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CONGRUENCE FORMULA FOR CERTAIN DIHEDRAL TWISTS

SUDHANSHU SHEKHAR AND R. SUJATHA

ABSTRACT. In this article we prove a congruence formula for the special values
of certain dihedral twists of two primitive modular forms of weight two with
isomorphic residual Galois representation at a prime p.

1. INTRODUCTION

Let p be a prime number. Given two normalized Hecke eigenforms whose Fourier
coeflicients are integral and congruent modulo p, the congruence properties between
the special values of their associated L-functions have been an important area of
study. In particular, Greenberg and Vatsal [GV], and Vatsal [V] show under certain
hypotheses that when the forms are twisted by Dirichlet characters, the associated
twisted L-values are congruent. It is natural to investigate such congruences when
we consider twists of the L-values for Artin representations of the Galois group
of Q. The aim of this article is to consider some simple Artin representations of
dihedral type and prove congruence properties between the associated twisted p-
adic L-values. Our results should be viewed as a mix of the congruence results for
special algebraic L-values for congruent modular forms and congruence between
p-adic L-values, the latter being predicted by non-commutative Iwasawa theory.

We now explain our results in greater detail. Let f = Y a(n, f)¢" and g =
>-a(n,g)g" be two new normalized Hecke eigenforms of weight 2 and level Ny and
N, respectively such that a(n, f) and a(n, g) are integers in Q for each n. Let Ny
and Ng denote the conductor of the residual Galois representation associated to f
and g respectively. Fix an odd prime p and a positive square free integer d. We shall
assume throughout this article that f and g are p-ordinary. Put K = Q(v/—d). Let
F be a finite Galois extension of Q such that K C F, with Gal(F/Q) isomorphic
to the dihedral group of order 2p® for some integer s > 1. Let x : Gal(F/K) — C*
be an odd character of conductor f, and order p®. This in particular implies that x
does not factor through a subextension of F'//K. Put p = Indgix. We shall assume
that p is irreducible. Let IV, denote the conductor of p, D denote the discriminant
of K over Q and D’ denote the prime to p part of D. We define the quantity R (p)
by the formula

Pp(ﬁuu:l) « LS(*7P7 1)
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Here * denotes either f or g, €,(p) is the local epsilon factor of p defined as in [DD],
P,(p,X) and P,(p, X) respectively are the usual characteristic polynomials associ-
ated with the dual representation p and p at p, QF and Q. denote the canonical
periods associated to * as defined in [V], and u, and w, are p-adic numbers defined
by

1—a(p, )X +pX? = (1 - uw,X)(1 - w,X), u. €Z).

Further, the subscript Lg denotes that in the corresponding twisted L-function, we
have removed the Euler factors at the finite set of primes S. The finite set S shall
always be assumed to contain the set

(2) Smin = {p,aI Nk o (fx), dlN/N.},

where N denotes the least common multiple of Ny and N, and Nk g is the norm
map. If S = S,.in, then for simplicity, we shall remove the superscript S from the
notation of R (p) and write Ry (p).

Suppose that |a(n, f) — a(n, g)|, < 1 for each n coprime to N, where |.|,, is the
p-adic norm normalized such that [p|, = p~!. Then, our aim is to show that R? (p)

and R_;Jg (p) are p-adic integers satisfying the inequality
(3) B} (p) = B (p)lp < 1.

We in fact prove a more general result. For a Dirichlet character ¢ of p power
conductor, we consider the special values of the L-functions associated to f ® p® ¢
and g ® p ® ¢, and prove an analogous congruence formula. We shall prove the
above inequality under certain assumptions made in section [3

Our proof of (@) relies on the results proved in [B], [V] and [GV]. We make use of
an auxiliary Artin representation o which is congruent to p modulo p that has the
virtue of being much simpler as it splits into a sum of two Dirichlet characters. We
then use the congruence formula proved by Bouganis in [B] to obtain a congruence
between the special values of f ® p and f ® o. A similar result holds for the form
g as well. In [B], the results are proved for the prime p = 3, K = Q(us3) and
[F': K] = 3, as the author was mainly interested in the special value of L-functions
in the first layer of the false Tate extensions. Using the ideas of loc.cit., we extend
the results to all odd primes and for other dihedral extensions F/Q of degree 2p®.
Additionally, it is assumed in [B] that the conductor of the modular form and
its residual representation are equal and square free. Our results hold under a
weaker hypothesis, and we make use of the results proved in [DDT] which gives a
nice account of some of the techniques used by Wiles in the proof of Fermat’s last
theorem. We then use the results of [GV] to complete the proof of our main result.
Our method requires a finer analysis of periods of modular forms as considered in
[DDT] and a comparison with the ‘canonical period’ that appears in the work of
Vatsal. This is discussed in section [l

Even though the Artin representations considered here are of a rather special
kind, such questions of course can be posed for more general Artin representations.
We believe that our idea of using an an auxiliary simple Artin representation like o
to prove the congruence formula involving twists by more general representations
should be applicable in this larger setting. But this is contingent on proving subtle
results of the kind stated in section [Bl This is presently a topic of study in non-
commutative Iwasawa theory, and we hope to address this theme in future works.
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Another crucial ingredient in the proof here and also in [B] is the use of Hida’s
arithmetic measures in the dihedral context.

2. p-ADIC MODULAR FORMS AND ARITHMETIC MEASURE

In this section, we briefly recall the definition of the space of p-adic modular
forms. For more details we refer the reader to [H]. We fix an embedding Q <
(@p — C,p, where C, is the p-adic completion of Qp under the normalized p-adic
absolute value |p|, = p~*.

In this section J will denote any positive integer. Let ¢ be a Dirichlet character
of conductor dividing .J. For any subring R C Q, we consider the R-modules

Mk(FO(’])ﬂp:R) = {f € Mk(FO(J)>’(/})|f(Z) = Za(n>f)qn7a(n7f) € R}u

Mi(T1(J); R) = {f € Mp(L1(D)If(z) = Y aln, f)a", aln, f) € R},

where My, (To(J), %) (resp My(T'1(J))) denotes the space of modular forms with
character 1 , the congruence subgroup I'g(J) (resp. the congruence subgroup I'1 (J))
and Fourier coefficients in the field of complex numbers C. Let Hy(To(J),¢; R)
(resp.  Hg(T'1(J),R)) denote the Hecke algebra corresponding to the space
M (To(J),v; R) (resp. My(T'1(J); R)). The space of cusp forms with coefficients
in R are defined as

Sk(To(J),¥; R) = Sk(Lo(J),v) N My (Lo(J),9; R),

SkT1(J); R) := Sk () N M (1 (J); R).

1
Let hy(To(J),%; R) (resp. hi(T'1(J), R)) denote the Hecke algebra corresponding
to the space Si(I'o(J),; R) (resp. Sip(T'1(J); R)) of cusp forms. The p-adic norm
of a modular form f € My (T'o(J),%; R) is defined as |f|, = sup,, |an|p- Let Ko be
a finite extension of Q and K be the closure of Ky in C, with respect to the p-adic
topology. Let My (To(J),%; K) and Mg(T'1(J); K) denote the p-adic completion
of My (To(J),; Ko) and My(T'1(J); Ko) respectively with respect to the norm |.|,
inside K|[[g]], where ¢ is considered to be an indeterminate. Then it is known that

Mp(To(J), ;s K) = Mp(To(J), ¥; Ko) @k, K
and
Mk(I‘l(J),K) = Mk(rl(J),Ko) ®Ko K.

Let Ok be the ring of integers in K and let A be either K or Ok. Then we also
consider the spaces

My, (J; A) U My (T (Jp"); A) and My (J, 3 A) == | My(To(Jp"), ¥ A).
n=0 n

The spaces of the p-adic modular forms M,(J; A) and M,(J,; A) of T'y(J) and
of I'g(J) and character 1 are defined as the completion of the spaces M (J; A) and
My, (J,; A) respectively with respect to the norm |.|,. The space of p-adic cusp
forms are analogously defined.

The p-adic Hecke algebras Hy(J, ;O k) and Hy(J; Ok ) are defined respectively
as the inverse limit lim Hy(To(Jp™),v; Ok) and lim Hy(T1(Jp™;); Ok). Simi-
larly, the spaces hi(J,¥; Ok ) and hy(J; Ok ) are defined. For each n, we also con-
sider the idempotent operators e, = hglm U(p)™ in Hy(To(Jp™),v; Ok), where
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U(p) is the p-th Hecke operator. The idempotent operator e in Hy(J,1; O k) and
Hy(J;Ok) is defined as @n en.

Let C(Zy;Zy,) and LC(Z);Z,) denote the space of continuous (respectively
locally constant) functions of Z) with values in Z,. Now consider a modular form
h € Mi(To(J),¢; Ok) with g-expansion h(z) = 3, <qa(n,h)g". Put J = Jop?,
where Jj is prime to p. Then we consider the cuspidal arithmetic measure uj of
weight one defined by

=Y d(n)a(n,h)q", ¢ € C(Z):Zy).

n>1

For the definition of arithmetic measure we refer the reader to [H, page 36]. It is
known that p5(¢) € S1(Jo;Z,) (see [H, Corollary 2.3]). For every positive integer
L such that Jo|L, we have a modified arithmetic measure defined as uk(¢) :=
wn(@)|[L/Jo], where the linear map

L/ o] : $1(Jo; Zp) — S1(L; Zy)
is defined by
(L/J6)(Y " a(n, h)g™) = > a(n,h)g"=/".

n>1 n>1

Put Zy, = Z,; x (Z/LZ)*. For z in Zy, we denote the summand in Z) by z,.
The group Zj, acts on C’(ZX p) by the formula (z % ¢)(z) := ¥(2)zpp(z22) for

z € Zy and ¢ € C(Zr;Zy,). We also consider the arithmetic measure of weight one
defined by

o0

S (X sonod)a” € Z,[lq])
n=1 d|n
(np)=1 " (4,L)=1

Following [B] we call it the Eisenstein-Katz measure. For a finite order character
n: Z;, — C* we consider the arithmetic measure

(ur; * By - C(Zy3 Lp) — S2(Ls Zp)

of weight 2 defined by the convolution of uf and E as follows:

ke Bnio)= [ [ 00 5 D@k e

If n is the trivial character, then we shall drop it from the notation and just write
pk x E. For a finite order character ¢ € C(Z;Z,) we have (cf. [Bl Section 2])

(uh * E)() = uf(¢) - E(p~" - (¢,%)),
where ¢,(2) = ¢(2p).

3. p-ADIC RANKIN-SELBERG CONVOLUTION

In this section, we will use the p-adic Rankin-Selberg convolution considered by
Hida in [H]. We shall use the results proved in this section in the subsequent ones
to prove inequality ([B]). Let h be a new normalized Hecke eigenform of weight 2,
level N, and trivial character. Suppose that h is ordinary at p. Then we denote by
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ho the p-stabilization of h which is a normalized Hecke eigenform of weight 2, level
Ny and trivial character defined by

ho(2) = h(z) if p divides N;
0v%) = h(z) — wh(pz) otherwise;

here w is the unique non-unit root of the Hecke polynomial of h at p, Ny := Npp
if pt N and Ny = Ny, if p|N. Note that a(p, fo) = uy is the unique p-adic unit
root of the Hecke polynomial of fy at p. We shall sometimes drop the subscript f
from the notation and just write u. Let D denote the discriminant of the quadratic
imaginary extension K = Q(v/—d) and € be the quadratic character of K. Recall
that F//Q is a dihedral Galois extension of Q of degree 2p° for some s > 1 such that
K C F. Also,

X : Gal(F/K) — C*

is an odd character of conductor f, and order p°. Now consider the series h, =
>aco, X(@)gNxe® where x(a) = 0 if (a,f,) # 1. Here we have used the same
notation for the Galois character x and the associated ideal character via class
field theory. Since x is non-trivial, we have that h, € Si(|D|Ng/q(fy), exlz) is a
primitive form.

Lemma 3.1. We have

(i) x|z is a trivial character.
(i1) Fourier coefficients of h, are real numbers.

Proof. Let | be a prime of Z. If I is not coprime to f,, then x(I) = 0. Therefore we
may assume that y is unramified at {. In particular, this implies that [ is coprime
to fy. Let [ be a prime of K lying over I. Suppose that [ is inert in K. This implies
that the decomposition subgroup D; of a prime of F lying above [ in Gal(F/Q)
maps onto Gal(K/Q). If [ does not split completely in F', then D; is a subgroup of
Gal(F/Q) of order 2p" for some r > 0. Since p is odd, D, is a dihedral group, and
therefore it cannot be cyclic. This implies that | must ramify in F. Being an inert
prime, [ is unramified in K/Q, and hence [ ramifies in F//K. This implies that [ is
not coprime to f,, and this is a contradiction. Therefore we see that [ must split
completely in F'/K and the residue field extension at [ corresponding to F' is trivial.
Hence, x(I) = x(Frob; ') = 1, where Froby is the Frobenius at [. Thus x(I) = 1.

Now assume that [ is ramified in K, ie. | = [? in K. If [ splits completely
in F, then as above x(I) = 1. If [ does not split completely in F', then by a
similar argument as above we get that the decomposition subgroup D; maps onto
Gal(K/Q) and the order of D; is equal to 2p” for some r > 0. Since [ remains
unramified in F/K the residue field extension of F/Q at [ will have degree p” but
the decomposition group at [ is of order 2p”. We hence get a normal subgroup of D;
of order 2 as an inertia subgroup, which is impossible. Therefore this case cannot
occur and we have x(I) = x(l) = 1.

Now suppose that | = [[ in K. In this case, the action of Gal(K/Q) takes
the Frobenius at [ to its inverse as Gal(F/Q) is a dihedral extension. Therefore
x(I) = x(1)~*. Thus x(1) = x()x(I) = 1. This proves assertion (i).

Let a(l, p) denote the I-th Fourier coefficient of h,. If [ is not coprime to f,, then
a(l, p) = 0. We assume that [ is coprime to f,. If [ remains inert in K or ramifies in
K, then we have already seen that x(I) = 1 for [l in K. Therefore we can assume
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that [ = [[. But in this case a(l, h,) = x(I) + x(I) = x() + x(I) !, and this is a real
number. O

To prove the congruence ([3]), we need to consider one more Artin representation.
Put o = IndG@ 1, where 1 denotes the trivial representation. Then we have that
he = §L(0,6) + Z ¢Vl e My (To(D), e).
aCOxk

To prove the inequality stated in section [I] we need to make the following assump-

tions:
(i) N
(i) fx is coprime to D’.

(iii) N/Ny and N; are coprime and Ny is square free.

(iv) The residual representation of the Galois representation associated to f is
absolutely irreducible.

= l.c.m.(Ny¢, Ngy) is coprime to p and N,.

Let M := |D|Ng q(fy) = Jp° for some integer J coprime to p. By [EK|, Theorem
15(a)] there exists a positive integer m such that M = D’p®m?2. In particular, m?
is the prime to p part of Nk /q(fy), and we have

(4) Smin = {p>Q‘m7q|n}7

where n denotes the product of prime divisors of N/N ¢ and Spin is the set of
primes defined in (2). Note that assumption (i) implies that m is coprime to D’
and assumption (74) implies that n is coprime to N. Also note that J = D'm
Since f is congruent to g modulo p, we have Ny = N,. Thus we shall drop the
subscript f(resp. g) from Ny (resp. N,) and write N.

For every integer k, let i; denote the trivial Dirichlet character mod k. For a
modular form h = a(n, h)q", let hliy := ", ix(n)a(n, h)q" be the modular form
obtained by removing the Euler factors of h at the primes [|k. Then fo = folimn €
S>(Lo(Nn?m?p),Q,) is a normalized Hecke eigenform. Now consider the Z,-algebra
homomorphism hy(To(Nn?m?p); Z,) — Z, induced by T(n) — a(n, fo). This
map induces a decomposition

ha(To(Nn?m?p); Q) = Q, x A.
For a proof of the above statement see [Bl Section 4] and section Ml below in this
article. Let 1 7o denote the idempotent attached to the first summand. We fix a
constant ¢(f) € Z, such that ¢(f)1 € ha(To(Nn?m?p); Z,). The idempotent 1
induces a map

Zfo : eSQ(anzmzp, Qp) — Qp
defined as (¢ (eh) = a(1,hle[l ), where e is the idempotent operator defined in

section 2 It follows from [HIl Lemma 4.1] that this map is well-defined. Now
consider the measure

Hjn = o(f) 0 £, 0o (uf % E),

where h can take the values h, and h,|i,, and L = Nyn?m?. Here o denotes the
composition of maps. Note that h, i, € My (To(Dm?),¢).

Below we state a theorem of Hida which we shall use to prove our result. Be-
fore that we recall some notation. Let v = (‘; g) be a real matrix with positive
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determinant. Then for a modular form G of weight k we shall denote by G|,y the
function defined by

Gliy(2) = det(1)"G(v(2))(cz +d) ",
where det(vy) denotes the determinant of . For an integer () we shall denote by
Tg the matrix (g Bl). However, to simplify notation, in the special case when
Q = Jp” for some 3 > 0, then following [[] and [B] we shall also use the notation
75 to denote the matrix 7;,5. We then have the following theorem.

Theorem 3.2 (cf. [H, Section 8], [B, Theorem 2.9]). For every finite order char-
acter ¢ € C(Z;Zy),

D(fOuﬂh(¢)|lTﬂ7 1)
237r2i3<f0|27—Nn2m2p7f0>Nn2m2p
where t = l.e.m.(L, J)LJY?, h can take the value h, or he|lm, [ is the small-
est exponent such that puy (o) € Mi(T'1(Jp?)), D(fo, pn,(®)|175, 8) is the standard
Rankin-Selberg L-function, 1 = (
product.

B (@) = c(f)tp®2a(fo,p)=#

b

0 -1 . .
P 0 ) and (,) Nn2m2p 15 the Petersson inner

The above theorem will be used to prove the congruence between the special
values of f ® p and f ® 0. The crucial point used in the proof is the linearity of the
function pj ., in the variable h.

Let W (h,) denote the root number of h, and W(h,) = [[ W,(h,) be the decom-
position of W (h,) into local factors. We denote by W’(h,) the prime to p part of
W (h,). We regard i, as a character of Z; and extend it to a function on Z, by
defining it to be 0 outside Z. Let P,(p,X) denote the characteristic polynomial
of p at p and h denote hy or h,. Then the subscript {p, glmn} in Dy gimny (f; 5, 1)
denotes that in the corresponding Rankin-Selberg L-function D(f, h,1), we have
removed the Euler factors at p and at the prime divisors of mn.

In the following lemma, we shall evaluate the measure p Foxh ab the character i,,
and express it in terms of the Rankin-Selberg L-values Dy, gjnm (f, hp, 1) along with
some other factors which occur in the formula for R¢(p) in section [l This mainly
consists of unraveling the action of the operator |;75 on the modular form g, (ip).
In carrying this out, we also isolate a power of p that occurs in the epsilon factor
ep(p)-

Lemma 3.3. We have
H foxh, (ip) = C(f)UtW/(hp)u_vp(Np)EP(P)
> Pp(pvu_l) Djp,q\nm}(fy hp: 1) .
Pp(pﬂ wil) 237T2i3<f0‘27—Nn2m2p7 fO>Nn2m2p
Proof. We consider the case when 6 > 0. First we suppose that p is coprime to
fy- Then x is unramified at p. Therefore § = 1 and § = 2 [H, Lemma 5.2(i)]. In

this case, the proof of Lemma Bl shows that a(p,h,) = 1. Now from a similar
computation as done in [B] Theorem 3.2] we get that

D(f07 /’(‘hp(ip)hTBa 1) = p_l/QW(hp)upp(pv u_l)D(f07 hp7 1)
The p-part of the conductor of p is p. Therefore ¢,(p) = W, (p)p*/2. Thus we get
uPpP2D(fo, tn, (ip) 175, 1) = “_UP(NP)W/(hp)Gp(P)Pp(Py u ") D(fo, hp; 1),
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where W’(h,) denotes the prime to p part of W(h,). Suppose that x is ramified
at p. In this case a(p,h,) = 0 and h,li, = h,. Therefore § = 6. Again, by an
argument similar to [B] we have

D(fov Hh, (ip)|1T,Ba 1) = W(hp)Pp(pa uil)D(fN(% hpa 1)
Now the p-part of the conductor of p is p®. We get
U_ﬁpﬁ/QD(foy U, (ip)‘lT& 1) = “_UP(NP)W/(hp)Gp(P)Pp(Py u_l)D(fo, b, 1).
Next, suppose that 6 = 0. In this case 8 = 2. From [H] Lemma 5.2(i)] we have
uw PP D(fo, un, (ip) 175, 1) = u2ex|z(p) W (h,)
x (1 = &xlz(p)alp, hy)u + &Xlz(p)u®) D(fo, hp, 1).
Note that in the above formula we have used the fact that the Fourier coefficients
of h, are all real numbers. We have
(1 —&xlz(p)a(p, hp)u + exXlz(p)u®) = eXlz(p)u’Py(p, u™").
Therefore we obtain
u” PP D(fo, i, (ip) 178, 1) = W' (k) D(fo, hp, 1).

In this case Wy(h,) = €,(p) = 1, as p does not divide N,. Now the lemma follows
from Theorem B2l and the fact that

D(.an hp7 1) = Pp(hpvw_l)_lD{p,qu} (f7 hpa 1)'
O

The following lemma is the analogue of Lemma B3] for the representation o. We
remark that the form h, is primitive, and hence one could directly apply [H, Lemma
5.2] in the above lemma. As h,|i,, is not primitive, we need to argue differently in
the next lemma.

Lemma 3.4. We have

Hfy sy i (i) = c(f)utW’ (ho)ym ™ e(m)u="»Nele, (o)

% Py(o,u™") Dip.ginmy (f, 1oy 1)
Pp(U, w_l) 237T2i3<f0|2TNn2m2p7 f0>Nn2m2p

Proof. The proof of this lemma is analogous to the proof of [B) Theorem 3.2],
where the special case when p = D = 3 is considered. We shall explain how the
same can be derived in this general case. The problem can be divided into two
cases. The first case is when p|D and the second when p 4 D. We shall explain
the second case, as the first case is identical to [Bl, Theorem 3.2]. If p 1 D, then
holimlip € Mi(To(Dp?m?),€), that is, § = 0 and 8 = 2. Then for every d|m? there
exists a constant cg such that

hoiplim = Z caholip|[di],

d|m?

where [d;] denotes the matrix (4 ¢). Now by a computation similar to [B, Theorem
3.2] we have

ho | d)[1TDp2mz = p* I md ='W (ho ) ho|[p*Im?/d],
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where j can take values from 0 to 2. We also have
helip|ld]1TDp2m2
=(ho — a(p, ho)hel[p] + () ho | [P [d][1 TDp2m2
=p~ A7 'mW (ho) (P he[p*m?® /d] — pa(p, ho)holpm? /] + €(p) ho|[m? /d)).

Using the fact that fo has no Euler factor at primes dividing m, it can be shown
that the Rankin-Selberg convolution D( fo, ho|ip|[di]|17pp2m2, 1) is non-zero only if
d =m?. Also an easy computation shows that c,,2 = €(m). Therefore we have

D(.}ZO; heo ‘ip‘imh'er?mzv 1)

=€(m)D (fo,h lip|[M?]|17Dp2m2, 1)

=e(m)p~'m ™" W (h,) D(fo,p*ho|[P’] — pa(p, ho)hollp] + €(p)ho, 1)
=e(m)p~! _1W(hp)(u — a(p, ho)u+ €(p))D(fo, ho, 1)
=e(m)p~ W (hp)u® Py(he, u”")D(fo, ho 1).

Since p t D we have W (h,) = 1. Therefore we can write
PP D(fo, holimlip|iTppzme, 1) = m ™ e(m)W' (h,) Py(hg,uw ) D(fo, ha, 1).
Now the result follows by using the formula

D(an hp7 1) = Pp(hm wil)ilD{p,qhn} (fa ho‘7 1)
and the fact that €,(h,) =1 and v,(N,) = 0. O

Remark 3.5. So far we have assumed that p does not divide Ny. But we remark
that a similar congruence formula holds under the weaker assumption that p|Ny
(resp. p|N,) but p? { Nt (resp. p? { N,). We still need to assume that f is ordinary
at p. In this case fo = f and fo = f|inm, where n is defined to be the prime to p
part of N/N;. Further,

D( fo, hpv 1) = D{q\nm}(fv hpa 1)
and )

D(an he, 1) = D{qInm}(f’ he, 1)
Thus in this case the denominator P,(p, wy) (resp. P,(p,wgy)) and P,(c,wy) (resp.
P,(o,w,)) will not appear in the formula for Ky xh, (ip) (vesp. pif yp, (ip)). Fur-
thermore, we need not remove the Euler factors at p in this case. In the rest of
the paper, for simplicity we shall continue to assume that the level of the modular
forms f and g are coprime to p.

Let ¢ be a primitive Dirichlet character of conductor p” for some integer v > 1
and ¢ be its complex conjugation. Let 7' denote the conductor of ex|z. For a
Dirichlet character n and a modular form h let hlnp := > n(n)a(n,h)q" denote
the twist of h by 7. In the rest of this section we shall compute the value of

ﬂf})xhp((b) and I b i (¢). First, we suppose that ¢ = (ex|z)p, i.e. the p-part
of the character ex|z. Note that (ex|z), is non-trivial only if p|D, where we recall
that D denotes the discriminant of K/Q. Let r = riry be a positive integer prime
to p, where ry is the product of primes which split in K and ry is the product of
primes which remain inert in K. Then (ex|z)p(r) = —1 if and only if ry is not a
square. If ro is not a square, then there is no ideal of K whose norm is ro. This
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shows that a(r, h,) = a(r, h,) = 0. We also have that (ex|z),(r) =1 if and only if
ro is a square. This shows that h,|¢ = h,li, and hy|¢ = hs|ip. Thus in this case
the value Nfoxh,,(¢) = Mfoxhp(ip) and pp oy i () = 1f e, i, (ip). Therefore
in the rest of this section we shall assume that ¢ # (ex|z),. First we need the
following definition. Let h be a Hecke eigenform and m, be the local automorphic
representation associated to h at p. Then we say that h is p-minimal if either 7, is
supercuspidal or the conductor of & is minimal among all its twists by a character
of p-power conductor. In the next two lemmas, we evaluate the measure p Foxchy

(respectively p foxha) at the Dirichlet character ¢.

Lemma 3.6. Suppose that h, is p-minimal, and let ¢ be the complex conjugate of
¢. Then we have

Biyun, () = c(H)utW! (hy|g)u="rNedde, (pd)
Dyp ginmy (f, hpld, 1)

237T2i3<f~0 ‘QTNn2m2pa .f0>N7L2m2p .

Proof. Let m, denote the local automorphic representation associated to h, at p.
We first assume that 7, is either a principal series representation m,(c, ') with
« unramified or a special representation o(a,a’) for quasi-characters a,a’ of Q.
Then it is shown in [H, Lemma 5.2(i)] that 8 = v ++" and

(hp|¢3)|17'5 = W(hp|(13)hp‘¢a

where i_Lp denote the complex conjugate of h,. From Lemma 1] we have that
h, = h,. Thus we have

(hp|¢3)|17'5 = W(hp|q3)hp‘¢-
From [H| 5.4(c)] we have that
W (hyl@) = W' (hp) () Wy (hy|).
Therefore we get
P72D(fo i (O)i7s, 1) = W' ()6 (N2 Wy (ol &) D(fo, B |6, 1).

Since we have assumed that ¢ # ex|z and ¢ is non-trivial, we have v > 0, 7/ > 0
and hp|<;3 is primitive. Thus the conductor N,z of po is Jp'V]D“Y,7 and therefore
vp(N,3) = B =v+7/. Further, we also have that e,(p¢) = p?/2W,(h,|$). Therefore

we get that
u pP2D(fo, pn(@)i7s, 1) = W' () o(J)u™ "Ny (p6) D(fo, byl 1).
Now using Theorem and the fact that

D(va hp|¢7 1) = D{p,q|nm} (fv hp‘gba 1)7

we get the desired formula. We mention that due to our assumption ¢ is non-trivial
and ¢ # (ex|z)p, Pp(hy|d, X) = 1. Now we assume that 7, is supercuspidal at p.
In this case h,|¢ is primitive (see [H, Lemma 5.2(ii)]). The possible values of 3 can
be obtained from loc. cit. Thus

(hp\@lm = W(hp|q_5)ﬁp|¢ = W/(hp‘ég)wp(hpw_’)ﬁpw-

Now the proof follows by a method similar to the previous case. (Il
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Lemma 3.7.
H foxholim (@ = C(f)UtW/(ha|(ZB)U_U”(N"‘5)GP(U@
Dip.ginmy (f; holé, 1)
237T2i3 <f0|2’7'Nn2m2p, f0>Nn2m2p

Proof. Let 8 be the smallest integer such that he|d|im € S1(I'1(D'p’m?)). Recall
that p’ denotes the prime to p part of D. Since we have assume that ¢ is non-trivial
and ¢ # (ex|z)p, ¥ > 1 and v’ > 1. Therefore 8 =+ and

hcr|<l_5|17'D/1ol3 = W(ha|q_5)ho|¢
For every d|m? there exist constants cg such that

holim =Y cahol[d].

d|m?

Therefore,
helimld = caho|@|[d).
d|m?

By a computation similar to [Bl, Theorem 3.2] we have
ho|lld][17Dpamez = d™'mW (ha|d)ho|g|[m?/d].

Since fo has no Euler factor at primes dividing m, we have that the Rankin-Selberg
L-function D(fo, ho|®|[d;]|1TDp2m2, 1) is non-zero only when d = m?. Therefore,

D(.fO, ha|im$|1TDp2m27 1) = e(m)m71W(hg|Q_5)D(f0, h0|¢, ]-)
In the above formula we have used the fact that c¢,,2 = e(m). The rest of the

computation is analogous to the computations in the proof of Lemma [3.4] and
Lemma [3.6] and we again have the desired formula. O

4. PERIODS FOR MODULAR FORMS

Let QZ and €2, denote the canonical periods associated to a Hecke eigenform h
of level M and weight 2 satisfying conditions 1 and 2 stated in [V]. We recall these
conditions now. Let m denote the maximal ideal of ho(T'1(M); Z,)) associated to the
congruence class of the form h. The form h induces a Q,-algebra homomorphism

Tyt ha (1 (M); Zp)m @ Qp —> Q.

Let Ry, denote the unique local factor of the Hecke algebra through which 7, factors.
For any module B over the Hecke algebra ho(T'1(M); Zy), let By, denote the locali-
sation of B at m. We fix an isomorphism C = C,. Let A be a subring of C (or C,).
The Hecke algebra ho(I'1(M); A) acts on the Eichler-Shimura cohomology group
H'(T'1(M),A) and its parabolic subgroup H}(I'y(M), A). Let H'(T'1(M),Zp)m
denote the localization of H*(I'1(M),Z,) at m. The complex conjugation action
on the group H'(I'y1(M), A) decomposes it into the + and — eigenspaces, denoted
respectively by H*(I'y(M), A)* and H'(I';(M), A)~. The conditions in [V] are:

1. Ry =Q,.

2. There exist isomorphisms of ho(I';1(M); Z,)-modules

0% - BT (M), Z,)E = HAT3 (M), Z,) = Hom, (ha(T4 (M); Z,), Zy)m
= So(T1(M); Zp)m-
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If we take h = fo, then it follows from [Wi, Theorem 2.1] (see also, [V, Theorem
1.13]) that condition 2 is satisfied. Note that p is an odd prime and the weight of fo
is 2; therefore the residual representation associated to fo is p-distinguished. The
first equality in condition 2 is a consequence of the assumption that the residual
representation is irreducible. Let mg’ denote the restriction of the maximal ideal
m of he(T1(Npm?n?);Z,) in ho(To(Npm?2n?),1;Z,). Then we have the following
isomorphism of Z,-algebras:

he(T1 (Npm?n?); Lp)m = ho(To(Npm?n?),1; Zp)mg .

This follows from the fact that the Hecke algebra ho(T'y(Npm?n?);Z,) splits as a
product of ho(To(Npm?2n?),1;Z,), where 1) varies over the finite set of characters
of the group (Z/(Npm?2n?))*. We shall drop the character ¢ from the notation my
if ¢ is the trivial character. Thus condition 1 stated in [V] follows from the fact
that the Q,-algebra homomorphism

ha(To(Npm®n?), Zy))me @ Qp — Q,
induces a splitting
hg(Fo(NmenQ);Zp))mo ®Q,2Q, x A

(IB, Section 4]). We mention that in [B], this splitting is obtained under the as-
sumption that N is square free by using results proved in [DDT), Section 4]. But it
is not difficult to see that the same proof works under the weaker assumption that
N is square free, with N/N and N being mutually coprime. We briefly explain
this fact. Following the notation of loc. cit., let ¥ denote the set of finite primes
of Q consisting of the prime divisors of N/N and m. Let Ny denote the integer
Np quz 7.

Let p and @ respectively denote the residual representation of p and o at p
with the prime to p part of their conductor Nz and Nz respectively. Recall that
N, = |D|Ng,q(fy) and D’ is the prime to p part of D. By assumption (ii) it
implies that the prime to p part of N,/D" and D’ are coprime. By the definition
of x we have that x?" = 1. Therefore Y = 1 (mod) p, where p denotes the unique
prime of Q(x') lying above p. This implies that p = . Therefore Nz = Nz. Since
o is the sum of the trivial character and a quadratic character we have N, = D.
Further, the prime to p part of N, is Nz, and therefore Nz = D’. Now it follows
from [DDT) Lemma 2.7] that N,/N5 is cube free. Therefore N,/D’ is cube free.
But the prime to p part of N,/D’ is m?2, and hence the integer m is square free.
Further, the assumption that NV is coprime to N/N implies that N/N is cube free
(See [DDT), Lemma 2.7]). Therefore Ny, is the same as Npn?m?2. Consider the
Hecke eigenform ¢’ of level Ny, defined by the following:

e a(q,g') = alq, f) if ¢ Ns/N;

e a(q,g’) = 0 if ¢|Ns/N;

e a(q,g') =usif ¢=p.
Then it is shown in [DDT) Lemma 4.6] that the maximal ideal mg of ho(Nx;Z,)
determined by the form f corresponds to the congruence class of ¢’. Further it is
also shown in [Bl, Section 4] that ho(Nx;Zp)m, is a reduced Z,-algebra, and that
the Q,-algebra homomorphism

h2(FO(NEvzp))mo ® Qp — Qp
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induced by ¢’ induces a splitting
hQ(FO(NE;Zp))mO ® Qp = Qp x A.

Note that the form ¢’ coincides with the modular form fo. Therefore the condition
1 of [V] holds, and we have

Lemma 4.1. The canonical periods Q? erist. O
0

Remark 4.2. We remark that for the existence of the above period, we have crucially
used the fact that the algebra ho(Nx;Zy)m, is reduced. This in turn relies on the
results proved in [DDT], [Wi] and [B]. The proof of these results depend on the
assumption that N ¢ is square free. But this assumption can be relaxed. In fact,
the semisimplicity of this Hecke algebra is still true at weight two as long as Ny
is cube free (see [CE]). But we shall continue to assume that N; is square free, as
we need this assumption to compare the periods which appear in [V] and [B]. We
strongly believe that it should be possible to remove this assumption, though we
have been unable to do this at present.

Next we shall compare the period Q+ Q with the period Q}'Q; We shall be-

gin by recalling the definition of these perlods Let h =3, a(n,h)q" be a Hecke
eigenform of level M satisfying conditions 1 and 2 above, wy, = Y., a(n, h)q" *dg
be the holomorphic differential form in H(I'(M),C) associated to h and @y =
> aln, h)@"~'dg, where the bar denotes complex conjugation. Put w; =
(wh+@5)/2 and w, = (wp—wy)/2. Consider the cocycles 5,% defined by 6% (5,?) =h.
Then the periods Qf are defined as the scalars such that w}f = Qféf Such scalars
exist by condition 1 (see [V]). These periods are well defined only up to a multiple
of a p-adic unit which depends on the choice of the isomorphism in condition 2.
Let Aj, denote the complex matrix such that (wp,,&5) = (6,7, 3, )As. Then we have
that (—1/2)det(As) = Q;Q; . To compare the two periods associated to f|i, and
fo, we need to compare A flin, and A 7, But it follows from the proof of [DDT)}, The-
orem 3.36] that in fact Ay; = Az . We mention that in [DDT] the case of the
congruence subgroup I'o(M) is considered. But the same proof works for 'y (M)
as well. Now it is shown in [GV] Lemma 3.6] that up to a factor of a p-adic unit,

Qﬁi is the same as Qf Therefore we have,

Lemma 4.3. The numbers Q;{Q; and Q}f QJ; are equal up to a factor which is a
0 0

p-adic unit. O

Next we shall compare the periods considered in [V] with the periods considered
in [B]. We recall the definition of the period considered in [B]. Let 3 be the map
considered in condition 2 after replacing the congruence subgroup I'y(M) with
[o(M). We mention that if & = fy, then condition 2 holds even for I'o(Nn?m?p).
For a Hecke eigenform h in So(M;Z) let xf denote the image of h by the inverse
of 6F. Then there exists a complex matrix A9 such that (wp,@y) = (2,25 )AY.
Then the period €, considered in [B] is defined as the determinant of AY. Now
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consider the following commutative diagram:

HY(Do(Nn®m?p); Z,) &, ——= H (D1 (Nn?m?p); Z,)%

: -

So(Co(Nn2m2p); Zy)my ——> So(C1(Nn2m2p); Zy)m

0
The horizontal map j is an isomorphism. This follows from the fact that
ha (FO(N”2m2P)§ Lp)my = ho (Fl(]\_]n2m2p); Zp)m

is an isomorphism. Since the two vertical maps are isomorphisms, we get that the
horizontal map ¢ is also an isomorphism. It then follows from the above diagram
that the image of 2T under the inclusion i is the same as (5?. Therefore, up to
0 0
an invertible element in GLy(Z,), which depends on the choice of the isomorphism
6%, we have A‘% =A o Therefore we have
0

Lemma 4.4. The numbers Qfo and Q'}'{ QfT are the same up to a factor which is a
Jo [9)

p-adic unit. O

We end this section by mentioning that it is known that the period 72 7, 18 the
same as QJECf Q;Jf up to a factor of a p-adic unit, where Qﬁf are the Néron periods
associated to the elliptic curve Ey associated to f (see [B, Theorem 4.8, 4.9]). This
follows from the works of Wiles, Diamond-Flach-Guo and Hida (see [DEG], [H2]
and [Wil).

5. CONGRUENCE FORMULA

In this section we shall prove the inequality ([B). Recall that f and g are p-
ordinary weight 2 new Hecke eigenforms of level Ny and N, respectively with
equivalent residual representation at the odd prime p. The prime to p conduc-
tor of this residual representation is denoted by N. The number u; (resp. ug)
denotes the p-adic unit root of the Hecke polynomial of f (resp. g). The modular
form fo (resp. go) is the p-stabilization of f (resp. g¢) and i, denotes the trivial
Dirichlet character mod n with n = l.c.m.(Ny, Ny)/N. Also fo (resp. go) denotes
the modular form foli, (resp. golin)). Recall that the integer m? is the prime to p
part of Ngq(fy)-

In the theorem below, we prove the congruence between the special values of
f®pand f® o using the linearity of u Foxp I the variable i and the congruence
between h, and h,. We continue with the notation as in the earlier section.

Theorem 5.1. We have

By(psu™") Lipginmy ([0, 1)

Py(p,w=t)  23m23Q 5

P:D(O'7 ’U/il) L{p,q\nm}(.ﬁ g, 1)
Py(o,w™t)  23723Q 5

W/(hp)’u,;vp(Np)

ep(p) X

= W’(hg)mfle(m)u;vp(N")ep(U) X mod p.

Proof. Since p = @, we have a(q, h,) = a(g, h,) mod p for all ¢ coprime to pm.
Therefore h|ip,|ip = h,li, mod p. This shows that

‘ufoth (Zp) = Hfox b lim (Z;D) mod p.
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From the discussion in [Bl, Section 4], we can choose ¢(f) such that

() _

<f~0‘2TNn2m2pa f~0>Nn2m2p

1
7,
Now we have

D{p,qlnm} (f’ Ps 1) = L{p,qlnm} (fa |2 1)'

Note that here we have used the fact that N is coprime to INV,. Indeed, if there
exists a prime ¢ such that ¢ divides Ny and ¢ divides N,, then the above equality
may not hold. Now the theorem follows by using Lemma 3.3, Lemma [3.4] and the
fact that uyt is a p-adic unit. |

The results proved so far for the modular form f can be similarly obtained for
g as well. We now state our main result. Note that in the congruence formula (&)
below, the left hand side is precisely the number R;(p) and the right hand side is
the number Rg4(p).

Theorem 5.2. We have

ufvp(Np)G (p Pp(p7 u,;l) L{P7Q|nm}(f7 Ps 1)
f PP (pwi ) (—2miQf ) (—2miQy)

Pp(pv u_z;l) L{p,q\nm}(gvpvl)

(5) = uivp(N”)ep(P) Py(p,wyt) (—2miQf ) (—27ifdy)

g9

mod p.

The proof of the above theorem is an immediate consequence of Theorem [(.1],
Lemma [43] Lemma 4] and the next lemma. Note that in the formula for R;(p),
P,(p, u;l) appears in the numerator, whereas in Theorem [5.2] we have P,(p, u;l).
But in our case, p is self-dual, and hence p and p are equivalent. Now, using the
results in [GV] and [V] and the fact that o is a sum of two Dirichlet characters, we
show that the special values of f ® ¢ and g ® o are congruent mod p.

Lemma 5.3. We have

PP(Uv u;l) L{p,q|nm}(f7 g, 1)
P,(o, wj?l) (—27riQ}fO)(—27TiQ;O)

W (he)ym™te(m)uvrWNede, (o) x

PP(Ua Ugl) L{p,q\nm}(g7aal)
Py(o,wgt) (—27TiQ;r0)(—27riQa))

W (he)m™te(m)u=»WNe)e, (o) x mod p.

Proof. By assumption we have a(q, f) = a(q,g) mod p for all primes ¢ { N. This
says that the residual representations associated to f and g are isomorphic and
Nf = Ng. Now let g be a prime dividing Nf. Then it follows from [DDT, Lemma
4.6] that a(q, f) = a(g,g) mod p. Thus we have a(q, f) = a(q,g) mod p for all
primes ¢ not dividing nm. Therefore a(q, fo) = a(q, §o) mod p for all primes q.

Consider the Artin representation 0 = 1 @ e where ¢ is the non-trivial quadratic
character of Gal(K/Q). We first assume thet p|D. Then we have

L(fo, €1 L(go, €, 1
u_vp(NE)Tp(f_l) (f()—,E, ) :U_U”(Ne)'rp(ﬁ_l) G, 1)

—— ——— mod p,
(—271'fo~0) (—2mifd; )
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where 7,(¢71) is the local Gauss sum for ¢! at p and N, denotes the conductor of
e. The above statement follows from [Vl Theorem 1.10]. We also have

LGl _ —1y_L(,1)
(1= )(—2m’9}0) ==y )(—2771'9_;0) mod p

Further, e~! = € and 7,(¢) = €,(0). Since Py(0,T) =1—T and N, = N,,
L(f07€>1) L(f(hl)

_ . — _ . +

( QWZQfO)( 27erf0)

L(g()ae,]-) L(g()a]-)

(—2mifd;,) (—271'1'(23'0 )

u=rWNde,(p) Py(o,uyp )

=u v, (p)Pylo,uy )

We have L(fo,1)L(fo,€,1) = L(fo,0,1) and

L{pg\mn} (fv g, 1)

L(vaa'a 1) = Pp(a wgl)

Now the lemma follows from the fact that W’ (hy,)m~te(m) is a p-adic unit.

We next consider the case when p  D. In this case p does not divide the
conductor of e. Therefore v,(N,) = 0 and ¢,(c) = 1. Thus we have the following
congruence formula:

(1~ eppuy ) 2S00

L(go €, 1)
(—271’1'9; )

(—2miQ2;, )

(1- e(p)ug_l) mod p.

The rest of the argument is analogous to the previous case. Note that in this case
By(oyupt) = (1= u7 ) (1 = e(p)ust).
O
Let ¢ be a non-trivial primitive Dirichlet character of a p-power conductor. As-
sume that ¢ # (ex|z)p. Then using Lemma and Lemma [3.7] the following
theorem can be proved using a method analogous to the proof of Theorem [5.1]
Theorem 5.4. We have
L{p,q|nm}(fu p¢7 1)
2371243Q) i
0
% L{p,q\nm} (f7 U¢a 1)
23712430 7o

W (hpl@yut"WNedde, (pg)

= W' (hg|p)m te(m)u=»WNed)e, (o) mod p.

O
Using [Vl Theorem 1.10] the following lemma can be proved by an argument
similar to proof of Lemma

Lemma 5.5. We have

T -v b T L nm 9 ) ]-
W/ (ho|6)m ™" em)u; ™" e, (06) x (—;frfm;((i;jfz))
fo fo

L{p,q\nm} (97 0¢7 1)

— ! i -1 —vp(Nog) Iy
= W/ (he|d)m ™ e(m)ugy *ep(op) x (—ZWiQ;O)(—%TiQ;O)

mod p.
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As a consequence of Theorem 5. 4]land Lemmal[5.5lwe obtain the following theorem
which shows that R¢(p ® ¢)) = Ry(p ® o) mod p.

Theorem 5.6. We have

- b - L nm (fa p(ba 1)
vp(Np¢) {p,q|nm}
up P ep(p9) : p—
f b (—27mQj{)(—2me )

b - L nm ) 71
(6) Eu;“P(NP¢)6p(p¢) {palnm} (9., 1) mod p.

(—2miQdd ) (—2miQy )
O

Recall that in section [l we had considered a set S of primes containing the set
Smin (see also [2)) and {@)). In the formula R;(p) (see (I)) we have removed the
local L-factors at primes in the set S from the L-function of f twisted by p. The
congruence relation (@) in Theorem (2] between R? (p) and Rj(p) has been proved
in the special case where S = S,,;,. The congruence relation () is in fact valid for
any set S containing S,,;,. We briefly explain this now.

Let ! be a prime number not dividing nmp. If it N = l.c.m.(Ny, N,), then by the
assumption that the residual Galois representations of f and g are equivalent, we get
that the Fourier coefficient a(f,l) = a(g,!) mod p. If [|N, then by the assumption
that [ { n, we have that I|N. Now, we have mentioned in the proof of Lemmal[5.3 (see
[DDT!| Lemma 4.6]) that a(l, f) = a(l, g) modulo p. Let L;(f, p, s) (resp. Li(g,p, s))
denote the local L-factor of f (resp. g) twisted by p at I. Then using the fact that
a(f,1) = a(g,l) mod p, it can easily be checked that L;(f,p,1)"* = Li(g,p,1)7*
mod p. Note that since [ # p, the numbers L;(f,p,1)~! (vesp. Li(g,p,1)"!) are
p-adic integers. Thus, multiplying the integers L;(f, p, 1)~ (resp. Li(g,p,1)~1) on
the left (resp. right) hand side of the congruence relation () in Theorem [5.2] we
get that

RS(p) = RS(p) mod p
for the set S = S, U{l}. Applying the above argument successively for the primes
[ in the enlarged set S, we can prove the inequality (B]) stated in section[Il A similar
argument works if we twist f (resp. g) with a p ® ¢ for some Dirichlet character ¢
of p-power conductor.

We stress that it is necessary to assume that S contains S,,;,. In our recent
work [SS] we have discussed a few numerical numerical examples to show that if S
does not contain these primes, then the congruence need not hold. However, under
certain stronger assumptions, the congruence between special values of f (resp.
g) twisted by p can be shown without removing the Euler factors at the primes
dividing the integer nm. We discuss these cases below. In particular we now have
the following improvement of Theorem

Theorem 5.7. For a prime factor q of m suppose that,

(i) g+ 1+ a(q, f) is coprime to p if q is inert in K and

(i) g+ 1—a(q, f) is coprime to p if q is split in K.
Then we have

-1

Pp(pﬂuf ) L{p,q|n}(f7p71)
Py(p,wit) (=2miQf ) (—2miQ5)
Pp(p, Ugl) L{p,q|n}(g,p,]-)
Py(p,wy ") (—2mif2) (—2mi; )

—vp (N,
uy e, (p)

= u;”P(NP)ep(p) mod p.
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Proof. Let q be a prime divisor of m. Then ¢ is unramified in K and ramified
in F. Let M(f) be the p-adic Galois representation associated to f and M(p) be
the Galois representation associated to p. Therefore the Euler factor of the tensor
product L-function associated to M (f) ® M(p) at ¢ is defined as

Ly(f,p,s) = (det(1 — Frobqflq_s|(M(f) ® M(p))lq))_l-

Since N, is coprime to the conductor of f, M(f) is unramified at g. Therefore we
have

(M(f) @ M(p))'* = M(f) @ M(p)'.
Since F' is ramified at ¢, the inertia subgroup in Gal(F/Q) at ¢ is identified with
Gal(F/K). Thus the action of Gal(F/Q) on M(p)!« factors through Gal(K/Q).
Now suppose that g splits in K. Then Frob, acts trivially on M (p)fa. Therefore
the Euler factor for the tensor product L-function will be equal to the Euler factor
of f at q. But the Euler factor of f evaluated at 1 is equal to (¢~ *(¢+1—a(q, f))) .
This shows that L,(f, p,1) is a p-adic unit. Now suppose that ¢ remains inert in
K. Then the action on Gal(K/Q) on M(p)!e is non-trivial. Thus in this case we
get,

Lo(fip,1) = (a7 (1 +a(f,q) +q) "

Again, by assumption, L,(f, p,1) is a p-adic unit. A similar formula holds for the
modular form g. Since a(q, ) = a(q, g), we have

Ly(f,p,1) = Ly(g,p,1) mod p.

By multiplying the Euler factors at primes dividing m on both side of the congruence
stated in Theorem (.2} we get the desired congruence. ([l

We mention an example of congruence of modular forms satisfying the hypotheses
of the previous theorem. Let f be the modular form associated to the isogeny class
of the elliptic curve E; of conductor 11 and g be the modular form associated to the
first isogeny class of elliptic curve Es of conductor 77 in Cremona’s tables [Ci]. The
minimal Weierstrass model of these two elliptic curves are given by the following
equations

B P +y=a®—2 =100 -20; Ey:y>+y=a"+2u1.

Then a(n; f) = a(n;g) mod 3 for all n coprime to 7 (see [D]). Also, the residual
representation associated to f is irreducible at 3. Put m = 13, K = Q(us3) and
F = K(13'/3). The 13th Fourier coefficient of f is 4 [WS]. Thus all the assumptions
of Theorem [5.7] hold. Note that 13 splits in /K. This is true because 36 = 62 =
—3 mod 13. Now using Theorem [5.7] we get that the special value of f twisted by
any irreducible Artin representation p of Gal(F/Q) is congruent to the special value
of g twisted by p. Note that to get the congruence stated in Theorem 5.7 we need
to remove the Euler factors at 3 and 7.

Corollary 5.8. Suppose that Ny = N, = Ny. If the assumptions of Theorem 5.1
hold, then we have

Pp(p,ufl) L{p}(fvpvl)

Py(p,wit) (=2miQF ) (—2miQ})

Pp(ﬂ,ugl) L{p}(gapal)
Pyl w0y 1) (—2mi0% ) (2 )

—vp (N,
uy e, (p)

= u;”P(NP)ep(p) mod p. O
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We now mention an example of congruence of modular forms where all the as-
sumptions of the corollary above are satisfied. Let f be the modular form associated
to the 3rd isogeny class of the elliptic curve of conductor 158 and g be the modular
form associated to the 5th isogeny class of the elliptic curve of conductor 158 in
Cremona’s tables [Cr]. Then a(n; f) = a(n; g) mod 3 for all n. This can be shown
using the Sturm bound and the table of Fourier coefficients of f and g obtained
from [Cx]. Further, the members of the 3rd isogeny class of the elliptic curves of
conductor 158 do not have any 3-isogeny, and therefore the residual representation
of the form f at the prime 3 is irreducible. Also, in this case Ny = N, = N;. Put
m = 5K = Q(uz) and F = K(5'/3). The 5th Fourier coefficient of f is 1 and
54+ 1+ 1 =7 is coprime to 3. Note that 5 remains inert in K. Thus the con-
gruence stated in the above corollary holds for all irreducible Artin representations
p of Gal(F/Q). Finally, we mention that a source of infinitely many examples of
congruence between elliptic curves is [RS] in the case when p = 3 and p = 5.
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