n+a),1] and w € Ap(14a/n)(R™), also essentially improve the known
results in [I8] and [34] by removing the additional assumptions that f € L} (R")
or f € (Lip(a, 1,0))*. Moreover, by using some ideas from [13], the range of X in
our intrinsic g}-function characterization of H¥(R™) coincides with the known best
range of the g}-function characterization for H?(R™), which improves the ranges of
A appearing in the corresponding results in [18] and [34].

To state our main results, we begin with some notions and notation. For a €
(0,1] and s € Z4 :={0,1,...}, let Co s(R™) be the family of functions ¢ € C*(R")
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such that supp ¢ C {z e R : |z| < 1},
¢(z)x" de =0
R’V'L

for all v := (y1,...,7) € Z} = (Z4)" and |y| ;=71 + -+ +n < 5, and
|D"p(x1) — D" p(x2)| < |x1 — 22| forall x1, 20 € R", v € ZY and |v| = s.

Here and in what follows, for all v := (v1,...,v,) € Z} and x := (x1,...,2,) € R",

) o 71 o In
I’Y = «r’ly o .x;YLn and D’Y = <6—{I;1) cee <%) .

For all f € L} _(R") and (y,t) € RTT :=R™ x (0, 00), let
Aas()y:1) = L )\f * o (y)l,

where, for all t € (0,00), ¢:(-) = t%(b(;) Then, the intrinsic g-function, the
intrinsic Lusin area integral and the intrinsic g-function of f are, respectively,
defined by setting, for all x € R™,

st = { [ et or 23

- 1/2
(12)  Sauf)la) = { [ N e }

and
Ghas(f)(@) = {/OOO/ <t++_y|>m Aas(F) (5,6 f}jff}l/z.

We also introduce another kind of similar-looking square functions, defined via
convolutions with kernels that have unbounded supports. For a € (0,1], s € Z,
and € € (0,00), let C(q,e),s(R™) be the family of functions ¢ € C*(R") such that,
for all z € R", v € Z} and |y| < s,

[DYo(x)] < (14 [x])~",

(x)x"dz =0
Rn

and, for all x1, z2 € R", v € Z and |v| = s,
(13)  [D"9(a1) = D¥owa)| < o = 22| [(1+ Jaa) 77 + (1 [aa]) ")

Observe that, in what follows, the parameter e usually has to be chosen to be large
enough. For all f satisfying

(1.4) FOIQ+]- )T e LYR™)
and (y,t) € RTT, let

Ao s(Nt) = sup  |fxdi(y)l.

PEC(a,e),s(R™)
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Then, for all x € R", we define

Yo (1)) = {/m (Ao eD0)]” Cit}m

1/2
2 dydt
(1.5) S(a o {/ /{yE]R" ly—z|<t} {A(a < S(f)(y t)] tzﬂ }

and

-, o t An 2 dydt 12
9 (ae),s (@) = {/0 / <m> [A(a,e),s(f)(y7t>:| i } .

When s = 0, these intrinsic square functions were first introduced by Wilson [35].

Recall that a function ® : [0,00) — [0,00) is called an Orlicz function if it is
nondecreasing, ®(0) = 0, ®(¢) > 0 for all ¢t € (0, 00) and lim;_, o, P(t) = co. Observe
that, different from the classical Orlicz functions being convex, the Orlicz functions
in this article may not be convex. The function ® is said to be of upper type (resp.
lower type) p for some p € [0, 00) if there exists a positive constant C' such that, for
all t € [0,00) and s € [1,00) (resp. s € [0,1]),

O(st) < CsPP(t).

For a given function ¢ : R™ x [0,00) — [0, 00) such that, for any x € R", ¢(x,-)
is an Orlicz function, ¢ is said to be of uniformly upper type (resp. uniformly lower
type) p for some p € [0,00) if there exists a positive constant C' such that, for all
x €R™ t€0,00) and s € [1,00) (resp. s € [0,1]),

o, 5t) < CsPp(a, ).
Moreover, ¢ is said to be of positive uniformly upper type (resp. uniformly lower

type) if it is of uniformly upper type (resp. uniformly lower type) p for some
€ (0,00). The critical uniformly lower type index of ¢ is defined by

(1.6) i(¢) :=sup{p € (0,00) : ¢ is of uniformly lower type p}.

Observe that i(¢) may not be attainable; namely, ¢ may not be of uniformly lower
type i(¢) (see P5).
Let ¢ : R™ x [0,00) — [0,00) satisfy that = — ¢(z,t) is measurable for all
t € [0,00). Following [2I], the function ¢(-,t) is said to satisfy the wuniformly
Muckenhoupt condition for some g € [1,00), denoted by ¢ € A4(R"), if, when
q € (1,00), it holds true that
sup sup

1 , q/d
——/w@ﬂﬂ{/wqu”@} < oo,
te(0,00) BCR™ B‘q B B

where 1/g+ 1/¢' =1, or, when ¢ = 1, it holds true that

B‘/ 2.1) do (esysesgp[ (y t)]_1> < .

Here the first supremums are taken over all ¢ € [0, 00) and the second ones over all
balls B C R™.
Let

sup sup
te(0,00) BCR™

R = |J A®R").

g€[1l,00)
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The critical weight index of ¢ € A (R™) is defined as follows:
(1.7) 4(p) == inf {g € [1,00) : o € Ay (R™)}.
Observe that if g(¢) € (1,00), then ¢ € Ay, (R") and there exists ¢ ¢ A;(R")
such that g(¢) =1 (see, for example, [20]).
Now we recall the notion of growth functions (see [21]).
Definition 1.1. A function ¢ : R x [0,00) — [0, 00) is called a growth function if
the following conditions are satisfied:
(i) @ is a Musielak-Orlicz function; namely,
(i); the function ¢(z,-) : [0,00) — [0,00) is an Orlicz function for all
r € R™,
(i)2 the function ¢(-,t) is a measurable function for all ¢ € [0, c0).
(i) ¢ € Ao (R™).
(iii) ¢ is of positive uniformly lower type p for some p € (0, 1] and of uniformly
upper type 1.
Throughout the whole paper, we always assume that ¢ is a growth function as
in Definition [Tl and, for any measurable subset E of R and ¢ € [0, 00), we let

p(E,t) ::/E<p(:1:,t)dx.

The Musielak-Orlicz space L¥(R™) is defined to be the space of all measurable
functions f such that [y, ¢(z,|f(2)|) dz < oo with the quasi-norm

Ilflloe ®ny := inf {/\ € (0,00) : / ¥ <x, @) dx < 1}.

Observe that ¢(z,-) for any z € R™ may not be convex in the time variable, and
hence |[| - | #(gn) may not be a Luxembourg norm.

In what follows, we denote by S(R™) the space of all Schwartz functions and by
S'(R™) its dual space (namely, the space of all tempered distributions). For m € N,
let

Sm(R") :== {w e S(R") : sup sup (1 + ||) ™m0+ 198 (2)] < 1} .

BeZy, |B|<m+1 zER™

Then, for all f € S’'(R™), the nontangential grand mazimal function f¥ of f is
defined by setting, for all x € R™,

fm(x) == sup sup Lf e (y)],
PYESH, (R™) |y—z|<t,t€(0,00)
where, for all ¢ € (0,00), ¥:(-) := t~"¢(;). When

m(e) := |nlg(p)/i(¢) —1]],

where ¢(p) and i(yp) are, respectively, as in (7)) and (L6), we denote Fin(e) Stmply
by f*.

Now we recall the definition of the Musielak-Orlicz Hardy space H?(R"™) intro-
duced by Ky [21] as follows.
Definition 1.2. Let ¢ be a growth function. The Musielak-Orlicz Hardy space
H?(R™) is defined to be the space of all f € §'(R™) such that f* € L¥(R"™) with
the quasi-norm

[ £l zre ny = 1f* | Lo mny-
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Since || - ||Le®n) is only known to be a quasi-norm, it follows that H¥?(R")
usually is not a Banach space, but locally convex and therefore good enough to
have non-trivial linear functionals. Indeed, Ky [21I] also introduced the following
Musielak-Orlicz BMO-type space BMO¥(R™) and proved that the dual space of
H?(R") is the Musielak-Orlicz BMO space BMO¥(R") in the case when m(p) = 0.

Definition 1.3. Let ¢ be a growth function. The Musielak-Orlicz BMO-type space

BMO?(R™) is defined to be the space of all f € L} _(R™) such that
1

1 lentor @ = sup ———— / (@) — fo] dz < oo,
BCR™ XB”L%@(R") B

where the supremum is taken over all the balls B C R™ and fp denotes the average
of f on B, namely,

1
(18) o= /B 1) dy.

To complete the study of Ky [2I] on the dual space of H?(R™), namely, to decide
the dual space of H?(R™) in the case when m(yp) € N, the following Musielak-Orlicz
Campanato spaces Ly, 4,.s(R™) were introduced in [26] and the space L, 1 s(R™) was
proved to be the dual space of H?(R"™) for all s € [m(p),00) NZ4 in a natural way
(see also Lemma B3] below).

In what follows, for any s € Z, we use Ps(R") to denote the set of all polyno-
mials on R™ with order not more than s.

Definition 1.4. Let ¢ be as in Definition [I] ¢ € [1,00) and s € Z;. A locally
integrable function f on R"™ is said to belong to the Musielak-Orlicz Campanato
space Ly q.(R™) if

1

XB ”L*P(R")

q 1/q
flx) = Pif(z _
[ IOl () dep <o
B |p(z, ||XB||LW(R"))
where the supremum is taken over all the balls B C R™ and Pgg denotes the unique
P € P,(R™) such that, for all Q € Ps(R"™),

(1.9) | @) = P@)@(a) dz o

Remark 1.5. (i) When
p(x,t) =1t for all z € R"™ and ¢ € (0, 00)

1/l @) = sup.

with p € (0, 1], via some trivial computations, we know that

IxBllLe@m) = |B['/"
and
o (2 Ixl @ey) = 1B
for any ball B C R™ and x € R™ and hence, in this case,

_ 1 < l/q
1fllz... . == sup B l/p{— / |f<x>—PBf<x>de} ,
Sup, B /s
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where the supremum is taken over all the balls B C R™ and Pj¢ is as in (LJ)). That
is, in this case, L 4,s(R™) just becomes the classical Campanato space L%q,q,s (R™),
which was introduced by Campanato [7].

(ii) When ¢ is as in ([II) with p € (0,1] and w € A (R"™), via some trivial
computations, we see that

IxBlLe ey = [w(B)]'/?
and
& (.8l 7 @) ) = w@)w(B)] !
for any ball B C R” and 2 € R", where w(B) := [ w(z) dz. Thus, in this case,

1 1/q
(rn) := sup |[w(B 11/;0{_/ x) — P f(x)|?w(z 1qd:1:} ,
1l .q.0mn) = sup [w(B)] w(B) Blf( ) = Py f(2)|*[w(z)]
where the supremum is taken over all the balls B C R™ and Pjg is as in (I.9). That
is, in this case, L, 4 s(R™) coincides with the weighted Campanato space introduced
by Garcia-Cuerva [14] as the dual space of the corresponding weighted Hardy space.

Recall that f € S'(R™) is said to vanish weakly at infinity if, for every ¢ € S(R™),
f*x¢y — 0in §'(R™) as t — oo; see, for example, [13] p.50]. The growth function ¢
is said to satisfy a uniformly locally dominated convergence condition if the following
holds: For every compact K C R™ and sequence { f,,, }men of measurable functions
on R™ if f,, — f almost everywhere, and |f,,| < ¢g almost everywhere for some
nonnegative measurable function g satisfying that

sup / g(x) w(z,t) dr < oo,
K

te(0,00) SD(Ka t)
then
p(z,t)
sup fm(z) = f(z dz — 0
2 [ 1) = T
as m — oQ.

Observe that the growth functions

p(x,t) = w(@)®(t),
with w € A (R™) and ® being an Orlicz function,

p(z,t) == tP
and
P

log(e + [x]) + log(e + t7)]P’
with p € (0,1], for allz € R™ and ¢ € (0, 00), satisfy the uniformly locally dominated
convergence condition. More examples of growth functions satisfying the uniformly
locally dominated convergence condition can be found in [17,25[39].

Our main results of this paper are as follows.

(p(l‘,t) = [

Theorem 1.6. Let ¢ be a growth function satisfying the uniformly locally domi-
nated convergence condition, o € (0,1], s € Zy, € € (a+s,00), p € (n/(n+a+s),1]
and ¢ € Apat(ats)/n)(R™). Then f € H?(R") if and only if f € (L,1,5(R™))*,
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the dual space of L,1,s(R™), f vanishes weakly at infinity and go s(f) € LY(R™);
moreover, when this is obtained, it holds true that

1
5||9a,s(f)||w(w) <N fllae@ey < Cllga,s ()l Le @)

with C being a positive constant independent of f.
The same is true if ga, s(f) is replaced by g(a,e),s(f)-

Observe that, for all z € R™, Sy s(f)(x) and go,s(f)(z) are pointwise comparable
(see Proposition[Z4l below), which, together with Theorem [[L6] immediately implies
Corollary [l We omit the details.

Corollary 1.7. Let ¢ be a growth function satisfying the uniformly locally domi-
nated convergence condition, o € (0,1], s € Z, € € (a+s,00), p € (n/(n+a+s),1]
and ¢ € Apit(ats)/n)(R™). Then f € H?(R™) if and only if f € (Ly1,s(R™))*, f
vanishes weakly at infinity and Su s(f) € L¥(R™); moreover, when this is obtained,
it holds true that

1
1Sas(Dlle@n) < 1Fllae@n) < CllSas(f)llLe@n)

with C being a positive constant independent of f.
The same is true if S s(f) is replaced by S(qa,e),s(f)-

Theorem 1.8. Let ¢ be a growth function satisfying the uniformly locally domi-
nated convergence condition, o € (0,1], s € Z, € € (a+s,0), p € (n/(n+a+s),1],
© € Apit(ats)/n)(R™) and A € (2+2(a+s)/n,00). Then f € H?(R™) if and only if
f € (Lp,s(R"))*, f vanishes weakly at infinity and g5 , ((f) € L¥(R™); moreover,
when this is obtained, it holds true that

1 * *
5||g,\,a,s(f)||Lw(Rn) <N fllze@ny < ClGXa.s(F)lle@ny

with C being a positive constant independent of f.
The same is true if g5 , ,(f) is replaced by gy (a E)73(]”).

Finally, we establish the intrinsic ¢-Carleson measure characterization of the
space L, 1,s(R™). We first recall the following ¢-Carleson measure which was first
introduced in [26].

Definition 1.9. Let ¢ be a growth function. A measure p on RTFI is called a
p-Carleson measure if

1 i 1/2
L 4 o ey {/B B0 ol L) 'd“(x’t)'} <o
where the supremum is taken over all balls B C R™ and
B:={(x,t) e R™: B(x,1) C B}

denotes the tent over B.

Remark 1.10. (i) Notice that when
p(x,t) =1t forall z€R" andt € (0,00),
then, for all B C R”, it holds true that
||XBo||E<;1>(Rn) = |B|_1
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and hence
~ 71/2
w(B)

M = sup | ——=—
H ||<P BCRn |B|

b

where the supremum is taken over all balls B C R™ and B denotes the tent over
B. Thus, in this case, the ¢-Carleson measure just becomes the classical Carleson
measure, which was introduced by Carleson [8,[9] and was used by Fefferman and
Stein in [12] to characterize the space BMO(R"™).

(ii) When ¢ is as in Remark [[5(i), in this case, we then have

1/2
w(B)
|B[?/p—1

)

lully == sup
BCR™

where the supremum is taken over all balls B C R™ and B denotes the tent over
B. Thus, in this case, the ¢-Carleson measure just becomes the fractional Carleson
measure, which was introduced by Essén et al. [I1] and was used by Dafni and
Xiao in [I0] to characterize the space Q. (R™).

(iii) When ¢ is as in Remark [[L5](ii), in this case, we have

- 1/2
lially 1= sup. {/B w(B(a, ) (B2 d“(x’”'} B

where the supremum is taken over all balls B C R™ and B denotes the tent over B.

In what follows, for o € (0,1], s € Z, € € (0,00) and b € L, 1 s(R™) such that b
satisfies (L4]) with f replaced by b, the measure py, on Rf‘ﬁl is defined by setting,
1
for all (z,t) € R},
~ dx dt
(1.10) dpp(z,t) 1= [A(a,0),5(b)(z,1)]? —
Theorem 1.11. Let ¢ be a growth function, o € (0,1], s € Zy, € € (a + s,00),
pE (n/(n+a+s),1], o€ Aj(R"). Then b e L,1:(R™) if and only if b satisfies
(L2) with f replaced by b, and wy as in (CI0) is a -Carleson measure on R

Moreover, when this is obtained, there exists a positive constant C, independent of
b, such that

1
bl @ < Nl < Clblle, 1, m)-

Remark 1.12. (i) We point out that if ¢ belongs to Ca,s(R™) or C(a,c),s(R™), then
¢ € Ly 1,5(R™); see Proposition 23] below. Thus, the intrinsic square functions are
well defined for functionals in (£, 1 5(R™))*. Observe that if ¢ € S(R™), then there
exists a positive constant C' such that C'¢ satisfies (L3]) and hence ¢ € L1 (R™)
(by Proposition 2.3)). Thus, if f € (£,1,:(R™))*, then f € S'(R™) and f vanishing
weakly at infinity makes sense.

(ii) Recall that the Lipschitz space Lip(w, 1,0), for « € (0, 1], is defined by

Lip(«, 1,0)
1
— 1 . —
= {b € Lo (R") : ||b||Lip(a,1,o) = Sl};p W /B b(y) — bpldy < OO} )

where the supremum is taken over all balls B in R™ and bg denotes the average of
b on B; namely, bp is as in (L&) with f replaced by b.
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When ¢ is as in ([ILT)), Wang and Liu [34] proved that if f € (Lip(e, 1,0))*, then
f € HE(R™) if and only if f vanishes weakly at infinity, and g, (f) € LE (R™) or
g(ﬂz,ﬁ)(f) € Lf, (Rn) or Sa(f) € Lf, (Rn) or S(a,e)(f) € Lﬁ)(R") or g;@(f) € L{;(R")
OF G} (a,0)(f) € LA, (R™) with A > 3 + 2a/n. In the present article, we remove the
additional assumption that f € (Lip(a, 1,0))* in [34].

(iii) For p € (0, 1], Folland and Stein [I3] established the Littlewood-Paley g5
characterization, with A € (2/p,00), of HP(R™), which is the best known range
of A\. For the Littlewood-Paley g}—characterization of the weighted Hardy space
HE(R™), with p € (0,1], ¢ € [1,00) and w € A,(R™), the best known range of X is
A € (2q/p, 00); see, for example, [25]. If p € (n/(n +a),1] and w € Ap14a/m)(R™),
Huang and Liu [I8] and Wang and Liu [34] established the intrinsic Littlewood-
Paley g}-characterization of H?(R™) with A > 3 + 2a/n. This corresponds to
the case when s = 0 of Theorem [[.8 in which we improve the range of A\ to
A > 2(1+a/n), which coincides with the best known range of \. Moreover, observe
that it was proved in [35, p.783] that the intrinsic square functions in (2] and
([T3), defined via using cones with other apertures, are pointwise comparable, which
can give simpler proofs of [I8, Theorem 3] and [34], Theorem 3]. We omit the details.

(iv) When

p(x,t) =t forall z€R" and t € (0,00),
Theorem [[LTT] was obtained by Wilson [38]. In the other case, Theorem [[LTTlis new.

This article is organized as follows.

In Section[2] we establish some estimates on the intrinsic square functions, which
are the key tools for the proofs of our main results. In Proposition 23] below, we
show that if ¢ belongs to Cas(R™) or Cia,),s(R™), then ¢ € L, 1 (R™), which
further implies that the intrinsic square functions are well defined for functionals
in (L,1,4(R™))*. In Proposition 4] and Theorem below, we also show that if
a € (0,1], s€ Zy and € € (o + s,00), then, for all f satisfying (L4) and = € R",

Sa,s(f)(x) ~ ga,s(f)(m) ~ g(a,e),s(f)(m)'
We point out that the key point, appearing in the proof of Theorem 2.6 is that a
function in C4,¢),s(R™) can be decomposed into a sequence of functions belonging
to Ca,s(R™), in whose proof we borrow some ideas from Taibleson and Weiss [31]
on how to use the minimal polynomial to construct the higher order vanishing
moments of the functions in C, s(R™).

Section Bl is devoted to the proofs of Theorems [[L6 .8 and LTIl The key
tools used to show Theorem are Theorem in Section 2] of this article, the
Littlewood-Paley g-function characterization of H?(R™) from [25, Theorem 4.4],
the atomic characterization of H?(R™) established by Ky [2I] (see also Lemma
[3:4] below) and the fact that the dual space of H?(R"™) is L, 1,(R™) proved in
[26, Theorem 3.5] (see also Lemma below). In the proof of Theorem [[§ by
borrowing some ideas from Folland and Stein [13] and Aguilera and Segovia [I],
we first establish key technical Lemma [B.6] which clarifies the relation between
the amplitude 8 and the Orlicz norm of the intrinsic square function §ﬁ,(a,6)’s( 1))
in 37) below. This, together with Corollary [[7 further induces the best range
A€ (2(n+a+s)/n,00) appearing in Theorem [[L8 Applying Theorem [[L6], we then
complete the proof of Theorem [[.T1]

Finally we make some conventions on notation. Throughout the whole article,
we denote by C a positive constant which is independent of the main parameters,
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but it may vary from line to line. The symbol A < B means that A < CB. If
A < B and B < A, then we write A ~ B. For any measurable subset E of R",

we denote by EC the set R" \ E and its characteristic function by xg. We also set
N:={1,2,...} and Z; :=NU{0}.

2. SOME ESTIMATES OF INTRINSIC SQUARE FUNCTIONS

In this section, we prove some key facts on the intrinsic square functions, which
are the key tools for the proof of Theorem in Section 3l We begin with recalling
Lemma [ZT] on the properties of growth functions, which is from [2I, Lemmas 4.1,
4.2 and 4.5], respectively.

Lemma 2.1. Let ¢ be a growth function. Then the following hold true:
(1) there exists a positive constant C such that, for all (z,t;) € R™ x [0, 00) with
JeN,

oo
el t;] <C
=1

(ii) for all (x,t) € R™ x [0,00),
o(x,t) ::/O Mds

S

> (@)
=1

Jj=

is a growth function equivalent to p; moreover, p(x,-) is continuous and strictly
mncreasing;

(iii) for all f € L¥(R™) \ {0},

x|m>>MA,
ﬁ“«mm@ ’

(iv) if ¢ € Ay(R™) with q € [1,00), then there exists a positive constant C' such
that, for all balls By, By C R™ with By C Bs and t € (0, 00),

q
¢(Bi,t) | B

(v) if ¢ € Ag(R™) with q € [1,00), then there exists a positive constant C' such
that, for all balls B(xo,r) C R™ with o € R™ and r € (0,00), and t € [0, 0),

/ ‘P(Ivt) dl‘ S C@(B(xo,'l"),t)
CIO

x — o™ rng

The following lemma is from [31], p. 83].
Lemma 2.2. Let g € L) (R"), s € Z; and B be a ball in R™. Then there exists

loc

a positive constant C, independent of g and B, such that
C
sup [Pho(e) < 5 [ lo(o)]da.
rz€B | | B

The following technical proposition implies that the intrinsic square functions

are well defined for functionals in (£, 1 (R™))*.

Proposition 2.3. Let ¢ be a growth function, a € (0,1], s € Zy, € € (a + s,00),
J2RS (n/(n +a+ S), 1] and pE Ap(H»(oH»s)/n)(]Rn)' ]f f € C(a,e),s(Rn)7 then f €
Ly1,s(R™).
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Proof. For any [ € Cia.),s(R"), ball B := B(zg,r) C R" with 2o € R" and
€ (0,00), and z € R"™, let

pe(e) = S 2 ep ).

|
ezt lyi<s

Then, by Lemma[22] Taylor’s theorem and ([L3]), we see that, for any « € B, there
exists {(x) € B such that

2.) [ 15@) = Pis (@) da
/ 1£(2) = pa (@) + Py (ps = (o)) do

< [ 15 = pu(o)l da

DY (€(w)) — D" f (o) .
< /B 3 = (z - zo)| d

YEZY, |y|=s
S L 6@+ (1 fol) )

For all balls By, By C R™ with By C B and t € [0,00), by (iii) and (iv) of
Lemma 211 the uniformly lower type p property of ¢ and ¢ € Ap14(ats)/n)(R™),
we conclude that

B 1+(a+s)/n

(2.2) |By [T

IxB | 2o ®m)
|BI|1+(a+s)/n <P B27 ||XB2||L<;’(RH

( )
"~ xe e @ LB x5l e gn) )]
(B )7

| By [ et9)/n [ o(Ba, x5 |2 @ny ||XBI||L¢(RH)

X8 llLe ®n)

~ HXBHHLW(R”) (B17 ||XB1||L<P(R" )

_ |BI|1+(a+s)/n B—2|:| 1+(a+s)/n N |BZ|1+(a+s)/n
~ lxs.lle@ny LIBil IxBoll e Rn)
Now, if |zg| +r < 1, namely, B C B(0, 1), then, by (2I) and [2.2), we see that
|B|1+(a+s)/n
23) ||XB||LW Rn) / (@) = P (o) de < IXBllLe®n)
- | B(0, 1)|1+ (a+s)/n
HXB(O,l)HLw(R")

If |zo| + 7 > 1 and |xg| < 27, then r > 1/3 and |B| ~ |B(0, |xo| + r)|. Since
|f(z)] < (14 |x|)~" € for all x € R™, we have

[ 1@ =Pos@ldns [ 0+l de 51
R
Thus, from (22, it follows that

~ 1.

1 1
(2.4) . / f@) - Pyf@)ldes — L <1,
||XBHLv>(Rn) B ”XBHLV’(R")



INTRINSIC SQUARE FUNCTION CHARACTERIZATIONS 3237

If |xo|+7 > 1 and |zo| > 2r, then, for all z € B, it holds true that 1 < |z| ~ |x¢],
which, together with (m]) 22) and € € (a + s,00), further implies that

2 Tl J, 1) = Fisl s

n+o¢+s

< B
||XB||Lv> (R™)
B0, || + r)[MH(ots)/n

+e
)|n

n+e

[B(O, o] + )|~

<
|B(0, [xo| + 7 IXB(0,)zo|+r) Il L (R

Combining (Z3)), [Z4) and (Z.3)), we see that f € L, 1 (R") and | fllz, , &) S 1,
which completes the proof of Proposition 2.3 D

<1

~

Let a € (0,1], s € Z4 and € € (0,00). For all f satistying (L)) and = € R,
define

keZ

1/2
Ua,s(f)(‘r) = {Z [Aa,s(f)(xa 2k)}2}

and

1/2
&(lX?E)aS(f)(I) = {Z {g(a,e),s(f)(xv Zk)}2} .

keZ

Next we show that the intrinsic square functions Sy 5(f), ga.s(f); 0a,s(f) and the
similar-looking intrinsic square functions are pointwise comparable.

Proposition 2.4. Let a € (0,1], s € Zy and € € (0,00). Then, for all f satisfying
@TA) and all x € R™, it holds true that

s () (@) ~ Su s (F) (@) ~ 005 (f) ()
and
Fione)s (@) ~ S(a0),s(F) (@) ~ Fae).s (f) ()

with the implicit positive constants independent of f.

Proof. Let Co s(y,t), with y € R™ and ¢ € (0,00), be the family of functions ¢ :
R™ — R, supported in B(y,t), such that, for all v € Z" and |y| < s,

o(z)xdx =0
R’IL

and, for all z1, z2 € R", v € Z7} and |v| = s,
|D¢(z1) — DY d(x2)| < 7" x1 — 22|

It is easy to see that

Aoc,S(f)(yat) = sup
¢€Ca,s(y,t)

By the definition of C, 4(y,t), we know that, for all ¢ € (0, 00),

/ Aas (N0 2 S [Aan(1)0,20)]
{yeR™: |y[<t}

f(@)(x) da
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and

AusNO0 5 o)y 202 2

{yeRr: |y|<t} ¢

d
</ Aas (D20 2.
{yeR: |y|<2t}

Integrating these inequalities in % from 0 to oo, we then conclude that

Ga,s(£)(0) ~ Sas(£)(0),

which, together with the translation transformation, further implies that, for all
xz eR?,
ga,s(f)(x) ~ Sa,s(f)(m) ~ Ua,s(f)(x)'
Similarly, we also see that, for all x € R",
g(a,e),s(f)(x) ~ S(oz,e),s(f)(x) ~ g((y,e),s(f)(x),

which completes the proof of Proposition [2.4] a

Observe that Proposition 24l when s = 0 was first obtained by Wilson [35], p. 783],
which shows the advantages of intrinsic square functions.

To show that ga,s(f) and g(a,e),s(f) are pointwise comparable, we need the fol-
lowing technical lemma.

Lemma 2.5. Let « € (0,1], s € Z4 and € € (max{s,a},oc0). Then, for any ¢ €
Cla,e),s(R™), there exist positive constants C' and a sequence {d trez, of functions
such that Cdy, € Cq 5(0,2%) and

d) _ Z ka(efmax{s,a})d)k.

kEZ
Proof. Let h € C°(R™) be real, radial and non-negative, support in
{xeR": 1/8 <|z| <1/2},

and be normalized such that, for all x # 0,

f: h(27%z) = 1.

k=—o0
Let
po(-) == 1—Zh(2_k)
k=1
and, for k € N,
() = h(27F.).

Then, supp py C {z € R": 2873 < || <2F-1} 37 oy =1 and, for all z € R™,

U(z) =Y ()i ().
k=0

Let

Then M, ~ 27k,



INTRINSIC SQUARE FUNCTION CHARACTERIZATIONS 3239

For k € Zy, let {¢} : 1 € Z7 and |l| < s} be the orthogonal polynomials with
weight pj obtained via the Gram-Schmidt method from

{2 : BeZ? and |B| < s};

namely, for all [, v € Z7 and |l|, |v| < s, ¢f € Ps(R") and

(0,08), = M | 0l(@)o} (@)pu(a) do = b,

where 0,; :=1ifv=10and 6, :=0if v £ .

Let

lezn, |l|<s

Then, for all @ € P;(R™), it holds true that
(2.6) | 0@ - P@)@@ipn(z) da =0,
For k € Zy, let {¢f : 1 € Z7 and |I| < s} be the dual basis of
{2 B€Z? and |B| < s}

with respect to the weight py; that is, for all [, § € Z7 and |I], |3| < s, Pk € Py(R™)
and

(2.7) (vf,2"), = M, . Uf ()2 pr(x) dx = 5.

Then, from the fact that, for all I, 8 € Z7} and [l], |B] < s,

Sk el o= e D @) ek | = (ef.vh),
v€Zi,\v|§s & UGZi,'U‘SS &

it follows that, for all z € R™,

ofe) =" > (¢f,0F), "

UEZi,\V|§s
Thus, it holds true that
(2.8) Po= > (4.4)), 6
lezn  |l|<s
= > . D> (efuh) 2| o
lezn, |l|<s veLy, |v|<s &

Z Z (waxy)k (QS?:?wl]j)k ¢g€

lezy, l|I<s very,|v|<s

Z ("/vay)k wtlf

veZLy, |v|<s
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For all I, B € Z7 and ||, |3| < s, by the equality
My [ )y pi(y) dy = 615 = Mk/ or ()2 pr.(x) de
R™ R™

=M /n(2'“‘1)‘6‘wz’“(2’“‘1y)y’3p1(y) dy,
we see that
U () = (2871 My 274,
Thus, for all [, 8 € Z7, |l|, |f] < s and k € N, we have
(2.9) DA poo ey S 2~ K= DHI+IBD,
For alll € Z7, |I| < s and k € Z, let

o0

NF=) (wwl)j/Rn pi(y) dy.

j=k
Then, for all I € Z7} and |I| < s, we see that
N = Z/ W(x)2lp;(z) de = (z)z' dx = 0.
J:O RTL R7l
From the assumption € € (o + s,00), it follows that, for all I € Z7, || < s and

keN,

o0
(210)  INfI<)
j=k

/ w(x)xlpj (z) dx
R’I’L

(oo}
< 3 2t g (=i,
j=k

Using (2.10) and ([29), we know that
(2.11) My ||NFYF pel| oo rey S 27K -0, as k — oc.
Thus, from [2.8)) and [2I1]), we deduce that

ZPk:pk :Z Z (le)szkpk
k=0

k=0 lezy,|l|<s
o0
— k k k+1
= E E N (MM/JZ pr — Mri11 Pk+1)-
lezn , |l|<s k=0

Now, write

b => (V= Pe+ Pi)ps
k=0

= Z (¢ — Py)pr + Z NF (Mt} pre — My} ™ prs1)
k=0 lez, lij<s

—. ZQ—k(e—max{s,a})(gk_
k=0

We next show that there exists a positive constant C' such that, for all &k € Z,,
Coy € Cq s(0,2).
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Obviously, supp ¢p C {z € R" : 263 < |z| < 2%}, From (Z6) and (&7, it
follows that, for all [ € Z and [I| < s,

o (z)2t da = 0.
R?L
By ([L3), we see that, for all k € Z, v € Z7, |v| = s and z1, 23 € R,
(2.12) |ID” (1) (1) = D" ($pi) (w2)] S 27H |y — a9

On the other hand, by (Z.9), we know that, for all k € Z, [, v € Z7, |l] < s,
|v] = s and z1, 22 € R,
(2.13) [DY (4 pi) (1) = D" (7 pr) (wa)| S 27 F|arr — wa| S 277wy — o]

From this and (ZI0), we deduce that, for all k € Z,, I, v € Z7, |l < s, |[v| = s and
T, x2 € R",

(2.14) | D (Nf M pi) (21) — D” (N Miapf pr) (22)|

< 2—k(n+e—s)2—ka|x1 — $2|a ~ 2—k(n+e+o¢—s})|x1 - -’132|a~

By (ZI3) and [2.8)), we also conclude that, forallk € Z,, [, v € Z7}, ||| < s, |v| = 5
and x1, 2 € R,

(2.15) | DY (Prpr)(w1) — DY (Prpr) (v2)|
= > (va!), D" pr) (1) — DY (¥f pr) (2)]
lezn, |i|<s

< 27k(n+efs)27koz|x1 _ x2|a
< 27k(n+e+afs)|x1 _ x2|o¢.

Combining [212), 214, (Z10) and € € (max{s, a}, cc0), we see that, for all k € Z,
veZy, |v|=sand z1, z2 € R",

D (@) (1) = D" (dp)(ws)| S 27 ay — |,
which further implies that there exists a positive constant C' such that
Cop € Ca,s(0,2).
This finishes the proof of Lemma |

Using Lemma 2.5 we now prove Theorem 2.6] which, in the case when s = 0,
was first obtained by Wilson [35, Theorem 2].

Theorem 2.6. Let a € (0,1], s € Zy and € € (max{s,a},o0). Then there erists
a positive constant C such that, for all f satisfying (L) and x € R™,

1

aga,S(f)(x) < g(a,e),s(f)(x) < Cga,S(f)(x)'

Proof. Obviously, for any o € (0,1], s € Z;, € € (0,00) and z € R",

ga7s(f)(x) 5 g(a,e),s(f)(x)'
To finish the proof of Theorem [Z.6] we only need to prove the second inequality.
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By Lemma 25 € € (max{s,a},oo) and Holder’s inequality, we conclude that,
for all ¥ € C(q,e),s(R™),

(2.16) fxap(0)] S ) 2mHlermadsel 4, (£)(0,2)
kEZy
1/2

S {S arkemaxtaal) (4, (£)(0,2%)]
/CEZ+

From the definition of C, s(0,t), we deduce that if ¢ and r are positive, then ¢ €
Ca.s(0,1) if and only if ¢, € Cy s(0,7t). Therefore, by this observation and (Z.I6]),
we see that, for any ¢ € C(q,¢),s(R™) and j € Z, it holds true that

1/2

1 b (0)] S {3 2 klemmaxteal) 4, (£)(0,250))" 3,

kEZ 4

which, together with e € (max{s, a}, c0), implies that, for any sequence {1l)(j)}jez
of functions from C(q ¢),s(R™), it holds true that

S IFeuOF £33 arHemeed [4,,(1)(0.2))

jez JEZ KET,

l
~ D [Aas(NO.29]7 37 2o maxtee)

lez j=—o00
~ 3 [Aa s (1)(0,29] ~ [Gas(HO) ~ [ga.s(HO)].
leZ

Taking the supremum over all the sequences {1V)};cz C Cla,e),s(R™), we then
conclude that

9(,),s (1)) ~ T(a,0),s(/)(0) S Ta,s()(0) ~ ga,s()(0),

which, together with the translation transformation, further implies that, for all
rz eR”,

Y(ae),s (1) (@) S Ga,s (f)(2).
This finishes the proof of Theorem a

3. Proors oF THEOREMS [L.6, [[.8 anD [.11]

In this section, we prove Theorems [[L6] [[.8 and [[.T11
We first prove Theorem [LLGl To this end, we need the following technical lemma.

Lemma 3.1. Let o € (0,1], s € Z; and € € (0,00). Then, Co,s(R™) C Cq s—1(R™).
Proof. To show this lemma, it suffices to show that, for « € (0, 1], s € Z and any
function ¢ on R™ satisfying that supp ¢ C B(0, 1),

: ()27 dz =0 for all vy € Z7} and |y| < s

and

|D"¢(x1) — D" ¢(x2)| < o1 —22|® forall x, 29 € R", v € Z} and |v| = s,
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it also satisfies that, for all z1, o € R", 1 € Z7} and [I| = s — 1,
(3.1) |D'¢(w1) = D'p(x2)| < |1 — 22|
For all x € B(0,1), let 7 := % € 0B(0,1). Then, for all v, € Z7, |v| = s and
|I| =s—1, since |x —Z| =1 — |z|, by supp ¢ C B(0,1), we see that
|D” ()| = |D"¢(x) — D" ¢(2)| < |o — z[* = (1 — ||)*

and, by this and the mean value theorem, we further conclude that there exists
6 € (0,1) such that £ = 6z + (1 — )T € B(0,1) and

(3-2) [D'é(z)| = |D'¢(x) — D'¢(@)| = |V(D'¢)(€)(x — 7)|
< WEZI}}%:S{ID%(OI}M — 7

< (- Eh* @ —lal) < (1= fa))*
Now, we prove ([B.I) in the following four cases.
Case i) 1, x5 € [B(0,1)]C. In this case, the conclusion is trivial.
Case ii) 1 € B(0,1) and x5 € [B(0,1)]C. In this case,
|71 — @2 > |21 = T1| =1 = |21],
which, combined with [3.2]), further implies that
ID'¢(z1) = D'é(x2)| = [D'é(z1)| < (1~ |21)*H < |y — 22|

Case iil) 1, x2 € B(0,1) and |z1—x2| < 1. In this case, by the mean value theorem,
we know that there exists 6 € (0,1) such that £ = 0z + (1 — 0)xe € B(0,1) and

D'¢(z1) — D'p(x2)| = [V(D')(€) (1 — x2))|

< max {|D7¢(&)|}z1 — z2l,
YEZY, |v|=s

which, together with (8:2), further implies that
[D'p(x1) — D'(xa)] < (1= [€))* Harr — @] < fan — @] < Jag — 2o,
Case iv) x1, 2 € B(0,1) and |x1 — x2| > 1. In this case, since
|21 — 22 4+ (1 — |1 |) + (1 — fa2]) <2

and |z — x2| > 1, we see that (1 — |z1]) + (1 — |z2|) < 1, which, combined with
B2), implies that

|D'¢(x1) — D'é(2)| < |D'é(x1)| + |D'¢(2)|
S @ = e )T+ (1= [z2)* T <1< g — 2.
This finishes the proof of (Bl and hence Lemma B1] |

From Lemma [3.I], we deduce the following conclusion.

Proposition 3.2. Let « € (0,1], s € Z4, ¢ be a growth function, q € (1,00) and
© € Ay(R™). Then, there exists a positive constant C such that, for all t € [0, 00)
and measurable functions f,

[ laactN@lplat)de <€ [ (f@)10(a,1) da.

Rn
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Proof. From Lemma [B.I] we deduce that, for all z € R™ and s € Z,

ga,S(f)(x) < ga(f)(z)
which, together with the fact proved in [36, Theorem 7.2] that, for all ¢ € [0, ),

[ laan@retetde < [ @)t da,

n

then completes the proof of Proposition |

To prove Theorem [0 we also need the atomic characterization of H¥(R™) from
[21] and its dual space L 1,(R™) from [26].

Recall that, for any ball B in R", the space LL(B) for g € [1,00] is defined to be
the set of all measurable functions f on R", supported in B, such that

1/q

1
(0 {7/ [f(@)fp(z,t)dz| < oo, g €[l,00);
1 £llLe s = § t€O) (B, t) Jrn

”fHLOO(]R") < 00, q = 00

Now, we recall the atomic Musielak-Orlicz Hardy spaces introduced by Ky [21]
as follows. A triplet (¢, ¢, s) is said to be admissible if ¢ € (¢(p),¢] and s € Z4
satisfies s > m(p). A measurable function a is called a (¢, q, s)-atom if it satisfies
the following three conditions:

(i) a € LL(B) for some ball B;

(n) ||a||Lg,<B < sl o’

(iii) [po a(x)z® dz =0 for any a € Z" and |a| < s.

The atomzc Muszelak Orlicz Hardy space HZT?(R™) is defined to be the space
of all f € §'(R™) that can be represented as a sum of multiples of (¢, g, s)-atoms,
that is,

f= Zb] in S'(R™),
Jj=1

where, for each j, b; is a multiple of some (¢, g, s)-atom supported in some ball Bj,
with the property

oo

Z o (B, ||bj||Lg,(Bj)) < 0.

Jj=1

For any given sequence of multiples of (¢, g, s)-atoms, {b;};cn, let

: = 1651l 2 (5,
Ag({b;}jen) :=1nf ¢ A € (0,00) : Z(p <Bj, %XB;)) <1

and then define
[ fllezgas @ny = inf § Ag({bj}jen) + [ = Zb in S'(R") »,

where the infimum is taken over all decompositions of f as above.
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Remark 3.3. Observe that when ¢ is as in (L)) with p € (0,1] and w € A (R"™),
then, for all balls B C R™ and measurable functions f, it holds true that

Nz, @y
Hf”Lg,(B) = W

Thus, for all f € HZ?(R"), {\j}jen C C and a sequence of (¢, g, s)-atoms,
{a;};en, associated with balls {B;};en such that

f:Z/\jaj in S’(Rn),

jEN
we have
Mllaglgen 17\ v
_ illlaillog, @) ,
Ag({Aja;tjen) = Z[W] < ZP\J\” )
JEN JjEN
which further implies that
1/p -
(3.3) [ fllgg s @ny < inf Z|>\j|p : f:Z/\jaj in S'(R")
jeN =1

= Hf||f1§v%S(Rn)v

where the infimum is taken over all decompositions of f as above.
On the other hand, for any j € N, and a; and A; as above, let

T lajllzg e

and
(B Yre

T HajHLZ,(R")

Then, {a,},en is also a sequence of (¢, ¢, s)-atoms associated with balls {B;}en,
f = ij'dj in S/(Rn)
JEN

and
1/p 1/p

N INjlllasll e (R7) b
Shr| =S| b = sovaden.
2 (s
which, together with (83)), further implies that

g gy = 1 s oy
That is, in this case, the quasi-norm || - || m# s (re) Just becomes the quasi-norm

Il - ||I’_}ﬁ,q,5(Rn) of the weighted atomic Hardy space in [I4].

We use HZ"?(R™) to denote the set of all finite combinations of (¢, q, s)-atoms.
The norm of f in H7"*(R™) is defined by

k
£l g .os ey = inf § Ag({b}h_1) : k€ Nand f = b;in S'(R") 5,
j=1
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where the infimum is taken over all finite decompositions of f. It is easy to see that
HZ®(R™) is dense in H"®(R™).

The following Lemmas [3.4] and are, respectively, just [2I, Theorem 3.1] and
[26, Theorem 3.5], which play a key role in the proof of Theorem

Lemma 3.4. Let (¢,q,s) be admissible. Then, H¢(R") = HZT*(R™) with equiv-
alent norms.

Lemma 3.5. Let ¢ be a growth function satisfying the uniformly locally dominated
convergence condition and s € [m(p),00) NZy. Then the dual space of H?(R™),
denoted by (H?(R™))*, is Ly1,s(R™) in the following sense:

(i) Suppose that b € L, 1,s(R™). Then the linear functional

Ly: f— Ly(f) := f(z)b(z) dx

R’!L

initially defined for oll f € HET®(R™) with some q € (q(p),0), has a bounded
extension to H?(R™).

(ii) Conversely, every continuous linear functional on H¥(R™) arises as in (i)
with a unique b € L1 (R™).

Moreover,

1Bl 1 o my ~ W Lol (e my) =

where the implicit constants are independent of b.

Having these equipment, we can now give the proof of Theorem

Proof of Theorem [LG. Observe that, by Theorem 26 we know that for ¢ €
(a+s,00) and all z € R", gos(f)(z) and g(a,e),s(f)(x) are pointwise compara-
ble. Thus, to finish the proof of Theorem [[L6] we only need to consider g, s(f) in
our proof.

Let ¢ € S(R™) be a radial function, supp ¢ C {x € R" : |z| < 1},

¢(z)xdx =0 for all |y] <s
R’!L

and, for all £ € R™\{0},
T lenrd =1
Recall that, for all f € S'(R™), the Littlewood-Paley g-function of f is defined by
setting, for all z € R™,
L de]?

wP)a)i= | [T 1 el G

If f € (Ly1,s(R™))* vanishes weakly at infinity and g, (f) € L¥(R™), then, by the
fact that, for all z € R™,
gs(f)(z) < ga,s(f)(x)
and [25] Theorem 4.4], together with Remark [[.T2(i), we conclude that f € H?(R"™)
and
1l ey S N9s(F)llze®n) S N9a,s (£l e @n)-

This finishes the proof of the sufficiency of Theorem

It therefore remains to prove the necessity. Let ¢ := p[l + (a + s)/n]. If f €
H?(R™), then, by [I7, Lemma 4.12], we know that f vanishes weakly at infinity.
Also, since ¢ satisfies the uniformly locally dominated convergence condition, from
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Lemma B3] it follows that f € (L£,1,s(R™))*. For any 0 # f € H¥(R"), let

f= Z;’il b; be an atomic decomposition of f as in Lemma B4l with supp b; C B;
for all j € N. Then, for all ¢ € S(R™), it holds true that

Z bj * ¢ = f * ¢ pointwise,

j=1
since f = >, b; in §'(R"). Therefore, for all z € R", we have

ga,s(f)(x) S Zga,s(b])(x)
j=1

We now claim: it suffices to prove that, for any (¢, g, s)-atom a associated with a
ball B := B(zg,r) with 29 € R™ and r € (0, 00), it holds true that

(3.4) [ gos(@@) do S plB o).

Indeed, from (34 and Lemma 2.1J(i), we deduce that

Yo, S(f)( ) Ja,s bk)( )
/#’(x A, ({12 ))d <Z/ ( A, ({12 ))‘“
= 10kl 2 (B,
5;@<Bjam> ST

[9er.s ()l Lo @y S Aq({053721)

for all atomic decompositions f = Z;il b;, and hence

which implies that

ga,s (F)llLe@ny S N fll e @n)-

This is the desired conclusion. _
It therefore remains to prove ([B4]). Let B := 9B and write

/n o(x, ga,s(a)(z)) dz = /Enp(a:,g%s(a)(x)) dx + /EG v = T + L.

Since ¢ is of uniformly upper type 1, by Hélder’s inequality, Proposition and
Lemma 2T[(iv), we see that

b s/glnanw(m !
1 1/q _
S el Ly oo @ o Wiz} [o0B. i)
+o(B, lallze(m))

S (B, llallpy(s))-
By ¢ € Ay(R™), we conclude that, for all A € (0, c0),

(3.5) /B so(yvx)dy{ /B [so(ywr”(q—”dy}“ < |BJt.

o(w, ||‘1HL$(B))dJU

(¢—1)/q
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Therefore, for any ¢ € Cqo s(R™), t € (0,00) and z € BE, by the vanishing moment
condition of ¢ and ([&3]), together with Taylor’s theorem, we see that

(3.6) |a* ¢i(z)]
! r=y) | D) (m=y)
= oo | (7)< £ () | w
IBI<s
|y—$o|a+s
/|CL | tntats

pots 1/q C1/(g=1) (a—1)/q
< sz [ [ lawrewnan] " [ o010 )

n+a+s
Slaleys (5) -

Notice that supp ¢ C {z € R": |z| < 1}. If 2 € B and ¢,  a(z) # 0, then there
exists a y € B such that ‘zt;y‘ < 1, and hence

|z — x|

t>r -yl > v —z0| — |20 — Y[ > 5

This, combined with ([B.6]), implies that

Gone (@) ()2 = /w[ sup |a*¢t<x>|] a

$ECa,s(R") t
o0
5 ||a||2L?p(B)r2(n+a+s)/ ) t—2(n+o¢+s)—1 dt
|z 2ZQ|
||a||2 L 2(n+a+s)
LEB) | |z — o] ’

which, together with Lemma [2v), further implies that

r (n+a+s)p
L= [ plogeda)des [ [ } ol lall s s) d
BC BEC

|z — o]

80(57”0‘”[/&(3))
S o S (B llall o z)-

This finishes the proof of Theorem |
For all 3 € (0,00), f € (Ly1,s(R™))* and z € R", let
(37) gﬁ (as€),s (f) 117)

1/2
{ I Ao e8] (37" dytdt} .
{yeR™: ly—=z|<pt}

To prove Theorem [I.8] we need the following technical lemma.

Lemma 3.6. Let g € [1,00), ¢ be a growth function and ¢ € Ay(R™). Then there
exists a positive constant C such that, for all 8 € [1,00), t € [0,00) and measurable
functions f,

/]Rn ¥ (SC, gﬁ,(@v€)78(f)(x)) dz < ¢prla—r/2) /

R™

¢ (2 Siws(N@) do.
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Proof. For all A € (0,00), let

E, = {.’IZ‘ eR™: g(a,e),s(f)(x) > )\ﬁn/2}
and

U:={zeR": M(xs,)(z)> (48)""},

where M denotes the Hardy-Littlewood maximal function; namely, for all f €
L}, (R") and x € R™,

M(F)@) = s oz [ Ifldy

B>x

and the supremum is taken over all balls B 5 = of R™. Since ¢ € A,(R"), by the
weighted weak-type (g, q) boundedness of M (see, for example, [15]), we see that

(3.8) e(U,N) = ¢ ({z €R": M(xg,) (@) > (48) "1 A)
5(4ﬂ)nq”XE>\”%q (]R" ﬂnq (E)\a )

and we now claim that

(39) 50 [ B (D@ Pl V)
< / Dol )

If (3.9) holds true, then, from ([3.8) and 39, it follows that

e ({veR": Spans(N@) >2},2)
< o(U,A) + ¢ (UC N{zeR": §51(a7€)75(f)(x) > )\}7)\)

B BN+ [ (S0 D@l N da
S BN + 3N [ [ oDl )

g2
BN 4N [ ([ e S @) > 1} 2) a
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which, together with the assumption that 5 € [1, 00), Lemma [21Jii), the uniformly
lower type p and upper type 1 properties of o, further implies that

¢ (@8n0ou(ni@) dr
- /00" %‘p ({z € R": S aos(N@) > A}, A) dr
< B /ooi (Ex, \) dA

ﬁn/Z

+pma- ”/ / a: ER™: Sia0.(f)(x) > t} ,/\) dt d\
< 5"@—1’/2)/ %cp ({x ER": §(a76),s(f)(x) > A} ,/\) A
0

LD {/oo A3 /A Ap ({x ER™: Sia0.(f)(x) > t} ,t) dt d\

71/2

/ / (\/t)Ptp {ac ER": Sioe.(f)(x) > t},t) dtd/\}

< grla—»/2) /R ") (x,g(a’g)’s(f)(m» dx

—|—,8n(q*1) {/OOO %gp ({3: cR": g(a)€)7s(f)(x) > t} ,t) dt
+ 001 {/3(2 pn/2 _ M({xeR": Steeys(£)(z) >t}7t) dt}

0
< gnla—rp/2) /R ¢ (25005 @) da.

It therefore remains to prove ([3.9]). Let

o(y) :== inf{|y—z| S UG}.

Then, it holds true that

310) [ [Sawonh@)] ele N

/UG [/ /{yeRn ly—z|<Bt} [A(Ot 6)s(f)(y, )} (ﬂt) dytdt‘|

xo(xz, \)d

2
-1 (A0 (D) (80
{yeR™: p(y)<pt}
xp(U8 1 By, 1), ) L.
If

| e D@Peta ) dr >0,
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then, by ([(BI0), we know that uln B(y, ft) # 0. Thus, there exists zg € uln
B(y, Bt) and, by the definition of U, we further have

[Ex N B(y, )]
|B(y,1)]

which, together with ¢ € Aj(R™) and Lemma P.T(iv), further implies that

B )
d "M 4m
< |B(y, Bt)| /B(y,ﬁt) XE, () dz < B"M (xE, )(z0) < ,

(3.11)  @(USN B(y, Bt),\) < o(B(y, 1), \) < B %(B(y,t), )

v [0 Bw ] o
S8 W] @(E,\QB(ZJat)a)\)

< 0 (1 B 01.0).

Thus, from BI0) and BT, it follows that

/Uc [gﬁ’(avf)ﬁ(f)(f)}zsﬁ(x, A) dx
<[ [ [Aeostnwo] o (80 56.0.0

_ e ~ 2 dydt
~ ﬁn(q 1)/ / / A a,€),s f) yvt) L,O(.T,/\ dx
EE 0 {yeRrn: \yfz|<t}[ () ( ( } tntt )
~ 2
- gnla=D /E [BeastN@)] el de.

dy dt
t

This finishes the proof of Lemma |

Proof of Theorem [L8 Let ¢ € S(R™) be as in the proof of Theorem Recall
that, for all f € S'(R™), the Littlewood-Paley g3 -function, with A € (1,00), of f is
defined by setting, for all x € R”,

9rs(f)(x) == l/ooo /n (m)m » ¢t(y)|2 fgff] 1/2

If f € (Lyn,s(R™))* vanishes weakly at infinity and g3 , ((f) € L¥(R"), then, by
the fact that, for all x € R"™,

9,5 (@) S 9% 0,6 () (@) S 5 (a,0).s () ()

and [25, Theorem 4.8], together with Remark [LT2(i), we know that f € H¥(R"™)
and

g:,(oz,e),s(f)‘

1 ey S 1930 | o gany S 195Dl oy S | b
This finishes the proof of the sufficiency of Theorem [[.8

It therefore remains to prove the necessity. Let ¢ := p[l + (o + s)/n]. Then,
by A € (M,oo), we have A € (2¢/p,00). If f € H?(R™), as in the proof of
Theorem [[L6, we know that f vanishes weakly at infinity and f € (L, 1,5(R"))*.
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For all f € H?(R") and z € R", we have

312 [Bao.NE@)]

~ 2 dydt
/ /Im y\<t (t + |z — y|) [A(aﬁ)ﬁ(f)(y’t)] trtt
; 2k =1t |z —y| <2kt

S [Boef @] + 3240 (B )]

k=1

Then, from [B.12), Lemma 2.1{i) and B:6 and X € (2¢/p, o0), we deduce that

/]Rn 7 (x’?];(a,exs(f)(x)) dx

S [ (w2 O DEE 0. (1)) de
k=0 K"
<Y 2 kmO-1/2gkn(ap/2) /

k=0

< /n v (I’ g(a7€),5(f)(fﬂ)) dx.

By Lemma [211(iii), we see that
§a €),8
S, NN s
1 1 ere greny

/n ' (3:’ _gf\(‘)‘?f)’s((f)gx—)) dx S/R x
N / - Slensf)() ) do o1,

R , HS(a,e),s(f)”LV’(]R")

||9f\,a,s(f)||Lv>(Rn S Hg,\ (a,e),s (f )HLw(Rn) S ||f||Hso(Rn)~
This finishes the proof of Theorem [L.8

v (x, g(Oue),s(f) (x)) dr

n

¥
¥

which further implies that

O

Proof of Theorem [LTIl Let b satisfy (4] with f replaced by b, and let py, defined

by setting, for all (z,t) € erjl,

dpn(a.t) = [Aa D)) B8

t )

be a ¢-Carleson measure on RT‘I. For ¢ € S(R™) as in the proof of Theorem [[.6]

let

dx dt
dpvo(,t) := | ¢y * b(z)|> P

Then, by [26l Theorem 4.2], we know that

ollz, . rny S liwolle S lleslles
which completes the proof of the sufficiency of Theorem [Tl
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It remains to prove the necessity. Let b € L, 1 s(R") and By := B(z,7) C R",
with o € R™ and r € (0,00). If b € L, 4(R™), it is well known that b satisfies
(T3) with f replaced by b for any e € (0,00); see, for example, [16]. Then,

(3.13) b= Pgob + (b — Pgob)XQBO + (b — Péob)XRn\QBo =:by + by + bs3.

For by, since [p, ¢(x)xY dz =0 for any ¢ € Ciq,e),s(R™), v € Z7 and |y| < s, we
see that A, ¢)s(b1) = 0 and hence

- . 2
(3.14) /E)[A(“’E)vS(bl)( )] @(B(x;t)vHXBoHZ;(]R")) t

n da dt
T4 .

For be, by Holder’s inequality, for all balls B C R™ and 6 € (0, 00), we know that
(3.15) 1Bl = [ [o(w 001 (e, 6)] V2 e < o(B,6)] 27 (B.6))2
B

where above and in what follows, for any measurable set E C R™ and 6 € (0, c0),
we let

B0 = [ lp(w0) e
From (3I5)), it follows that

~ " dx dt
(3.16) /A [A(a,0),s (b2) (, 1)) =
By ( ) @(B(xat)a HXBOHLJ;(RH)) t
_ -~ _ dzx dt
S //‘ [A(oc,s)as(b2)(xat)]2/ Loy, HXBOHL;(R"))] Hdy trtl
By B(z,t)

S [ ot I ko)

~ dx dt
[A(a,e),s(b2)(xa t)]z e+l dy~

J
{(z)eRTT: |z—y|<t}
Since ¢ € A (R™) C Ax(R™), it follows that

[ (- Ixmalzh )] € A2(RY)

(the class of Muckenhoupt weights). By this, (3.16]), Proposition and [26], The-
orem 2.7], we have

~ t" dz dt
(3.17) / Aar.s (b2) (D) _
B P(B( ). ol L) !

< [ ) o (v sz en)] s
R
-1
= [ 10 = Pl o (v e Iz )]
S [ 1160) = Pin ) + P, bo) = P o)

—1
X [@ (y HXBOIIZi(Rn)ﬂ dy

S ||XBO||2L<P(R")

2
bz, . .
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where the last inequality is deduced from ¢ € A;(R"™), ¢(2Bo, ||XBO||Zi(]R")) ~ 1
and, for y € 2By,

|P5p,b(y) — Pp,b(y)| = |Pg,(b— F5p,b)(y)l

< b(xz) — Pyp b(x)| dx
< B0l o 1900 — Pi @)

X280 | Lo (= .
S T” o1 ®R)-

Now, for b3, by ([L3]) and [26], Theorem 2.7], we conclude that, for all (x,t) € E),

= te|b(y) — Pg,b(y)] t€ X Boll Lo )
Ag o) s(b3)(x,t §/ L dy < ——="—"—"1|b (R7)s
(ae), ( 3)( ) (2B)8 |y — $|n+6 re |BO| || ||Lw,1,b(R )

which, together with (B.13]), ¢ € A;(R™) and ¢(Bo, ||xa, ||Z;(Rn)) =1, implies that

/A Aas.s b3) (D)
By

" dx dt
@(B(xat)v ||XBO||Z%‘1;(R")) t
tQE —1 —1 de dt ||XBO||%(P(R7L)
S [ 1w (B0 el en) G e

—1 -1
_re d e <BOv”XB°”L“’<R">)|| 170 ey 1117
~ 0 r2e ¢ntl |BO‘ oo ot

bllz, . . &)

S IxBoll 2o @ IBlIZ, ,  rn)-
From this, (313), I4)) and BI7), we deduce that

1/2
1 ~ tm dx dt
T [ a0 6P — =
||XBO||L‘P(]R") Bo @(B(xat)v ”XBOHLsO(]Rn))

S bllz, &)

which, combined with the arbitrariness of By C R™, implies that pu;, defined by
setting, for all (x,t) € Rﬁ“,

dpip(2,1) = (A ey (0) (2, 1)]2 220

is a ¢-Carleson measure on Ri"’l and

sl S N0llzy s o@my-

This finishes the proof of Theorem [L.11l a
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