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A NEW CONSTRUCTION OF MOUFANG QUADRANGLES
OF TYPE Eg F; AND FEy

LIEN BOELAERT AND TOM DE MEDTS

ABSTRACT. In the classification of Moufang polygons by J. Tits and R. Weiss,
the most intricate case is by far the case of the exceptional Moufang quadran-
gles of type Fg, E7 and Eg, and in fact, the construction that they present is
ad-hoc and lacking a deeper explanation. We will show how tensor products of
two composition algebras can be used to construct these Moufang quadrangles
in characteristic different from 2.

As a byproduct, we will obtain a method to construct any Moufang quad-
rangle in characteristic different from 2 from a module for a Jordan algebra.

1. INTRODUCTION

In the late sixties, Jacques Tits introduced an (at that time) innovative tool
to study semisimple linear algebraic groups of positive relative rank, namely the
theory of spherical buildings. Especially in the case of the exceptional groups, these
buildings are quite often a main effective tool, and the algebraic description that
goes with them is invaluable in order to perform explicit calculations involving
exceptional groups.

The cases where the relative rank is at least two are relatively well understood,
mainly because of the work of Jacques Tits and Richard Weiss in the theory of
Moufang polygons [TW]|. However, for the Moufang quadrangles of exceptional
type, mainly those of type Fg, F7 and FEg, the construction is rather ad-hoc, and a
deeper explanation is still missing.

The goal of our paper is to give an explicit but at the same time completely
intrinsic method to construct a family of rank two groups corresponding to the
Moufang quadrangles of type Eg, E7 and Eg in characteristic different from 2.

We will be dealing with the forms given by the following Tits indices:

2E6:©—C::] E7;@_.—I_._@_. Es: ® I ®

Observe that all three forms have the property that their anisotropic kernel is
of type D,, (with an additional factor A; for the form of type E7); this implies
that these forms will be determined by an anisotropic quadratic form of dimension
2n having certain additional properties. (The A; factor in the E; case gives rise
to a quaternion division algebra, which turns up in the description of the Hasse
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invariant of the quadratic form corresponding to the D,, factor.) We will refer to
such quadratic forms as forms of type Eg, Fy and Eg, respectively.

In each case, we will see that the quadratic form can be characterized as the an-
isotropic part of the Albert form of a certain tensor product of composition algebras,
and in fact, these algebras themselves will play a crucial role in the understanding of
the corresponding algebraic groups; they completely determine the algebraic group
up to isogeny.

Our approach will turn out to be applicable in a more general situation, and in
fact, we will obtain every possible Moufang quadrangle defined over a field of char-
acteristic different from two starting from certain modules over a Jordan algebra.
Our construction relies in an essential way on the theory of J-ternary algebras and
their Peirce decomposition; see [ABGl Sections 3.12 and 6.61].

We can summarize our main result, namely the explicit construction of the quad-
rangular algebras of type Eg, E7 and Eg, as follows.

Construction. Let char(k) # 2. We start with a quadratic space (k,V, q) of type
Eg, E7 or Eg with base point (see also Definition below).

By Theorem BIT] there exist an octonion division algebra C; and a composition
division algebra Cs of dimension 2, 4 or 8, respectively, such that C; and Cs contain
an isomorphic quadratic field extension, but no isomorphic quaternion algebra, and
such that ¢ is similar to the anisotropic part of the Albert form, g4, of C; ®; Cos.
It follows that there exist i; € C; and iz € Cy such that i = i3 = a € k\ {k?}.

We define a subspace V of the space S of skew-elements of Cy ®; Cs of dimension
6, 8 or 12, respectively, ad]

V.= <il ® 1, 1 & i2>l.
We choose an arbitrary u € V'\ {0} and define the quadratic form
1
Q= qA(u)QA|V7
this form has base point v and is similar to the quadratic form of type Eg, E7 or
FEg we started with.
We then define the subspace Xy of C7 ®j Cs of dimension 8, 16 or 32 as

Xy = <(w®y+ Lijz@isy) |z € Chye 02>.
Next, we define a suitable element r € S as in Definition BIG|[) below, and we
define the bilinear map Xy x Ly — X, as
2+ = v(r(u(ra))),
and the bilinear map h: Xg x Xg — V as
h(z,y) = (u(rz))y — y((zr)w).

In Theorem 3201 we prove that the 7-tuple (k, V, Q, u, Xy, -, h) is a quadrangular
algebra of type Fg, E7 or Eg, respectively. It follows that this is the structure
described in [TW], Chapter 13] giving rise to the Moufang quadrangles of type Eg,

F; and Eg, and hence to the corresponding rank two forms of exceptional linear
algebraic groups of type Fg, F7 and Eg.

IThe orthogonal complement is taken w.r.t. the bilinear form associated to the Albert form;
this quadratic form is defined on the skew elements of C1 ®j Ca.
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Organization of the paper. In Section 2] we give some preliminary material
on composition algebras, tensor products of composition algebras, quadrangular
algebras and Peirce decomposition in Jordan algebras.

In Section [l we work towards the main theorem of our paper, which is Theorem
and which gives a construction of quadrangular algebras of type Eg, E7 and
Es.

In Section 3] we show that we can construct a quadrangular algebra in charac-
teristic not 2 starting from a specific kind of module for a Jordan algebra of reduced
spin type (see Definition [Z20]).

In Section we construct, in a similar way, a quadrangular algebra starting
from a J-ternary algebra over a Jordan algebra of reduced spin type. This section
deals only with fields of characteristic not 2 nor 3, since J-ternary algebras are only
defined over such fields.

In Section [3.3] we show that we can apply this procedure to obtain each quadran-
gular algebra of pseudo-quadratic form type in characteristic not 2. In Section [3:4]
we construct (see the construction above) a module for a Jordan algebra of reduced
spin type out of the tensor product of two composition algebras and show that this
gives rise to quadrangular algebras of type Eg, E; and Fg in characteristic not 2.

In Section ] inspired by Theorem [3.5] we give a uniform description of all
Moufang quadrangles in characteristic different from 2.

2. PRELIMINARIES

We assume throughout the paper that k is a commutative field of characteristic
different from 2.

2.1. Composition algebras. A composition algebra is a, not necessarily commu-
tative nor associative, unital k-algebra C equipped with a quadratic form ¢: C' — k
that is multiplicative, i.e. g(zy) = q(x)q(y) for all z,y € C. This quadratic form
q is called the norm form; its associated bilinear form will be denoted by f. With
the norm form we associate an involution on C' by defining

c:C—>Ciz—7T:= f(x,1)1 —x.

By a classical result (see for example [SV], Theorem 1.6.2]) each composition algebra
has dimension 1, 2, 4 or 8:

(i) If dimy C = 1, then C =k, g(z) = 2% and the involution is trivial.

(i) If dimy C' = 2, then C/k is a quadratic étale extension of k. There exists
a € k such that C = kli]/(i® — a); the norm form is (1, —a). Either C/k
is a separable quadratic field extension and ¢ is the non-trivial element of
Gal(C/k) or C 2 k @ k and o interchanges the two components.

(iii) If dimy C' = 4, then C/k is a quaternion algebra over k. There exist a,b € k
such that C' =k @ ki ® kj @ k(ij) with multiplication defined by

iZ=a,j? =b,ij = —ji.
This quaternion algebra is denoted by (a,b);. The norm form is equal to
(1, —a){1, —b); the involution fixes k and maps i — —i, j+— —j.

(iv) If dimy C = 8, then C/k is an octonion algebra over k. There exist a,b,c € k
such that C = Q @ Qk where @ = (a,b);, and multiplication is given by

(21 + 22Kk) (y1 + y2k) = (z1y1 + Taxa) + (Y21 + x27y1)k  for all z;,y; € Q.
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The norm form is (1, —a) (1, —b)(1, —c) and the involution is given by x1 + z2k
=77 —agk for all z1,29 € Q.

In each case, the norm form is a Pfister form; these are forms of dimension
2" denoted by (a1,...,a,) := Q;_,(1,a;) for ay,...,a, € k. The norm form is
anisotropic when C' is a division algebra, and it is hyperbolic otherwise (i.e. when
C is a split algebra).

The norm form is completely determined by the algebra structure of the compo-
sition algebra. It is a well known but somewhat deeper fact (see e.g. [SV]) that the
converse also holds; i.e. the composition algebra is determined up to isomorphism
by the (similarity class of) the norm.

Quaternion algebras are not commutative, but associative. Octonion algebras
are neither commutative nor associative. In the lemma below we summarize some
useful identities that hold in each composition algebra.

Lemma 2.1 (|[SV| Lemmas 1.3.2, 1.3.3 and 1.4.1]). Let C be an arbitrary compo-
sition algebra with norm q, with associated bilinear form f, and involution denoted
by x — T. Then for all z,y,z € C we have

(i) 2> — f(z,e)z +q(x)e =0,
( ) (l'y’ ) f(yafz) f(xyv ) = f(z yf) f(xyv ) = f(yzv f);
(iii) each subalgebra generated by two elements is associative,
(iv) z(zy) = q(z)y, (2Y)y = q(y)z,
(v) (z2)(yz) = 2((zy)2),  z(x(zy)) = (2(22))y,  2(2(y2)) = ((z2)y)=.
Property (i) is called the alternativity; the identities in (@) are called the Mou-
fang identities.

2.2. Tensor products of composition algebras. We now assume that C; and
C5 are two composition algebras over k (possibly of different dimension), with norm
forms ¢; and ¢ and involutions o7 and o3, respectively. Consider

C1 @y Co,
equipped with the involution
0 :=01 QR 03.
If char(k) # 2,3 the algebra (C) ® Ca,01 ® 02) is a structurable algebra. This is
a class of algebras that generalizes Jordan algebras and associative algebras with
involution. We will not need the exact definition and refer the interested reader to
[AT].
Let S; be the set of skew elements in C;, i.e.
Si={xe€C; | T =27 = -z},
and similarly, let S be the set of skew elements of C; ®j Co, i.e.
S={zeC1@Cy|T:=2"=-2}=(5101) D (1R S82);
observe that dimy S = dimy C; + dimy Cs — 2.
Definition 2.2. We will associate a quadratic form g4 to Cy; ®; Cs, called the
Albert form, by setting
qga:S—=k:i(zol)+(1oy) — qa(@) —q(y)

for all z € §; and y € S2. When we denote ¢; = ¢
Pfister form ¢;, we have g4 = ¢} L (—1)d}.
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This form is named after A.A. Albert, who studied the case where C7 and Cy
are both quaternion algebras; i.e. C; ®; C5 is a biquaternion algebra.

Definition 2.3. Let s =51 ®1+1® s; € S. We define the map §: S — S by
(5191 +1®s2) =51 ®1—1® s5.
If ga(s) # 0, the inverse of s is defined by
1
S S S
qa(s)

Tensor products of two composition algebras are far from associative or alterna-
tive, but the skew elements behave nicer than arbitrary elements:

Lemma 2.4. For all x € Cy ®y Ca, s1,82,8 €S we have that
(1) 81(5251) = (8182)51.
(i1) (s18281)x = s1(s2(s12)).
(iii) If s is invertible, then s(s~'z) = x.
Proof. These identities can be easily checked using Lemma 211 O

Remark 2.5. In the case that both C; and Cs are quaternion algebras, C; ®j Cs is
associative, and A.A. Albert proved that C; ®j C5 is a division algebra if and only
if its Albert form is anisotropic (see [LL Theorem I11.4.8].)

It is not obvious to generalize this result to arbitrary composition algebras. (No-
tice that in the theory of structurable algebras, the concept of conjugate invertibility
is used.) In [A2 Theorem 5.1] it is proven in the case that char(k) = 0 that the
tensor product of two octonion algebras is a conjugate division algebra if and only
if the corresponding Albert form is anisotropic. To the best of our knowledge, it
is an open problem whether this equivalence also holds for fields of characteristic
> 3.

The case where ¢4 has Witt index one will be needed to study the rank 2 forms
of linear algebraic groups of type Fg, E7, Eg discussed in the introduction.

Definition 2.6 ([L, Definition 5.11]). Two n-fold Pfister forms ¢, g2 are r-linked
if there is an r-fold Pfister form h such that ¢ ~ h ® ¢3 and g2 ~ h ® ¢4 for some
Pfister forms g3, q4.

The linkage number of q; and ¢o is the number r» € N such that ¢; and go are
r-linked but not (r 4+ 1)-linked.

Lemma 2.7. Let Cy be an octonion division algebra with norm ¢, and let Cs be
a separable quadratic field extension, quaternion division algebra or an octonion
division algebra with norm qs. The following are equivalent:

(i) Cy and Cy contain isomorphic separable quadratic field extensions, but Cy and
C5 do not contain isomorphic quaternion algebras.
(ii) The linkage number of 1 and qo is 1; i.e. ¢1 and qo are l-linked but not
2-linked.
(iii) The Witt index of the Albert form qa of C1 ®y Cy is equal to 1.

Proof. Since the Witt index of g4 is one less than the Witt index of ¢ L —go,
the equivalence of (@) and () is given by a result of Elman-Lam (see for example
[Ll Theorem X.5.13]).

The following observations follow from [SV] Prop. 1.5.1]. Let C be a composition
algebra over k with norm gq.
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Let dim(C) =4 or 8. Then C' contains a separable extension field isomorphic to
k(i)/(i* — a) with a € k if and only if there exists a Pfister form ¢, of
dimension 2 or 4 respectively, such that ¢ ~ {(—a)) ® ¢.

Let dim(C) = 8. Then C contains a quaternion algebra isomorphic to (a,b); with
a,b € k if and only if ¢ ~ {(—a, —b, —c)) for some ¢ € k.
From this it follows immediately that (i) and () are equivalent. O

Remark 2.8. Suppose that C; and C5 contain isomorphic separable quadratic field
extensions. Even if they do not contain isomorphic quaternion algebras, it is still
possible that C; and Cy contain more than one isomorphic separable quadratic field
extension up to isomorphism.

Definition 2.9. We define the linkage number of C; and Cs as the linkage number
of their norm forms ¢; and gs.

Lemma 2.7 indicates that we will be particularly interested in pairs of composi-
tion algebras C, Cy with linkage number 1.

2.3. Quadrangular algebras. A quadrangular algebra is an algebraic structure
that was constructed to describe the exceptional Moufang quadrangles. In Section [
we explain how one constructs Moufang quadrangles out of quadrangular algebras.
For more information on quadrangular algebras, including characteristic 2, we refer
to [W]. We emphasize that the structure of a quadrangular algebra simplifies sig-
nificantly in characteristic different from 2; see Remark 2-TIl Since this is the only
case we will be dealing with, we restrict our definition to char(k) # 2.

Definition 2.10. A quadrangular algebra, in characteristic different from 2, is a
7-tuple (k,L,q,1,X,-, h), where
(i) k is a commutative field with char(k) # 2,
(ii) L is a k-vector space,
(iii) ¢ is an anisotropic quadratic form from L to k,
(iv) 1 € L is a base point for g, i.e. an element such that ¢(1) = 1,
(v) X is a non-trivial k-vector space,
(vi) (x,v) — 2 -v is a map from X x L to X (usually denoted simply by juxta-
position),
(vii) h is a map from X x X to L, satisfying the following axioms, where

frLx L=k (z,y) = f(z,y) = q(z +y) —q(@) = q(y);
o:L—=L:v— f(1,v)1 —v;

v =07 /q(v).

(A1) The map - is k-bilinear.

(A2) z-1=xforall x € X.

(A3) (zv)v ! =z forall z € X and all v € L*.

(B1) his k-bilinear.

(B2) h(x,yv) = h(y,zv) + f(h(z,y),1)v for all z,y € X and all v € L.

(B3) f(h(zv,y),1) = f(h(x,y),v) for all z,y € X and all v € L.

(C) O(z,v) := Lh(z,av).

(D1) Let m(z) = 6(z,1) for all x € X. Then z0(z,v) = (zr(z))v for all z € X
and all v € L.

(D2) For all x € X \ {0} we have w(z) # 0.
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Moreover, we define a map g: X x X — k by

9(@,y) := 3.f(h(z,y),1)
for all z,y € X.

Remark 2.11. When one compares our definition of quadrangular algebras with the
general definition in [W] Definition 1.17] there are two differences which are due to
the fact that the definition simplifies when the characteristic is different from 2.

(i) The axiom (C) in [W] consists of four more involved axioms (see [Wl, Remark
4.8]). By assuming 6(z,v) = h(z,zv) we actually assume that the quad-
rangular algebra is standard. Every quadrangular algebra is equivalent to a
standard quadrangular algebra (see [W], Proposition 4.2].)

(ii) In [W], axiom (D2) says m(x) = 0 (mod k) if and only if x = 0 (where k has
been identified with its image under the map ¢ + ¢- 1 from k to L). We show
that this is equivalent to our axiom (D2).

Assume the above (D2) holds. Applying (B2) with z = y, v = 1 we get
f(h(z,x),1) = 0. If we suppose 7(z) = $h(z,z) € k1, we have f(h(z,z),1) =
2h(z,z) = 0 and it follows that m(x) =0, so = 0.

Theorem 2.12. A quadrangular algebra in characteristic not 2 is either obtained
from an anisotropic pseudo-quadratic space over a quadratic pair (see Section 23.1])
or is of type Eg, E7 or Eg (see Section [Z32).

Proof. Since the characteristic of k is not 2, it follows from [W], 2.3 and 2.4] that
the quadrangular algebra is regular; i.e. f is non-degenerate (from [W] 3.14] it
follows that it is also proper, i.e. o # 1). Now it follows from [W] 3.2] that if the
quadrangular algebra is not special (i.e. not arising from a pseudo-quadratic space)
it is of type Fg, F7 or Ejg. O

2.3.1. Pseudo-quadratic spaces.

Definition 2.13 ([W]| Definition 1.16]). A pseudo-quadratic space over a field of
characteristic not 2 is a quintuple (L, o, X, h, ) where

(i) L is a skew field of characteristic different from 2;
(ii) o is an involution of L, and we let

Ly:={leL|tc=0={0+0|leL)

(iii) X is a right vector space over L;
(iv) h: X x X — L is a skew-hermitian form, i.e.
e h is bi-additive and h(zx, yu) = h(z,y)u, and
s h(x>y)o = —h(y,w),
for all z,y € X and all u € L;
(v) 7 is a pseudo-quadratic form from X to L, i.e.
o w(x+y)=mn(x)+7n(y) + h(zx,y) mod L, and
o 7w(zu) = u’n(z)u mod L,
for all z,y € X and all v € L. Since we work in characteristic not 2 we
can always assume that the pseudo-quadratic space is standard, i.e. w(z) =
sh(z, z).
A pseudo-quadratic space (L, o, X, h, ) is called anisotropic if

m(z) =0 mod L, only if z =0.
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Not every pseudo-quadratic space is a quadrangular algebra; to be a quadran-
gular algebra the skew-field has to satisfy some additional properties.

Definition 2.14 ([W] Definition 1.12]). Let L be a skew-field with involution o.
We call (L, o) a quadratic pail if k := L, is a field and if either
(i) L/k is a separable quadratic field extension and o is the generator of the
Galois group or
(ii) L is a quaternion algebra over k and o is the standard involution.
Define ¢(u) = wu?; then (k, L,q,1) is a pointed anisotropic non-degenerate qua-
dratic space.

A result of Dieudonné (see for example [W], Theorem 1.15]) says that if o is not
trivial, then either L is generated by L, as a ring or (L, o) is a quadratic pair (in
this case L, is a field). From this point of view quadratic pairs are an exceptional
class of skew-fields with involution.

In [W], Proposition 1.18] it is shown that a non-zero standard anisotropic pseudo-
quadratic space over a quadratic pair gives rise to the quadrangular algebra

(k,L,q,1,X, scalar multiplication, h).

2.3.2. Quadrangular algebras of type Eg, F7 and Eg. For an explicit description of
quadrangular algebras of type Fg, E7 and Eg, we refer to [TW| Chapters 12 and
13]; for a concise description we refer to the first part of [Wl Chapter 10]. Some
care is needed, since the map g in [TW] is equal to —g in [W]. Here we give only a
concise overview of the structure of a quadrangular algebra of type Eg, E7 or Eg.

Definition 2.15. A quadratic space (k, L,q) with base point is of type Eg, Er or
Es if it is anisotropic and there exists a separable quadratic field extension E/k,
with norm denoted by IV, such that:

FEg : there exist so, s3 € k™ such that

(k;a La Q) = (kv Ega N® <1a 52, 53>)7
E; : there exist sq, 83,84 € k* such that s3s384 ¢ N(E) and
(ka L7 q) = (k7 E47 N &® <1a 52,53, 54>)7
Es : there exist sq, 83, 84, S5, 8¢ € k* such that —s2835458556 € N(E) and
(k7 Lu Q) = (ku E67 N ® <1> 52,53, 54, S5, 56>)

We always assume that sgs3s4555¢ = —1, which can be achieved by rescal-
ing the quadratic form if necessary.

As we are working in characteristic not 2, we can choose v € F such that
E =k(y) and 72 € k.
It is shown in [TW] (12.37)] that if

(ka EG) N® <15 52,83, 54, S5, 56>)

is a quadratic space of type Fg, then (k, E*, N @ (1, sq, s3,54)) is a quadratic space
of type E7 and (k, E3, N @ (1, s2, s3)) is a quadratic space of type Eg.

If (k, L, q) is a quadratic space of type Eg, E7 or Eg with base point, there exists
a scalar multiplication E'x L — L that extends the scalar multiplication kx L — L.

2This notion, taken from [W] Definition 1.12], is quite different from the notion of a quadratic
pair as defined in The Book of Involutions [KMRT] and has nothing to do with the notion of a
quadratic pair in (finite) group theory either.
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Let (k,L,q,1,X,-,h) be a quadrangular algebra of type Eg, E7 or Eg. Then
(k,L,q) is a quadratic space of type Fg, F7 or Eg, respectively, with base point
denoted by 1. This quadratic space determines the quadrangular algebra entirely
(see [Wl, Theorem 6.24]).

The vector space X has k-dimension 8, 16 or 32, respectively; it is a C(g, 1)-
module (see Definition below). Some of the properties of the maps -, h, 6 and
m are given in Definition 2.0l The existence of the vector space X and of the maps
-, h and 0 is shown in [TW] Chapter 13] by giving an explicit ad-hoc construction
using the coordinatization of L.

The goal of this article is to provide an alternative description of X, L and the
maps -, h starting from the tensor product of composition algebras.

In order to prove the anisotropy of our new construction of the map 7 (see
Theorem [3.20]), we need the concept of an irreducible C(g, 1)-module.

Definition 2.16. (i) Let (k,V,q) be a quadratic space with base point 1. Then
the Clifford algebra of q with base point 1 is defined as

Clg, 1) :=T(V)/{u@u” —q(u)-1),

where T'(V) is the tensor algebra of V', and where o is defined as in Defini-
tion It is shown in [TW] 12.51] that C(q,1) = Co(q), the even Clifford
algebra of ¢q. The notion of a Clifford algebra with base point was introduced
by Jacobson and McCrimmon; see [TW], Chapter 12] for more details.

(ii) Since ¢ is anisotropic, the axioms (A1l)—(A3) of an arbitrary quadrangular
algebra say precisely that X is a C(g, 1)-module such that the action of C(g, 1)
on X is an extension of the action of L on X (see [W] Proposition 2.22]).

(iii) A C(g,1)-module X is irreducible if we have x-C(q,1) = X for all x € X\ {0}.

Theorem 2.17 ([Wl 2.26]). Let (k,V,q) be a quadratic space of type Fg, E; or
Eg with base point 1 and let X be a right C(q,1)-module. Then X is an irreducible
right C(q,1)-module if and only if dimg(X) = 8, 16 or 32, respectively.

2.4. Peirce decomposition in Jordan algebras. A good reference to study the
theory of Jordan algebras is [M]. Our construction of exceptional quadrangular
algebras uses the Peirce decomposition of a Jordan algebra. We summarize the
main properties and multiplication rules of Peirce subspaces.

Definition 2.18. A Jordan k-algebra J is a unital commutative k-algebra such
that for all z,y € J we have (2%y)x = 22 (yx).
We define the U-operator and its linearization for z,y, z € J:

Uy :=2x(zy) — z2y, Up 2y = Utz — Uy — Uy)y.

An element z € J is invertible if and only if there exists a y € J such that zy =1
and 22y = xz; this condition is equivalent to U,y = z,U,y? = 1. The element y is
the inverse of x.

Definition 2.19 ([M] 11.8.1 and I11.8.2 on p. 235]). Let J be a Jordan k-algebra.

(i) An element e € J is an idempotent if e = e. An idempotent is proper if it is
different from 0 and 1. If e is an idempotent, then 1 — e is also an idempotent.
Two idempotents e, e’ are supplementary if e + ¢ = 1. Observe that two
supplementary idempotents are always orthogonal, i.e. ee’ = 0.
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(ii) Let e be a proper idempotent in J. The Peirce decomposition with respect to
e is defined as follows. For each i € Z[%], let

Ji={x € J|ex =iz}

then we have
J=Jo® Ju, ® Ji;

in particular, J, = 0 if £ & {0, %, 1}. For a non-degenerate Jordan algebra we
have Jy # 0 (see [M] 11.10.1.2]). Let i € {0,1} and j = 1 — 4; then

JEC Jiy Jidy, © Dy, R, Cdo+Ji, Jildp =0

For all ¢, m € {0, %, 1}, we have

(2.1) Uj Jo C Jopm_s-

This implies that Uy, J, = 0 if 2m — ¢ ¢ {0, §,1}.

To construct quadrangular algebras we will use two types of Jordan algebras that
contain supplementary idempotents. These are the Jordan algebras of reduced spin
type and the Jordan algebras H(Mas(L),ot) for a skew field L with involution o,
where t is the transpose map.

Definition 2.20 ([M| I1.3.4 on p. 180]). Consider a quadratic form ¢: V' — k over
k. Starting from the vector space V we construct a Jordan algebra by adjoining
two supplementary idempotents to V.

As a vector space, we define J by adjoining two copies of k to V: J := keg &
V @ ke;. We define the following multiplication:

(22) (tlei)(tgej) = 5ijt1t26i,
(2.3) (te;)v = Stv,
(2.4) vw = %f(v, w)(eg + 1),

for all 4,5 € {0,1},v,w € V,¢,t1,t2 € k. This defines a Jordan algebra@ on keg @
V @ keq, called the reduced spin factor of the quadratic form q. We say that .J is of
reduced spin type.

The unit of this Jordan algebra is eg + e1, and for all v,w € V we have

Useo = q(v)er, Uyer = qv)ey, Uyw = f(v,w)v — q(v)w.

It is clear that ey and e; are supplementary idempotents and that we have the
following Peirce subspaces with respect to es:

Jo = keo, J1/2 = Vv, Jp = key.

Definition 2.21 ([M| Example 11.3.2.4]). Let L be a skew-field with involution o.
Define L, := Fix,(L) and k := Z(L). The matrix algebra M(L) is associative
with involution ot. Now let J be the Jordan k—algebra@g

(65] A

H(Msy(L),ot) = { { / aJ | a1, 0 € Ly, 0 € L}.

3Notice that this is the same Jordan algebra as the Jordan algebra of the quadratic form
Q:keg®V @ ke — k:toeg +v+tier — toty —q(v).
4This Jordan algebra consists of the fixed points in Ma(L) of the involution ot; multiplication

is given by m.n = (mn + nm) (where on the right hand side the usual matrix multiplication is

2
used).
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We define the supplementary idempotents eg = [§9],e1 = [§9] € J. With
respect to e, we have

Jo=Lyeq, Ji=Lse; and J1/2 = { |:2 éoil | { e L}

‘We have

(cre;)(azej) = §;5 % (aras + asan)e;,

0 ot°
)

(aer)o = 1 0 Z(’a7
21l 0

V1ve = (070 + €50 )eq + (€105 + €24 ey,

—

—

¢ 0 {0 {0
L. For the U-operators we find

for all 4,5 € {0,1},v = [0 ¢ } ,U1 = [O Zl] ,Ug = [O 62] € J1/2, a,aq, 0 €

Us(aco) = (fat7)er, Ulaer) = (Cal)eo, Unvz= |, o 1@,
010504 0

Remark 2.22. If we consider the above definition in the case that (L, o) is a qua-

dratic pair (see Definition 2.14]), then k¥ = L,. Now there exists a non-degenerate

anisotropic quadratic form q : L — k : £ — £0° = {94, and the Peirce subspaces

Jo, J1 of H(M>z(L), ot) are one-dimensional.
Define a quadratic form @ on Ji, € H(Mz(L), ot) given by Q( {2 E() }) =q(0).

By comparing the multiplication in Definition [2.2] and the one in Definition 220
we conclude that H(Mz(L),ot) is the reduced spin factor of the quadratic space

(‘]1/2a ka Q)

In the following proposition we use Osborn’s capacity two theorem to show that
the two families of Jordan algebras we discussed above can be characterized in a
unified way. The proof of this proposition uses some results and concepts of Jordan
theory that we will not use in the remaining part of this article.

Proposition 2.23. Let J be a non-degenerate Jordan k-algebra with supplementary
proper idempotents ey and ey. Let JQ,J1/2,J1 be the Peirce subspaces of J with
respect to e1. We assume that each element in J, \ {0} is invertible and that there
exists u € J1/2 such that u? = 1.
o Ifdim(Jy) = 1, then J is the reduced spin factor of some non-degenerate
anisotropic quadratic space with base point u
o Ifdim(Jy) > 1, then J is isomorphic to H(Ma(L), ot) for some skew-field
L with involution o, such that (L,0) is not a quadratic pair.

Proof. We will show that the assumptions imply that J is a simple non-degenerate
Jordan algebra of capacity 2. An algebra has capacity 2 if the unit is the sum
of two supplementary idempotents eg, e; such that the Peirce subspaces Jy, J; are
division algebras.

5Notice that H(M2 (L), ot) for (L,o) a quadratic pair is included in this case.
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Since u? = 1 it follows from [M] I1.6.1.10] that U, is a Jordan isomorphismld of
J such that (U,)? is the identity map. Since U,(J1) C Jo, U, is an isomorphism
between Jy and J;. Therefore it is enough to show that Jy is a division algebra. It
follows from [M] I1.6.1.2] that it is sufficient to show that for each element ¢ € Jo\{0}
the operator U, is surjective on Jy.

Let t,s € Jo \ {0}; using [M| I1.8.4.1] one can verify that Uss = U,Uszyurs. We
have 2ut € Ju, \ {0}: if 2ut = 0 it would follow that Uy(t) = —u?t = —t, which
implies that ¢t € Jy N J; = {0}. It follows that Us,; is invertible. Now let r € Jj.
Since Us,,U,r € Jo we have

r = U(UgrUur),

and hence Uy is surjective on Jy.

This proves that J has capacity 2.

We now show that J is simple. From [M| I11.20.2.4] a non-degenerate algebra
with capacity is simple iff its capacity is connected (i.e. if eg,e; are connected
[M, 11.10.1.3]). In fact eg,e1 are even strongly connected since u € Ji, is an
involution, i.e. u? = 1.

We proved all the conditions of Osborn’s capacity two theorem; see [M] 11.22.2.1
on p. 351]. This theorem states that a simple non-degenerate Jordan algebra of
capacity 2 belongs to exactly one of the following three disjoint classes from which
we can exclude the first:

(i) Full type My(L)*, for a non-commutative skew-field L. The only idempotents

are eg = [§9], e1 = [J9]. It is clear that the element [2 8] € Ji, is not

invertible.
(ii) Hermitian type H(Mz(L),ot) with L a skew-field with involution o such that
(L, o) is not a quadratic pair. In this case dim(Jp) > 1.
(iii) Reduced spin factor of a non-degenerate quadratic space (k,V,q). Since the
unit of J is eg + €1 and 1 = u? = q(u)(ep +e1) = q(u)1, u is a base point of q.
Suppose there exists a v € Ji, \ {0} such that ¢(v) = 0. Then it would
follow that v? = 0, which implies that v is not invertible. Therefore ¢ is
anisotropic. In this case dim(Jy) = 1. O

3. A COORDINATE-FREE CONSTRUCTION OF QUADRANGULAR ALGEBRAS

In this section we give a coordinate-free construction of quadrangular algebras.
Our construction was inspired by several properties of J-ternary algebras; see Def-
inition B:6] and [ABG] 3.12].

The entire article [ABG| deals with fields of characteristic zero only. However the
concept of a J-ternary algebra and its basic properties, such as Peirce decomposition
(see Lemma B4 and [ABG, 6.61]) can be generalized without any adjustments to
fields of characteristic different from 2 and 3.

It is not clear at all how to generalize the theory of J-ternary algebras to fields
of characteristic 2 and 3; one reason is that the definition of a J-ternary algebra
uses bilinear and trilinear forms.

However in the theory of quadrangular algebras there is no difference between
fields of characteristic different from 2 and 3 and fields of characteristic 3. Therefore

6This means that Uy, (zy) = Uy (z)Uy(y) for all z,y € J.
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we want our construction of quadrangular algebras to work in characteristic 3 in
the same way as in characteristic not 2 and 3.

Actually, J-ternary algebras contain some axioms that are superfluous for our
construction. In Theorem we show that we can prove the axioms for quadran-
gular algebras using only a few axioms concerning a module for a Jordan algebra
that has a skew-symmetric form. We replaced all the identities in the definition of
a J-ternary system involving the trilinear form by an identity that only uses the
bilinear form. Therefore we do not need the assumption that the characteristic is
different from 3. In Section we show that a J-ternary algebra still satisfies the
identity we demand in Theorem

In the following subsection we do not start by giving a definition of J-ternary
algebras. Instead we start by considering the concepts that we will need to formulate
Theorem

To include characteristic 2 would be another cup of tea for several reasons:
already the definition of quadrangular algebras is much more complicated, and the
definition of a Jordan algebra is more delicate.

3.1. Quadrangular algebras from special Jordan modules. Let k be a field
of characteristic different from 2. In the next lemma we introduce a module for
Jordan algebras.

Lemma 3.1. Let J be a Jordan k-algebra and let X be a k-vector space. Suppose
that J acts on X by e: J x X — X such that
(i) (tj) ez =je(ix),
(i) (j+j)ex=jex+j ez,
(iii) jo(z+y)=jex+jey,
(iv) lex ==z,
forall j,7" € J,x,y € X,t € k. Then the following are equivalent:
(v) Ujj/ex=je(j e (jex)),
(V) (ji)ex=3(je(j ex)+j e (jex)).
Proof. Assume that (v) holds. Since U;1 = j2, we have j2ex = je(jex). Linearizing
this expression gives us (v’).
Assuming that (v’) holds, we have
Ujj ex=(2§(jj') = j%i") e =
=5(2j # ((4j") o ) +2(jj") ® (j o )
—j2e(j ex)—j e (j?ex))
=3P e ex)+j 0 (jPex)+2j0(j e (jox)
—j2e(j ex)—j e (j?ex))
=je(j'e(jex)). =
Definition 3.2 ([ABGI 3.12]). Let J be a Jordan k-algebra and let X be a k-vector

space with action e : J x X — X. Then X is a special J-module if the conditions
(i)-(v) of the previous lemma are satisfied.

Lemma 3.3. Let X be a special J-module and let (+,-) : X x X — J be a bilinear
skew-symmetric form. Then

(3.1) Ui(z,y) = (joz,joy) < j(z,y) = 5((Fez,y) + (z,jey)).
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Proof. =: This follows from U115 — U;j’ — U1y’ = 2jj'.
«: We have

Uj(x’y) = 2](](1’,3/)) _jz(xvy)
=3(GeGox)y) +(z.ie(ioy) +2(ex,jey))
—3((P ez, y) + (.57 0 y)).

The result follows since j o (j @ ) = j2 o x. a

In the following lemma we consider the Peirce decomposition of special J-modules;
see also [ABG] 6.61].

Lemma 3.4. Let J be a Jordan k-algebra with supplementary proper idempotents
eo and ey. Let Jy, J1/2, J1 be the Peirce subspaces of J with respect to e;. Let X be
a special J-module and define
Xo={xeX|eoex=z}={recX|e ex=0},
Xi={zeX|egoer=0}={reX|egox =2z}
Then

(i) We haveege X = X, e; 0 X = X; and X = X0 @ X;.
(ii) Forie€ {0,1} and j =1 —i we have

(32) JZ.XZ QX“ Ji.Xj :0, J1/2.Xing.
(iii) Let (+,7) : X x X — J be a bilinear skew-symmetric form satisfying B.1)).
Then

forie{0,1} and j =1—1.
(iv) Assume there exists an element u € J1/2 such that u> = 1. The map
Xo—=>Xi1:z—uex
is a vector space isomorphism, called the connecting homomorphism.

Proof. (i) Let i € {0,1}. We have e; @ (¢; @ ) = (e;e;) @ x = ¢; o x for all z € X
therefore e; « X = X;. Since (eg +e1) @ z = x, we have X = Xy ® X;.
(ii) This follows by evaluating

cro(jox)=2crj)ex—jo(eson)

for all combinations of j € Jy, J; or J1/2 and z € Xy or Xj, using the fact
that X = XO @Xl
(iii) This follows from evaluating e1(z,y) = 1 ((e10z,y) + (z, €1 0y)) for z,y € X,

or Xj.
(iv) It follows from (ii) that uex € X, iff v € Xj. Since ue (vex) = (uu) oz ==z
the connecting homomorphism is an isomorphism. ([l

Theorem 3.5. Let char(k) # 2. Let J be the reduced spin factor of the non-
degenerate anisotropic quadratic space (k,V,q) with base point u: J = keq®V Dke; .
Let X be a non-trivial special J-module equipped with a bilinear skew-symmetric
form (+,7) : X X X — J satisfying (3.)).
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Assume that the following hold:

(3.4) Vo € Xp,v eV : (vex,x)exz=ve(ue((uex z)ex)),
(3.5) Vo e Xo\ {0} : (vezx, ) #£0.
We define

2 XoxV o Xgix-v=ve(uex),
h:XoxXo—=V:(z,y)— (uexy).

Then (k,V,q,u, Xo, -, h) is a quadrangular algebra.

Proof. Notice that eg,e; € J are supplementary proper idempotents and that u €
J1/2 such that u? = ¢(u)1 = 1. Thus we can apply Lemma B4 with Jy = keo, J1/2 =
V,J1 = key. Tt follows from [B2) and B3) that the maps - and h are well defined.
To start we show that U, (v) = v” for all v € J1), with o as in Definition 210

U, (v) = 2u(uv) — v
=u(f(u,v)1) —v
= f(u,v)u —v =07.
We verify that all the axioms of a quadrangular algebra given in Definition 210
hold.
(A1) This follows from linearity of e.
(A2) Let x € Xp; thenz-u=ue (uez)=u’ezx =10z =ux.
(A3) Let z € Xo and v € Ju,; then
(20) 07 = Uy(v) o (s (ve (ue))
—ue(ve(ve(ue))
— Lf(w,v) ue(le(uew))
= q(v)z.
(B1) This follows from bilinearity of (., .).

B2) Let z,y € Xy and v € Ji,. Then by applying consecutively ;
/2
and (A2); Lemma BIv) we find

W,y -v) = by, z - v) + f(h(z,y),u)v

— (vez,ve(uey))=(uey,ve(uex))+ f((uex,y),u)v
= (uez,ve(uey))
+(we(uex),uey)=2((uex y)u)v
= 20(uez,uey) = ((uex,uey)+ (z,9))v
= vU(z,y) = (z,y)v.

From (B3)) we know that (x,y) = teo for some t € k. It follows from
Definition 2.20] that

vU, (teg) = v(ter) = tv = (teg)v.



3462 LIEN BOELAERT AND TOM DE MEDTS

(B3) Let z,y € Xp and v € J1/2. Then by applying consecutively ([2.4); B.I) we

find
f(h(z-v,y),u) = f(h(z,y),v)
= f((ue(ve(uex))y),u)=f((uewx,y)v)
= (ue(ve(uex)),y)u=(uvez,y)v
= (ue(ve(uex)) uey)
+(ve(uex),y)=(uex,vey)+(ve(uex)y)
= (ve(ve(uez)),uey)=(uez,vey).

Since U, = o on Jy /o I8 an involution, by (BJ)) this is equivalent to

— (ve(uex),y) = (z,ue(vey))
= (ve(uez)ve(vey)) =q(v)(ue(uex)ue(vey);
the last equivalence follows from equality (Z4). From [B3) we know that
(uex,vey) =te for some ¢t € k. The last equation reduces to
Uy(ter) = q(v)U,(teq).
This holds since U, (e1) = q(v)ep and U, (e1) = eg by Definition 2201
(C) O(z,v) = L(uez,ve(uex)).
(D1) Let x € Xg and v € J1/2. Since f is non-degenerate, we have V = ku @ u’.
Now
z-h(z,z-v)=(z-h(z,z)) v
= (uemve(uex)e(ues)=ve(us((uer,z)e(ue)).
Since this expression is linear in v and trivial for v € ku, we can assume

v € ut and thus f(u,v) = uv = 0 and hence ue (vez) = —ve (uez). In
this case we continue as follows:

= —(uez,ue(ver))e(uer)=uve (U, (uex z)ex)
— Uu(z,vex)e(uex)=—ve((z,uer)ex)
= ue ((z,vez)ex)=—ve((z,uez)eux)
= (z,vez)ex=—ue(ve((z,uez)ex))
—

(z,vex)ex=ve(ue((z,uex)ex)).

This is exactly (B4).
(D2) This is assumption (B.H]). O

3.2. Quadrangular algebras from J-ternary algebras. In this subsection we
assume char(k) # 2,3 and we prove that an arbitrary ‘anisotropic’ non-trivial
J-ternary algebra, where J is as in Theorem [3.5] satisfies the assumptions of The-
orem It follows that we can construct quadrangular algebras from J-ternary
algebras.

We remind the reader that the entire article [ABG] is written only for fields of
characteristic zero, but that the concept of a J-ternary algebra and its basic prop-
erties can be generalized without any adjustments to hold in fields of characteristic
different from 2 and 3.
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Definition 3.6. Let char(k) # 2,3, let J be a Jordan k-algebra, and let X be a
special J-module with action e.

Assume (, ) : X x X — J is a skew-symmetric bilinear map, and ( , , ) :
X x X x X — X is a trilinear product. Then X is called a J-ternary algebra if the
following axioms hold for all j € J, z,y, z,v,w € X:

(JT1) j(z,y) = 1(jex,y) + (z,jey) (This is the right-hand side of (&.I).)
(JT2) je(z,y.2) = (jex,y,2) —(z,j 0y, 2) +(z,y.j®2)

(JT3) (I7 Y, Z) = (Za Y, I) - (.’,E, Z) Yy

(JT4) (2,y,2) = (y,2,2) + (z,y) * 2

(JT5) ((z,9,2),w) + (2, (z,y,w)) = (z, (2, w) o y)

(JT6) (z,y,(z,w,v)) = (z,y,2), w,v) + (2, (y, z,w),v) + (2, w, (z,y,v)).

Theorem 3.7. Let char(k) # 2,3. Let J be the reduced spin factor of the non-
degenerate anisotropic quadratic space (k,V,q) with base point u. Let X be a non-
trivial J-ternary algebra such that (u e x,z) # 0 for all z € X, \ {0}.

Then X satisfies (34). Therefore (k,V,q,u, Xo,-, h) is a quadrangular algebra,
with - and h as in Theorem [3.5]

Proof. Let i € {0,1}. We will first show that for all z € X; and v € Ji,,

(3.6) ve(z,z,x) =3(vez,x)ex=3(vex,x, )= g(x,x,vox).

From (JT2) we find that e; o (x,vex,x) = t(z,vex,z) witht = —1if i =0 and

t = 2 if i = —1; therefore
(z,vez,z)=0.

Using (JT3) and (JT4) respectively we get

(z,vez)ex=(vex,z,z) — (z,z,vex) and (z,vex) ez = —(vex, x, ).
Combining these equations, we obtain

(z,z,vez) =2(wex,z,7) =2(vezx,z)e0u1.
From (JT2) we have
ve(z,z,z) =(vex,x,z)+ (x,z,vex).

Combining the last two formulas proves ([B.6]). Since char(k) # 3, it follows from
B30) that B4) is equivalent to

ve(x,z,z) =ve(ue(ue(zx,z,))).
Since this last equation holds we have proved that (4] holds. O
Remark 3.8. (i) We show that for all z € Xg, (uex,z) =0 < (x,2,7) =0.
First remark that if vex = 0 we have v = 0 or x = 0: it follows from vex =0

that v e (vex) = g(v)z = 0. Since ¢ is anisotropic we have v = 0 or x = 0.
Now we have

(vex,z) =0
(vex,z)ex =0

ue(z,z,2) =0 by BE)
(z,z,x) =0.

(R
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(i) We have to demand that (z,z,z) # 0 for all z € X\ {0}, because there exist
J-ternary algebras which fulfill all the requirements but where (z,z,z) = 0
for some x # 0 € Xy. For example, consider [ABG|, Example 6.81] with the
zero skew hermitian form. Examples like this we clearly want to avoid.

3.3. Construction of quadrangular algebras of pseudo-quadratic form
type. Let k be a field of characteristic not 2.

We rely on the example [ABG] 6.81] to obtain a quadrangular algebra of pseudo-
quadratic form type using Theorem In combination with Section [3.4] this will
show that all quadrangular algebras of characteristic not 2 can be obtained using
the construction in Theorem

In Section @ we will show that each Moufang quadrangle in characteristic not 2
can be obtained from a construction that generalizes the construction in Theorem
9.0l

Let (L/k, o) be a quadratic pair with quadratic form ¢(¢) = £¢° and let (L,0, X,
h,m) be a standard anisotropic pseudo-quadratic space (see Section 23], so
(k,L,q,u, X, scalar multiplication, h) is a quadrangular algebra.

Definition 3.9. (i) Define J = H(Mz(L),0) (see Definition 221] and Remark
2:22)). This Jordan algebra is a reduced spin factor of the quadratic form

Q:Jy, = k: {2 Kg] — q(0).

As before we define e¢g = [é 8],61 = {8 (1)] ,U = E) (1)] € J :uis a base

point of Q.

(i) Define X = X2, the 1 x 2 row vectors over X.

(iii) We define the action of J on X adl jexi=aje X forje JueX.

(iv) Define ¢ : X x X — My(L) : ([, 23], [y1, yo]) = [h(zi,y;)]. Now we define
the skew product X xX = J:

([z1, 22, [y1,92]) := ¥([z1, 22, [y1, y2]) — ©([y1, yal, [21, 22])

h(zy,y1) — h(y1, 1) h(x1,y2) — h(y1, x2)
—h(y2, z1) + h(z2, 1)  h(22,92) — h(y2, 72)

With respect to e; we have

Xo={[z,0] |z € X}, X, = {[0,2] | z € X}.

Lemma 3.10. The space X is a non-trivial special J-module with skew-symmetric

bilinear form (-,-) that satisfies B1); B.4) and B3) hold as well.
Under the identifications

0 ¢

J1/2§L:f(—>[£ 0

} and Xo = X : [2,0] ¢ x,

the quadrangular algebra defined in Theorem 18 exactly the pseudo-quadratic
space we started with:

(k,L,q,u, X, scalar multiplication, h).

7On the right hand side the usual matrix multiplication is used.
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Proof. Verifying that Xisa special J-module and (3] requires some straightfor-
ward calculations. We will verify (8.4) and (33]).
Define v = [2 20} € Ji,, T =[r,0] € Xo. Notice that u e & = [0,2] € X1, and
~ 0 —h(x,x)
(U.JHN)_ |:h($,l’) 0

Hence (u e Z,7) is equal to 0 if and only if h(x,x) = 0. As we are working in a
standard anisotropic pseudo-quadratic space, 7(z) = %h(:b,x) is anisotropic (see
Remark 2T112), so (3.5]) holds.

Condition ([34) holds since

(veZ,2) ez =[0,—zh(z,z)l°]| =ve|—zh(x,z),0l=ve(ue((ueX,T)eT)).

From Theorem we conclude that (k,Jl/Q,Q,u,)?O, ,7L) is a quadrangular
algebra with

[,0] - {2 gg] = [0, 2],
Rz, 0], [y 0]) = (u o [, 0], [y.0]) = h(;}’y) k2] -

3.4. Construction of quadrangular algebras of type Fg, E7, Eg. In this sub-
section we give a new construction of the vector spaces X, L and the maps - and h
that we discussed in Section 2.3.2]

3.4.1. A characterization of quadratic forms of type Fg, E7, Es. We start by giving
a new way to describe quadratic forms of type Eg, F7 and Eg (see Definition 215)).
The following illuminating observation was made by Skip Garibaldi.

Theorem 3.11. Let q be an anisotropic form over k of dimension 6,8 or 12.
Then q is of type Eg, E7 or Eg respectively if and only if there exist an octonion
division algebra Cy and a division composition algebra Co, of dimension 2,4 or 8
respectively, that have linkage number one such that q is similar to the anisotropic
part of the Albert form of C1 ®y Cs.

The ‘only if’-direction of this theorem is proved in the following, more technical,
lemma.

Lemma 3.12. We consider a quadratic form q of type Eg, E7 or Eg. Let N denote
the norm of a separable quadratic field extension E = k(z)/(x* — a) for a ¢ k2.

(i) If g = N ® (1, s2, s3) of type Eg, define
Cy = (a,—s2,—83)k and Cy = E.
(ii) If g = N ® (1, s2, 83, 84) of type Er, define
Cy = (a,—s2,—83)k and Cy = (a, $28354).
(i) If g = N ® (1, s2, 83, 84, S5, S¢) of type Esg, define
Cy = (a,—s2,—53)r and Cy = (a, —S45¢, —S556) k-

Then q is similar to the anisotropic part of the Albert form of C1 ®i Ca, and C
and Cy are division algebras that have linkage number 1.
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Proof. Denote the norm form of C by ¢1, the norm form of Cs by g2 and the Albert
form of C; ®; C3 by ga. In the case that g is of type Fg we will verify that

(3.7) qL2H ~ gy LH~q L —go;

the other two cases are similar. We have ¢1 = N ® ((s2,s3)) and ¢2 = N ®
{(s456, s586)). Since tH ~ H for ¢ € k it follows that

s283((1, $2, 83, 84, S5, Sg) L H) ~ s9s3(s3, 82,1, 85, $4, 86) L H
~ (s9, S3, $253, S25385, S28354, S2538¢) L H
~ (89, 83, 8283, —S456, —S586, —S455) L (1,—1)
(3.8) ~ ((2,83) L —{(s4S6,S556))-

By multiplying the above identity by N we obtain (B.7]).

Note that ¢ is anisotropic. Therefore ¢; L —¢o has Witt index 2; it follows that
¢q1 and go are anisotropic and both C; and C5 are division algebras. It follows from
B that ga has Witt index 1, and now Lemma [27 implies that C; and Cy have
linkage number 1. (Il

Proof of Theorem BI1l The ‘only if’-direction is proven in the lemma above. The
‘if’-direction follows in a similar way. We elaborate the case where C7 and Cy are
octonion division algebras.

Since Cy and Cs contain an isomorphic field extension, by [SV], Prop. 1.5.1] we
can assume that C; = (a,by, 1) and Cy = (a, ba, c2)i, for some a, by, by, c1,co € k.
We denote the Albert form of Cy ®j Cs by qa.

Define N := ((—a)); this is anisotropic since C is division. By going through
B3) from bottom to top with

1 1
S5 i=— ——, S
blclcg’ blclbg’

S9 = —bl,Sg = —C1,84 = = —b1b26102

we find that g4 is similar to N®(1, s9, s3, S4, S5, S¢) L H. Since the Witt index of g4
is one, N ® (1, 89, $3, 84, S5, 8g) is the anisotropic part of g4; since s283848556 = —1
it is of type Fs. |

3.4.2. The construction. In order to construct quadrangular algebras of type Eg, E;
and Eg we follow Example 6.82 in [ABG] closely. In loc. cit. a J-ternary algebra
is constructed out of C; ®; Cy in characteristic zero, but this restriction is not
necessary.

First we give a motivation for the approach we will be following in our construc-
tion.

Remark 3.13. Let C be an octonion division algebra and C5 a separable quadratic
field extension, quaternion division algebra or octonion division algebra and assume
that C7 and C5 have linkage number 1.

The dimension of C7 ®; Cs is 16, 32 or 64, respectively. The space of skew
elements is S = 57 ® 1 + 1 ® 52 and has dimension 8, 10 or 14, respectively. Let
(k,L,q,1, )~(, -, h) be a quadrangular algebra of type Eg, E; or Eg, respectively. We
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summarize some dimensions:

Es | E; | Es
dimy S 8 [ 10| 14
dimy, L 6 | 8 |12

dimy (C; @, Ca) | 16 | 32 | 64
dimy, X 8 | 16 | 32

We see that in all three cases dimy S = dimy, L + 2 and dim(Cy ® Co) = 2dimy, X.

In Theorem we considered some objects the dimensions of which behave
similarly: Let J be a Jordan algebra of reduced spin type with base point and let
X be a special J-module. Then dimy(J) = dim J1/2 + 2 and dimg X = 2dimy Xg.

From Lemma [3.12] the Albert form from S to k can be written as the sum of
a hyperbolic plane and a quadratic form of type Eg, E7 or Eg, respectively. Note
that a hyperbolic plane is two-dimensional.

In the following pages, we will give S the structure of a reduced spin factor of a
quadratic form of type Fg, E7 or Ejg, respectively, and identify J1/2 with L. Then
we will give €1 ® Cy the structure of a special J-module equipped with a bilinear
skew-hermitian form, and identify (C; ® Cs)o with X.

We start by fixing some notation.

Notation 3.14. (i) We fix a basis for the composition algebras C; and C3 that
have linkage number 1. We let C be the octonion division algebra

Cr = (1,11, J1, i1j1, ke, ik, jika, (1) k).
If C5 is a separable quadratic field extension, we define Cy = (1,i3). In the

case (9 is a quaternion division algebra, we define Cy = (1,12, jo,i2j2). In the
case Cy is an octonion division algebra, we define

Co = (1,12, jo, 2j2, ko, iaka, joka, (i2j2)ks).
Since C7 and Cs have linkage number 1, we can choose these bases in such a
way that
2 _ 2 .
if =i ="ac K.
(ii) From now on we denote by Si, S and S the set of skew elements of Cq, Cs
and Cy ®y Cs, respectively.
(iii) We denote the Albert form of Cy ®; Co by g4 : S — k and its associated
bilinear form by f4.

(iv) Let V := (i ® 1,1 ® i)* denote the orthogonal complement of the subspace
(i1 ® 1,1 ®1iz) of S with respect to the non-degenerate bilinear form f4.

We want to make S into a Jordan algebra of reduced spin type. In particular it
should contain supplementary proper idempotents eg and e; and an element u € Ji /o
such that u? is the identity. It will become clear that the elements constructed in
the following lemma will be the ones we need.

Lemma 3.15. Let uw € V' \ {0} be arbitrary. Then up to scalars, there exists a
unique pair (eg,e1) of elements in S such that

qaleo) = qa(e1) =0,
faleo, V) = fa(er,V) =0,  fa(eo,e1) = —qa(u) # 0.
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Explicitly, there exists an element X € k such that (Aeg, \"tey) is equal to
qa(u)

(i1®1+1®i2, (i1®1—1®i2)>~
Proof. Since q4 has Witt index one, g4 is anisotropic on V = (i ® 1,1 ® i)™ .
Hence qa(u) # 0.

We demand that eg, e; be isotropic elements in V1 = (i1 ® 1,1 ® ip). This
implies that they are of the form A(iy ® 1 £ 1 ® i3). Since fa(ep,e1) should be
different from 0 we can take without loss of generality eg = Ag(i1 ® 1 + 1 ® i3) and
e1 =M1 ®1—1®1iy) for some Mg, A1 € £\ {0}. Now we determine the scalars
Ao, A1, such that fa(eg,e1) = —qa(u). We have

faQo(li @1 +1®i2), (1 ®1-1®1i2)) = A1 (—4a).

So we find that \; = ‘a‘;—()\uo). O

Since dimS = dimV + 2, we want to make V into a quadratic space. If we
want w.u = 1 in the Jordan algebra of reduced spin type that we will define, the
element u should be the base point of the quadratic form that determines the
reduced spin factor. In the following definition we define a Jordan algebra on S. In
Lemma [BI7 we will show that this Jordan algebra has a natural interpretation in
the endomorphism ring of Cy ®y Cs.

Definition 3.16. Let u € V' \ {0} and

. . u),. .
60211(814-1(8127 elzqz(a)(h@l_l@l?)-
(i) We define a quadratic form on the vector space V,
1
Q= ——qalv.
qa(u)

We denote the corresponding bilinear form by F.
It follows from Theorem BIT] that (k,V,Q) is a quadratic space of type
FEg, E7 or Eg, respectively, with base point w.
(i) We have § = keg @ V @ ke;. We define the Jordan multiplication as in
Definition

(tlei).(tgej) = 6ijtlt26ia
(te;).v = $to,
vaw = $F(v,w)(e + e1),

for all 4,5 € {0,1},v,w € V,t,t1,t2 € k. We denote this Jordan algebra by J;
this is the reduced spin factor of (k,V, Q).
(iii) We define

r:=(eo + 61)71 = (eo —|—61)h €S,

gqaleo +er)
where the inverse and f are as in Definition 2.3l Notice that eq + e; is the
identity in the Jordan algebra J on S, so the definition of r has nothing to do
with the inverse in J.

(iv) Let s € S and define L, € Endy(Cy ® Cs) as Lsz := sx for all © € C; ®j, Cs.
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We will consider the Jordan algebra of the associative algebra Endy(C1 ®p C2),
denoted by Endg(C; @ C3)*. We show that the algebra of reduced spin type we
defined above is isomorphic to a Jordan subalgebra of Endy(C; @5 Ca)™.

Lemma 3.17 ([ABG|, Example 6.82]). Let s1,52 € S. We have

1
§(L81LTL32LT + LSQLT'L31LT) = L31.82L7"7

where $1.s2 denotes the multiplication in the algebra J defined in Definition BTG .
Therefore LsL, is a Jordan subalgebra of Endy(Cy @ C2)t isomorphic to J.

Proof. We will make use of [A3] Proposition 3.3 (3.8)]. In [A3] only characteristic 0
is considered; however this proposition can be generalized to characteristic different
from 2 without any adjustments. The proof of this proposition uses basic identities
of octonions (see Lemma [Z]) and the identity si(s2(s1x)) = (s1s281)x for x €
Cy ®y Co (see Lemma [27]).

Linearizing [A3, Prop 3.3 (3.8)] gives

LSIL(€0+61)hL82 + L82L(€0+€1)EL31
= —fa(s1,e0 +e1)Ls, — fa(s2,e0 +€1)Ls, + fa(s1,52) Legte, -

Since r = (60 + 61)71 — —m(eo —+ el)h = qu(u) (60 —+ el)h, we find that

1
5 (Lo LeLuy Ly + Ly Le L, Ly)

1
= —(_fA(Sla ey + el)Lser - fA(527 ey + el)leLT + fA(Sla 32)Leo+elLr)-
2q4(u)
It follows from u € V = (eg,e1)", qaleg) = qa(er) = 0, fa(eo,e1) = —qa(u)

that for 7,7 € {0,1} and for all v,w € V,
%(LeiL'rLe]' L, + Lej LrLeiL'r) = 5ijLeiL'r7
%(LeiLrL'qu + LerLeiLT) = %Lerv

fA(U7 w)
(LyLyLyLy 4 Ly Ly LyLy) = “2———LLeg e, L.

2q4(u)
This is exactly the multiplication of J. (]

In order to define an action of J on C; ®j Co, we use the isomorphism of the
previous lemma.

Definition 3.18. We define the bilinear action
o:Sx (0 ®Cy) = Cy®,Cy: (s,2) = LyLyx = s(rz).
We define the skew-symmetric bilinear map
(,): (CL®r Co) x (CL @ Co) = S: (v,y) = 27 — yT.

Remark 3.19. (i) After some computation we find

1, .
eo ® (11 @x9) = % <$1 @ T2 + Pt ® 12~T2> )

1. .
ere (11 ®@x2) =3 <I1 ® T2 — Pt ® 12I2> )
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for all 1 € Cy,z9 € Cy. Note that this is independent of the choice of the
base point wu.
(ii) Let C be a composition algebra and define the bilinear skew-symmetric map

P:CxC—8:(x,y)— 2y — yT.
Then for all x1,y; € C1,x2,y2 € Co we have,
(1 ® 22,91 @ 42) = fa(z2,y2)(®1,91) @1+ 1@ fi(x1, y1)Y (w2, y2).

In the following theorem we show that the construction given in the introduction
does indeed give rise to a quadrangular algebra of type Eg, F7 or Fg. In the proof
we make a distinction between the cases char(k) # 2 and char(k) # 2,3. When
char(k) # 2,3, C1 ®; Cs is a structurable algebra, and we can use the theory of
structurable algebras.

If char(k) = 3 we cannot make use of the theory of structurable algebras; there-
fore we prove this in a direct way only making use of identities in octonions. Re-
grettably, this gives rise to lengthy computations, and for one particular identity
we had to rely on computer algebra software [Sage|. This proof does not use the
fact that the characteristic is equal to 3, but only that it is different from 2.

Theorem 3.20. Let char(k) # 2. Let eg,e1,u € S be as in Lemma BI0, let
the quadratic form @ be of type Eg, F7, Eg and the reduced spin factor J be as in
Definition B0l Let X := Cy Q Ca, let o and (.,.) be defined as above.

Then X is a special J-module and (.,.) satisfies each side of B.J]). Conditions
B3 and B3 of Theorem are satisfied. As in Theorem we define

2 XoxV o Xgix-v=ve(uex),
h:XoxXo—=V:(r,y)— (uvewxy).
Then (k,V,Q,u, Xo, -, h) is a quadrangular algebra of type Eg, E7, Es.

Proof. We have from Lemma[24lthat (eg+e;)ex = x for all z € X. The fact that X
is a special J-module now follows from Lemma [B.17 It follows from Theorem
that if (k,V, Q,u, Xo, -, h) is a quadrangular algebra, it has to be of type Eg, E7, Es
due to the dimension of V.

char(k) # 2,3. In char(k) # 2,3 we can use the theory of structurable algebras
to prove ([B.J) and ([B.4).

In [ABG] Remark 6.7] it is pointed out that each structurable algebra A (in
our case Cy ®j Cs) with an invertible skew element is a J-ternary algebra with
J = LsL, C Endg(A)*. The action of the Jordan algebra on X and the skew
bilinear map are defined as in Definition [3.I8 above; the trilinear product is defined
as

XxXxX = X:(x,y,2) = —Vypyz = (2(7r))z + (2(gr))z + (2Z)(ry).

[ABG] only considers fields of characteristic 0. We checked that every struc-
turable algebra, with an invertible skew element, is a J-ternary algebra in charac-
teristic different from 2 and 3. This proof is omitted in [ABGl Remark 6.7] and
uses deep identities in structurable algebras. We thank Bruce Allison for giving us
a detailed explanation of how to prove this fact.

For the proof of ([B.X) we refer to the general characteristic case below. It now
follows from Theorem B7 that (k,V, Q,u, Xy, -, k) is a quadrangular algebra.
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char(k) # 2. We first verify that the identity in the right hand side of ([B.I]) holds;
this takes a rather lengthy but straightforward computation:

Since the condition is linear in x and y, one can choose x = £1®xs and y = y1 QYs
for x1,y1 € C1,x2,y2 € Cs. Let s =51 01+1®sy € S and denote r = ri @1+ 171
instead of using its definition with coordinates. Using Remark B.I9[]) it is not hard
to show that the following identities hold for ¢ € {1,2}:

o fi(si,¥(zi,ui)) = —2fi(si%i, ¥i)s

o Y(sixi, yi) + (s, i) = 254 fi(2s, vi),

b fi(Si(Til’i),yi) + fi(si(riyi)yxi) = —fi(SuTi)fi(J?uyi)-
Using these identities, (BI)) can be simplified to

W(si(rizi), yi) — Y(si(riyi), i)
= —filri,¥(@i, yi))si + fi(sis (@i, ya))ri — filsiri) (@i, i),
and this identity can be checked using Lemma[2.]] especially the Moufang identities
@)

We were not able to verify (84 by hand. The problem is that (3] has degree 3
in x, so we cannot assume that x is of the form epe (1 ®x2). We did a computation
based on a coordinatization of X; we used the software [Sage] to do the symbolic
computations.

Now x is an arbitrary element in Xg = ey ® X; therefore x is a sum of elements
of the form z; ® z9 + %ilxl ® iszo (see Remark BI9). We implemented octonions
and the tensor product of two octonions in Sage in a symbolic way, and we verified
that (3.4) holds.

The only fact that remains to be verified is [B.3]). In fact, this is exactly axiom
(D2), and in the proof of Theorem B3] the condition ([B3) is not used to prove any
of the other axioms. Since we already know that the axioms A-B-C-D1 are true,
we will use these to prove (u e x,x) # 0 for all x € X; \ {0}.

First we show that

(3.9) there exists an « € X such that (u e x,z) # 0.

Let z =eg e (21 ®x2) € Xp,u =51 ®1+1® sy € V. With some calculation using
Lemma 2.1l Remark and the coordinate expression for r we find that
1 . .
(vex,z)= E(QQ($2)¢(51$17 1121) ® 1+ 1 ® q1(21)Y (8222, 1272)).
Since Cq and Cy are division algebras, it is enough to show that for all y € C1\{0}
we have 9(s1y,i1y) # 0. We assume that y # 0 and ¢ (s1y,i1y) = 0 and deduce a
contradiction:

Y(s1y,i1y) =0

= (s1y)(@i1) — (Liy)([»s1) =0
= 2(s19) (i) = fi(iry, s1y)1 since yZ + 27 = f1(y,2)1
= s1y = 2 fi(hy, s1y) (i) 7! since iy # 0
i 1
N s1y = _fl(lly:gly)ily since y~! = 7
2¢:1(7i1) @ (y)
N s = —fl(llyfly)il.
2Q1(y11)

This is a contradiction since s; L 1ij.
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The rest of the proof is inspired by the proof given in [TW), Theorem 13.47].

We fix an arbitrary « # 0 € X. Notice that we no longer assume that x has the
form eg @ (21 ® z3). We suppose that (uexz,z) = 0 and aim to get a contradiction.
It follows from (B.4) that (vex,z) =0 forallv e V.

We first show that there exists an element y € Xy such that (u e z,y) # 0.
Suppose that (v e z, Xg) = 0. It follows from (B2) that for all y € Xg,v € V,

(vex,ve(uey)) =(uey,ve(uer))
=—(ve(uex),uey)
=-Uy(ue(ve(uex)),y).

Therefore (u o (z - v), Xo) = 0, and by repeating this procedure we obtain
(ue(z-C(Q,u)),Xo) =0.

From Definition 2I6I[) and Theorem 217 it follows that X is an irreducible
C(Q, u)-module; therefore we obtain (u e Xg, Xo) = 0. This contradicts (3.3]).

From now on we assume that y € Xy is such that (u e z,y) # 0. Next we show
that

(3.10) (z-(uez,y)) - v=x-(uex,y-v).

Since this identity is trivial for v = v, we assume v | u. Then (B.I0) is equivalent
to

= veue(uer,y)euer=(uez,veuey)euex

= velUy(uez,y)ex=—(uez,uevey)euex

= ve(r,uey)ex=—-U,(z,vey)euex

= ve(r,uey)ex=—ue(r,vey)ex
(3.11) = veue(uey r)ex=(vey,x)ex.

We consider [34) for y + tx for a parameter ¢ € k, we compare the terms that
have degree one in ¢ using the assumption that (v ez, z) = 0 for all v € V, and we
get

(wez,y)ex+(vey,x)ex=veue((uex,y)+ (uey,x)) ez
—  2wey,x)ex+2(v(x,y))ex=2veue((uey,x)+ (u(x,y))) ez
= (vey,zx)ex=veue(uey z)euz,

since v(z,y) € J; and x € X,. This proves (3.I1)).
From B.I0) we have (z-(uex,y))-V C x-V. Since (uex,y) # 0, the dimension
of those two vector spaces is equal, and we find that

(3.12) (z-(uex,y)) - V=x-(uex,y-V)=2z V.
For arbitrary w € V' it follows from (BI0) that
(- (uex,y-w)) - v=z-(uex,(y w) v)cx-V.
From (3I2) we find that (x-V) -V =z -V and hence
z-Cq,u) =x -V # X,
contradicting the irreducibility of Xy. This finishes the proof of Theorem ]

8Since g4 is anisotropicon V:vex =0 <= vever=ga(v)r=0 <= v=0o0rz=0.
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Remark 3.21. The map ¢g: Xo x Xo — k: (z,y) — %f(h(y,x), 1) takes an elegant
expression. Indeed,
g(z,y)eo = 5.f((uey,x), u)ey

= ((uey, x)u)eo

= 5((y.2) + (uey, uez))e.
Since (y,z) € keg and (u e y,u e z) € key, we conclude that g(z,y)eo = 2(y, z).
When we identify & and key, we have

9(z,y) = 5(y,2).

It follows from the previous theorem that we have, in characteristic not 2, a new
coordinate-free definition of the various maps introduced in [TWJ, Chapter 13].

Remark 3.22. The reader might wonder what will happen if we apply our construc-
tion in the case that both C; and C5 are composition algebras of dimension 2 or 4
with mutual linkage number 1. In the three different cases that arise in this way,
we get the following dimensions for the different relevant vector spaces:

EQF|E2Q|Q1®Q
dimy S 2 4 6
dimy L 0 2 4
dimk(Cl R 02) 4 8 16
dimy, X 2 4 8

In the first case, the vector space L is trivial, so our construction no longer applies
(we cannot find an element u € V '\ {0} needed in Definition B16).

In the second case, the space X gets the structure of a two-dimensional vector
space over F, and the corresponding quadrangular algebra is isomorphic to a quad-
rangular algebra of pseudo-quadratic form type with underlying vector space X.
Notice that £ ® Q = My (F) since E and @ are 1-linked.

Similarly, in the third case, the space X gets the structure of a two-dimensional
vector space over a quaternion division algebra (Q3, and the corresponding quad-
rangular algebra is isomorphic to a quadrangular algebra of pseudo-quadratic form
type with underlying vector space X. The algebra Q3 is the quaternion algebra
with norm form similar to g4, and in this case Q1 ® Q2 = M2(Q3).

3.4.3. A final remark. In an earlier paper [BD|, we found another related but quite
different class of structurable algebras that seems to play an important role in the
understanding of the exceptional Moufang quadrangles of type Eg, E7 and Fjs.
That structurable algebra is, in each case, obtained by doubling another algebra
(instead of halving an algebra as we did in the current paper).

More precisely, to each Moufang quadrangle Q) of type Eg, E7 or Eg, we can
associate a structurable algebra Y, the isotopy class of which is a complete invariant
of the Moufang quadrangle 2, and which is obtained by applying the so-called
Cayley-Dickson doubling process on the Jordan algebra A", where

(i) A is a quaternion algebra @ if  is of type Eg;

(ii) A is a tensor product @ ® E with @) a quaternion algebra and E a quadratic
extension if  is of type Er;
(iii) A is a biquaternion algebra Q1 ® Qs if Q is of type Fj.
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However, we are not yet aware of a direct way of relating the structurable algebra
Y with the structurable algebra X = C; ® C5 which we have investigated in the
current paper.

4. A UNIFIED CONSTRUCTION FOR MOUFANG QUADRANGLES
IN CHARACTERISTIC NOT 2

4.1. Preliminaries on Moufang quadrangles. A Moufang polygon is a notion
from incidence geometry introduced by Jacques Tits. We give only a brief summary
of the theory of Moufang quadrangles, and we refer to [TW] for more details. The
importance will immediately become clear in Theorem 1] below.

A generalized quadrangle T is a connected bipartite graph with diameter 4 and
girth 8. We call a generalized polygon thick if every vertex has at least three
neighbors. A root in I' is a (non-stammering) path of length 4 in T".

Let T be a thick generalized quadrangle, and let « = (zg,...,x4) be a root of
I'. Then the group U, of all automorphisms of I" fixing all neighbors of z1, 2, x3
(called a root group) acts freely on the set of vertices incident with z¢ but different
from x;. If U, acts transitively on this set (and hence regularly), then we say that
« is a Moufang root.

A Moufang quadrangle is a generalized quadrangle for which every root is Mou-
fang. We then also say that I" satisfies the Moufang condition.

Moufang quadrangles have been classified by J. Tits and R. Weiss [TW]. Loosely
speaking, the result is the following.

Theorem 4.1 ([TW]). Every Moufang quadrangle arises from an absolutely simple
linear algebraic group of relative rank two or from a corresponding classical group
or group of mized type.

In particular, every Moufang quadrangle is of “algebraic origin”, and in fact,
the Moufang quadrangles provide a useful tool to help in the understanding of
the corresponding groups; this is particularly true for the Moufang quadrangles
arising from linear algebraic groups of exceptional type. For instance, the Kneser—
Tits problem for groups of type E86762 has recently been solved using the theory of
Moufang polygons [PTW].

In order to describe a Moufang quadrangle in terms of algebraic data, we will use
so-called root group sequences. A root group sequence for a Moufang quadrangle
is a sequence of four root groups, labeled Uy, ..., Uy, together with commutator
relations describing how elements of two different root groups U; and U; commute.
In each case, the commutator of an element of U; and U; (with i < j) belongs to
the group (Uiy1,...,Uj—1). The following result is crucial.

Theorem 4.2. Let ' be a Moufang quadrangle. Then T is completely determined
by the root groups Uy, ...,Uy together with their commutator relations.

Proof. See [TW], Chapter 7]. O

For more details about this procedure and how the Moufang polygons can be
reconstructed from the root group sequences, we refer to [TW] or to the survey
article [DV].
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For each type of Moufang quadrangle, we will describe an algebraic structure
which will allow us to parametrize the root groups and describe the commutator
relations.

In principle, it is possible to define a single algebraic structure to describe all
possible Moufang quadrangles; this gives rise to the so-called quadrangular systems
which have been introduced by the second author [DI]. These structures, however,
have some disadvantages from an algebraic point of view; most notably, the defi-
nition does not mention an underlying field of definition (although it is possible to
construct such a field from the data), and the axiom system looks very wild and
complicated, with no less than 20 defining identities.

Below is the original classification as given by Tits and Weiss in [TW], distin-
guishing six different (non-disjoint) classes:

1) Moufang quadrangles of indifferent type;

) Moufang quadrangles of quadratic form type;

) Moufang quadrangles of involutory type;

) Moufang quadrangles of pseudo-quadratic form type;
) Moufang quadrangles of type Eg, E7 and Eg;

) Moufang quadrangles of type Fy.

The Moufang quadrangles of types (2)—(4) are often called classical, those of type
(5) and (6) are called exceptional and those of type (1) are of mized type. Since
the Moufang quadrangles of type (1) and (6) exist only over fields of characteristic
2, and moreover are not directly related to rank two forms of algebraic groups, we
exclude those two classes from our further discussion.

In the following section we will give a uniform description of the remaining four
classes of Moufang quadrangles, over fields of characteristic different from 2, starting
from a special Jordan module.

4.2. Construction of Moufang quadrangles from special Jordan modules.
We will show that each type of Moufang quadrangle in characteristic not 2 can be
described in a unified way from a special J-module. We generalize the procedure
that we used in Theorem B to obtain quadrangular algebras. In order to obtain all
Moufang quadrangles we allow that dim(Jp) > 1 and we allow the special J-module
to be the trivial module. It follows from Theorem that it is sufficient to describe
the four root groups and the commutator relations of the root groups to describe
the Moufang quadrangle completely.

Construction 4.3. Let J be a non-degenerate Jordan algebra that contains sup-
plementary proper idempotents ey and e;. Let Jy, J1/2, J1 be the Peirce subspaces
of J with respect to e;. We assume that each element in Ji, \ {0} is invertible and
that there exists u € Ji,, such that u? =1.
Let X be a special J-module equipped with a skew-symmetric bilinear form

(,): X xX—J.

e Define the abelian group V := (J1/2, +).

e Define the (not necessary abelian) group W := X x Jy with addition

_ 1
) - b .
lay, 1] B [ag, t2] = [a1 + a2, t1 + t2 + 5(a2,a1)]

Notice that the inverse is H[a, t] = [—a, —1].
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Let U; and Us be two groups isomorphic to W, and let Us and Uy be two groups
isomorphic to V. Denote the corresponding isomorphisms by

x1: W = U : [a,t] = x1(a,t) ;
xo: Vo Uy @ v 22(v) ;
x3: W = Us : [a,t] = x3(a,t) ;
x4 V—oUy v 24(v) ;

we say that U; and Us are parametrized by W and that Uy and Uy are parametrized
by V.

Now, we implicitly define the group Uy = (Uy, U, Us, Uy) by the following com-
mutator relations:

[21(a1,t1), z3(az, t2) '] = 22 ((u e a1, a2)) ,

[22(v1), 24(v2) '] = 23(0, 2(viv2)eo) |

[xl(avt) T4 ( ) 1] x2(%(u.avv. (uoa))+2(Uut)v)x3(vo(uoa),Uqut),
Ui, Uis1] =1 Vie{1,2,3},

for all [a, t], [a1,t1], [ag, t2] € W and all v,vy,vy € V.

It follows from Lemma [2.23] that J should be either of reduced spin type or of
type H(Mz(L), ot). For each of these two cases, we will distinguish between the zero
J-module and a non-zero special J-module. Case by case, we will show that in this
way the root groups Uy, Us, Us, Uy and commutation relations given above coincide
with the description given in Chapter 16 of [TW] of the Moufang quadrangles in
characteristic not 2.

Remark 4.4. In [D2] quadrangular systems are introduced. These are structures
that are defined by 24 axioms, which describe in a unified way all Moufang quad-
rangles (including characteristic 2.) We believe it should be possible to start with
Construction €3] impose a few more axioms that look like the ones in Theorem [3.5]
and prove all the axioms defining a quadrangular system. However the verifications
of the axioms that use the map x (this is a kind of “multiplicative inverse” in the
group W) get very complicated.

Moufang quadrangles of quadratic form type. Let J be a reduced spin factor
of an anisotropic, non-degenerate quadratic space (k,V,q) with base point u. Let
X be the zero module over J.
Remember that Jo = keo, Ji, =V, J1 = kes.
e Define the abelian group V = (J1/2, +).
e Define the group W = XoxJy = {[0, teg]|t € k} = k with addition [0, ¢1eo]HB
[0, taeq] = [0, (t1 + t2)eg]. Therefore W is isomorphic to the additive group
of k with corresponding isomorphism W 2 k : [0, teg] <> ¢. So we will write
x1(t) := 21(0,teg) and x3(t) := x3(0, teg).
Let Uy and Us be parametrized by W and U, and U, be parametrized by V. Let
t,t1,t9 € k, v,v1,v3 € V. Using the formulas for the multiplication and the U-
operator in a Jordan algebra of reduced spin type (see Definition 220 we find for
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the commutator relations:

[x1(t1), 25(t2)~ 1] = [x1(0, t1e0), 23(0, tgeo)fl] = arg(O) =1,
[x2(v1), 24(v2)™ 1] =13 (0 flvg,v9) eo) —xg,( (v1,v2) ) ,
[21(t), 24(v) ™Y = [21(0, teg), x = 29 ( (Uuteo) )ac3(0 Uquteo)
=9 (2(t61) )Ig (O thel) = 9 (tU)Ig (O q(v )teo)

= Iy (tU)Ig (q(v)t) ,
[Ui, Ui+1] =1 Vie {1,2,3} .

We obtain exactly the same description as in [TW], Example 16.3].

If d = dimg V is finite, then these Moufang quadrangles arise from linear alge-
braic groups; they are of absolute type Byys if d =20+ 1 is odd, and of type Dyyo
if d = 20 is even.

Moufang quadrangles of type Eg, E7, Es. This case was actually already han-
dled in Theorem B20] since from quadrangular algebras one can define the root
groups and commutation relations of the corresponding Moufang quadrangles; see
[Wl Chapter 11]. Now we quickly verify that we indeed get the right commutator
relations using Construction [£.3]

Let J be a reduced spin factor of an anisotropic, non-degenerate quadratic space
(k,V,q) with base point u, let X = C; ® Cy and let the skew-symmetric form
(.,.) be as in Section B4l Since quadrangular algebras of type Eg, E; and FEg
are determined by the similarity class of their quadratic space, the quadrangular
algebras we constructed in Theorem are identical to the ones in [TW| Chapter
13]. Therefore the following maps coincide with the maps defined in [TW], Chapter
13]:

a-v=ve(uea), h(a,b)=(ueab), glableg= 1(b,a).
Now define
e the abelian group V' = (Ji,, +);

e the group W = Xy x Jy = Xy x k with addition [ay,t1e] B [ag, t2eg] =
[a1 + ag, treo +taeg + %(ag, a1)]. When we identify Jy 2 k : teg <> ¢, we get

la1, t1] B [az, t2] = [a1 + a2, t1 +t2 + g(ai, az)].

We will write z1(a,t) := z1(a, teg) and z3(a,t) := x3(a,teo).
Let U; and Us be parametrized by W and U; and U4 be parametrized by V. Let
t,t1,to € k, v,v1,v9 € V; we find the following commutator relations:

[3:1((11,251),333(@,152)*1] T ((u . al,aQ)) = 9 (h(a1,a2)) ,
[$2(U1)>$4(”2)_1] L3 (0 f(Ulyﬂz)eo) = iCs(O f(U177J2)) )
[21(a, 1), 24(0) 7] = [21(a, teo), wa(v) ]

zo(t(uea,a-v) +2(ter)v)zs(a-v,Uster)

= 22(0(a,v) + tv)as(a - v,q(v)t) ,
[Ui, Ui+1] =1 Vie {1,2,3} .
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We obtain exactly the same description as in [TW| Example 16.6]. The Tits
indices of the corresponding linear algebraic groups are as follows:

ZEG:Q_C:J E;: ® ®— Fg: ® ®

Moufang quadrangles of involutory type. As in [TW], Chapter 11], we define
an involutory set in characteristic different from 2, as a triple (L, L, o), where L is a
field or a skew-field, o is an involution of L, L, = {¢ € L | ¢ = ¢} = {{+¢° | ¢ € L}.
(Notice that the definition in characteristic 2 is much more involved.)
Let J = H(Mz(L),ot) (see Definition 22T and let X be the zero module.
e Define the abelian group V = (J1/2, +) 2 (L, +) with isomorphism

0 ¢
¢ 0

[

We will write 25 B " }) — 2o(£) and a4 [2 v }) — 24(0).

e Define the group W = Xy x Jy = {[0, aep]|a € L,} = L, with addition
[0, reg] BB [0, czeg] = [0, (a1 4+ a2)eg]. Therefore W is isomorphic to the
additive group of L,; we use the isomorphism W 2 L, : [0, aeg] > . We
will write 1 (0, aeg) = z1(«) and z5(0, aeg) = z3(a).
Let U; and Us be parametrized by W and U; and U4 be parametrized by V. Let
a,a1,as € L, and consider the following elements of V':

v=ls o) m=ln §u=la §en
Using the formulas for the multiplication and the U-operator in H(Ms(L), ot), we
find for the commutator relations:
[z1(n), z3(a) 7Y = [21(0, areg), £3(0, ageg) 1] = xo (O) =1,
[22(01), 24(02) 7] = [w2(v1), ma(v2) '] =25(0, (€] la+€5 €1 )eo+ (€143 + €269 )er)eo)
23(0, (€70y + €501)eq) = x3(€7Ly + €501)
[21(0, eq), 24(v) 1] = 2o (2(Uuaeo)v)x3 (O, Uquan)

— 25(2(aes)v)as (0, Uyaer) = o (Bﬂ ZE‘"D 250, €7 aley)

=9 (aé)xg (foaé) ,
[UZ‘, Ui+1] =1 Vie {1,2,3} .

[z1(a), 24(€) 7]

This is exactly [TW, Example 16.2]. If L is finite-dimensional over its center, of
degree d, then these Moufang quadrangles arise from algebraic groups; they are
outer forms of Ayq_1 if the involution is of the second kind, and they are (inner or
outer forms) of absolute type Dsq if the involution is of the first kind.

Moufang quadrangles of pseudo-quadratic type. These are obtained in sim-
ilar fashion as the quadrangular algebras in Section [3.3] but here we start from an
arbitrary skew-field with involution instead of starting from a quadratic pair. We
repeat part of the setup from Section [3.3]

Let L be a skew-field with involution o. Let (L, 0, X, h, 7) be a standard pseudo-
quadratic space (see Section Z3.1), so m(a) = $h(a,a) for all a € X.
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Let J = H(My(L),ot) (see Definition Z2I) and let X = X2, the 1 x 2 row
vectors over X. For the action of J on X, for j € J,a € X we have jea =aj € X.

As before we define ¢y = {(1) 8} ,e1 = [8 (1)] U = [(1) (1)] € J. We have

Xo = {[a,0] | a € X},)~(1 = {[O,Q] | ac X}.
We define the skew product X x X — J as

| h(a1,b1) = h(b1,a1)  h(a1,b2) — h(b1,a2)
NS R B S Y A o B |

e Define the abelian group V' = (J1,,+) = (L, +) with isomorphism

0 ¢
{é 0] 2

We will write za( 0 ¢ ) = x2(€) and z4( 0 ¢ ) = z4(0).
¢ 0 ¢ 0
e Define the group W = )?0 X Jop & X x L,. When we identify Jy = L, :
aeg <> a and Xo = X : [a,0] <> a, the addition on W is given by

[al, al] H [GQ, Ckg] = [(ll + ag, 0q “+ g + %(h(az,al) — h(al, ag))].

We will write z1(a, @) := z1([a, 0], @ep) and z3(a, @) := z3([a, 0], aep).
For the commutator relations we obtain

[21(a1, 1), v3(az, az) "
[22(£1), w4 (l2)

[21(a, @), z4(0) ] = 22(0(a, £) + al)z3(al, L7 al) |
1

Vie {1,2,3},

for all [a,t], [a1,t1], [ag, t2] € W and all £, ¢y, 45 € L.
In [TW| Example 16.5] U; and Us are parametrized by the subset T = {[a, ] |
Ja € Ly : w(a) =t + a} C X x L. We consider the bijection

¢o: T — X x L, :[a,t] = [a,—7(a) + t].

When we translate the group law and commutator relations in [TW| Example 16.5]
from T to X x L, using ¢, we indeed obtain the expressions written above.

If L is finite-dimensional over its center, of degree d, and X is finite-dimensional
over L, then these Moufang quadrangles arise from algebraic groups. If the in-
volution is of the second kind, they are outer forms of absolute type A,. If the
involution is of the first kind, they are of absolute type Cy or D,.
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