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COUPLED CELL NETWORKS:
SEMIGROUPS, LIE ALGEBRAS AND NORMAL FORMS

BOB RINK AND JAN SANDERS

ABSTRACT. We introduce the concept of a semigroup coupled cell network and
show that the collection of semigroup network vector fields forms a Lie alge-
bra. This implies that near a dynamical equilibrium the local normal form
of a semigroup network is a semigroup network itself. Networks without the
semigroup property will support normal forms with a more general network
architecture, but these normal forms nevertheless possess the same symme-
tries and synchronous solutions as the original network. We explain how to
compute Lie brackets and normal forms of coupled cell networks and we char-
acterize the SN-decomposition that determines the normal form symmetry.
This paper concludes with a generalization to nonhomogeneous networks with
the structure of a semigroupoid.

1. INTRODUCTION

Coupled cell networks appear in many of the sciences and range from crystal
models and electrical circuits to numerical discretization schemes, Josephson junc-
tion arrays, power grids, the world wide web, ecology, neural networks and systems
biology. Not surprisingly, there exists an overwhelming amount of literature on
coupled cell networks.

The last decade has seen the development of an extensive mathematical theory
of dynamical systems with a network structure; cf. [16], [24], [35], [48], [51]. In
these network dynamical systems, the evolution of the state of a constituent or
“cell” is determined by the states of certain particular other cells. It is generally
believed that a network structure has an impact on the behavior of a dynamical
system, but it is not always clear how and why.

As an example, let us mention a system of differential equations with a homo-
geneous coupled cell network structure of the form

(11) (ﬁi :f(xol(i),“-,l'an(i)) for 1 <1 SN

These differential equations generate a dynamical system in which the evolution of
the variable x; is only determined by the values of 25, (), ..., %, ;). The functions

O1ye-y0n:{l,...,N} = {1,...,N}

can thus be thought of as a network that prescribes how which cells influence which
cells.

The literature on network dynamical systems focuses on the analysis of equilib-
ria, periodic solutions, symmetry, synchrony, structural stability and bifurcations.
As in the classical theory of dynamical systems, one often faces the task here of

Received by the editors September 13, 2012 and, in revised form, June 3, 2013.
2010 Mathematics Subject Classification. Primary 37GO05.

(©2014 American Mathematical Society
Reverts to public domain 28 years from publication

3509


http://www.ams.org/tran/
http://www.ams.org/tran/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9947-2014-06221-1

3510 BOB RINK AND JAN SANDERS

computing a local normal form near a dynamical equilibrium. These normal forms
are obtained from coordinate transformations, and in their computation one calcu-
lates Lie brackets of vector fields, either implicitly or explicitly. It is here that one
encounters an important technical problem:

Differential equations of the form (L)) in general do not form a Lie algebra.

As a consequence one can not expect that the normal form of a coupled cell network
is a coupled cell network as well. This complicates the local analysis and classi-
fication of network dynamical systems, because it means that one always has to
compute the normal form of a network explicitly to understand its generic behavior
- unless one is willing to assume that the network is given in normal form from the
beginning; cf. [24], [29]. Normal form computations in [13], [21], [26] have revealed
that a network structure can have a nontrivial impact on this generic behavior.
One wants to understand and predict this.

In this paper, we will formulate an easily verifiable condition on a network struc-
ture under which the coupled cell network vector fields do form a Lie subalgebra of
the Lie algebra of vector fields. Our main result is the following;:

If {o1,...,0,} is a semigroup, then the differential equations (L)) form a Lie
algebra.
In this case, the local normal form of (L) is also of the form ([LI).

In addition, we show that the Lie bracket of semigroup coupled cell network vector
fields can be lifted to a symbolic bracket that only involves the function f. Normal
form calculations can be performed at this symbolic level, and one only returns to
the reality of the differential equation when one is done computing. We also show
that the symbolic space carries a dynamics of its own, determined by a certain
fundamental network.

This situation is analogous to that of Hamiltonian vector fields, of which the
Lie bracket is determined by the Poisson bracket of Hamiltonian functions. As
a consequence, Hamiltonian normal forms are usually computed at the level of
functions. Moreover, the symbolic dynamics of Hamiltonian functions is determined
by a Poisson structure; cf. [41].

When o1,...,0, do not form a semigroup, then we suggest that one simply
completes them to the smallest collection

OlyevesOnyOntty-ey0n 2 {1,...,N} = {1,...,N}
that does form a semigroup under composition. Then (II]) can be written as
jf.i = fl(xﬂl(i)7 s 7x0”/(i)) with f/(Xh s >X’n7 X’n+17 B 7Xn’) = f(Xh s >Xn) .

The normal form of (I.1]) will now lie within the extended class of semigroup coupled
cell networks, there being no guarantee that it is again of the original form (I1J).
Thus one can choose: either to respect any given network structure as if it
were a law of nature, so that no normal form can be computed, or to extend
every network to a semigroup network and live with the consequences. One can
object that even simple networks may need a lot of extension before they form a
semigroup. But as an argument in favor of the semigroup approach, let us mention
that the symmetries and synchrony spaces of a network are not at all affected by
our semigroup extension. This implies in particular that these symmetries and
synchrony spaces will also be present in the local normal form of the network.
This latter property is both pleasant and important, if only in view of the large



COUPLED CELL NETWORKS 3511

amount of research that has been devoted to symmetry [5], [6], [9], [18], [25], [31]
and synchrony [2], [3], [, [, [10], [II], [27], [32], [34], [38], [49], [51], [53] in
coupled cell networks. Semigroups may well be the natural invariants of coupled
cell networks, even more than groups and symmetries.

Normal forms are computed by applying coordinate transformations [42], [45],
[46], [47]. These transformations can be in the phase space of a differential equation,
but in our case they take place in the space of functions f and have the form of a
series expansion

frre f=f+ad)(f) + Lad)2() + ... .

Here f is the function to be transformed and normalized, g generates the coor-
dinate transformation and ad” denotes a representation, in this case the adjoint
representation of the Lie algebra of f’s. Although at first sight this may seem a
needlessly complicated way to describe coordinate transformations, this “Lie for-
malism” allows for a very flexible theory which streamlines both the theory and the
computations.

The actual computation of the normal form of the function f, and in particular
the matter of solving homological equations, will not be entirely standard in the
context of networks. Some things remain as in the theory of generic vector fields.
For example, we show that the adjoint action of a linear element admits an SN-
decomposition that determines a normal form symmetry. Other aspects may not
carry through, such as the applicability of the Jacobson-Morozov lemma to char-
acterize the complement of the image of the adjoint action of a nilpotent element
[7]. This is because the Lie algebra of the linear coupled cell network vector fields
need not be reductive.

This paper is organized as follows. After giving a formal definition of a homo-
geneous coupled cell network in Section 2l we show in Section [3] that semigroups
arise naturally in the context of coupled cell networks. In Sections @ and Bl we prove
that semigroup network dynamical systems are closed under taking compositions
and Lie brackets. Section [6] explains how to compute the normal form of a network
dynamical system, while in Sections [ and 8 we prove that this normal form inherits
both the symmetries and the synchrony spaces of the original network. In Section
we investigate the SN-decomposition of a linear coupled cell network vector field.
This decomposition determines the normal form symmetry. Section[I0ldescribes the
aforementioned fundamental network. In Section [IT] we actually compute the nor-
mal forms of some simple but interesting coupled cell networks, thus demonstrating
that a coupled cell network structure can force anomalous steady state bifurcations.
Finally, we show in Section[I2that our theory is also applicable to nonhomogeneous
or “colored” networks that display the structure of a semigroupoid.

Issues that we do not touch in this paper but aim to treat in subsequent work
include:

1. The development of a linear algebra of semigroup coupled cell systems in
order to define for example a “semigroup network Jordan normal form”.

2. Application of the results in this paper to semigroup networks that arise in
applications, such as feed-forward motifs.

3. Better understanding the relation between semigroups and the well-known
“groupoid formalism”. The results of this paper mainly apply to networks
for which the groupoid is trivial, and it would be interesting to study the
impact of nontrivial “input symmetries” on bifurcations and normal forms.
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2. HOMOGENEOUS COUPLED CELL NETWORKS

We shall be interested in dynamical systems with a coupled cell network struc-
ture. Such a structure can be determined in various ways [16], [35], [38], [51], but
we choose to describe it here by means of a collection of distinct maps

Y =A{o1,...,0n} withoq,...,0, : {1,...,N} = {1,...,N}.

The collection ¥ has the interpretation of a network with 1 < N < oo cells. Indeed,
it defines a directed multigraph with N vertices and precisely n arrows pointing
into each vertex, where the arrows pointing towards vertex 1 < ¢ < N emanate
from the vertices o1 (i), ...,0,(4). The number n of incoming arrows per vertex is
sometimes called the wvalence of the network.

In a network dynamical system we think of every vertex 1 < i < N in the network
as a cell, of which the state is determined by a variable z; that takes values in a
vector space V.

Definition 2.1. Let ¥ = {o1,...,0,} be a collection of n distinct maps on N
elements, V a finite-dimensional real vector space and f : V" — V a smooth
function. Then we define

(2.2) T VN S5 VY by (vf)i(x) == f(Zoy(i)s -+ To, (i) for 1 < i < N,

Depending on the context, we will say that v, is a homogeneous coupled cell network
map or a homogeneous coupled cell network vector field subject to X.

Remark 2.2. In the literature, v is also called an admissible map/vector field.
These maps and vector fields are commonly defined in terms of the groupoid of
input equivalences of the cells in the network; see [35], [38] and [51]. For network
maps/vector fields of the form (Z2]) the corresponding groupoid is trivial though:
every cell 4 unambiguously has precisely one well-defined j-th input. A nontrivial
groupoid arises when two or more different inputs of a cell can be interchanged
without any effect on the dynamics. This case will be discussed in some detail in
Section [§

Dynamical systems with a coupled cell network structure arise when we iterate
the map ¢ or integrate the vector field that it defines. The iterative dynamics on
VN has the special property that the state of cell i at time m + 1 depends only on

the states of the cells 01(4),...,0,(i) at time m:
(2.3)
(m+1) — W(a:(m)) if and only if x§m+1) = f(x((:()i), o ,x((::gl)) for 1 <i<N.

The continuous-time dynamical system on V'V displays the same property infinites-
imally: it is determined by the ordinary differential equations

(2.4) & = yy(x) if and only if &; = f(z4, @), - -, To,(s)) for 1 <i < N.

We aim to understand how the network structure of v, impacts these dynamical
systems.

Example 2.3. An example of a directed multigraph is shown in Figure [, where
the number of cells is N = 3 and the valence is equal to n = 2. The maps o7 and
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©,

FIGURE 1. The collection {01,092} depicted as a directed multigraph.

o9 are given by
o1(1) =1,01(2) = 2,01(3) = 3,
o2(1) = 1,02(2) = 1,02(3) = 2.
A coupled cell network map/vector field subject to {o1,02} is of the form
(2.5) Vf (@1, w2, 3) = (f(21,21), f22,21), f (23, 22)) -

This network has obtained some attention [I3], [24], [26], [29], [40] because it
supports an anomalous codimension one nilpotent double Hopf bifurcation when
dimV = 2.

Example 2.4. In this example we let 01,09 be as in Example 23] and we also
define o3 as

0'3(].) = 1,0’3(2) = 1,03(3) =1.
The network defined by {01, 02,03} is depicted in Figure

)
D @

FIGURE 2. The collection {01, 02,03} depicted as a directed multigraph.
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A coupled cell network map/vector field subject to {01, 02,03} has the form

(2.6) Yo(x1, w2, 23) = (g(21, 21, 21), 9(w2, 21, 21), g(23, T2, 1)) -

We remark that this example is a generalization of Example if v¢ is as in
Example and if we define g(X1, X2, X3) := f(X1, X2), then v, = v;. In other
words, (2.0 arises as a special case of ([2.6]).

3. SEMIGROUPS

A first and obvious difficulty that arises in the study of coupled cell network
dynamical systems is that the composition 7y o, of two coupled cell network maps
with an identical network structure may not have that same network structure.

Dynamically, this implies for example that the equation vs(z) = « for the steady
states of 74 and the equation (yf)™(x) = x for its periodic solutions may have quite
a different nature. We illustrate this phenomenon in the following example:

Example 3.1. Again, let N = 3 and let 01,092,053 be defined as in Examples 23]
and 241 If
Y (@1, @2, 3) = (f(21,21), f(22,21), f (23, 22)) ,

Yg(21, 22, 73) = (9(1,71), 9(72, 1), (73, T2))
are coupled cell network maps subject to {01, 02}, then the composition
(’yf 079)(x17x2>x3)
= (f(g(xlaxl)ag(xla ml))v f(g($27$1)79($17$1))a f(g(x3ax2)ag(x2axl)))

in general is not a coupled cell network map subject to {o1,02}.
On the other hand, when 7, and -y, are network maps subject to {o1,02,03},
i.e.
’Yf(th T2, xS) = (f(xb X1, xl)u f($27 x1, xl)a f(x?n X2, :El)) 5

%;(96173327333) = (9(95173317331)79(33273317331)79(96373?27331))7

then it holds that

(v 0o vg)1(@1, w2, 23) = f(g(21, 1, 21), 921, 21, 21), 9 (21, 21, 21))

(vf ©vg)2(@1, T2, 73) = f(9g(w2, 1, 71), 921, 21, 1), 9(%1, 71, 71))

(vf ©v9)s(@1, T2, 73) = f(9(w3, B2, 1), (2, 71, 1), 9(%1, 71, 71)) -
This demonstrates that s o 7, is also a coupled cell network map subject to
{01,02,03}. Indeed, 7§ 0 v4 = v, where

h(XlaX27X3) = f(g(X17X2aX3)ag(X27X3aX3)7g(X37X3aX3)) .

To understand when, in general, the composition of two coupled cell network
maps is again a coupled cell network map, we compute that

(3.7)
(’Yf © F)/g)’t(x) = f( EE) (Vg)aj(i)(x)v .. ) = f( . ag('rol(aj(i))v s 7xan(aj(i)))a . ) .
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The right hand side of ([B.1) is an i-independent function of (z, ¢y, ..., 24, )
precisely when for all 1 < ji,jo <nand all 1 <4 < N it holds that ¢j,(0;,(i)) =
0j, (1) for some 1 < j3 < n. In other words, vf o7, is a coupled cell network map
when X is a semigroup:

Definition 3.2. We say that ¥ = {o1,...,0,} is a semigroup if for all 1 < jy, jo <
n there is a unique 1 < j3 < n such that o; o0y, = 0y,.

Viewing ¥ as a directed multigraph, the condition that it is a semigroup just
means that this directed multigraph is closed under the backward concatenation of
arrows.

Of course, an arbitrary collection ¥ = {o1,...,0,} need not be a semigroup.
Even so, ¥ generates a unique smallest semigroup

¥ ={01,...,00,0n41,...,0, } that contains X .

It is clear that every coupled cell network map ¢ subject to X is also a coupled
cell network map subject to the semigroup ¥’. Indeed, if we define

f/(Xl, e ;Xnan-&-la e 7Xn/) = f(Xh ey Xn),
then it obviously holds that
(v1)i(2) = F(Tor(i)s > Lo (i) Toppa (i)s - -+ Topi (i)
= f(xo'l(i)7 B Io'n(i)) = (’Yf)z(x) .
We thus propose to augment ¥ to the semigroup ¥’ and to think of every coupled

cell network map subject to ¥ as a (special case of a) coupled cell network map
subject to Y.

Example 3.3. Again, let N = 3 and let o1, 09,03 be defined as in Examples 23]
and 241 Tt holds that o3 = o3, so the collection {07, 02} is not a semigroup. On
the other hand, one quickly computes that the composition table of {01, 02,03} is
given by

O | g1 02 O3

o1 |01 02 O3

09 | 09 03 O3

03 |03 03 03
This shows that {o1, 09,03} is closed under composition and hence is the smallest
semigroup containing {oy,02}.

4. COMPOSITION OF NETWORK MAPS

To better understand how network maps behave under composition and in order
to simplify our notation, let us define the maps

7 VN S V™ by mi(zy, ..., oN) == (Toy (i) s T (i) for 1 < <N
This definition allows us to write (Z2]) simply as
(4.8) (vf)ii=fom .
Expression (B77]) moreover turns into the formula
(4.9) (fyfoyg)i:fo(goTrgl(i) X ... Xgowgn(i)) .

The following technical result helps us write the right hand side of (£9) in the form
h o m; for some function h : V™" — V| whenever X is a semigroup.
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Theorem 4.1. Let ¥ = {o1,...,0,} be a semigroup. Then for all 1 < j <n there
exists a linear map Ay, : V™ — V™ with the property that

(4.10) Ag, oMy = Tg, iy for all 1 <i < N and all 1 < j <n.
Moreover, it holds that A,; o Agj2 = A,,J.logj2 for all 1 < j1,j2 < n.

Proof. Because X is a semigroup, we can associate to each map o; € ¥ a unique
map

(4.11) o :{1,...,n} = {1,...,n} defined via the formula o5, = 0 0 0% .
We now define the map A, : V" — V" as
(412) Aaj (Xl, e ,Xn) = (Xgl(j), e ,Xgn(j)) .
With this definition it holds that
(Ao, 0o mi) () = Ao, (Toy (5)s - - > Ton (i) = (Tarz ()1 - - -3 T, (5 (0)
= (Tor(0,())+» Tonlo;(i) = Moy (i) () -
Remarking moreover that
055, (i1)(J2) = 96k(j1) @042 = 0k © 04y ©0j; = Ok © 05, (j2) = Tk (55, (j2))

and hence that o5, (j,)(j2) = 0k (7}, (j2)) for all 1 <k < n, we also find that

(A, 0 Agy ) (X1, X)) = Aoy (X5,3a)s 0 X5 ()
= (X5al(jl)(j2)7 AR X5a”(jl)(j2)) = (Xgl(ajl(h))’ AR X5n(3j1(j2)))
= Aggjl(jr“)(Xl, v Xn) = Agj ooy, (X1ye, X))
This proves the theorem. O

The identity A,,].1 OAUJ.2 = Afflef’n expresses that the A, form a representation
of the semigroup . Using this representation we obtain:

Theorem 4.2. Let X = {oy,...,0,} be a semigroup. Define for f,g: V™ =V the
function
(4.13) foxg: V" >V by fong:i=fo((goAs)*X...x(g0As,)).
Then
Vf O Vg = Vfosg -

Proof. From formula (£9) and Theorem ET] O

Theorem reveals once more that if ¥ is a semigroup, then the composition
of two coupled cell network maps 7, and ~, is again a coupled cell network map,
namely 7Yyo5q. More importantly, it shows how to compute f oy g “symbolically”,
i.e. using only the functions f and g and a representation of the network semigroup.

The final result of this section ensures that the “symbolic composition” oys; makes
the space C*° (V™ V) into an associative algebra.

Lemma 4.3.
(fosg)osh=fox(gosh).
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Proof.

(fozg)osh(X)=(fong)(.. . h(Ag, X),...) = f(..., 9, (..., M(A5, X), .. )), - )
=f(. 90 MAg, ,X), o)) =f(.., 90 MAgo0, X))
=f(..,9( .., MAs, A5, X),.. ), ) = f(..., (gos h)(Ag, X),...)
= fox (gos h)(X)

With Lemma [£3] at hand, Theorem 2] just means that the linear map
v C®(V™ V) — 0°(VY V) that sends f to vy
is a homomorphism of associative algebras.

Example 4.4. Again, let N = 3 and let 01,092,053 be defined as in Examples 23]
and 241 We recall that the composition table of {o1, 02,03} was given in Example
The rows of this table express that

51(1):1,0'1(2) 2 3

52(1):2,0'2( ) 3 (3):3,

33(1) :3,0'3(2) :3 3
This implies in particular that

As (X1, X9, X3) = (X1, X2, X3),
Asy (X1, X2, X3) = (X2, X3, X3),
Asy (X1, X9, X3) = (X3, X3, X3).

Substitution in (£I3) therefore yields that
fos g (X1, X2, X3) = f(g(X1, X2, X3), 9(Xo, X3, X3), (X3, X3, X3)) .
We conclude that f oy g equals the function h found in Example Bl
Remark 4.5. The defining relation
05,k =000k fora; : {1,...,n} = {1,...,n}

expresses that the map o; describes the left-multiplicative behavior of o;. The
computation

067,50, (k) = 9i1 © 042 © Ok = Tjy © 05, (k) = 055, (3, (k))

moreover reveals that

Jﬁ]ﬁ = 5]'1 Oan for all 1 S jl,jg S n.
This means in particular that the collection {7y, ...,0,} is closed under composi-
tion.
The maps o1,...,0, will play an interesting role in this paper. In fact, we

will show in Section [I0] that they are themselves the network maps of a certain
“fundamental network” that fully determines the fate of all network dynamical
systems subject to X.
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Remark 4.6. Foramap o : {1,...,n} — {1,...,m} let us denote by A, : V7" — V"
the linear map
/\U(Xl, ce ,Xm) = (XU(1)7 NN 7Xo(n)) .
This means that the matrix of the map A, has precisely one idy on each row and
zeroes elsewhere. We will denote the space of such maps by
Almyn) ={Ae : V" = V"o :{1,....,n} = {1,...,m}}.
One quickly checks that the assignment A : o — A, is contravariant. More precisely,
ifo:{l,....,n} = {1,...,m}and 7: {1,...,m} — {1,...,1}, then
/\a o )\‘r - )\'roa .
In particular, A(m,m) is a semigroup and the map o — A, an anti-homomorphism
from the semigroup of all maps from {1,...,m} to itself to the semigroup A(m, m).
The maps 7; and A,, defined above are examples of such maps:
7 =\ with o : {1,...,n} = {1,..., N} defined as o"(5) := 0;(i),
Ao, =Xz with 67 : {1,...,n} — {1,...,n} defined by &7 (k) := 54(j) .
This observation can be used give a proof of Theorem [Tl that is free of coordinates:
Proof of Theorem 1] without coordinates. We observe that
o (5 (k) = 0 (5x(3)) = 73, (3 (0) = (0% 0 0;)(0) = w73 () = 0% (k)
and hence that ¢? 0 57 = ¢?()), Using this, we find that
Aaj o = )\5]‘ o )\o-i = )\Uz‘ogj = )\o_aj(i) = 7Ta'j(i) .
Similarly, the computation
T(Gi20591) (k) = 9572(371(k)) = 9592 (G1(j1)) = T5,(;) (J2)

= 051(j1)°%2 = 0k © 0451 © 05z = Ok © 055, (j2) = 96%(5;, (J2)) = 95751 02 (1)

reveals that
592 o 5t = 5991 (G2)

As a consequence,
A, oA

oiy © Aoy, = Agin 0 Agin = Agizogin = Azos G2 = Aoy () = Aoy, 00y, -

Unfortunately, this coordinate free proof of Theorem 1] is relatively long.

5. A COUPLED CELL NETWORK BRACKET

We will now think of 74 : VNV — V¥ as a vector field that generates the differ-
ential equation
T =y¢(z) .
We suggestively denote by e/ the time-t flow of the vector field v; on VV and by
(€'9),vs the pushforward of the vector field vy under the time-t flow of v,. We
recall that the Lie bracket of v; and 7, is then the vector field [yy, v,] : VN 5 vN
defined as

(5.14) [(VfYel(T) := d B O(6”")* g = Dvp(x) - 7g(x) — Dyg(z) - 74 () -
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The main result of this section is that if ¥ is a semigroup, then the collection of
coupled cell network vector fields is closed under taking Lie brackets.

Theorem 5.1. Let ¥ = {01,...,0,} be a semigroup and let the Ay, : V" — V"
be as in Theorem Al Define, for f,g: V"™ — V, the function [f,g]s : V" =V by

(5.15) [f, 9= 1:ZDjf'(goAaj)_ng'(foAﬂj) :
j=1

Then

(5.16) r vl = Yp.gls -

Proof. We start by remarking that
Y +tyg(x))i = f(... v Loy (i) T th(f)aj(i), o)
= f( < Loj(4) + tg(xa'l(crj(z)% EERE :Ea'n(crj(i)))a . )
_.f( < Lo (d) +tg(AUj(x01(z)a-~-7xan(i)))7"')'

Differentiating this identity with respect to ¢ and evaluating the result at ¢ = 0
gives that

(D’)/f( l*ZD f al(z)a'"axon(i))g(Aa’j(xal(i)a'"axan(i))) .

This proves that (Dvyy-v4)i = (Z?zl D;f-(go Agj)> om;, and hence that Dyy -,
is a coupled cell network vector field. With a similar computation for Dy, - v, we
thus find that the Lie bracket between «; and v, is given by

Y Ygli = (DVr - g)i = (Dg - vp)i Z (g0 As,) = Djg- (f o Aq,)] o
j=1
= [fa 9}2 O T4 .
This proves the theorem. O

Lemma [5:2] below states that the “symbolic bracket” [-,]s is a Lie bracket.

Lemma 5.2. The bracket |-, s makes C°(V™, V) a Lie algebra. Moreover, the
linear map

v OV V)= C®(VN V) that sends f to s is a Lie algebra homomorphism.
Proof. Anti-symmetry of [, -|x is clear from formula (5I5). The Jacobi identity
[f7 [97 h]E]E + [g> [hv f]E]E + [hv [f7 g]E]E =0

follows from a somewhat lengthy computation as follows. First of all, because
Ag (o h(Ag, X)) = (..., h(A X),oo)=( h(A6, A0, X), .. ),
we find that

(90 Ag)(X +1(-. h(Ag, X),.-)) = g(Ag, X + A5, (.., h(Agy X),...))
= g(Ag, X +t(...,h(Agy Ay, X),...)) .

95 ,(3)
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Differentiating this identity with respect to ¢ and evaluating the result at ¢ = 0
yields that

n

ZDk(gOAU]‘) : (hoAUk) = Z(DkgoAUj) ’ (h‘oAUk OAUj)'
k=1

With this in mind, we now compute that

1. lgoWlsls = 327 Dif (g, Al o 4s,) — Dilg. Bl - (f o Ay,

=3 Dif - (DigoAq)-(
—Djf - (Drho Ag;) - (goAm ° As;)
—Dyg-Dj(ho Ay, ) (foAs;)+ Dih-Dj(goAs,) - (foAs)
_Dz'kg'(hOAUkafOAU_7)+Dj2',kh' (goAUk7foAUj)

= Z:,k:l Dkf'Dj(goAak)'(hOAaj)_Dkf'Dj(hoAUk)'(goAG'j)
_Dkg'Dj(hoAUk)'(foAUj)+th'Dj(goAUk)'(fOAUj)
_Dzkg~(hOAakafOAUj)+Dj2',kh'(goAUmfoAaj)'

hoAgs, oAs))

Using the symmetry of the second derivatives, the Jacobi identity follows from
cyclically permuting f, g and h in the above expression and summing the results.
This proves that C*° (V™ V) is a Lie algebra. Theorem [5.]] means that v is a Lie
algebra homomorphism. O

Example 5.3. Again, let N = 3 and let o1, 09,03 be defined as in Examples 2.3

and 24 We recall that A,,, A,, and A,, were computed in Example[ @4l Tt follows

that

[f 9l2(X) = D1 f(X1, X2, X3) - g(X1, X2, X3) + Do f (X1, X, X3) - (X2, X3, X3)
+ D3 f(X1, Xa, X3) - 9(X3, X3, X3) — D1g(X1, Xo, X3) - f(X1, X2, X3)
— Dag(X1, X2, X3) - f(X2, X3, X3) — D3g(X1, X2, X3) - f(X3,X3,X3).

=

6. COUPLED CELL NETWORK NORMAL FORMS

Normal forms are an essential tool in the study of the dynamics and bifurcations
of maps and vector fields near equilibria; cf. [42], [47]. In this section we will show
that it can be arranged that the normal form of a semigroup coupled cell network
is a coupled cell network as well. This normal form can moreover be computed
“symbolically”, i.e. at the level of the function f. With Theorem 51l at hand, this
result is perhaps to be expected. We nevertheless state two illustrative theorems in
this section and sketch their proofs.

We start by making a few standard definitions. First of all, we define for f €
C>(V",V) the operator ad? (V™M V) = C®(V", V) by

ad?(g) = [f7 g]E

Next, we define for every k = 0,1, 2,... the finite-dimensional subspace

(6.17)
P* := {f: V"™ = V homogeneous polynomial of degree k+1} c C=(V", V).
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One can observe that P° = L(VYN V) and that if f € P* and g € P!, then
[f,g]s € P**! as is obvious from formula (5.I5). In particular, we have that

if fo € L(V™, V), then ad}, : P¥ — P¥.
With this in mind, we formulate the first main result of this section. It essentially

states that one may restrict the study of semigroup coupled cell networks near local
equilibria to semigroup coupled cell networks of a very specific “normal form”.

Theorem 6.1 (Coupled cell network normal form theorem). Let ¥ = {o1,...,0,}
be a semigroup, f € C(V™, V) and assume that f(0) = 0. We Taylor expand f
as

f=fo+fi+fo+... with fr, € P*.
Let 1 <r < 0o, and for every 1 <k <r, let N* C P* be a subspace such that

N*&im ad} | =P*.
Pk

Then there exists an analytic diffeomorphism ®, sending an open neighborhood of 0
in VN to an open neighborhood of 0 in VN, that conjugates the coupled cell network
vector field v¢ to a coupled cell network vector field V7 with

f=fo+fi+fot... (md?keNkforalllgkgr.

Proof. [Sketch] We only sketch a proof without estimates here, because the con-
struction of a normal form by means of “Lie transformations” is very well known.

For g € C*>°(V™, V) with g(0) = 0, the time-t flow €' defines a diffeomorphism
of some open neighborhood of 0 in V¥ to another open neighborhood of 0 in
VY. Thus we can consider, for any f € C®(V" V), the curve t > (e"),v; €
C>(VN, V) of pushforward vector fields. This curve satisfies the linear differential
equation

(6.18)
%(em)m = c;ih h:(oehv“’)*((e”g)*w) = [Yg, (€"7)uvs] = ad,, ((€"79).7y)

where the second equality holds by definition of the Lie bracket of vector fields
(5I4) and we have used the conventional definition of ad,, : C®(VN, VN) —
C®(VN,VN) as

ad’Yg ('Yf) = [797710} .
Solving the linear differential equation (G.I8]) together with the initial condition
(€"79),vf = ¢, we find that the time-1 flow of v, transforms ~y; into

1
(€79) vy = €9 (v5) = 77 + [vg,vs] + 5[79, Yo el + -+ -

The main point of this proof is that by Theorem [(.]] the latter expression is also
equal to

TV +1g. M+ 5199, 1s]n 4. = VeadF (fy-
The diffeomorphism & in the statement of the theorem is now constructed as the
composition of a sequence of time-1 flows e79x (1 < k < r) of coupled cell network
vector fields v, with g, € P*. We first take g; € P!, so that ; is transformed by
€791 into

(€)vs =V aa3, 5y = Vot Fi+53+..

e*%91
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in which
1= fi+1o1, fols € P!,
1= fo+ o1, fils + 31, o1, folsls € P2,
3=fat... € P3,
etc.

It is the fact that N @ im :aud?0 o P! that allows us to choose a (not necessarily

unique) g; € P! in such a way that

ft=h+1lo fols = AL —adj (1) € N' .
We proceed by choosing g» € P? in such a way that

(6"/92 o eV )*’yj — (67’92)*((6791 )*'Yf) = 7fo+f11+f22+‘..
with f2 € N2. Continuing in this way, after r steps we obtain that
d:=¢eVlro...0eMn

transforms ¢ into @,y =5 = Y fot Tyt where f, = ff € N*¥ forall 1 <k <r.
Being the composition of finitely many flows of polynomial coupled cell network
vector fields, ® is obviously analytic. ([l

In applications, one is often interested in the bifurcations that occur in the
dynamics of a map or differential equation under the variation of external pa-
rameters. In the case of coupled cell networks, we may for example assume that
feC®(V*xRP, V) and let

FAX) = F(X5N)
define a smooth parameter family in C*° (V" V). Correspondingly, the coupled cell
networks ;x form a smooth parameter family in C®(VN VN,

To formulate an appropriate normal form theorem for parameter families of
coupled cell networks, we define for £ > —1 and [ > 0,

Pkl .= {f: V" x R = V homogeneous polynomial
of degree k41 in X and degree [ in A}.

We observe that

[PkJ,PK’L]Z C ‘Pk-i-lf,H-L7
which leads to the following
Theorem 6.2 (Coupled cell network normal form theorem with parameters). Let
Y ={o1,...,0n} be a semigroup, f € C°(V"*xRP, V) and f(0;0) = 0. We Taylor
expand
=+ faz+. )+ (oot for+fop+.. )+ (frot+firtfiat..)+...

with fr1 € Pkt
Let 1 < rq,ry < 00, and for every —1 < k <7y and 0 <1 < ry, let Nkl < phil
be a subspace such that

N¥' @ im ad” = pkt,
fo,0 Pkl

Then there exists a polynomial family ®* of analytic diffeomorphisms, defined for
A in an open neighborhood of 0 in RP and each sending an open neighborhood of 0
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in VN to an open neighborhood of 0 in V¥, with the property that ® conjugates
Y to V5 where

7: (?7171 +771)2+'~')+(f070+70)1 +70)2+...)+(71,0 +71,1 +?1,2+)+
and
kaENk’lforall —1<k<riand0<li<nry.

Sketch of proof. The procedure of normalization is similar to the proof of Theo-
rem With respect to adJZc0 ,» one consecutively normalizes

f1,07f2,0, B frl,(); f—1,1,f0,17f1,1, B fr1,15
f—1,25f0,25f1,2a .. '7f7“1,2; LR ;f—l,rgafo,rzafl,Tza .. '7f7“1,7‘2 .

Because [PF! PK:L]y ¢ PFEIHL we see that once fr, has been normalized to
, it is not changed/affected anymore by any of the subsequent normalization

k.l
transformations. O

Of course, Theorem [5.1limplies that many other standard results from the theory
of normal forms will have a counterpart in the context of semigroup coupled cell
networks as well.

We will compute the normal forms of some network differential equations in
Section [T}

Example 6.3. Again, let N = 3 and let 01,092,053 be defined as in Examples 23]
and 24 If

vr (@1, 22, 23) = (f(21,71), f(22,21), f (23, 2))

is a coupled cell network subject to {01,029}, then its normal form will in general
be a network subject to {01, 02,03}, i.e.

W($1,5€27$3) = 77(1101,!1027373) = (7(371,5617%1)77(%2;$17$1)77($3,$27$1))-

7. SYMMETRY AND SYNCHRONY

Symmetry [5], [6], [18], [25], [31] and synchrony [2], [3], [10], [11], [27], [32],
[34], [38], [49], [51], [53] have obtained much attention in the literature on coupled

cell networks. They generate and explain interesting patterns, including synchro-

nized states [30], multirythms [19], [36], [44], [52], rotating waves [24], [32] and

synchronized chaos [20], [24] and can lead to symmetry and synchrony breaking
bifurcations; cf. [I], [, [8], [9], [14], [15], [I7], [22], [25], [31], [33], [43], [50]. In
short, symmetry and synchrony heavily impact the dynamics and bifurcations of a
network.

In this section, we relate some of the existing theory on symmetry and synchrony
to the semigroup extension that we propose. More precisely, we show that the semi-
group extension does not affect the symmetries or synchrony spaces of a network.
This implies in particular that the symmetries and synchrony spaces of a network
are also present in its normal form. The semigroup extension is thus quite harmless
and very natural.

To start, let us say that a permutation p : {1,..., N} — {1,..., N} of the cells is
a network symmetry for X if it sends the inputs of a cell to the inputs of its image.
That is, if

pooj=ocjopforall<j<n.
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The permutations with this property obviously form a group. More importantly,
they are of dynamical interest because the corresponding representations

/\p : VN — VN, (1131, - ,xN) — (Ip(l), . ,l‘p(N))
conjugate every coupled cell network map ¢ to itself:

(vs 0 Ap)i(e) = F(mi(2p(rys s 2p(n) = [ (@p(or(i))s -+ Tp(on(i)))
= (o1 Tonto(@)) = f(mpo) () = (75 (2))piiy = (Ap 0 9p)il) -
In turn, this means that when ¢ — (z1(¢),...,zn(t)) is a solution to the differential

equations & = vyy(x), then so is ¢t = (2p1)(t),...,7pn)(t)). And similarly that

when m — (:cgm), o ,xg\r,n)) is an orbit of the map z(M*Y) = ~;(2("™)), then so is

(m) (m)
m (xp(l), e a:p(N)).

The following lemma states that network symmetries are trivially preserved by
our semigroup extension:

Lemma 7.1. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily forming
a semigroup, and p: {1,...,N} = {1,..., N} a permutation.

Then p is a network symmetry for ¥ if and only if it is a network symmetry for
the semigroup ' generated by X.

Proof. Elements of the semigroup ¥/ are of the form g, 0. . .00}, for certain o, € X.

But if pooj, = o, opfork=1,...,1, then also po(gj,0...00;) = (gj,0...00;,)op.
Thus, the collection of network symmetries of ¥ is the same as the collection of
network symmetries of '. O

Lemma [T1] implies in particular that the composition s o vy = 7oy and the
Lie bracket [v¢,7g] = 7[f,qs Will exhibit the same network symmetries as vy and
Yg-

Though not much more complicated, the situation is slightly more interesting
for the synchronous solutions of a network. We recall that a synchrony space of
a coupled cell network is an invariant subspace in which certain of the x; (with
1 <4 < N) are equal. First of all, the following result is classical; see [24], [49].

Proposition 7.2. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily
forming a semigroup, and P = {Py,...,P.} a partition of {1,...,N}. The follow-
ing are equivalent:

i) For all1 < j <mand all 1 < ky < r there exists a 1 < ky < r so that
Uj(Pkl) C sz.
ii) For every f € C®(V™, V) the subspace

Synp := {x € V¥ | z;, = x;, when i1 and iy are in the same element of P}
is an invariant submanifold for the dynamics of vs.

Proof. The subspace Synp is invariant under the flow of the differential equation
& = v¢(z) if and only if the vector field v; is tangent to Synp. Similarly, Synp is
invariant under the map z(™*1 = vf(x(m)) if and only if v¢ sends Synp to itself.
Both properties just mean that for all € Synp it holds that

J(@oi(ir)s -3 To (1) =F (Toy (i) - - - T (i) TOr all dq, 4 in the same element of P.
The latter statement holds for all f € C>°(V™ V) if and only if for all z € Synp,

Ty (iy) = To,(ip) for all 1 < j <n and all i1,4 in the same element of P.
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It is not hard to see that this is true precisely when all o; € ¥ map the elements
of P into elements of P. O

A partition P of {1,...,N} with property i) is sometimes called a balanced
partition or balanced coloring and a subspace Synp satisfying property ii) a (robust)
synchrony space.

The following result says that the synchrony spaces of a network do not change
if one extends the network architecture to a semigroup:

Lemma 7.3. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily forming
a semigroup, and P = {Py,..., P.} a partition of {1,...,N}.

Then Synp is a (robust) synchrony space for ¥ if and only if it is a (robust)
synchrony space for the semigroup ¥/ generated by X.

Proof. Elements of the semigroup ¥’ are of the form ¢;, o.. .00, for certain o;, € X.
This implies that the elements of X send the elements of P inside elements of P if
and only if the elements of ¥’ do. In other words: that the collection of balanced
partitions of ¥ and of ¥’ are the same. The result now follows from Proposition

O

Lemma [73] implies in particular that the composition y; o vy = Yoy and the
Lie bracket [vf,74] = 1f,9], Will exhibit the same synchrony spaces as v and 7,.
We conclude this section with the following simple but important observation:

Corollary 7.4. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily
forming a semigroup, and vy a coupled cell network vector field subject to 2.

Then a local normal form ¥ of v¢ has the same network symmetries and the
same synchrony spaces as .

Proof. V7 is a coupled cell network with respect to the semigroup ¥’ generated by
Y. Thus, the result follows from Lemma [Z.]] and Lemma [7.3] a

Example 7.5. Again, let N = 3 and let o1, 09,03 be defined as in Examples 23]
and 241 Recall that a coupled cell network differential equation subject to {01,092}
is of the form

& = f(x1,21), 22 = f(r2,21), &3 = f(x3,22).

These equations do not have any network symmetries, but they do admit the non-
trivial balanced partitions

(1,2} U{3} and {1,2,3}.

The corresponding invariant synchrony spaces {z1 = z2} and {x; = 29 = z3} are
preserved in the normal form because the latter is a coupled cell network subject
to {0'1,0'270'3}.

8. INPUT SYMMETRIES

As mentioned in Remark 2.2] the admissible maps and vector fields of a network
system can be determined from its groupoid of input equivalences; see [35], [38] and
[61]. This groupoid consists of all possible ways to identify the inputs of cell ¢ with
the inputs of cell j, for all the cells 1 <4,5 < N.

In case the network is homogeneous, the groupoid of the network is the obvious
one that identifies the k-th input of cell ¢ with the k-th input of cell j for all
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1 < k < n. No inputs can therefore be interchanged and, putting it equivalently,
there exists only one way to identify the inputs of one cell among themselves. The
so-called vertex group of the groupoid therefore consists of only one element.

On the other hand, many coupled cell networks that appear in the mathematical
literature display a nontrivial network groupoid. This case arises when the response
function f is assumed invariant under the permutation of some of its inputs. Such
an input symmetry can be dynamically relevant because it may give rise to nontrivial
robust synchrony spaces.

In this section, we point out one condition under which an input symmetry can
be preserved in the normal form of f. Although rather intuitive, this condition
appears far from optimal. As a consequence, this section is not important for the
remainder of this paper and can be skipped at first reading.

Concretely, an input symmetry is reflected by a permutation ¢ : {1,...,n} —
{1,...,n} with the property that foA,om; = fom for all 1 <4 < N. That is, for
which
(8.19)

J(@oi@ys s X)) = f(xgq(l)(i), e ,xgq(")(i)) forallz € VN andall 1 <i < N.
The input symmetries of f obviously form a group. In fact, this group is equal to
the vertex group of the network groupoid.

In the remainder of this section, we will only consider the case that an input
symmetry gives rise to a network symmetry. This means that along with the
permutation ¢ of the inputs {1,...,n} there exists a permutation p of the cells

{1,..., N} that sends the j-th input of each cell to the g(j)-th input of its image,
i.e. that

(820) pOO'j:Uq(j)OpfOI'aHISjSH.

We call a permutation ¢ for which there exists a permutation p so that (8I9) and
(B20) hold a dynamical input symmetry. We remark that if p; o 0 = 04,(;) o p1
and py 0 0 = 04, ;) o p2 for all 1 < j <n, then

(P10P2) 00j = 0(gy00:)(5) © (P1OP2) -

This implies that the dynamical input symmetries form a subgroup of the group of
all input symmetries. They are precisely the input symmetries that correspond to
a dynamical symmetry of the network:

Proposition 8.1. Let p be a permutation of {1,...,N} and q a permutation of
{1,...,n}. Assume that pooj = aq;yop for all 1 < j < n and that [8I9) holds.
Then

VoA = Ap oy
Proof. First of all we claim that

(8.21)
when poo; =o4yopforall<j<n, thenmol, =X 0m,y forall I<i<N.

This follows from a little computation:

(mioAp) (@) = mi(Tp(1), - - - Tp(N)) = (Tp(o1(3))» - - - Tp(on (i)

= (Toy 1y (p()r - > Togmy (D)) = Aa(@oy(p()): - - s Tan(p(i))) = (Aq © Tp(i) ) () -
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Using [B21) and our assumption ([8I9) that f o\, = f on every im;, we hence
find that
(YpoAp)i = fomiod, = fodgompu = fompu = (Vr)pi) = (Ap v
|
The relevance of dynamical input symmetries for normal forms is explained be-

low. We first show that dynamical input symmetries survive the semigroup exten-
sion.

Lemma 8.2. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily forming
a semigroup, and let q : {1,...,n} = {1,...,n} be a dynamical input symmetry for
.

Then the latter extends to a unique dynamical input symmetry
g :{1,....,n,n+1,....0"y = {1,....n,n+1,...,n'}
for the semigroup ¥’ = {o1,...,0n,0n41,.-.,0n } generated by 3.

Proof. Recall that elements of ¥’ are of the form o, o... 00, for certain o, € X.
Assume now that pooj, = o4;,)op and po oj, = 04(j,) ©p. Then it follows that
PO 0%, (j2) = PO (05, 004,) = 04(j1) ©P0 T4y = (Tg(j1) ©Tq(jz)) ©P = 05,5, (ali=)) O P
This means that if an extension ¢ : {1,...,n,n + 1,...,n'} — {1,...,n,
n+1,...,n'} exists, then it must be unique and satisfy
q' (75, (42)) = T4(51)(a(j2)) -
If now poo, = 0g¢j,yopand pooj, = 04;,)op and 7;, (j2) = 0;,(ja), then actually
05,1y (q(42)) °P = PO 05, (j2) =P C0G,,(ja) = 05,4 (a(ia)) OP-

From this it follows that oy;,)(q(j2)) = T4, (q(ja)) if 7;, (j2) = 74, (ja4) and hence
that ¢’ is well defined. O

The following result explains that network symmetries are preserved under taking
compositions and Lie brackets:

Theorem 8.3. Let ¥ be a semigroup and assume poo; = o4yop forall1 < j <mn.
Then

(8.22) (fosg)oAg= (foAg)ox(goAy) on every imm;,
’ [f,gls 0Ny =[foAg,g0A]x on every imm; .

Proof. With a slight abuse of notation, we write

(fozg)o)\qowp(i) :f(...,g(AUjo)\qon'p(i)),...):f(...,g(AUjoin/\p),...)
= f(...,g(woj(i) 0Ap),...) = f(...,g(/\qowp(gj(i))),...)

=f( s (90 A) (Mp(os (i) -+ ) = F (90 A) (o jy (i) - - )

= (foXrg)(- (g0 A)(To;(p(i)))s - --) = (f o Ag) (-, (g0 Ag) (A, 0 Tp(3)), - - )

= ((foAg) on (goAg)) o mp(i -

This proves that (f ox g) o Ay = (f o Ay) ox (90 Ag) on each im7,;) and hence,
because p is invertible, on each im ;. The proof for the Lie bracket is similar. [
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Finally, we conclude

Corollary 8.4. Let ¥ = {o1,...,0,} be a collection of maps, not necessarily
forming a semigroup, and vy a coupled cell network vector field subject to 3.

Then the local normal form 7 of vy can be chosen to have the same dynamical
mput symmetries as yy.

Proof. Let G denote the group of dynamical input symmetries of f = fo+f1+fo+. ..
and let us define the set of G-invariant functions

CE(V™MV):={ge C®(V"™,V)|gorsom =gom forallge Gand all1 <i< N}.
Theorem B3] implies that if g, h € CF(V", V), then also
[9,h]s e CZ(V™, V).
The fact that f € C&(V", V) moreover implies that
kaPCk; = {ngPk\gko)\qom:gkom forallge Gandall1 <i< N}

is a G-invariant polynomial of degree k + 1.

It clearly holds that [Pf, PLls C Pg“. As a consequence, we can repeat the
proof of Theorem [6.1] by replacing P* with Pg and choosing the normal form spaces
NE c PE so that

im ady, | ©NE =PE.

This produces a normal form f € CZ(V",V). O
Example 8.5. Consider the class of differential equations of the form

&1 = f(@1,72,72,71),

j;QZ f(Il,IQ,xl,.IQ).

These differential equations have a semigroup coupled cell network structure with
N =2 and n = 4; see Figure 3

@@§@

FIGURE 3. The network with N = 2 and n = 4.

The semigroup X in this case is the full non-Abelian semigroup of maps on 2
symbols. In other words, ¥ = {01, 09, 03,04}, where
0'1(1) = 1, 0'1(2) :1, 0'2(1) :2, 0'2(2) :2, 0'3(1) 22, 0'3(2) = 1, 0'4(1) = 1, 0'4(2) =2.

There is only one nontrivial permutation p : {1,2} — {1,2} of the cells, which is
defined by p(1) := 2 and p(2) := 1. Tt is easily checked that

pooy =020p, pO02 =010pP, POO3 =030pP, PO04=040pPD.
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In other words, po o = oy op if welet ¢ : {1,2,3,4} — {1,2,3,4} be defined by
q(1) =2,4(2) = 1,q(3) = 3,q(4) = 4.

Thus, the (in this case identical) invariances

f(il?l,(Eg,.’L’Q,.’I]]) = f(l'g,ﬂ?l,(EQ,.’L’l), f(l'],ﬂ?g,(El,.’L’Q) = f(fL'Q,J;],iCl,(EQ)

can be preserved in the normal form of f. These are precisely the invariances that
make A, : (21, 22) — (22,21) a symmetry of the differential equations.

9. SN-DECOMPOSITION

We recall from the previous sections that when fo € L(V™, V), then ad?0 : Pk —
P*. The operators ad?0| pr are called “homological operators”, and they play an
important role in normal form theory. This is first of all because the normal form
spaces N* C P¥ of Theorem must be chosen complementary to their images,
and secondly because in computing a normal form one needs to “invert” them when
solving the homological equations ad?0 (gr) — hy € N*; see the proof of Theorem
0. 1]

For this reason, it is convenient to have at one’s disposal the “SN-decompositions”
(also called “Jordan-Chevalley decompositions”) of the homological operators [7],
[42], [47). We recall that, since P* is finite-dimensional, the map ad?0 |pr admits a
unique SN-decomposition

(9.23) ad?, |pr = (ad} | pr)® + (ad} |pe) ™

in which the map (ad?0| pr)? is semisimple, the map (ad?0| pr)N is nilpotent and
the two maps (ad?ﬂ| pr)° and (ad?o\ pr)YN commute. The aim of this somewhat
technical section is to characterize this SN-decomposition in as simple a way as
possible. We will do this in a number of steps, starting from the following technical
result:

Proposition 9.1. Assume that X is a semigroup. Then the linear map
Yoyt LV V) — L(VN V) sending fo to vy, is injective .
Proof. The definition (vy,); := fo o m; implies that when f; is linear, then vz =0

precisely when fy vanishes on imm; + ...+ imay. Thus, all we need to show is
that
mm +...+imay=V".
Equivalently, we will show by contradiction that the map
“mid 4y (VIO s v @ 2™ s (D) 4 an ()
must be surjective. To this end, let us define for 1 < j < n the maps
(VN SV by 7 (2@ ™)) = (W) + L wn (2))

(€] (N)

= xoj(l) +...+woj(N).

In other words, 7/ is “my + ...+ 7n” followed by the projection to the j-th factor
of V™. In particular, if “r; + ...+ 7mx” is not surjective, then there is a relation of

the form
n
ol = Z )\kwk .
=y
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This means that

(1) (N)  _ (1) (N) 1 N N
x —l—...—i—acaj(N)—Z/\k(xak(l)—l—...—l—as )forallx()7._.7x( ) e VN

o;(1) oK (N)
k#j
It is clear that this can only be true if o; = o}, for some k # j. This is a contradic-
tion, because we assumed that the elements of ¥ are distinct. O

Next, we recall that when fo € L(V", V), then v4, € L(VY, V), and thus also
the latter has an SN-decomposition
s N
Vo = Vfo + Vo
for certain ’yf’o, ’y% € L(VN,VY). We are going to relate the SN-decomposition of
vf, to that of ad?0| pr. But first we show that both *y?o and *y% are coupled cell
network maps:
Lemma 9.2. For every fo € L(V™, V) there exist unique fy, f& € L(V™, V) so
that
VE = s and v = vpx
It holds that fo = f5 + f& and that [f5, f&]s = 0. In particular, ad?ﬂs o ad?dv =
ad?év o ad?os.
Proof. We recall - see for instance [39], p. 17 - that both the semisimple part 73?0
and the nilpotent part 'y% of 7y, are polynomial functions of vs,. More precisely,
75, =p(vs) and v = vz, — p(75,), where

p(7) = aol +ary+ ...+ agy?
is a polynomial with coefficients ag, ..., aq € C.
Theorem then implies that fy;f’o =2(V5) = Wolfo) = Vs for f5 € L(V™, V)
defined as

(9.24) 18 =p(fo) = aofo +ar(foos fo) + ...+ aa(foos ...ox fo) .

By Lemma B3] this f; is well defined, while by Proposition it is unique. Simi-
larly, 'y]]c\g = Vgn for a well-defined and unique f&¥ = fo—p(fo) € L(V™, V). Clearly,
fo=f8+ 13

Because [fy, f&]s € L(V™,V) and

_ _ (S ANT_
Vs s = Dps> vl = 7 1) = 0,
it follows from Proposition that [f5, f&]s = 0. The Jacobi identity
by S 1 4%
lads, adyy] = adjzs gy,
then confirms that ad?os and ad?év commute as operators on C*(V™ V). O

Before we come to the desired characterization of the SN-decomposition of
ad?0| pr, we need to make one simple observation. It concerns the fact that two
functions f,g € C°(V", V) generate the same network map (in the sense that
s = ) if and only if f — g € kery = {h|y, = 0} € C>°(V",V). Thus, kervy
consists of those functions h : V™ — V that are irrelevant for the dynamics of
coupled cell networks.

One can remark that when f,g € C*(V",V) and f € kervy, then v 4, =
[v:7g] = 0 and hence also [f, g]s € ker~. This means kery C C*(V"™,V) is a Lie
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algebra ideal. In particular, it holds for every f € C*°(V™, V) that the adjoint map
ad? :C®(V™ V) = C®(V™, V) sends ker+y to kery and hence that ad? descends
to a well-defined map on C*°(V™,V)/kervy. We can now formulate our result:

Theorem 9.3. For every k =0,1,2,... the maps

(ad?0|Pk)S and ad?os

. s N b
o respectively (ady, |px)" and adx o
descend to the same map on P*/ker~.

Proof. We start by repeating that ad?0 maps ker « into itself and hence descends to

a well-defined map on C*°(V™,V)/ker~ that moreover sends P*/ker~ into itself.
s N

More interestingly, since (ad?o | Pk) and (ad?0| Pk) are polynomial functions of

ad?0 | pr, also these latter maps send ker 7 into itself and thus descend to P*/ker .
For the actual proof of the theorem, we define for k£ > 0 the vector spaces

Pk .= {homogeneous polynomial vector fields on VN of degree k + 1}.

It is clear that v : P*/kery — PF is an injective linear map. Moreover, the
computation

(v 0 ad}, ) (9k) = Vfoguls = Vfor Vo] = (ady,, 0 7)(gr)

reveals that the maps ad?0 : P¥/kery — P*/kery and ady, - Pk — Pk are

conjugate by the map v : P¥/kery — P¥. Similarly, ad?os is conjugate to ad,YfS

0

and ad?dv is conjugate to advf ~- Now we recall the well-known fact that the SN-
N 0

decomposition of ad |pr is

s N
ady, |px = (adwo|7”“) + (ad')’fo lpr) " = ad’Y?o Pk T ad”% Pk

= ad

+ ad
k

’Yfg P ’Yfév"pk ’

Because 7 is injective, we have thus proved that

>
adfo

= ad?os - + ad?év‘Pk : P*/kery — P*/ker~y

Pk
is the SN-decomposition of the quotient map. Because the SN-decomposition of
the quotient is the quotient of the SN-decomposition, this proves the theorem. [J

Because the elements of ker v are dynamically completely irrelevant, for all prac-
tical purposes we can think of Theorem as saying that

7

« b
ady,

_ b
= adfés

+ adEN‘ is the SN-decomposition of ad’
Pk Pk fo Pk fo Pk
This is very convenient, because it means that one can determine the SN-decomposi-

tions of all operators ad?o‘ X simultaneously by simply determining the splitting
P

fo=f8+ 13

Example 9.4. Even though by Proposition[@.Ilthe restriction |y v is injective,

the full map v : C°(V"™, V) — C®(VY, V) may fail to be so. This situation

occurs when Ufil imm; # V", because 75 = 0 already when f vanishes on every
im 7;. This is the reason for the somewhat difficult formulation of Theorem
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To illustrate this phenomenon, we refer to Example in which
m(x1, 22) = (1,22, T2, 1) and wo(x1, x2) = (21, T2, 21, 22),

so that in particular im m; Uim o # V4. When for instance V' = R in this example,
then kery C C°(R*,R) is the ideal generated by

(X1—X)(X1—X3), (X1—X4)(Xo—X4), (Xo—X3)(X1—X3) and (Xo—X3)(Xo—Xy).
We conclude this section with the following dynamical implication of Theorem
9.0l

Corollary 9.5. Let 0 < r < co. Then it can be arranged that the normal form
f=fotfi+...€C®(V™ V) ofan f= fo+ fi+... € C(V™,V) has the special
property that the truncated normal form coupled cell map/vector field Y fot Tyt T,
commutes with the continuous family of maps

ts V6
Proof. Recall that each one of the normal form spaces N¥ ¢ P* of Theorem B.1] is
required to have the property that N* @ im ad?ﬂ L= P*. Tt is not hard to see
P

that whenever

(9.25) N* C ker (ad?o|pk)s is complementary to im (a,d?0|pk)N,

then this condition is fulfilled. Thus, let us choose N* so that it satisfies ([@.25). The

s

fact that (ad?os\ Pk) and ad?os
in particular that for such N* it holds that ad?os (N*) C ker.

Now let f = fo+ f, +I2 + ... be any normal form of f of order r with respect
to the N* meaning that f, € N* for all 1 <k < r. Such a normal form exists by
Theorem Then it holds that ad?os (fi) € kerv, and in view of Theorem 2] we

therefore have

. descend to the same map on P¥/ker~ implies
P

s Vs Froa? ) = VS fotFottFols — 'Vadj%os(foﬁﬁ...ﬁ,,) =0.

Hence, % ’t:O (emfos )*(vfoJr?ler?T) = 0, and thus the truncated normal form com-

mutes with the flow ¢+ ¢ /& of the coupled cell network vector field Vs O

The continuous family
ts e 1S

of transformations of V¥ is called a normal form symmetry. This symmetry is
sometimes used to characterize vector fields that are in normal form. It also plays
an important role in finding periodic solutions near equilibria of the vector field v,
using for example the method of Lyapunov-Schmidt reduction [12], [23], [28], [33],
[37).

10. A FUNDAMENTAL SEMIGROUP NETWORK

As a byproduct of Theorem H.1] and perhaps as a curiosity, we will show in this
section that the dynamics of v¢ on VN is conjugate to the dynamics of a certain
network I'y on V™. We will argue that I'y acts as a “fundamental network” for ;.
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We recall that if ¥ = {o1,...,0,} is a semigroup, then every o; € ¥ induces a
map
oj:{1l,...,n} = {1,...,n} via the formula oz, = o 0 0; .
We saw that o;, 00;, = 0, ©7j,, and hence the collection S = {G1,...,0,} is

closed under composition. One can now study coupled cell networks subject to X.
They have the form

Ly VP = V™ with (Uf);(X):=f(X5,Gys - X5,0)) = f(Ag, X) forall 1 < j <n.

The following theorem demonstrates that v; and I'y are dynamically related:

Theorem 10.1. All maps m; : VN — V™ conjugate vy to I'y; that is,
I'fom=moys foralll <i<N.

Proof. For x € VY we have that

(Cyom);(x) = f((Aq, o m)(2)) = (7o, i) (@) = (V4 (2))o; ) = (Wi 0 7p) ()
d
Theorem [0l implies that every m; sends integral curves of v; to integral curves
of I't and discrete-time orbits of v to discrete-time orbits of I'y.
In addition, the dynamics of v¢ can be reconstructed from the dynamics of I'¢.
More precisely, when X(;)(t) are integral curves of I'y with X;)(0) = m;(x(0)), then
an integral curve z(t) of v can simply be obtained by integration of the equations

:L‘z(t) = f(X(i)(t)) for1<i<N.

Similarly, if X((;n) are discrete-time orbits of I'y with X((Sl)(O) = m;(2(0)), then
(

xEmH) = f(X(iT)n)) defines a discrete-time orbit of 7.
The transition from vy to I'y is thus reminiscent of the symmetry reduction of

an equivariant dynamical system: the dynamics of v descends to the dynamics
of I'y, and the dynamics of v; can be reconstructed from that of I'y by means of
integration. Nevertheless, n can of course be both smaller and larger than N. In
the latter case, the dynamics of I'y may be much richer than that of v, and it is
confusing to speak of reduction. In either case, I'y captures all the dynamics of ;.

Example 10.2. Again, let N = 3 and let 01, 09,03 be defined as in Example 2.4
Recall

Ay (X1, Xo, X3) = (X1, X2, X3),
Agy (X1, X2, X3) = (X2, X3, X3),
Agy (X1, X2, X3) = (X3, X3, X3) .
This means that the network map I'y is given by
Lp(X1, X2, X3) = (f(X1, X2, X3), f(X2, X5, X3), f(X3, X3, X3)) .
In this example, the conjugacies from ~; to I'y are
m (21, @0, x3) = (X1, Xo, X3) := (21,21, 21)
ma i (21, 9, x3) — (X1, Xo, X3) := (22,21, 21)
73 ¢ (21, 2, x3) — (X1, Xo, X3) := (23,22, 21) .

The conjugacy 73 is bijective, which explains that Figures [[l and [] are isomorphic.
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()

> @ P

()

FIGURE 4. The fundamental network of our three cell feed-forward network.

=)

Example 10.3. Recall Example that features a semigroup with 4 elements. To
determine the maps A,,, we compute the multiplication table of this semigroup:

o|loy o2 03 o4

01|01 01 01 01
02 | 02 02 02 02
03 | 02 01 04 O3
04 | 01 02 03 04

This implies that

Ay (X1, X0, X3, X4) X1, X2, Xo, X7),
Agy (X1, Xo, X3, Xy) = (X1, Xo, X1, Xo)
Aoy ( ) )
Aoy ( ) = ).

)

X X2aX3a 4
ou (X1, X2, X3, Xy

X X2aX47 3
Xl,XQa X3,X4

~ o~~~

g3 9,

Hence, the corresponding fundamental network is given by

Xi1= [f(X1, X2, X2,X1),
Xo = [f(X1, X2, X1, X0
Xy = [f(X1, X2, Xy, X3
Xe= f(X1,X2,X3, X4

)
)
)
)-

This fundamental network has been depicted in Figure [l It is clear that the maps

Tt (Ila'rQ) = (X17X25X37X4) = ($17I2,I2,I1),
ma (21, m2) > (X1, Xo, X3, Xy) := (21,72, 21, 72)

conjugate vy to I'y.

The advantage of studying I'y instead of ~; is that the definition (I'y); := fo Ay,
explicitly displays the representation of the semigroup ¥, whereas the definition
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()
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FIGURE 5. A fundamental network with n = 4.

SEONOE
B (@ = o

(7¢)i :== fom; clearly does not. This has as a consequence that the transformation
formulas for the composition and the Lie bracket become completely natural:

Lemma 10.4. [t holds that
Ff o} Fg = FfOzg and [Ff,Fg] = F[f,g]z .
Proof. First of all,
Atfj (g(Ale)v e 7g(AJnX)) = (g(AUal(j)X)7 s 79(A05n(j)X))
= (9(As100,X), -+, 9(Ag,00,X)) -
This gives that
(Tyolg);(X)

f(Ac;(9(A0, X), ..., 9(Aq, X))
(9(Asyo0, X))+ - 9(Ag00, X))
(9(Ag, (A, X)), -, 9(As, (Ag, X))
= (fox 9)(A5, X) = (Lopg);(X).

The computation for the Lie bracket is similar. O

Il
— =

We stress that Lemma [0.4] holds due to the definition (I'f); := f o A,, and
the fact that o; + A, is a homomorphism. Lemma [[0.4] implies for example that
the symbolic computation of the normal form of I'; is the same as the symbolic
computation of the normal form of ;.

We propose to call I'y the fundamental network of v¢. Two properties make
this fundamental network fundamental: first of all, the network architecture of the
fundamental network only depends on the multiplicative structure of the semigroup
¥ and not on the explicit realization of X itself; in particular, it does not depend
on N. This means that two semigroup networks have isomorphic fundamental
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networks if and only if their semigroups are isomorphic. The second fundamental
property of the fundamental network is that it is equal to its own fundamental
network, if the latter is defined. This follows from Proposition [I0.5 below, in which
we call a homomorphism of semigroups faithful if it is injective.

Proposition 10.5. Assume that the homomorphism o — o; is faithful. Then
gj = 0j, and therefore A, = Az, forall1 <j<n.

Proof. Recall that Y= {71,...,0,} is closed under composition. Thus, the condi-
tion that the homomorphism o; — ¢; from ¥ to S is faithful just means that s
is a semigroup. In particular, each map gj A{L,...,n} = {1,...,n} is then well
defined. Now we compute

—~ —~ e~ e~

O'gj(k) =000 =0500 = 0'5]-(1@) = Ugj(k).

This proves that gj = o; for all 1 < j < n and hence that Agj = AJ]. for all
1<5<n. O

Proposition brings up the question of when the homomorphism o; — o}
is faithful, i.e. under which conditions the elements of ¥ all have different left-
multiplicative behavior. We give a partial answer to this question in Remark 0.9
below. The upshot of this remark is that one may essentially always assume the
homomorphism to be faithful.

We finish this section with a few simple observations on synchrony and symmetry
for I'y. First of all, a direct consequence of Theorem [[0.1lis that each imm; C V™
is an invariant subspace for the dynamics of I'y. Interestingly, another way to see
this is by the following

Proposition 10.6. Every imm; C V™ is a robust synchrony space for the I'y’s.

Proof. Let us define a partition P of {1,...,n} by letting 1 < ji, jo < n be in the
same element of P if and only if 0}, (¢) = 0,(¢). Then

SynP:{X ev” ‘le = ij when Ojy (Z) = 0j, (Z)}
={(Toyi)s > Ton i) |2 € VN =imm; .

It remains to show that the partition P is balanced for Y. This is easy though:
when 1 < j1, 752 < n are in the same element of P, then it holds for all 1 < k < n
that

Uak(jl)(i) = (Uk © Ujl)(i) = (Uk? © UjQ)(i) = Uﬁk(]é)(i) ’
where the middle equality holds because o, (i) = 0,(¢). This proves that also

5, (j1) and G4 (j2) are in the same element of P and hence that the elements of %
preserve P. O

Recall that A, om; = 74, (;)- This implies that A,, sends the I'j-invariant
subspace im; to the I'g-invariant subspace im 7, ;). But much more is true: the
following result shows that A, sends all orbits of I'y to orbits of I'y, even though
Ag,; may not be invertible.

Proposition 10.7.
FpoAy, =As 0l .



COUPLED CELL NETWORKS 3537

Proof.
(Ff ° Aﬂj)k(X) = f(AU'k ° AUjX) = f(AUkOUjX)
= f(AUak(j)X) = (Ff)ﬁk(J)(X) = (Affj orf)k(X) .
(]

The final result of this section shows that I'y may have even more symmetry:
the dynamical input symmetries of v; are true symmetries of I'y.

Proposition 10.8. If p is a permutation of {1,..., N} and q is a permutation of
{1,...,n} so that poo; = o4y 0p for all 1 < j <n and if foljom = fom for
all1 <i <N, then

Irodg =X 0Ty on every imm; .

Proof. Recall that under the conditions of the proposition, it holds that m; o A\, =
Ag © Tp(;) and that from this it followed that A\, o vy =7y o A,. As a consequence,

Frodgompiy = Tpomod, = mjoypody, = mioApoyy = Agompy oYy = Agolpomy) -
Because p is a permutation, this means that I'y o Ay, = A\; o I'y on every imm;. U

Remark 10.9. To explain when the homomorphism o; — &; is faithful, we can
make the following definition: we say that 1 < i < N is a slave for the network X
if there areno 1 < j<nand 1<k < N so that Uj(k) = 1. Thus, a slave is a cell
that does not act as input for any other cell, not even for itself. The point of this
definition is the following:

Proposition 10.10. If ¥ has no slaves, then o; — ; is a faithful homomorphism.

Proof. The relation o, = 0, means that o, oo = 0, o o for all k. This implies
in particular that o;, = o0;, on imoy for all k. But if ¥ is free of slaves, then
Uj=iima; = {1,..., N}. Hence, 0, = 0, O

If a network has slaves, then we can reduce it until no slaves remain. This works
as follows: first of all, we remove any slave from the network. Because slaves do
not affect the dynamics of other cells, this can be done without any effect on the
network dynamics. Removing slaves may create new slaves: these are the cells that
acted as inputs only for the original slaves. These new slaves can also be removed,
etc., until a network free of slaves remains.

The remaining network may not be defined unambiguously, because some of the
maps in ¥ may coincide after the removal of the slaves. This happens when distinct
maps in X differ only at slaves. Such maps can be identified though, while f must
be redefined. In this way, we produce an unambiguous network that is free of slaves.
For such a network ¢, the corresponding I'f is a true fundamental network.

11. SOME EXAMPLES AND THEIR NORMAL FORMS

In this section we illustrate the methods and results of this paper by computing
the normal forms of two coupled cell networks. Keeping things simple, we restrict
our attention to synchrony breaking steady state bifurcations in one parameter
families of networks with one-dimensional cells.
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11.1. A skew product network. In the first example, we consider the homoge-
neous skew product differential equations

= f(x1,215)),
j32: f(l‘g,xl;)\).

Here 1,22 € R and f:R? x R — R. As usual, we will denote the right hand side
of (IT.26) by 7 (z1,x2; A), and we will henceforth assume that

~7(0,0;0) = 0 and D,v,(0,0;0) is not invertible.

(11.26)

This means that at the parameter value A\ = 0, the origin (z1,z2) = (0,0) is a fully

synchronous equilibrium point of (ITT.26]) that undergoes a steady state bifurcation.

We wish to study the generic nature of this bifurcation. So let us write
fo,0(X1,X2) = Dx f(0,0;0)(X1, X2) = a1.X1 + a2 X2 with a1,a2 € R.

With this notation, we have that

mat D;v5(0,0;0) = ( a+az 0 ) .

ag ay

We remark that this linearization matrix is semisimple and moreover that a steady
state bifurcation occurs when one of its eigenvalues a1 + ao or a; vanishes.

The obvious but important remark is now that equations (I1.20]) define a semi-
group coupled cell network. The corresponding semigroup consists of o and o9,
where

o1(1) =1,01(2) =2 and 02(1) = 1,09(2) = 1.
We depicted this network in Figure [6l

()

FIGURE 6. A homogeneous skew product network.

The composition table of {o1, 02} reads

o g1 O3

01|01 02
02 | 02 02

From this table, we can read that
Ay (X7, X2) = (X1, X2) , 45, (X1, X2) = (X2, X5),
and hence that the symbolic Lie bracket of this network is given by
[f, 9l= (X1, X2) =Dy (X1, X2)g(X1, Xo) + D2 f (X1, X2)g(X2, X2)
—D1g(X1, Xo) f(X1, X2) — D2g(X1, X2) f (X2, X3).
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Since D;v¢(0,0;0) is semisimple, so is ad?o_0 . PRb 5 PR for every k > —1
and [ > 0. Its kernel determines the normal form of f. It only requires a little
computation to check that

(X1 — X2)°X5 = [(1 — a)ay — Blar + a2)](X1 — X2)* X0
aud?m0 : for «>1 and >0,
Xg = (1-=78)(a1 + ag)XéB for 5>0.

This formula nicely confirms that ad?o , 1s semisimple. We now consider the two
different codimension one cases:

1. When a; +a2 = 0 but a1 # 0, then the kernel of D,v,(0,0;0) is tangent to
the synchrony space {1 = x2}. In this case, the kernel of ad?0 , 18 spanned

by elements of the form (X; — X5)X5 and X}, where 8 > 0. Thus, the
general normal form of f is

f(Xl,XQ; /\) = (Xl — XQ)F(XQ; /\) + G(XQ; /\) y

with F(X2:A) = AQN) + O(Xa), G(Xa: A) = BA) + C(\) X5 + D(V)XZ +
O(X3) and A(0) = a1, B(0) = C(0) = 0. The normal form equations of
motion become

:i?l = G(,Tl; )\) 5

g2 = G(x1;A) + (22 — 21)F (213 M) .

This implies first of all that the stationary points of the normal form
satisfy 1 = x2 and secondly that x; solves the equation G(x1;A) =
B(A) + C(\)z1 + D(A)z? + O(23) = 0. Under the generic conditions that
B'(0), D(0) # 0, we thus find the saddle node branches

21 = 23 = £/(=B'(0) /D)X + O(\)

of synchronous steady states. A straightforward stability analysis reveals
that one of these branches consists of equilibria that are linearly stable
in the direction of the synchrony space, while the other branch consists
of unstable points. We remark that the saddle node bifurcation is also
generic in codimension one in the context of vector fields without any special
structure.

2. When a1 + a2 # 0 and a; = 0, then the kernel of ad?o,0 is spanned by
elements of the form (X; — X5)®, where o > 1, and the element X5. Hence
the general normal form of f is given by

J(X1, X9 A) = (X1 — Xo) F(Xy — Xo50) + A(M) X>,

with F(X; — X2;A) = B(\) + C(\) (X1 — X2) + O(X; — X32)? and A(0) =
az, B(0) = 0. The normal form differential equations are

.’bl = A()\)l’l s

To = A()\)l‘l + (:L‘Q - :L‘l)F(JJQ — Iy; )\) .
This implies that the stationary points of the normal form satisfy z; = 0,
while either 5 = 0 or x3 solves the equation F(z9;\) = B(A) + C(N)xa +
O(x3) = 0. Under the generic conditions that B’(0),C(0) # 0, we thus find
the two steady state branches

1 =29 =0 and z; = 0,25 = (=B'(0)/C(0))A + O()\?).
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These branches exchange stability when they cross. This means that the
normal form displays a synchrony breaking transcritical bifurcation. Such
a bifurcation is not generic in codimension one in the context of vector
fields without any special structure, and is hence forced by the network
structure. More precisely, it follows from the presence of the invariant
synchrony space.

11.2. A nilpotent feed-forward network. Next, we consider differential equa-
tions with the network structure defined in Example 2.4t

j,:l = f(xluxhxl;)‘)a
(11.27) By = f(wo, 21,213 ),
&3 = f(xs, 2,213 ).

Here x1, 29,23 € Rand f:R3 x R — R. Again, let us write
fo.0(X1, X2, X3) = Dx f(0,0,0;0)(X1, X2, X3)
=a1 X1+ asXs +a3X3 for a1, as,a3 € R.
Then it holds that

ai1+ay+as3 0 0
mat D;v¢(0,0,0;0) = as+az a; O
az az aj

This shows that a steady state bifurcation takes place when either a1 +as +as =0
or a; = 0. Moreover, the linearization matrix is not semisimple. In fact, its SN-
decomposition reads

a1+ az + as 0 0 a1 +ag +as 0 0 0 0 0
a2 +az ap 0 = az + a3 ap 0 + 0 0 0
az a2 ai az + as 0 a1 —ag a3 0

As a consequence, we should accordingly decompose fo o as

foo = fos,o + fé\,fo,
where
foo(X1, Xo, X3)=a1X1 + (a2 + a3) X3, o0 (X1, X2, X3) =a2(X2 — X3).

Recalling that for this network the expression for the symbolic bracket is given in
Example (3] it again requires a little computation to find that

X9 = (1 —v)(a1 + az + az) X3 fory >0,

(X1 — X3)%(Xo — X3)PX]

dss :
a 5o [(1—@—6)@1—'y(al—l—ag—l—ag)}(Xl - X3)Q(X2 - Xg)ﬁX; fora+ B > 1,
7=>0.
and similarly that
(X1 — X3)*(X2 — X3)P X7 =
—aay(X; — X3)* 1 (Xy — X3)P T XY for o, > 1,7 >0,
adfévo : (Xl — X3)QX:;’Y —

CLQ(XQ — Xg)an — O[GQ(Xl — X3)a71(X2 — X3)Xg for o > 1,")/ > 0,
(X2 — X3)PX7 — 0 for 3,7 >0.
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Once more, we now consider the two codimension one cases:
1. If ay +as+a3 = 0 and a; # 0, then the kernel of ad?{m is spanned by terms
(Xl — Xg)X;, (Xg - _}(3))(:3y and X; with Y > 0.
One checks that ad £ vanishes on this kernel, so the general normal form
of fis
F(X1, X, X33 0) = (X1 = X3)F(X3;0) + (X2 — X3)G(X5;0) + H(X3; M),
where F(X5; ) = A(X) + O(X3), G(X3;0) = B(A) + O(X3), H(X3;A) =
C(\) + DIN)X3 + E(A)X2 + O(X3) and A(0) = a1, B(0) = a2,C(0) =
D(0) = 0. The normal form equations of motion are
il = H('Ila >\) )
.’bg = (.’53 — xl)F(xl; )\) + ((EQ — xl)G(:cl; )\) + H((El, )\) .
It follows that the steady states of the normal form satisfy z; = x2 = 3,
where 1 satisfies H(z1;A\) = C(\) + D(\)x1 + E(\)2? +O(x3) = 0. Under

the generic conditions that C’(0), E(0) # 0, this yields the fully synchronous
saddle node branches

21 =9 =23 = +/—(C"(0)/E(0)A+ O(N).
Again, one of these branches is stable and the other one is unstable in the
direction of the maximal synchrony space.
2. When a1 = 0,as # 0 and a; + as + ag # 0, then ker ad?oso is spanned by
the elements 1

X3 and (X — X3)%(X2 — X3)? with o+ > 1.

This time the action of ad?évo on ker ad?oso is nontrivial. The only terms in
the kernel that are not in im ad fv, are actually those of the form

(Xl - Xg)a,XQ - X3 and X3, with a Z 1.

This means that the general normal form of f is

(X1, Xo, X33 0) = (X1 — X3)F (X1 — X3) + AN (X2 — X3) + B(A) X5,
where F(X1 - Xg) = O(A) + D()\)(Xl - X3) + O(Xl - X3)2 and A(O) =
az, B(0) = a1 + az + a3, C(0) = 0. This gives the equations of motion

il = B()\)Il 5
(1129) .’bQ :B(A)xl+((E2—.’£1)F(ZL’2—(E1;>\),
3 = B\)x1 + AN (22 — z1) + (23 — 1) F (23 — 215 ).
Under the generic assumption that C’(0), D(0) # 0, we now find three
branches of steady states:
(11.30)
Tr1 = Ty = T3 = 0,
w1 =12 = 0,23 = —(C"(0)/D(0))A + O(N?) ,
z1 = 0,29 = —(C"(0)/D(0))A + O(N\?), 23 = +1/(a2C"(0)/D(0)2)A + O(N) .
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This means that our normal form equations undergo a very particular syn-
chrony breaking steady state bifurcation that comprises a fully synchro-
nous trivial branch, a partially synchronous transcritical branch and fully
nonsynchronous saddle node branches. The solutions on these branches
exchange stability in a specific way, as for example depicted in Figure [7]

F1cURrE 7. Bifurcation diagram of a codimension one steady state
bifurcation in the normal form of a three cell feedforward net-
work. Pluses and minuses refer to positive and negative eigen-
values in the eigendirections other than the maximal synchrony
space. This figure depicts the solutions of formula (IT30) in the
case ag, C'(0), D(0) > 0.

12. COLORED COUPLED CELL NETWORKS

In this final section, we describe how our results on homogeneous coupled cell
networks generalize to certain nonhomogeneous coupled cell networks. So let us
imagine a coupled cell network with cells of different types. We will refer to the
different types of cells as colors.

More precisely, let us assume that there are 1 < C' < oo colors and that for every
color 1 < ¢ < C there are precisely N, cells of color ¢. We label the cells of color ¢
b)(f 1 < i < N, and assume that the state of the i-th cell of color ¢ is described by

xic) € V., where V, is a linear space that depends on c.

We furthermore assume that the discrete- or continuous-time evolution of :cz(c)
is determined by precisely n( ) cells of color 1, by n ) cells of color 2, etc. This
assumption is made precise in Definition [[2.1] below that, although lengthy, is a

straightforward generalization of Definition 211

Definition 12.1. For every 1 < ¢,d < C and every 1 < j < n(q,.), assume there is
a map

o\ {1, NG = {1 N
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We denote the collection of these maps by
Yo {0§171) g .05070) o(C.0) 1.

ytty n(Ll)?"'? VA n(cc)

Next, we define for all 1 < ¢ < C and 1 <1i < N, the maps

m VN x VO S Ve )L X VIO by

@0, .0y ._ (.0 1) (o)) (©)
m (et <$g§1’6>(i)"" T o (@) "’xaic’c)(z‘)"" T ftf;))(2)> .
Now assume that f = (f(V,..., f(©)) is a collection of functions with

f(c . "(1 ) % Vg(c,c) SV
Thenwedeﬁne”yf:VNl ><...><VCNC—>V1N1 x ... x Ve by

(v ) = fo c)foralll<c<0and1<z<]\7
We say that v is a colored coupled cell network map/vector field subject to X.

It is important to note that only the compositions

Uj‘fl»dogiﬁ:{17...,Nc}—>{1,...,NE}

are sensibly defined. This inspires the following definition:

Definition 12.2. We say that X is a semigroupoid if for every 1 < ¢,d,e < C and

every 1 < j; <ng. and 1 < ja < ne g there is precisely one 1 < j3 < n, . such that
e o glde) _ (ee)

5 T4, J3

When a collection ¥ as in Definition [I2.T]is not a semigroupoid, then it generates
one: the smallest semigroupoid ¥’ containing 3.

Example 12.3. The completely general C-dimensional differential equation
(0 = f(c)(a:(l); . ;x(c)) for1<c<Candz© €V,

is an example of a colored coupled cell network with C' colors and one cell of each
color. The elements of ¥ = { (11, ..;U(CC’C)} are all defined by a?d’c)(l) =1
They obviously form a sem1gr0up01d

Example 12.4. The general 2-dimensional skew product differential equation

71 = f(l)(x(l))7
i@ = ;O (z(D; £(2))

with z() € Vi and 2(® € V4 is an example of a colored coupled cell network with

two colors and one cell of each color. The elements of ¥ = {09’1) ; 0%1’2), 0’§272)} are

all defined by Uid’c)(l) =1 and thus form a semigroupoid. See Figure Bl

Example 12.5. The 3-dimensional differential equation
:-Cgl) _ f(l)( (1).x§2))7
iy = fO ;)
) = el
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FIGURE 8. A colored skew product network.

with x(ll),x(;) € Vi and x§2) € V3 is an example of a colored coupled cell net-

work with two colors: two cells of color 1 and one cell of color 2. Here, ¥ =
{0(1 1) 1 2, (2 2 } where these maps are defined by

091’(1) =2,0" @) =20 (1) = 2.6V (1) = 1,62V (2) = 1.
Again, one quickly checks that ¥ is a semigroupoid. See Figure [

FIGURE 9. An example of a colored network with three cells of two colors.

Under the condition that ¥ is a semigroupoid, all results of this paper on Lie
algebras and normal forms can be generalized to colored coupled cell networks. As
an illustration, we state a few facts here without proof.

Theorem 12.6. If ¥ is a semigroupoid, then for each a(d °)

linear map

€ X there is a unique

n n n n
A e VP X X VRO 5 VY L x VO
i

such that for all 1 < i < N, it holds that
(e) (d)

A (dL)OTF =TT (dc>(z)
These maps satisfy the relations A gl © A plde) = =A Send) o (die) and thus form a

J1 J2 Jl 32
representation of the semigroupoid X.
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Theorem 12.7. If ¥ is a semigroupoid, then
YO Yg = Vfosg
in which (f ox )\ is equal to

1@ (gm 0 Aro X x gV oA g0 x...xg®

"(1,¢)

OAUEC,C) X ... X g(c) o Ag(c,c) ) .

Theorem 12.8. If ¥ is a semigroupoid, then
Ve el = rgls

in which [f, g](zc) equals
ZZ (DX(_d)f(C) (g o Ajae) — DX(d)g(c) (f Do AU(_d,c))) .
4 J J J J

J
In turn, Theorem [IZ.7 can be used to prove normal form theorems for colored
coupled cell networks. That is, the theorems of Sections [6] and [0 remain true with
the word “semigroup” replaced by “semigroupoid”.
We conclude with two results that say that the network symmetries and the
robust synchrony spaces of a network remain unchanged by the semigroupoid ex-
tension.

Lemma 12.9. Let ¥ be as in Definition 0211, not necessarily forming a semi-
groupoid, and let p be a permutation of the cells so that the restrictionp : {1,..., N.}
— {1,..., N.} preserves the cells of each color. We say that p is a network sym-
metry if
po a](.d’c) = U](-d’c) op foralll<c,d<C andalll <j< n(d,c) -

This means that A\, sends orbits of vy to orbits of vy.

Then the collection of network symmetries of ¥ is the same as the collection of
network symmetries of the semigroupoid ' generated by X.

Lemma 12.10. Let ¥ be as in Definition 02.1], not necessarily forming a semi-
groupoid, and let P = {P(l)7 . ,P(C)} be a collection of partitions; i.e. for all
1 < ¢ < C, we have that P(©) = {Pl(c), A P}f)} is a partition of {1,...,N.}. Then
the following are equivalent:
i) The collection of partitions is balanced; i.e. for alll <c¢,d < C, all1 <
n(d,c) and all 1 < k1 <7, there exists a 1 < ky < rg so that Uj(-d’c)(P,Ef)
P
ko
ii) The subspace

Jj<
) C

Synp :={zx € VM x ... x Ve | xff) = xg) when i1 and iy

are in the same element of P(C)}

is a robust synchrony space for the networks subject to X.

The collection of robust synchrony spaces of ¥ is the same as the collection of robust
synchrony spaces of the semigroupoid ' generated by .
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