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EXISTENCE AND SYMMETRY
OF POSITIVE GROUND STATES
FOR A DOUBLY CRITICAL SCHRODINGER SYSTEM

ZHIJIE CHEN AND WENMING ZOU

ABSTRACT. We study the following doubly critical Schrédinger system:
—Au — @j‘lu =2 -1 4 vou® 1B, e RN,

Ao 9% 1 1 N
—Av— ZHu=v +vBuvf-1l, zeRN,

u, v € DL2(RYN), w, v >0in RN\ {0},

where N > 3, A\, A2 € (0,%), 2% = % and a > 1,8 > 1 satisfying
a4+ = 2*. This problem is related to coupled nonlinear Schrédinger equations
with critical exponent for Bose-Einstein condensate. For different ranges of
N, a, 8 and v > 0, we obtain positive ground state solutions via some quite
different variational methods, which are all radially symmetric. It turns out
that the least energy level depends heavily on the relations among «, 8 and
2. Besides, for sufficiently small v > 0, positive solutions are also obtained
via a variational perturbation approach. Note that the Palais-Smale condition
cannot hold for any positive energy level, which makes the study via variational
methods rather complicated.

1. INTRODUCTION

In this paper we consider solitary wave solutions of coupled nonlinear Schrodinger
equations, known in the literature as Gross-Pitaevskii equations ([19,34]):
—id®) = A®y — a(x) @y + 11| D1]2®1 + V| Do|?®y, z €RN, ¢ >0,
—i 20y = ADy — b(2) P2 + 2| 2|2 @y + 1| @1 [2Ps, z € RN, £ >0,
®;, =d,(x,t) eC, j=1,2,
Q;(z,t) >0, as|z]— 400, t>0, j=1,2,

(1.1)

where i is the imaginary unit, a(z),b(z) are potential functions, ui,pus > 0 and
v # 0 is a coupling constant. System (I appears in many physical problems,
especially in nonlinear optics. Physically, the solution ®; denotes the 5" component
of the beam in Kerr-like photorefractive media (see [3]). The positive constant p;
is for self-focusing in the j** component of the beam. The coupling constant v
is the interaction between the two components of the beam. Problem () also
arises in the Hartree-Fock theory for a double condensate, i.e., a binary mixture of
Bose-Einstein condensates in two different hyperfine states |1) and |2) (see [14]).
Physically, ®; are the corresponding condensate amplitudes, and p; and v are the
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intraspecies and interspecies scattering lengths. The sign of v determines whether
the interactions of states |1) and |2) are repulsive or attractive, i.e., the interaction
is attractive if v > 0, and the interaction is repulsive if v < 0, where the two states
are in strong competition.

To obtain solitary wave solutions of system (L1I), we set ®;(x,t) = e**tu(z) and
Py(x,t) = eP2to(x). Write Vi (z) = a(x)+A; and Va(x) = b(z)+ A2 for convenience,
and as we are only interested in nonnegative solutions, then system (LI]) is reduced
to the following elliptic system:

—Au+ Vi(2)u = pyud + vuv?, xRV,
(1.2) —Av + Va(z)v = pov® + vou?, z € RV,
u>0,v>0inRY, wu(z),v(xr) =0 as |z| = oo.

This Bose-Einstein condensate type system (L2]) is a special case of the following
problem:

—Au+ Vi (2)u = pu??~t + puP~ P, 2z € RV,
(1.3) —Av + Vo(z)v = pov® =1 4 P~ P, 2 € RV,

u>0,0>0in RN, wu(z),v(x) =0 as |z| — oo,
where p > 1 and p < 2*/2if N > 3, and 2* = % is the critical Sobolev exponent.
If p = 2, then (L3) turns to be the cubic system ([2). For further introduction
about this problem, readers can also see the survey articles [16,20], which also
contain information about the physical relevance of noncubic nonlinearities (e.g.
quintic). For the subcritical case p < 2*/2, the existence and multiplicity of solu-
tions to (L3)) have been widely studied under different assumptions on V; and v;
see [41[221[25H28,[34] and the references therein.

Notice that all the papers mentioned above deal with the subcritical case. To
the best of our knowledge, there are no existence results for (IL3) in the critical
case 2p = 2* in the literature.

In this paper, we study ([L3)) in critical case where N > 3 and 2p = 2*. In this
case, if V;(z) = \; are nonzero constants with the same sign, then by Pohozaev iden-
tity, we easily conclude that any solution (u, v) of (L3) satisfies [,y Aiu®+Av* =0,
and so (u,v) = (0,0). Hence we do not consider the case V;(x) = A; here, and in
the sequel we assume that V;(z) = —‘;‘—liz are Hardy type potentials. The Hardy

type potentials, which arise in several physical contexts (e.g., in nonrelativistic
quantum mechanics, molecular physics, quantum cosmology, and linearization of
combustion models), do not belong to Kato’s class, so they cannot be regarded as a
lower order perturbation term. In particular, any nontrivial solutions of (3] with

Vi(z) = _‘2_|i2 are singular at x = 0. For the sake of simplicity, in the sequel we

assume that g3 = po = 1. Then, to study (L3) with 2p = 2%, V;(z) = _|j:\_\i2‘ and
w1 = pe = 1, we turn to study the following general problem:

—Au — ‘;\ﬁu =u? 4 rvaurNP, zeRY,

(1.4) —Av — ‘;—r?v =021 4 ppuft, zeRN,

u, v € DY2(RY),  w, v >0in RV \ {0},
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where N >3, A, A € (0, Ay), Ay = B=2°
(1.5) a>1, B>1, a+f=2",
and D12(R¥) is the completion of C§°(RY) with respect to the norm

1/2
ull = (/ |Vu|2dx) .
RN

Note that if &« = = p = 2*/2, then ([4) turns to be (L3) with V;(z) = —li—‘g
and g1 = pg = 1. The mathematical interest in system ([C4]) relies on their double
criticality, due to the fact that both the exponent of the nonlinearities (which is
critical in the sense of the Sobolev embedding) and the singularities share the same
order of homogeneity as the Laplacian. The main goal of this paper is to study the
existence and radial symmetry of ground state solutions to system ([L4l), where the
ground state solution is defined in Definition [[1] below.

Recall that A1, A2 € (0, Ay); from Hardy’s inequality

2
(1.6) AN/ e < / \Vu|2dz, Yue DW2(RY),
Y |7]? RN
we see that || - ||a,,% = 1,2, are equivalent norms to || - ||, where
s
1.7 3 = Vaul? — =S da.
(1.7 Julf, = [ |19 = S ds

Denote the norm of L?(RN) by |ul, = ([ [ul? d:r)%. The case of a single equation

has been deeply investigated in the literature. In particular, by [33], the problem
—Au—2pu=u¥"1, zeRV,

(1.8) |zl
u(z) € DY2(RY), w>0in RV \ {0}

has exactly a one-dimensional C? manifold of positive solutions given by

(1.9) Z; = {z;(a:) S (E) u>o},

where
A(N, \;)
N—2)

day . 2
|x‘a*i <1+ |m|2—N__E)

N(N-2-2ay,)?

(1.10) Zi(z) =

ax, = % - % — X and A(N, ;) = . Moreover, all positive

i N—2
solutions of (.8)) satisfy
. N-—-1
[ullX, _ Nzl ( AN > v
1.11 S(A) = inf R TLIP VI (L s,
(L11) () weD2(RN\{0} |ul3. EAES (N —2)2
and
1.12 I Z_l i2_1i2*_1SA'N/2
(112) W) = IR, = b lE = S0,

where S is the sharp constant of Db2(RY) — L2"(RN),

(1.13) / |Vul? dz > S (/ Ju|* dx) :
RN RN

mlm
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and
1

2% .
— de, 1=1,2;
2% Jrn~

(114) e I A
see [33]. There are also many papers working on related equations with a Hardy
type potential and a critical nonlinearity; we refer the readers to [2L[I5129] and the
references therein.

We call a solution (u,v) of (L4) nontrivial if both u # 0 and v # 0; we call a
solution (u,v) positive if both u > 0 and v > 0 in RY \ {0}; we call a solution (u,v)
semi-trivial if (u,v) is a type of (u,0) or (0,v).

One of the difficulties in the study of (I4]) is that it has semi-trivial solutions
(2L,0) and (0,22). Here, we are only interested in nontrivial solutions of (4.

wr YT

Define D := DY2(RY) x DY2(RY) with the norm
1, 013 = [lull3, + [[0l13,-

Then nontrivial solutions of (I4) can be found as nontrivial critical points of the
C! functional J, : D — R, where

Ju(u,v) = I, (u) + In, (v) — V/ [u|*|v|? d.
RN

Another difficulty is the failure of the Palais-Smale condition, which makes
the study of (L4) very tough. Since ([4) is invariant under the transformation
(u(z),v(x)) — (u¥u(ufc),u¥v(,ux)), where 1 > 0, it is easy to see that the
Palais-Smale condition ((PS) condition for short) cannot hold for any energy level
¢ > 0. In fact, assume by contradiction that the (P.S) condition holds for some ¢ >
0, and let (uy,v,) be a (PS). sequence; that is, J,, (un, v,) — ¢ and J), (up, vy,) — 0
as n — o0o. Then up to a subsequence, we may assume that (u,,v,) — (u,v)
strongly in D. Define (U (), 0n(2)) := (07 un(nx),n = vn(nx)); then it is easy
to check that (u,,v,) is also a (PS). sequence and (uy,,v,) — (0,0) weakly in D.
Since the (PS). condition holds, we have (uy,v,) — (0,0) strongly in D, which
contradicts with ¢ > 0.

Definition 1.1. We say a solution (ug,vo) of (4] is a ground state solution if
(uo,v0) is nontrivial and J, (ug,v9) < Jy(u,v) for any other nontrivial solution

(u,v) of (T4).

To obtain ground state solutions of (L), as in [22], we define
M= {wv e s u 000l = [ (el +valuflef),
RN

1.15 2 — 2 a8y L
(1.15) o], /RN(Iv + vBlu|*[v] )}

Then any nontrivial solution of (L)) has to belong to N,. Take ¢,¢ € CS*(RY)
with ¢, # 0 and supp(p) N supp(yp) = O; then there exist t1,t5 > 0 such that
(t1p,t2v)) € N, for any v # 0. So N, # (. We set

. , 1
(1.16) Cy = (mi?efm Ju(u,v) = (mi?efm I (lll3, +11%,) -
By (II)) we have
(1.17) [ull}, = S(A)ul3-, VYueDY2RY), i=1,2.
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Then it is easy to see that ¢, > 0 for all ». Moreover, if (ug,vg) is a non-
trivial solution satisfying J,(ug,v9) = ¢, then (ug,vg) is a ground state solu-
tion. Our first result is concerned with ground state solutions with energy below
%min{S()\l)Nm, S(\o)N/2}.

Theorem 1.1. Assume that N >3, A1, A2 € (0,An) and ([L3) holds.
(1) If v <0, then ¢, = £S(A)N2 + £S(A)N/2, and ¢, cannot be attained.

(2) Let
-
Anv =X Ay =X\ 2
1 -2 >0
< +maX{AN—/\27/\1\r—>\1 ’
then for all v > vy, (L) has a positive ground state solution (u,,v,) € D,
which is radially symmetric and satisfies

1
(1.19) Ju(uy,vy) = ¢, < len{S()\l)N/z, S()\Q)N/2}.

(3) If one of the conditions
(C1) N >5 and max{a, 8} < 2,
(C2) A\ < A2 and a < 2,
(C3) Ao < A\ andﬁ <2
holds, then for allv > 0, (LA)) has a positive ground state solution (u,,v,) €
D, which is radially symmetric and satisfies (L19).

1
(1.18) W= g

Now we want to obtain ground state solutions with energy above the value
+ max{S(A1)N/2, S(A2)"/?}, which seems much more interesting to us. To this
goal, by Theorem [[T] (2)-(3) we have to assume that min{a, 5} > 2 and v > 0 is
small. In this case, since 4 < o+ § = 2%, then N = 3 or N = 4. Moreover, if
N = 4, then we must have o = 8 = 2. Note that if N =4 and o = 8 = 2, then

(TA) turns to be the cubic system

—Au— 2y =ud 4+ 2vu?, x e R?,

[]2
(1.20) —Av — ‘;\—fﬂ) =v3 + 2vu?v, € R4,
u, v € DV2(RY),  w, v > 0in R*\ {0},
which is just the Bose-Einstein condensate type system ([2]) with V;(z) = — @‘g in

the critical case N = 4. Note that A4 = 1. Then we have the following results.
Theorem 1.2. Assume that N =4, a = =2 and A\, A2 € (0,1). Define
1f1-x 1- 1T—A)F(1—Np)d
(1.21) V) = min - Alzds s (AR =Ae)r |
IT=X 1=XA1 (1-A)2+(1—-X)2

2
Then for any v € (0,v1), (L20) has a positive ground state solution (u,,v,) € D,
which satisfies

(1.22) ey = Ju(uy,vy) — i (S(/\l)2 + S(A2)2) , asv—0.

Theorem 1.3. Assume that N =3, a+ =2, a« > 2, 8> 2 and A1, A2 € (0,A3).
Then there exists v1 > 0 such that for any v € (0,71), (L) has a positive ground
state solution (u,,v,) € D, which satisfies

1
(1.23) Jo(uy,v,) — 3 (S()\1)3/2 + S()\Q)S/Q) , asv —0.
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Remark 1.1. (1) ([C22)-(T2Z3) yield ¢, > + max{S(A\)N/2, S(A2)N/2} for v >
0 small appropriately. That is, we obtain positive ground state solutions
with energy above + max{S(\)V/2, S(A2)N/2}, so the case min{a, 3} > 2
is completely different from the cases studied in Theorem [[IH(3). As we
can see in the following sections, the case min{c, 8} > 2 is much more
complicated (see Theorem 2.1] for an example). Besides, if A\; = Aq, then
Theorem will be improved by Theorem [ 1] in Section 7.

(2) The case N = 3 is much tougher than the case N =4, and we cannot give
an accurate definition of 77 in Theorem [[[3 as (2I)) unfortunately. As we
will see in the following sections, the idea of proving Theorem takes
full use of the fact that « = 8 = 2 and thus cannot be used in the case
N = 3. Meanwhile, the idea of proving Theorem [[.3] is quite different and
more general.

As we will see in Section 2, the radial symmetry of ground state solutions ob-
tained in Theorem [[T] is an easy corollary of the Schwartz symmetrization. How-
ever, the Schwartz symmetrization cannot be used to prove the radial symmetry of
ground state solutions obtained in Theorems and [[L3l Here, to get the radial
symmetry of solutions obtained in Theorems and [[L3] we will use the moving
planes method. Precisely, we have the following result.

Theorem 1.4. Assume that N =3 or N =4, a+5=2* a>2, >2, A\, s €
(0,ANn) and v > 0. Then any positive solution of ([[L4) is radially symmetric
with respect to the origin. Therefore, ground state solutions (u,,v,) obtained in
Theorems and [L3] are radially symmetric.

There are some other special cases, such as the case in which N = 3,4,5, 1 <
a <2< B, a4+ =2% A < A1 and v > 0 sufficiently small, where we have no idea
whether the ground state solutions exist or not. This remains to be an interesting
open question. Here we can obtain positive solutions for these cases if v > 0 is
sufficiently small. Precisely, we have the following result, which plays a crucial role
in the proof of Theorem

Theorem 1.5. Assume that N > 3, A\, A2 € (0,An) and (LX) hold. Then there
exists va > 0 such that for any v € (0,v5], (L) has a positive solution (u,,v,) € D,
which is radially symmetric with respect to the origin and satisfies

(1.24) Tyt 00) < % (50w % +500)F).

We should mention that Abdellaoui, Felli and Peral [I] studied the following
class of weakly coupled nonlinear elliptic equations:

—Auy — ‘i‘ﬁu =u2 "1 4 vh(z)ou* 1?1z eRY,

(1.25) —Av — )‘—fQU = 0¥ "' fvh(z)ButvP 1l z e RV,

|z

u, v € DY2(RY),  w, v>0in RV \ {0}.
Note that if h(z) = 1, then (I225)) turns to be ([I4)). For the case ([LH), they assumed
the following condition on h(x):

(Hy) h € L®(RY), h >0, h #0, h is continuous in a neighborhood of 0 and oo,
and h(0) = lim|g| o h(x) = 0.
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Then they proved some existence results of ground state solutions for (IL20]) in the
case v > 0 (see Section 4 in [I]). We should point out that, under condition (Hy),
the Palais-Smale condition holds for energy level ¢ with

(1.26) c< %min{S(Al)N/z, S(AQ)N/Q}

(see [1, Lemmas 4.1 and 4.3]), which plays a crucial role in obtaining ground state
solutions in [I]. Therefore, problem ([LA) is completely different from (L20]). More-
over, there are no results about the existence of ground state solutions to (L.25)
with energy above & max{S(\)N/2, S(X2)™/2} in [1]. It was only pointed out in
[1, Remark 4.6] that for the case where h(z) =1, v > 0, a+8 =2*and \; = Ay = A,
it is easy to construct, by a direct computation, positive solutions to (L) of the
form (¢, cg),c > 0. We remark that whether these solutions (¢, c¢) are ground
state solutions is not known in [I], and there are not any conclusions about (4]
for the general case A; # Ag in [IJ.

The rest of this paper proves these theorems, and we give some notation here.
In the sequel, we denote positive constants (possibly different in different places)
by C,Cy,Cy, -+, and B(z,r) :== {y € RY : | — y| < r}. Denote B, := B(0,r) for
convenience. The paper is organized as follows.

We give the proof of Theorem [[.T]in Section 2, where we will use the concentra-
tion-compactness principle from Lions ([23l24]) and some ideas from [I]. The proof
of Theorem is given in Section 3, where we will borrow some ideas from [33]
and the authors’ paper [12].

In Section 4, we will prove Theorem via a perturbation method, where we
will use some ideas from Byeon and Jeanjean [9]. In order to construct a spike
solution of the nonlinear elliptic problem

—e?Au+V(z)u= f(u), v H (RY),

for a general subcritical nonlinearity f(u) and sufficiently small £ > 0, Byeon and
Jeanjean [9] developed a new variational approach. We will mainly follow this
variational approach to prove Theorem Note that this approach cannot be
used directly, and we need some crucial modifications for our proof. For example,
we will define a special mountain-pass value a,, where all paths are required to be
bounded in D by the same constant which is independent of v. This special a, is
essential to our proof. Moreover, we should point out that the lack of compactness
is the main difficulty because of the failure of the (PS) condition of (I4), and
especially because Z;,7 = 1,2, are not compact in D.

In Section 5, we will prove Theorem [[3]with the help of Theorem[[.5l Here, quite
different ideas are needed compared to those of proving Theorem in Section 3.

In Section 6, we will prove Theorem [[.4] via the moving planes method. The
moving planes method has been used by many authors to prove symmetry and
monotonicity of positive solutions to various nonlinear elliptic problems; we refer
the readers to [I0LITLI7,18] and the references therein.

Finally, by following some arguments from the authors’ papers [12L[13], we will
give some remarks for the special case A\; = Ao, « = f = 2*/2 and v > 0 in Section
7, where some uniqueness results about the ground state solutions will be obtained;
see Theorems [.1] and In the authors’ papers [12,[13], we studied the following
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Bose-Einstein condensation system for the critical case:

—Au+ Mu = pu® "+ Vugflv%, x €,
. —AV + AU = 12V - —|—Vv%’ u%, T € il
(1 27) A A I 271 1 Q

©u>0,v>0inQ, wu=v=0onJN.

Here, 2 € RY(N > 4) is a smooth bounded domain and g1,z > 0 (the special
case N = 4 was studied in [I2], and the general case N > 5 in [I3]). When v = 0,
(T27) turns to be the well-known Brezis-Nirenberg problem ([§]). Thanks to the
celebrated idea from Brezis and Nirenberg [8], we can show that the (PS) condition
of (L21) holds for some ranges of energy level (see [12l[13] for details). Therefore,
problem (4] is also completely different from ([27)). Fortunately, some ideas of
studying (I27) in [T2,13] can be used in this paper.
2. PrROOF OF THEOREM [LI]

2.1. The case v < 0.

Lemma 2.1. Ifc, is attained by a couple (u,v) € N,, then this couple is a critical
point of J,, provided v < 0.

Proof. This proof is standard. Let v < 0. Assume that (u,v) € N, such that
¢y = Jy(u,v). Define

Ga(w,) = Jull, = [ (lu
RN
Gau.0) =[0I, = | (v

Then there exist two Lagrange multipliers K7, K3 € R such that
(2.1) J)(u,v) + K1G (u,v) + KoGh(u,v) = 0.
Testing (2.1 with (u,0) and (0,v) respectively, we conclude from (u,v) € N, that

(@~ 20zt o=l [ jupbl? ) 53— asl ([ ullol®) 52 =
(2~ 20+ s = [ petol?) s6a =astol ([ purol?) s =

Recall that [uf3. > alv| fon [ul®|v]® and [v]3 > BlY| fon [u[*[v]%; we see from
a+ B =2* that

(@ -2 +a-all [ uew)

< (@ -2+ 8- [ 1leol?) > (asbl [ 1ullo?)
RN RN
From this we deduce that K; = Ko = 0, and so J,,(u,v) = 0. O

2 valul*fo)?),

2 vBlul*fol?).

2

Lemma 2.2. Let v < 0. For any (u,v) € D with u Z 0 and v £ 0, if

e (o) ([oeE) s (1 [ )

then there exist t1 > 0,81 > 0, such that (tyu, s1v) € N,,.
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Proof. For simplicity, we denote

Ay =|[ullf,, B =lul3:, C = IV\/RN [ul*[ol®, A2 = ||0ll3,, B2 = v
Recall definition (LIH) of N, ; we see that (tu, sv) € N, for t,s > 0 is equivalent to
t, s > 0 satisfying
(2.3) At? e = BitP —aCs?,  Ays*P = Bys® — BCt™.

If C =0, then it is trivial to see that (23 has a solution (t1,s1) with #1,s1 > 0.
So we may assume that C' > 0. Then the equation A;t>~* = Bit? — aCs’ is
equivalent to

Bitf — Ayg2—e\'/? A\ T2
s=g(t) = <%> >0, t>ty:= <B—1> .

Therefore, it suffices to prove that
2-8
A Blt’B — A1t27a 4 B Blt’B —A1t2ia
2 aC 2 aC
has a solution ¢ > to. Note that (2.4 is equivalent to

2-B a
B — A 2-2%\ "B . B — A 2-2%\ B
0= (BB o, (BT
«

aC
B\ 7
C—By| — 0;
6 2(@0) < U

Note that ([2.2]) implies that

then it is easy to check that limy ¢, f(¢) > 0 and lim_, 4o f(t) = —o0. So there
exists t1 > to > 0 such that f(¢;) = 0. Let s; = g(¢1); then s; > 0 and (t1u, s1v) €
N,. This completes the proof. O

Proof of Theorem [[IH(1). Fix any v < 0. Recall (L9)-([T12). It is easy to see that
22 — 0 weakly in D?(R") and so (zi)ﬁ — 0 weakly in L2 /#(RY) as u — +oo.

That is,
lim |y|/ (21) 5dac—0

p—>400
Then ([22) holds for (z{,z)) when p > 0 sufficiently large, and so there exist
tu, s, > 0 such that (t,21,s,2%) € N,. Denote F, := |v| [, (21)%(z2)? dz. Then
N . N N
(2.5) 28(M)F =2 S(A\)F —atlsPF,, s25(\)F =52 S(\2)F — BesO .
Assume that, up to a subsequence, t,, — +00 as pu — oo. Then by

B2 —12)S(M)F = a(s¥ —s2)S(\a) ¥

o

(2.4) >ﬁ +BCt* =0

we also have s, — +00. Then

. 1 .
ti — ti iti , si 2 i for p large enough.

l\)l»—t

Combining this with (Z35]) we see that

B a
t
(—“) < 2aS()\1)7%Fu — 0, <i—“> < 2/85()\2)7%F‘u — 0, as p — 400,
Sp I
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a contradiction. Therefore, t, and s, are uniformly bounded. Then by (23] and
F,, = 0 as p — 0o, we get that lim, 4 (t,,5,) = (1,1). Note that (t,2{,s,2%) €

N,, and we see from ([I12) and (LI6) that

1
ov < Ju(tuz1sspzn) = 5 (Gl213, + shlzl13,)
1
=~ (BSOY2 + 82500)V?) .

Letting 1 — +o00, we get that ¢, < +(S(A\1)N/2 + S(A2)N/2). On the other hand,
for any (u,v) € N,, we see from v < 0 and (LI7) that

Jul, < [ de < SO0 2l
and so ||ul3, > S(A)N/2. Similarly, |[v[|3, > S(A2)Y/2. Combining these with

([LI6), we get that ¢, > & (S(A1)N/2 + S(A2)™/2). Hence,

(2.6) cy = % (SO + 5(0)V?).

Now, assume that ¢, is attained by some (u,v) € N,; then (Jul,|v|]) € N, and
Ju(|ul,|v]) = ¢ By Lemma 2] we know that (Jul, |v]) is a nontrivial solution of
(C4). By the maximum principle, we may assume that v > 0,v > 0 in R \ {0},
and 50 [px u*v? dx > 0. Then

Jul, < [ W do < SO0 2.

Therefore, it is easy to see that ¢, = J,(u,v) > % (S(A1)V/2 + S(A2)"/?), which is
a contradiction. This completes the proof. O

2.2. The case v > 0. In this subsection, we let v > 0. Define

(2.7) o, = @ff)lév; Jy(u,v),
where
(2.8) N = {(u,v) € D\ {(0,0)} : T, (u, v)(u,v) = o}.

Note that N, C N/, so ¢, < ¢,. By [[LI7)) it is easy to prove that ¢, > 0. Moreover,
it is standard to prove that

/

v = inf max J, (tu, tv)
(u,0)€D\{(0,0)} t>0

1 ull3 + [|v]3
09 - ow L ol + 8,
(uv)eD\{(0,0)} IV (fan ]2 + 20 Julo]0]8 + [u]2")
Define E(u,v) := |Vul? + |Vv|? — ‘;‘—llz|u\2 - |iﬁ|v|2 and F(u,v) = |ul> +

2*v|u|*|v|? 4 |v]*" for simplicity; then

BN

(/RN F(u,v)dxf, Y (u,v) € D.

The following lemma is the counterpart of the Brezis-Lieb Lemma ([7]) for (u,v),
and the idea of its proof comes from [7] (see also [35, Lemma 1.32]).

(2.10) /]RN E(u,v)dz > (Nc,)
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Lemma 2.3. Let Q C RY be an open set and (u,,v,) be a bounded sequence in
L¥(Q) x L?(Q). If (un,vn) — (u,v) almost everywhere in Q, then

lim [ (fun®onl? = — | o — ]®) do = / fufool? da.
Q Q

n—o0

Proof. Fatou Lemma yields

/ lu? < liminf/ lun]?” < o0, / lw)?" < liminf/ lun > < 0.

Recall that «, 8 satisfy (LH). For any aj,as,b1,b2 € R and & > 0, we deduce from
the mean value theorem and Young’s inequality that

o + asl[b + bal? x| b1
§‘\a1 +ag|® —Jax|*| b1 + b2l? + |ay|®
<C [(Jaa| + laz))* =" (|ba] + [b2])?]az| + las|*(|ba] + [b2])? " [be]
<Ce [(lar] + laal)® + (ol + ) | + €% (ool + [b2]?)
)+ 0= (Jaal” + ).

Denote w,, = u,, — v and o,, = v,, — v. Then

b1 + ba|” — |b1|6‘

<Ce (a1 + Jazl® + ba* + b

n

fo= Ulumw ~ wnl®lonl? = Jul® |0l
= Ce (funl® + [uf?” +|ou] + UQ*)]

o + |v|2*) 7

+

<ful*v]® + Ce'~" (Ju

and so the dominated convergence theorem yields fQ fedr — 0 as n — oo. Note
that

[nl vl = ol ®loral® = lul[0l?| < £+ Ce (ol + 6+ lonl” + Jol*)
so we obtain

timstap [ [Jun|*fonf? = |l = uf*lef] < C
Q

n— o0

Since C' > 0 is independent of € > 0, the proof is complete. a

The following lemma is the counterpart of Lions’ concentration-compactness
principle ([23}24]) for problem (IA4).

Lemma 2.4. Let (up,v,) € D be a sequence such that

Un, V) — (u,v)  weakly in D,

(2.11) Un, V) — (u,v)  almost everywhere on RY,
' Up — U, Uy — V) — [ in the sense of measures,

F

gl

Up — U, Uy — V) — p in the sense of measures.
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Define
Hhoo := lim limsup/ E(up,v,) dz,
(2.12) Poo = lim limsup/ F(up,vy,)de.
Then it follows that
2 2
(2.13) Il = (Ney) ™ o)==,
2
(2.14) oo > (€)™ p& |
(2.15) limsup/ E(un,vy,) dx = / E(u,v)dz + ||p]] + toos
n— 00 RN RN
(2.16) limsup/ F(up,vy,)dz = / F(u,v)dz + ||p|| + poo-
n—oo JRN RN

Moreover, if (u,v) = (0,0) and ||p|| = (ch/)% pllz=, then p and p are concentrated
at a single point.

Proof. In this proof we mainly follow the argument of [35], Lemma 1.40]. First we
assume (u,v) = (0,0). For any h € C§°(RY), we see from ([2.I0) that

2
¥

(2.17) ANEmm“mwdxzuwgﬁ(ANm

(RY), we have

2*F(un,vn) daz)

Since u, — 0,v, — 0 in leoc

/ E(huy, hvy,) do — / |R|?E(tpn,v,)dz — 0  as n — oo.
RN RN
Then by letting n — oo in (ZI7), we obtain

(2.18) [ = e ¥ (/ |h|2*dp) :
RN RN

that is, (213) holds.
For R > 1, let g € C*(RY) be such that 0 < ¢r < 1, ¥g(x) =1 for |z| > R+1
and Yr(zr) =0 for |z| < R. Then we see from (2.10) that

|m

#

2
2 . 27
[ Btmunvnv)do = 5e)* ([ 1orP Pluno) )
RN RN
Since u, — 0,v, — 0 in L} (RY), then

n— oo

imsup [ {onP B, 0,) do
RN

2
. b
(2.19) zwmhmw(/wﬁFwwmﬁ.
]RN

n—oo

Note that f\rlzRH F(tn,vn) < fon [WR|2 F(tn, vy) < fmzz% F(un,vy), so

(2.20) Poo = lim limsup/ [Wr|? F(un, vy) de.
R— RN

X n—oo
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On the other hand,

n—00

timsup [ (6P, ) do
]RN

zlimsup/ E(un,vn)dx—i—limsup/ [VRI2E (tun, vy) dx
|z|>R+1 R<|z|<R+1

n—00 n—oo

:limsup/ E(up, vy,) dx + limsup/ [VRI2(|Vun|? + |V, |?) da
2| >R+1 R<|z|<R+1

n—oo n—oo

> lim sup/ E(up, vy,) dz.
|z|>R+1

n—oo

Letting R — oo we see that piee < lImp o0 limsup, o [on [VR[PE(tn, v,) d.
Similarly,

timsup [ {6 PE(un, ) do
RN

n—oo

zlimsup/ E(up,vy) dx — lim inf (1 — [Vr|*)E(tn, v,) dz
|z|>R

n—reo "o JR<|e|<R+1

§limsup/ E(up,vy,)de.
|z|>R

n—oo

Letting R — oo we see that pee > limpg_oo limsup, . [on [VR[PE(un, vn) da.
Hence

(2.21) too = lim limsup/ [VR[2E (ty, vy) dr.
R—o00 RN

n—oo

Then (ZTI4) follows directly from (219, (220) and Z2T]).

Assume moreover that ||u| = (N ci,)% |pl|Z=. Then by Hélder inequality and

[2I8), we have

[ b dp < V)RRl [ de, e O @Y.
RN RN

From this we deduce that p = (Nc/y)fﬁ HMHﬁM So = (Nc,)%||pl|~ % p, and
we see from (2I]) that

2

. 2%
ot# ([ an)” < [ . vie oY)
R R

That is, for each open set Q, we have p(Q)2= p(RN)® < p(Q). Therefore, p is
concentrated at a single point.

For the general case, we denote w,, = u,, — v and o,, = v, — v; then (w,, o,) =
(0,0) weakly in D. From the Brezis-Lieb Lemma ([7]) and Lemma 23] we obtain
for nonnegative h € Co(RY) that

/ hE(u,v)dz = lim </ hE(up,v,) dx —/ hE(wn,0n) dx) ,

RN n—o0 RN RN

/ hF(u,v)dr = lim (/ hF(un,vn)daj—/ hF(wp,0n) da:) ,
RN n—oo RN RN
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s0
(2.22)
E(un,vn) = E(u,v) + u, F(up,v,) = F(u,v) + p, in the sense of measures.

Inequality ([2.I3) follows from the corresponding one for (wy,, 0,,). From the Brezis-
Lieb Lemma ([7]) and Lemma 2.3 again, it is easy to prove that

fhoo 1= hm hmsup/ E(wy,o0p) dz,
|lz|>R

R—00 nosoco

R—o00 nooco

Poo ‘= hm hmsup/ F(wy, o) dz,
|z|>R

and so inequality (ZI4]) follows from the corresponding one for (w,,o,). For any
R > 1, we deduce from (222) that

lim sup F(tun,vy)
n—00 RN

—timsup ([ on Flunvn) + [ 0= 6P )

n— oo

—timsp [ oeP Flunn) + [ 0= a0 + [ 0= o) do

n— oo

Letting R — oo, we see from ([2:20) that (Z-I6]) holds. The proof of ([ZIH]) is similar.
This completes the proof. (|

Lemma 2.5. Let v > 0. Then ([LA4) has a solution (u,v) € D\ {(0,0)} (maybe
semi-trivial) such that J,(u,v) = ¢, andu,v > 0 are radially symmetric with respect
to the origin. Moreover, if ¢, < & min{S(A1)N/2,S(X\2)N/2}, then (u,v) € D is a
positive ground state solution of (L4), and ¢, = c|, = J,(u,v).

Proof. For (u,v) € N with v > 0,v > 0, we denote by (u*,v*) its Schwartz
symmetrization. Then by the properties of Schwartz symmetrization (see [21I] for
example), we see from )\1, A2, v > 0 that

[0 o= S 2y < [ 2 e ),
RN || || RN
Therefore, there exists 0 < t* < 1 such that (t*u*,t*v*) € N}, and then
% ok gk ok 1 * * *
To(tu t0") = = ()2 (13, + 107113,)

(2.23)

IN

1
~ (llR, +11vl13,) = Ju(w, v).

Therefore, we may take a minimizing sequence (u,,v,) € N, of ¢, such that
(Un,vy) = (uh,vr) and J, (U, v,) — ¢, as n — oo. Define the Lévy concentration
functions
Qn(R) := sup / F(ty,,v,)dc.
yeRN JB(y,R)

Since Uy, v, > 0 are radially symmetric nonincreasing, one has that Q,(R) =
fB(o R) F(ty,,vy,) dx. Then there exists R,, > 0 such that

1
Qn(Ry) = / F(tyn,v,)dx = —/ F(ty,,v,) de.
(0,Rn) 2 Jrn
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Define

N-—2

N2 N2
(1n(2), 0 (2)) = (Bu iin(Ro), Bu? O (o))
Then by a direct computation, we see that (un, v,) € N, J,(tn, vn) = ¢, tn, vy >
0 are radially symmetric nonincreasing, and

1
(2.24) / F(up,v,)de = = F(up,v,)dx = sup / F(up,vy,) da.
B(0,1) 2 Jrw yeRN JB(y,1)
From (Z23) we know that (u,,v,) are uniformly bounded in D. Then passing to a
subsequence, there exist (u,v) € D and finite measures p, p such that (2I1]) holds.
Define pioo, Poo as in (ZI2); then by Lemma 2.4 we see that (213])-(Z16]) hold. Note
that

(2.25) lunll3, + llval3, = /N F(up,v,)dx — Nc,, asn— .
R

We conclude from (ZI3)-(ZI6) and (2.10) that

Ne, = [ Fluo)do+ ol + pe
RN

2
2%

Ne, > (Ne,)F [( [, Fluwds) 4 1

PR
2*+Poo

Therefore, [,y F(u,v)dz, ||p|| and ps are equal either to 0 or to N¢),. By (Z.24)-
ZZH), we have pos < 3N¢|, s0 pso = 0. If ||p| = Nc, then one has that
Jpn F(u,v)dz = 0, and so (u,v) = (0,0). Moreover, since |u|| < N¢|, we de-
duce from [ZI3) that ||p| = (ch,)% |pllzF. Then Lemma [Z4] implies that p is
concentrated at a single point z, and we see from ([2:24))-(Z250) that

1
—Nc,, = lim sup / F(up,v,) > lim F(un,vn) = [pll,
2 B(y.1)

=00 RN n=00 JB(z,1)

a contradiction. Therefore, [, F(u,v)dz = N¢,. Since [[u]]3, + [[v[3, < N¢,, we

deduce from (2ZI0) and (Z25]) that -
Ne, = [ul}, + 103, = | Flu,0)dz = lim (Junll}, + llvall3,),
RN n— oo

that is, (un,v,) — (u,v) strongly in D, (u,v) € N and J,(u,v) = ¢,. Recall
that ¢}, > 0, so (u,v) # (0,0). By definition (23] of N, and using the Lagrange
multiplier method, it is standard to prove that J/ (u,v) = 0, so (u,v) is a solution
of (C4). Moreover, u,v > 0 are radially symmetric.

Now, assume that ¢, < 4+ min{S(A;)"/2, S(A2)"/?}. Then it is easy to prove
that both u # 0 and v # 0, that is, (u,v) € NV, and so J,(u,v) = ¢}, = ¢,. Hence,
(u,v) is a ground state solution of (IL4)). By the maximum principle, u,v > 0 in
RY \ {0} and are radially symmetric. This completes the proof. a

Since (z,,,0) and (0, z) belong to N}, thus ¢}, < %min{S(/\l)%, S(X2)2} al-
ways holds. However, the following result says that the conclusion

a, < %miD{S(Al)%u S(A)?}

cannot always hold unfortunately.
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Theorem 2.1. Assume that a,B > 2. Then there exists v > 0 such that for all
€ (0,v) there holds

N
2

¢ = %min {S(Al) : S(Az)%} :

Moreover ¢}, is achieved by and only by
(07 :I:Zi)a H > 07 Zf >\1 < >\2,
(:l:let,O), M > 07 Zf >\1 > )\23
(0,%23), (£2,,0), ©>0, if A =Xa.

Proof. Thanks to Lemma [25] this proof is completely the same as that of [T
Theorem 3.4], and we omit the details here. O

Proof of Theorem [T (2)-(3). Let v > 0. By Lemma[ZH and Theorem 2Tl we know
that we have to require further assumptions on «, 5 and v to obtain positive ground
state solutions with energy below + min{S(A\)%, S(A2)2 }.

Denote
Ay — Ay —
dy = M, dy = M
AN — )\1 AN - )\2
Recall (ILI8); we let v > vg. Then
(2.26) 1+ max{dy,do} < (24 2*V)5.

Without loss of generality, we may assume that Ay < Ag. Then (IIT]) yields S(A2) <
S(A1). By Hardy inequality (L8) we have [|ul|3, < dof|ull3, for all u € D2(RY).
Then we deduce from (I, (Z9) and (220) that

o<l 12213, + 12213,
v = =
N _(I]RN |Zﬁ|2*+2*l/|zﬁ|2*+\2,% 2*)2*
_ N
| t+d  lE,
< = =z
) RN
: 3
1 22|13 1
S N S A
| (Jan [2217)7
1
- Nmm{S(Al)%, S(AQ)%}.

Hence, conclusion (2) follows from Lemma 2.5

Repeating the proof of [I, Theorem 2.2 (iii)-(iv)] with minor modifications, we
can show that if @ < 2, then for all x> 0, (0, ZZ) is a saddle point for J, in NV},
and so ¢}, < £S(A2)N/2; if B < 2, then for all > 0, (2,,,0) is a saddle point for .J,
in V), and so ¢, < +S(A1)N/2. Meanwhile, by (LII) we see that A\; < A implies
S(A1) > S(A2) and A\; > A2 implies S(A1) < S(A2). Then under any one condition
of (C1), (C2) and (Cs), we have that ¢}, < + min{S(A;)"/?,S(A2)V/?}, and so
conclusion (3) follows from Lemma This completes the proof. O
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3. PrRoOOF OF THEOREM [[.2} THE CASE N =4

In this section, we assume that N = 4, a = 8 = 2 and A, Ay € (0,1). By
Theorem 2] we know that the ideas of proving Theorem [[LT] cannot be used here,
and we need to use a different approach, which is much more complicated. This
approach will take full use of the fact « = § = 2, and so cannot be used in the case
N = 3 unfortunately.

3.1. The special case A\; = Ay = 0. Consider the following problem:
—Au = u? + 2vur?, 2z € R4,

(3.1) —Av =03+ 2vvu?, € RY,
u, v € DY2(RY), w, v > 0in R%.

For £ > 0 and y € R?, we consider the Aubin-Talenti instanton [6,32] U, , €
DY2(R*) defined by

2\/55
e +le -yl

Then U, , satisfies —Au = u* in R* and

(33) / VU, |7 dz :/ U, |*de = S2.
R4 R4

(3.2) U y(z) :=

Furthermore, {U., : € > 0,y € R*} contains all positive solutions of the equation
—Au = u? in R*. Note that (3.1]) has semi-trivial solutions (U ,,0) and (0, U, ).
Here we are only interested in nontrivial solutions of (B, which can be found as
nontrivial critical points of the C? functional L, : D — R, where

1 1
B Lo =g (P4 1olP) - § [ 0 dne? o).

Definition 3.1. We say a solution (ug,vo) of (B is a ground state solution if
(ug,vp) is nontrivial and L, (ug,vo) < L, (u,v) for any other nontrivial solution

(u,v) of BI).
Define the general Nehari manifold of (34) as

M, = {(u,v) eD:u#0,v 7‘é0,/ |Vul|? :/ (u* + 2vu?v?),
R4 R4

/ |Vv|2:/ (v4+21/u2v2)}.
R4 R4

Then any nontrivial solution of B has to belong to M,,. Similarly as V,,, we see
that M, # (). We set

— _ 1 2 2
(3.5) my, = (u,vl)nef/\/ly L, (u,v) = (u,vl)nef/\/ly 1 /R4 (IVul® + |Vv|?) d.
By Sobolev inequality (LI3)), it is easily seen that m, > 0 for all v. Moreover, if
(ug,vo) is a nontrivial solution of B.1l) satisfying L, (ug, vo) = m,, then (ug,vp) is a
ground state solution. Then we have the following result, which will play a crucial
role in the proof of Theorem Part of this result comes from the authors’ paper
[12].
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Theorem 3.1. Let v > 0.
(1) Ifv #1/2, then for any e > 0, y € R*, (1+2v)"Y2U, ,,, (1+2v)"Y/2U,,)
is a positive ground state solution of B, with
1
2(1+2v)
Moreover, the set {(1+ 2v)~Y2U.,, (1 +2v)"Y2U.,) : ¢ > 0,y € R}
contains all positive ground state solutions of ([B1I).

(2) If v =1/2, then for any e > 0, y € R*, 6 € (0,7/2), (sinf U, ,,cos0 U, )
is a ground state solution of (B.I)), and my,, = %52. Moreover, the set
{(sin@U. , cosOU. ) : € > 0,y € R, 0 € (0,7/2)} contains all positive
ground state solutions of (B).

(36)  my =Ly ((1+20) 720, (14 20) 720, ) = 2.

Proof. (1) Let v > 0 and v # 1/2. Then this result follows directly from [I2]
Theorem 1.5 and Theorem 4.1].

(2) Let v = 1/2. Firstly, note that for any 6 € (0,7/2), (sin6 U, ,, cos0 U, ) is
a positive solution of (BI) when v = 1/2, so

1
(3.7) my/o < Lyjo(sin@Ue y, cosO U, ) = Z52,

Secondly, take any (u,v) € My,. If

2
(3.8) </ u2v2d$) :/ u4d:1:/ vt da,
R4 R4 R4

then by Hoélder’s inequality we may assume that v = C'u for some constant C' # 0.
Recall the definition of M,,. We see from (I.I3)) that

2
|Vu|2:(1—|—02)/ ut < (140?82 (/ Vu|2> ,
R4 R4 R4
SO fR4 |Vu|? > (1 + C?)715? and then

1
Ly o(u,v) = Ly o(u, Cu) > 152.
If (3.8) does not hold, then

2
(/ u2v2dx) </ u4dx/ vt de,
R4 R4 R4

and it is easy to prove that for any v € (0,1/2), there exist t,,s, > 0 such that
(Vtou, /s,v) € M, and (t,,s,) = (1,1) as v — 1/2. This implies that

Ly a(u,v) = Ul/irlnﬂL,,(\/t_l,u, S,v) > Ul/irlnﬂm,, = 252.
Therefore, for any (u,v) € M /o, we have Ly/o(u,v) > 152, and so mysp > 152,
Combining this with (1), we see that (sinf U, ,, cosf U, ) is a ground state so-
lution of BJ]) when v = 1/2.
Now assume that (u,v) is any positive ground state solution of (Bl when v =
1/2. Then we deduce from (LI3]) that

Sluli < Jlul® = Juli + /W u?v® du < Jul + [ulf|v]3,
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that is, [u|3 + [v|3 > S. Meanwhile, since Ly /5(u,v) = my /o = 152, we have
S = |[ull® + [vl|* = Slul} + Slvli,

that is, [ul? + [v|3 < S. So |u|f + |v]3 = S, that is,
Sluli = [[ul® = Juls + /R4 u?v? = Juli + Julf|vl3-

First this means that v = Cu for some C > 0. Second, combining (I3) with
lul|> = Sl|ul3, it is well known that u = C1U,,, for some C; >0, >0 and y € R*
(see [632] for example). Hence, (u,v) = (C1U.y, CoU; ) for some Cq,Cy > 0.
Then Ly jo(u,v) = 52 yields that C7 4+ C3 = 1. Therefore, there exists 6 € (0,7/2)
such that C7 = sinf and Cy = cosf. This completes the proof. |

3.2. The general case A1, A2 € (0,1). Recall the definition (L2I)) of v;. We have
the following important energy estimate, and the idea of the proof comes from the
authors’ paper [12].

Lemma 3.1. For any v € (0,v1), there holds
(1 , 1 ,
¢, < min ZS()\I) + ZS()\Q) , My g

Proof. Define

o fR4 ut dx 2u fR4 u?v? dx
(3.9) Glu,v) = ( v fR4 u?v? dx fR4 vtdz '
When det G(u,v) > 0, the inverse matrix of G(u,v) is
_ 1 Joa v* dz —2v [o,utv?dx
1 o R4 R4
(3.10) G (uv) = det G (u, v) ( =2 [ u?v? dx Jga ut da ‘

Assume v € (0, v1). Obviously, one has that 2v < 1, and so det G(z{,z}) > 0.
Recall that [|z{[|]3. = |2{[1 = 4S(\i)?,4 = 1,2; we see that (v/To21, \/5021) € N,, for
some tg > 0, 5o > 0 is equivalent to

to -1/,1 2 |Z%jll
=G 21,7
( S0 ) (1:21) Bk

L R L) ) L (0
B0 = g (R )~ (0)

a

b ) > ( 8 ) means both a > 0 and b > 0. Mean-
while, (LI yields Sy, = (1 — X;)*/4S, so we deduce from (L2I)) that

. 1—X 1—Xs . S(A1) S(A2)
< .
2u<m1n{1_/\2, 1_)\1}_m1n{s(>\2), S0u)

Here and in the following, (

A}

v [ (22 < min {00, SEE A 22— i {21
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o holds and (v/o21,/502%) € N,, for (to, so) defined in . Then
GBI 021, 1/501 050
lo 50
o < L (Wiod, Vo) = DIAIR, + DI,

_ b 1,4 50/ 2\4

to

<7 L (ED 2 PE?) + 3 / (G ED?)

S(M)? + ES(AQ)?

= I8, + 7128, =

| =

Hence ¢, < %S()\l)z + iS’()\g)z. It remains to prove ¢, < m,. Take yg € R* such
that |yo| = 2. Let ¢ € C§°(B(yo,1),R) be a function with 0 < ¢ < 1, ¢ = 1 for
x € B(yo,1/2). Recall U, 4, in (32)) and B3); we define U, := U, ,,. Then by [§]
or [35, Lemma 1.46], we have the inequalities

/|VU|2 $? 4 O(&? /|U|4 S? + 0(eY),

U 1 2 2 2
dr > - |U.|* > Ce*|Ine| + O(e%)
2 9 ’
Rt |7 B(yo1)

where C is a positive constant. Recalling that A, Aa > 0, we have

1 A 1 A
VIV = 5t [ ('VUEZ |12U2) [ (VUE'Z TQUQ)

1
—Z(t2+4yts—|—52)/ Ul

]R4
% (t+ ) (S? — O] Ine| + O(2))
(3.12) — i (t* + dvts + s2) (S? + O(eY)) .
Denote

A, = 8% — C?|lne| + 0(?), B.=S5%*+0(c);
then 0 < A, < B, and A, < S? for € > 0 small enough. Consider
1 1 9 9
fe(t,s) = §A€(t +s) — ZBE(t + 4vts + s7);
then it is easy to see that there exists t., s. > 0 such that

fe(te,se) = Ei}éfa(tvs)

s

By %fs(t,$)|(t5,s5) = %fs(t,s)ktm&) =0, we see that
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Then it follows from [B.6) and (B12) that

< =
gi%Ju(ﬁUaa\/gUa) = %gi}éfa(tas) fE(tE)SE)

1 A2 R S
S 2(1+20) B, 2(1+2v) ¢
92
(3.13) < m =m, holds for ¢ small enough.

Similarly as above, we have det G(U.,U.) > 0. Moreover, (\/ZUE, V3E:U:) € N,
for some t. > 0,5, > 0 is equivalent to

t Ui (HU|2—2NUH2> (0)
3.14 e ) =4 P! Flae | > )
(3.14) ( s ) T detGU.,UL) \ IIU:I3, — vV, 0
On the other hand, by (L6) we have

U2
018, — 21U, == 2) [ VULP = 0= 2ona) [
R4 R4
2

U U
>(1—2 —£ (A —2U\ —£
20-2) [ o~ R ) 2f?

2

—Bl—Aﬂ—2W1—Aﬂ]4”%é>&

Similarly, |U:|]3, — 2v[|U:[13, > 0. Hence, (814) holds and (Vi.U., V3UL) € N,
for (fc, 3:) defined in (BI4). Then we see from (B.I3) that

e < Jy (VEUV/EUL) < max J, (VAU V/5UL) < my.
This completes the proof. (Il

Lemma 3.2. Assume that v € (0, v1). Then there exist Co > Cy > 0 such that for
any (u,v) € N, with J,(u,v) < 1S(\1)2 + 1S(X2)2, there holds

(3.15) Clg/ u' dz, / vde < Cs.
R4 R4

Proof. Take any (u,v) € N, with J,(u,v) < 1S(A1)? + 1S(X\2)2. By (LI7) and
Hoélder’s inequality, one has

SO < ulf, = [+ 20202) < fult+ 2pufiol,
SOl < [0l = [ (0F +2002) < Jolt+ 20juliof.

Therefore, there exists Cs > 0 such that fR4 u?, fR4 v* < Cy. Moreover,

(3.16) lul? + 2v|v| > S(\1),
(3.17) 2vfuli + [v]f > S(A2),
(3.18) S|l + S(A)|v[F < S(A)* + S(A2)*
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Recall that S(\;) = (1 — \;)%/4S. Since v € (0,v1) and v, is defined in (L2I)), by
BI8) and BI]) we have
S(A1)S(A2) — 2v (S(A1)? + S(A2)?)

3.19 2> 0
(3.19) uli = S0a) — 208(\) -
and by BI7) and BI8) we have
S(A1)S(A2) — 2v (S(A1)? 4+ S(A2)?
ol > SO0 WSO ST
S()\l) — 2VS()\2)
This completes the proof. O

The following lemma is motivated by [33], and some ideas of the proof come from
[30].

Lemma 3.3. Assume that v € (0,v1). Let (un,vn) € N, be a minimizing sequence
of ¢y, and (up,v,) — (0,0) weakly in D. Then for any r > 0 and for every
e € (—r,0)U(0,7), there exists p € (¢,0) U (0,¢) such that, up to a subsequence,

(3.20) either/ (|Vun\2+\an|2)—>Oor/ ([Vunl + [Von]2) = 0
Brip RN\B,4,

Proof. Without loss of generality, we only consider the case € € (0,7) (the proof
for the case € € (—r,0) is similar). Since (un,v,) € N, is a minimizing sequence of
¢y, then (u,,v,) are uniformly bounded in D. Moreover, by Lemmas Bl and
we may assume that (uy,,v,) satisfies (810 for all n € N.

Step 1. We prove ([B.20) by further assuming that J),(u,, v,) — 0 as n — .

In the following, some arguments are borrowed from [30] (see also [31, Lemma
I11.3.3] or [33] Proposition 5.2]). Denote S as the unit sphere of R%. Since

/ dp/ (IVun > + Vv, |?) = / (IVun > + | Va|?)
r<|z|<r+e

is bounded, we can find p € (0,¢) such that

3
/ (IVun|® + [Vo,|?) < —/ (IVun > + | Vua|?)
(r+p)S & Jr<|z|<rte

holds for infinitely many n’s. Therefore, as H'((r + p)S) is compactly embedded
into H'/2((r + p)S), up to a subsequence we can assume that wu, — u,v, — v
strongly in H'/2((r + p)S). On the other hand, by the continuity of the embedding
HY(B,1,) = HY2((r + p)S) and by the weak convergence to (0,0) of (u,,v,), we
deduce that (u,v) = (0,0), that is, u, — 0 and v,, — 0 strongly in H'/2((r + p)S).
Let w; ,,t = 1,2, be the solutions to the Dirichlet problems

Awyp =0 in Byyo \ Brgp, Awyp =0 in Byy, \ Br—e,
(3.21) wi, =0  on (r+¢)S, wy, =0 on (r—e¢)S,

Wiy =u, on (r+p)S, Wap =1u, on (r+p)S,
and let 0;,,,% = 1,2 be the solutions to the Dirichlet problems

Ao—l,n =0 in Br+s \BTJFP, AO—QJ«L =0 in BTer \ BT,E,
(3.22) o1, =0 on (r+e¢)s, o2, =0 on (r—e)s,
O1n =vp on (r+p)s, 09 =0, on (r+p)S.
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By continuity of the inverse Laplace operator from H'/2(9Q) to H' (), it follows
from the above discussion that wy , —0, o1, —0 strongly in H'(B,. \ B, ,) and
wa,, — 0, 02, — 0 strongly in H'(B;4, \ Br_.). Define

un(z) if & € Byyp,
(323) ul,?L(I) = ’LULn lf T € Br+5 \B'r‘+p7

0 elsewhere,

vp(x) if x € By,

(324) Ul,n(x) =9401n ifx e BTJFE \B»,-er,
0 elsewhere,
0 ifexe B,_.,

(3.25) Ug () = Qwon ifx€ Bry,\ Bre,
un(x) elsewhere,
0 ifexe B,_.,

(3.26) Von(x) =19 02 ifz€Bry,\ B,

vp(x) elsewhere.

Then it is easy to see that

(3.27) lunll3, = llurnll3, + lluznl3, +o(1),

(3.28) lvallX, = 2o Fllv2nll3, +o(1).
Moreover, we can easily obtain

(3.29) I (w1n,01,0) (01,0, 0) = T}, (U, 05) (U1, 0) + 0(1) = o(1),
(3.30) I, (11 1, 01,0)(0,01,0) = J), (U, v5) (0,01 ) + 0(1) = o(1),
(3.31) I, (2.1, v2,0) (U2, 0) = J), (U, v) (U2, 0) + 0(1) = o(1),
(3.32) I (u2,n,02.0)(0,v2.5) = J), (tn, v3,)(0,v2.,,) + 0o(1) = o(1).

Then we claim that
(3.33)  either lim (|lurnl® + [[orn]?) = 00r lim ([Juznl® + vz,0l*) = 0.
n—roo n—r oo
In fact, if (333) does not hold, then up to a subsequence,
(3.34) both lim (|Ju1n|* + |[[v1..]?) >0 and lim (Hu2n||2 + lvz.nl/?) > 0.
n—oo n—oo

We have the following several cases.

Case 1. Up to a subsequence, both lim,, . ||u1.,[/? > 0 and lim,, o [|v1,]|* > 0.
Since norms || - ||a,,% = 1,2, are equivalent to || - ||, and (329)-B30) yield

/ W2 02, 4 o(L),

R4

/ W2 02, 4 o(L),
R4

hence, both lim inf,, o |[u1.,[F > 0 and liminf,, o [v1,,[] > 0. Since 2v < 2v; <1,
by Hélder’s inequality we have

2
lim inf [|U17n|ivl7n|i - <2V/ u% nvf n) ] > 0.
n—00 R4 ’ ’

(3.35) lurnl3, =

(3.36) lv1,nll3, =
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Combining this with 330)-([330), it is easy to prove that there exist t,,s, > 0
such that (vf,u1 ny \/Snv1n) € N, and (¢, s,) — (1,1), and so we conclude from
B27)-B28) and ([3.34) that

. o1 2 2
Cy = nlglgo Jl,(umvn) = nh_)ngo Z(”un”)\l + ||Un||A2)

.1 1
T 2(tallurald, + sallonal3,) + lim L (luzal3, + losald,)

\

.1

nlglgo Z(ﬁn”ul,nnil + Sn””l,n”iz)

= lim JV(\/Eul,na \/avl,n) > Cu,

n—oo
a contradiction. So Case 1 is impossible.
Case 2. Up to a subsequence, lim [uj,||?> =0 and lim [jvy,|* > 0.
n—oo n—oo
Then ([B.36]) yields that
[v1nll3, = [o1all +0(1) < S(A2) 7 [lorall3, + o(1),
and so lim |[lvy |3, > S(A2)?. By BI5) we have
n—oo

lim inf [|ug ,, ||* = liminf |Ju, || — lim [lug .| > 0.
n—oo n—oo n—oo

If up to a subsequence, lim,, o |[v2,,]|? > 0, then we can get a contradiction just as

in Case 1. Therefore, lim,, o ||v2,5]|*> = 0. Then similarly as above, we can deduce
from (B3I that lim, ||ug7n||§\1 > S(A\1)% Then

e = Tim 3wl + lloal,)
.1 1
= Tim F(lal3, + lonal) = 7 (SO0 +500)?).

a contradiction with Lemma Bl So Case 2 is impossible.
Case 3. Up to a subsequence, lim,,_, |[u1,]|?> > 0 and lim,, oo |[v1.0]/? = 0.

By a similar argument as in Case 2, we get a contradiction. So Case 3 is impos-
sible.

Since none of Cases 1, 2 and 3 is true, we see that (3.34) is impossible, that is,
B33) holds. Recall the definition of (u; n,v;»); B20) follows directly from ([B.33]).
This completes the proof of Step 1.

Step 2. We prove (B20) without assuming that J), (un,v,) = 0 as n — oo.

By the Ekeland variational principle (see [31, Theorem 5.1] for example), there
exists a sequence { (U, v,)} € N, such that

(337) Jy(an;’ﬁn) < Ju(un;vn), H(unvvn) - (anaﬂﬁn)” <

S|

(3.38) T, 0) > Jo(iin, ) — %H(an,m) — (), V(uv) €N,

Here, ||(u,v)]| := (fga(|Vul]* +]Vv]?) dx)'/? is also a norm of I, which is equivalent
to ||(u,v)||p. Recall that (un,v,) — (0,0) weakly in D; by B31) we also have
Jy (U, V) — ¢, and (Uy, vy) — (0,0) weakly in D. Moreover, by Lemma [B1] we
may assume that (@, U,,) satisfies (815 for all n € N. Then by repeating the proof
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of [I2, Theorem 1.3 (1)-(2)], we can prove that J),(u,, v,) — 0 as n — co. Hence
Step 1 yields that (3:20) holds for (u,, v, ). Combining this with (331), we see that
B20) holds for (uy,v,). This completes the proof. O

Proof of Theorem [I.2l Fix any v € (0,v1). Take a sequence (y,,v,) € N, such that
Jy(Un,0y,) — ¢, as n — oo. Recall that E(u,v) = |Vul?+|Vov|? — @ﬁ\ulQ - @—|22|U|2§
there exists R, > 0 such that

o N _
E (i, Tn) :/ B, o) = 518, + [7alR,):
Bry, RN\ Bg,,
Define
~ ~ N2 N-—2
(Un (), Tn(2)) := (Rn2 U (Rnz), Rn? En(Rnaj)),

Then by a direct computation, we see that (u,,v,) € N, and J,(Un,Vn) — cy.
Moreover,

- - 1~ ~
(3.39) E(un,vn) = / E(tn, vn) = _(HunH?\l + HUnH?\z) — 2¢, > 0.
By RN\ B, 2

By the Ekeland variational principle (see [3I, Theorem 5.1] for example), there
exists a sequence {(u,,v,)} € N, such that

(3.40) Ju(tn;vn) < Jy(Un, Un),  |[(tns vn) = (Un, Un)| <

S|

(3.41) Jo(u,v) > Jy (tun, vp) — %H(un,vn) — (u,v)|, VY(u,v) €N,.

Similarly as in Step 2 in the proof of Lemma B3] we have that J, (u,,v,) — ¢, and
! (Un,vn) = 0 as n — co. Moreover, (3.39) and [B:40) yield that

(3.42) lim E(upn,v,) = lim E(tp, Upn) = 2¢,,
n—oo Bl n—roo B1

(3.43) lim E(un,v,) = lim E(tp, Up) = 2¢,.
n—oo RN\Bl n—oo ]RN\Bl

Note that (uy,v,) are uniformly bounded in D. Then up to a subsequence, we
assume that (un,,v,) = (u,v) weakly in D. Then J] (u,v) = 0.

Case 1. (u,v) = (0,0).

Then we can apply Lemma twice with r = 1 and e = £1/4 respectively, and
there exist p™ € (0,1/4) and p~ € (—1/4,0) such that the alternative (3.20) holds.
By (3:42)-([343) we can rule out all possibilities other than

(3.44) / (|Vun|2+|an|2)—>Oand/ (V]2 + [Von[2) = 0.

Biyp- RNAB, | o+

Now let n € C§°(R*) such that 0 < n < 1, n(x) =1 for |z| € [3/4,5/4] and n(x) =0
for || & [1/2,3/2]. Recall that (u,,v,) — (0,0) weakly in D, so u,,, v, — 0 strongly
in L? (R%). Combining this with (3.44]), we obtain that

loc

[(nun) —unll = 0, ||[(nvn) —vn|| =0, asn — oo.
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By Hardy inequality (LG), we have
up [ (A=m)?up (2 —m)nuy,
122 2 + 2
Rt |2] R4 |z| R4 ||

< () — t]? + 8 / w2 = o(1).
1/2<]z|<3/2

Similarly, [5. % = 0(1). Therefore, we see from (u,,v,) € N, that

/]1{4 |Vun|2 = /]R4 qu—G—QV/R4 uivi + o(1),
/R4 |V, |* = /R4 vk —|—21//R4 u2v? + o(1).

From Lemma 3.2l we may assume that |u,|}, [v,|f > C > 0, where C is independent
of n. Since 2v < 21/ < 1, then it is easy to prove that there exist t,,s, > 0 such
that (vEptn, \/Snvn) € M, and (t, s,) — (1,1) as n — oo. Hence,

n—oo
1
— tim 1 (1o [ 1904 [ 190)
n—oo 4 R4 R4
e 1 >
Jim Ly, (VEntn, /Snvn) = ma,
a contradiction with Lemma Bl So Case 1 is impossible.

Case 2. Either u=0,vZ0or u £ 0,v =0.

. 1
¢, = lim JV(um”n) = nlglgo 1(||un||§1 + ||”n||§2)

Without loss of generality, we assume that u Z 0,v = 0. Note that J/, (u, v)(u,0)
= 0 yields
ull, = luli < SO) 72 [lull3,
which implies [[u]|}, > S(A1)?.

Case 2.1. Up to a subsequence, limy, o ||ty — || > 0.

Denote w,, = u, —u. Note that (u,,v,) € N,. Then by the Brezis-Lieb Lemma
([7]) and Lemma 23] we conclude that

lwnl, = / wh + 2 / w202 +o(1),
R4 R4

a2, = / ot 2 / w22 + of1).
R4 R4

Similarly as above, it is easy to prove that there exist t¢,,s, > 0 such that
(Vtnwn, /Snvn) € N, and (tn, sn) — (1,1) as n — oo. Hence,

. 1
Cy = nhHH;O Jy(Un,vp) = nlgrolo 1(”“71”%\1 + ”vn”§\2)

1 . 1
= 2lulB, + 1im 3 (tallwnl, + salloalR,)
> lim Jy(\/t_nwna V Snvn) > Cy,
n— oo
a contradiction. So Case 2.1 is impossible.

Case 2.2. u,, — u strongly in DY2(RY).
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Then u2 — u? strongly in L?(R*). Recall that v, — 0 in D?(R%), so v2 — 0
weakly in L?(R*), which easily implies

/uivig/uv —|—/ |u?2 —u?|v? = o(1).
R4

lvnll3, = lvnli +o(1) < S(h2)?[lvall3, + o(1).
Since Lemma B2 yields lim,, o [[vn |3, > 0, then lim, 0 [|vn|3, > S(X2)?, and

Then we have

. 1
= nlglgo Ju(unvvn) = hm _(”un”il + ||Un||§\2)
1

Hullx1 + lim. ”UnH)\g > 7 (SO)* +5()%)

a contradiction w1th Lemma B.11 So Case 2.2 is impossible, and so Case 2 is
impossible.

Since neither Case 1 nor Case 2 is true, we obtain that v # 0 and v # 0. Since
J!(u,v) =0, then (u,v) € N,. Meanwhile, Fatou’s Lemma implies that

cy < Jy(u,’u) < hnnigf Ju(unavn) = Cy,

so J,(u,v) = ¢,. Then (|ul,|v]) € N, and J,(|ul,|v]) = ¢,. Since 2v < 1 and « =
B = 2, then by repeating the proof of Lemma 2] we can prove that J;,(|ul, |v]) = 0.
By the maximum principle, |ul, [v| > 0 in R*\ {0}. Therefore, (|ul, |v]) is a positive
ground state solution of (L20).

To finish the proof, it suffices to prove ¢, — % (S()\l)Q + S(/\Q)Z) as v — 0. From
the above argument, we may assume that (u,, v, ) is a positive ground state solution
of (L20) with ¢, = J,(uy,v,) for any v € (0,v1). Since ¢, < 1 (S(A1)? + S(A2)?),
we see that (u,,v,) are uniformly bounded in D. Then

sl = i +20 [ o < SO0l + 00,

From BIJ) we see that liminf, o [|u,[[3, > 0, so liminf, o [ju, [}, > S(A1)*.
Similarly, we can prove that liminf, o [|v,[|3, > S(A2)?, and so liminf, .o ¢, >
i (S()\l)2 + S(/\Q)Q) . That is, lim,_,gc, = % (S()\l)2 + S()\g)z) . This completes
the proof. 0

4. PROOF OF THEOREM [[L3] A VARIATIONAL PERTURBATION APPROACH

In this section, we give the proof of Theorem [[L5] and this result will be used in
the proof of Theorem [[3l Assume that N > 3, A, Ay € (0,Ay) and (LH) hold.
Let v > 0. To obtain positive solutions of (I4]), we consider the following modified
problem:

_ Ay o o251 a—1,8 N
Au — |x\2u uy T =vaui vy, z€RY,
* 1
(4.1) —Av — ‘wlgv v = Vﬁu+v+ , z€RN,

u(z), v(z) € DV*(RY),

where ug (z) := max{zxu(x),0} and so does vy. The associated energy functional

of @) is
7 1 2 1 2 1 2* 2* a, B
(42 Tolwv):=slul}, + 50, - 5 (u+ +v+) N T
RN RN
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Then it is standard to prove that J € C'(D,R). Define

ng;(RN) = {uec CEMRY):  wuis radially symmetric},

D}A(RY) := {u € DV*(RY): w is radially symmetric},
and D, := D}2(RY) x DL2(RY). Then D, is a subspace of D with norm | - ||p. In
this section, we consider the functional .J,, restricted to .. By Palais’s Symmetric
Criticality Principle, any critical points of J, : D, — R are radially symmetric
solutions of ([@.T]).

Without loss of generality, we assume that S(A1) < S(A2). Then we see from

(I that

(4.3) SO = Nzpln < NIz, = SO2)*, V> 0.
Define
lulZe 1,2/ N
Po(u) = § Tl o EDTEEDAON
0, if w=0,

By (LI7) it is easy to prove that Py, € C(DY3(RY), R). Note that Py, (u) = 1 is
equivalent to I} (u)u = 0. Then by (LII)-(L.I4) it is easy to check that
1
(4.4) M;:==SO\)M?= inf I, (u), i=12.
N ueD1,2(RN)
P)\i(u)zl

By (CI2)-(TI4) we have

. t2 P12 t2* i 12* t2 t2* i 112 .
4s) D) = SIAR, - B = (5 - 5 ) IR, =12

2+ 2 2
Note that
(4.6) Iy (1) = max Iy, (t21) = My, i =1,2, My < Mp.
It is easily seen that there exist 0 < 5 < 1 < ¢; such that
(4.7) Iy, (tz}) < My /4 for t € (0,to) U[t1,00), i =1,2.
Define

i) =tef for 0<t <t i=12 F(ts) = (a(t),5(s))-
Then 7(t,s) € D, for all (¢,s) and there exists a constant C > 0 such that

4.8 0 o
) (tﬁs)e[g,lg:](x[o,tl] [7(t, 8)llp <

Denote @ := [0,1] x [0,¢1] for convenience. For v > 0, we define
ay, = inf max J,(y(t,s)), d,:= max J,(3(¢s)),
inf max Ju(1(t5)) Dnax Ju (L 5))
where
r= {7 € C(Q,D,) : max |[v(ts)|p < 250)V4 +C,
(t,s)€EQ
(19) 1(t5) = (t5) for (£,5) € Q\(tortr) x (to. 1)}

The definition of a, is different from the definitions of usual mountain-pass values
(cf. [5]). All paths in I" are required to be uniformly bounded in D by 2.5 (o) N/4+C,
which will play a crucial role in the proof of Lemma 1] below.
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Lemma 4.1. There hold d, < dy for v > 0 and lim, o1 a, = lim,_,94+ d, = ap =
do = My + Ms.

Proof. Note that 2i > 0 in RY \ {0}; we have

do = To(F(t,s)) = I (t I
0= mmax, Jo((t,s)) = max M(Zl)ﬂ?ﬁéj‘ii) xo(527).

Then by ([3H)-({6]) we see that
(410) dop = 7()(7}7(17 1)) = My + My, jo(/’?(t, S)) < dy for (t, S) S Q \ {(1, 1)}

Fix any v > 0. Note that there exists (¢,,s,) € Q \ {(0,0)} such that d, =
J,(F(ty,s,)). If (t,,s,) = (1,1), then we see from ([@I0) that

4, = TG0 1) = To(G0L 1) = v [ (=) 6D do < dos
RN
if (t,,s,) # (1,1), then we deduce from [{I0) again that
dl/ = 71/(%@1/7 51/)) = jO(ﬁ(tl/a SV)) - Vt,'fsf/ (Z%)Q(Z%)B dr < d07
RN

that is, d,, < dg for any v > 0. Note that 7 € I"; we have a, < d,, that is

(4.11) hm inf a, <liminfd,, limsupa, <limsupd, < dy and ag < dy.
—0+ v—0+ v—0+ v—0+

On the other hand, for any ~(t,s) = (n(t,s),72(t,s)) € T', we define T(y) :
[thtl}z - RQ by

T()(t,s) = (Pr,(11(t,8)) = 1, Pay(2(t,s) = 1).
By the definitions of Py, and 7, it is easily seen that

TGE)(, s) = (tQ*’Q 1,822 1) .

Then deg(Y (%), [to, t1]?, (0,0)) = 1. By (&3] we see that for any (¢, s) € d([to, t1]?),
Y(y)(t,s) = Y(F)(t, s) # (0,0). Therefore, deg(Y(7), [to, t1]?, (0,0)) is well defined
and
deg(T(%), [to, t1]*, (0, 0)) = deg(T(3), [to, t1]*, (0,0)) =
Then there exists (t2,82) € [to,t1])? such that YT(y)(t2,s2) = (0,0), that is,
Py, (71(ta, 82)) = 1 and Py, (7y2(te, s2)) = 1. Combining these with ([@4]), we have
Jax, Jo(y(t,5)) > Jo(v(t2,52)) = Jo((t2, 52))
= Iy, (1 (t2,52)) + Ix, (72(t2, 52))
(4.12) > M, + My = do.
Therefore, ag > dy. By ([@II]) one gets that ag = dp.
Assume by contradiction that liminf, o4 a, < dp. Then there exists € > 0,
vp, — 0+ and v, = (Yn,1,7n,2) € I such that

(msax Ju, (n(t,s)) < do — 2e.
t,s

Recall that e + 8 = 2*. By (@9) and Holder’s inequality, there exists ng large
enough such that

max UV
(t,s)EQ

/ (it (£ 8) ) (mz(t, 8)1)° dz| < Cvm <&, Vn>no,
RN
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and so

ap < max Jo(va(t,s)) < max J,, (ya(t,8)) +e<do—¢e, Y n>no,

— n

(t,s)eQ (t,s)eQ

a contradiction with ag = dy. Therefore, liminf, _,o4+ a, > dp. Combining this with
(11), we complete the proof. a

Recall (I3); we define X := Z; x Z, C D, and

X0 = {(u,v) € D, : dist((u, v), X) < 8}, To = {(u,0) € Dy : T, (u,v) < d;
(4.13) 5 e min{%, %S(Al)N“, Z}'
Here dist((u, v), X) := inf{||(u — ¢, v — ¥)||p : (¢,¥) € X}. Define
|7t w)|| = sup {7, (w,0)(,6) = (,0) € Dy (0,0) o =1}

Lemma 4.2. Recall 6 in (AI3). Then there exist 0 < o < 1 and vz € (0,1) such
that ||j;(u,v)\| > o holds for any (u,v) € ji" N (X2\X%/2) and v € (0, v3].

. . . _du
Proof. Assume by contradiction that there exist v, — 0+ and (un,v,) € J,." N

(X%\X?/2) such that ||j;n (tn,vp)|| = 0. Then there exist p;,, > 0,1 =1,2,n € N,
such that

H(un,vn) — (zl ziu) HD <26, VneN.

H1n?

Hence (uy,v,) are uniformly bounded in D)., and up to a subsequence, we may
assume that (un,v,) — (@,7) weakly in D,. However, since (z,z2) — (0,0)
weakly in D, as p — oo, we know that X is not compact in D,.. So it seems very
difficult for us to show that w # 0 and v # 0. To overcome this difficulty, let us

define
~ N_2 ~ N—2
Un () == H1m Un(H1,nT),  Un(T) 1= Ho.n Un (H2,n ).
Note that || - ||a,,7 = 1,2 are invariant with respect to the transformation u(-) —
N-—2 .
p~ 2 u(y;) for all p > 0. Therefore,

2
Zﬂz,n

< 24.

<2, 5 -2l =

Un

~ 1 _ 1
i = 2, = ||un = k..

)\1 >\2

This means that (@,,v,) are uniformly bounded in D,.. Up to a subsequence, we
may assume that (u,,v,) — (4,v) weakly in D, N L? (RN) x L? (RY). Then we
have ||t — z1|[x, < liminf, o ||[U, — 21]|x, < 28. Combining this with (@3] and
[#I3), we get that @ £ 0. Similarly, v Z 0.

Take any ¢ € C35.(RY) such that H%H,\1 = 1; we define

(4.14) bule) = T (i) |

’ H1n

Then [|¢n |5, = ||@]lx, = 1. Since v, — 0, by Hélder’s inequality and the Sobolev
inequality, we easily obtain that

lim Vna/ (un)ifl(vn)ﬁqﬁndx =0.
RN

n— oo
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Therefore,

0= lim j;” (Un, Un)(¢na O)

n—00
At

— lim [ Vu,Vé, — Wunqsn — (un)¥ "1, dx

n—oo RN

. ~ o7 AL T o g7
=1 Vu, Vo — —=t,p — (Un d
ni)n,olo RN Uu QS |J)|2u ¢ (u )+ ¢ xz
IO PR . ~
= VuVe — ﬁuqﬁ — ui L dx holds for any ¢ € C52.(RY),

RN x ’
that is, —Au — ‘;\ﬁﬂ = ﬂi*fl and u € DM?(RY). By testing this equation with u_
we see that % > 0. By the maximum principle, one has that u > 0 in RY \ {0},
that is, @ is a positive solution of (L8) with ¢ = 1. Then by (L8)-(L3]) we get that
u € Z;. Similarly, we may prove that v € Zs, that is, (w,v) € X. Recall that
Ju, (Un,vn) < d,, and a + B = 2*. We deduce from Lemma 1] that

_ 1_
My + My > hﬂm <Jun (unavn) - 2_*Ji/n (unavn)(unavn)>
= L tim (Junl2, 4 lonl2) = = lim ([@al2, + [5l2,)
N n=soo I THERIA) T S MR A T 1A,

V

1, 1,
NHUH?\I + NH”H%\2 = My + M,

which implies that all inequalities above are identities, so J,, (u,,v,) — My + Mo
and (U, v,) — (u,v) € X strongly in D,. Then

(@, o) — (@, 0)|lp < §/4, for n large enough,

and so
[(tny o) — (@n, Tn)|lp < /4, for n large enough,
where
_N=2 x _N=2 | x
(U (), () := <u1 n’ U (—) s o’ U (—)) € X.
’ H1n ’ H2.n
This contradicts with (u,,v,) & X?%/? for any n. This completes the proof. |

Lemma 4.3. There exists vy € (0,v3] and € > 0 such that for any v € (0,v4],
J,(3(t,s)) > a, —e implies that F(t,s) € X°/2.

Proof. Assume by contradiction that there exist v, — 0, &,, — 0 and (¢,,s,) € Q
such that

(4.15) T, (A(tn,50)) > ay, —en and  F(tn,sn) € X%/2, ¥Yn eN.

Passing to a subsequence, we may assume that (t,,s,) — (£,5) € Q. Then by
Lemma [£.1] and letting n — oo in ([{.I5]), we have

Jo(i(l?, §)) Z lim ay, = M1 + Mg.
n—oo
Combining this with ([@I0), we obtain that (Z,5) = (1,1). Hence,
nlingo Hr}/(tnv Sn) - 7(17 1)||]D> =0.
However, ¥(1,1) = (21, 27) € X, which is a contradiction with ({I5]). O
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Let
g M1 1
4.16 = —, =00
(4.16) €0 := min { 513 }
where 0, 0 are seen in Lemmald2l By Lemma ATl there exists v € (0, v4] such that
(417) |al,—dl,| < €op, |al,—(M1+M2)| <ey, VUVE (0, Vg].

Lemma 4.4. For any fized v € (0,vs], there exists {(un,vn)}5%, C X° ﬂji" such
that

Proof. Fix any v € (0,12]. Assume by contradiction that there exists 0 < [(v) < 1
such that ||7:j(u, v)|| > I(v) on X‘sﬁj(j". Then there exists a pseudo-gradient vector

field T, in I,. which is defined on a neighborhood Z, C D, of X° N 75" (cf. [31D),
such that for any (u,v) € Z,, there holds

175 (w,v)llo < 2min{1, |17, (w 0)]]},
— . — —
T, (u,v) (T (u,0)) > min{1, |7, (w, 0) [}, (u, v)]].
Let 1, be a Lipschiz continuous function on D, such that 0 <7, < 1,7, =1 on

—/

J,(Un,vp)|| =0 asn — oco.

X9 ﬂji" and 77, = 0 on D, \Z,. Let &, be a Lipschiz continuous function on R such
that 0 < ¢, <1, &, () =1if [l —a,| < §and §, (1) =0if [l —a,| > €. Let

ey (1, v) = {—nu(u, )&, (Jy (u, )T, (u,v) if  (u,v) € Z,,
o 0 it (u,v) €D\Z,.

Then there exists a global solution %, : D, x [0, +00) — D, to the following initial
value problem:

d%%(% v, 6‘) = eu(wu(uu v, 9))7
Yy (u,v,0) = (u,v).

It is easy to see from Lemma and (L10)-@I7) that ¢, has the following prop-
erties:
(1) wl,(u v,0) = (u,v) if 6 =0 or (u,v) € D,\Z, or |J,(u,v) —a,| > ¢;
()H Uy (u,v,0)| <2

d D
(3) 5/ (Wu(u,v,0)) = T (0 (4,0, 0)) (en (%0 (u, v, 0))) < 0;
(4) je‘] (6,0, 0)) < ~1(0)? i ¢, (w,0,0) € X° 1 (ToAT ),

)

(5) cZ?J( o (u,v,0)) < —o? if 1, (u,v,0) € (Xé\Xa/z) (J \J“” 5/2).

Step 1. For any (t,s) € @, we claim that there exists 6; s € [0,+00) such that
P (F(t,8),0.5) € 73”750, where ¢ is seen in ([@I0]).
Assume by contradiction that there exists (¢, s) € @ such that
Ju(u(3(t,5),0)) > a, — o, VO 20.

Note that gy < ¢; we see from Lemma B3 that 5(t, s) € X9/2. Note that .J,, (3(t, s))
<d, < a, + €¢; we see from the property (3) that

a, —eo < J, (0, (F(t, 8),0)) < d, < a, +g9, ¥0>0.
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This implies &, (J, (v, (F(t, 8),0))) = 1. If 1, (F(t,s),0) € X? for all § > 0, then
|

(
7, (Y, (3(t,8),0)) = 1, and HJ (U, (F(t, 8),0))]| > I(v) for all & > 0. Then we see
from property (4) that

€

71/ (%/ (r};(us)a @)) S a, + % — /OZ(U)Q Z(Z/)Z dt S ay — —,

€
2
a contradiction. Thus, there exists ;s > 0 such that ¢, (F(t, s),0:s) & X?. Since
F(t,s) € X%/2 so there exists 0 < 9%5 < 07, < by, such that ¢, (3(t,s),0;,) €
X2, 4y, (Y(t,s),607,) € 0X° and 1, (F(t, s),0) € X°\X%/2 for all § € (6} ,,67,).
Then by Lemma 2] we have ||Jl,(w,,( (t,5),0))| > o for all 0 € (6} ,,07,). Then
using property (2) we have

6/2 < ||l (3(t, ), 67,0) — o (3(t, ), 0, )|, < 2167, — 64,1,

that is, 67 . — 6} ; > §/4. This implies from ([@I6) and property (5) that

92
ts d —
T (b (3(t,5), 607 5)) < T (o (3(t, 5), 67 ) + /91 257 (Wv(w,v,0)) o
<a,+eyg— 02(935 - 9;5) <a,+¢ey— 2602
< a, — &g,

which is a contradiction.

By Step 1 we can define T'(¢,s) := inf{ > 0: J,(¢»,(3(t,5),0)) < a, — o} and
let y(t,s) := 1, (3(t,s),T(t,s)). Then J,(y(t,s)) < a, — o for all (t,s) € Q.

Step 2. We shall prove that v(t,s) € T

For any (t,5) € Q\(fo, 1) X (fo,t1), by (@&B)-[ET) and EI6)-EIT) we have

J,(3(t,5)) < Jo(3(t,5)) = In, (F1(1) + In, (F2(5))
< My/4+ My < My + My — 3¢9 < a, — €0,

which implies that T'(¢,s) = 0, and so ~(¢,s) = ¥(¢,s). From the definition of T’
in [@3J), it suffices to prove that ||y(t,s)||p < 25(\2)V/* 4 C for all (t,s) € Q and
T(t, s) is continuous with respect to (¢, s).

For any (t,s) € Q, if J,(3(t,s)) < a, — €9, we have T'(t,s) = 0, and so y(t, s) =
(t,s), and by ([@X) we see that ||v(t,s)|lp < C < 2S(\2)N/* +C.

If J,((t,s)) > a, — o, then F(t,s) € X%/ and

a, —eo < J, (0, (3(t,5),0)) < d, < a, +eo, YO€[0,T(ts)).

This implies & (7, (64, (3(t,5),0))) = 1 for 0 € [0,7(t,5)). If ¢ (5(t, ), T(t,5)) ¢
X5 then there exists 0 < 0}, < 67, < T(t, s) as above. Then we can prove that

Ju (0 (3(t,5),07 ) < ay — o as above, which contradicts the definition of T(t, s).
Therefore, v(t,s) = ¥, (3(t,s),T(t,s)) € X°. Then there exists (u,v) € X such
that ||7(t,5) — (u,v)||p <26 <C. By ([@3) we have

7t 8)|lp < [|(u,v)]lp +C < 28(A2)N* + C.

To prove the continuity of T(t,s), we fix any (£,3) € Q. Assume J,(v(t,8) <
a, —¢o first. Then T'(Z,5) = 0 from the definition of T'(¢, s). So J,((, 3)) < a, —&o.
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By the continuity of ¥, there exists 7 > 0 such that for any (¢,s) € (t — 7, + 7) x
(§ — 7,5+ 7)NQ, there holds J,(3(¢,s)) < a, — €o, that is, T(¢,s) = 0 for any
(t,s) € t—T1,t+7)x (3—-7,5+7)NQ, and so T is continuous at (Z,5). Now
we assume that J, (v (t 5)) = a, — €g. Then from the previous proof we see that
v(t,3) = ¥, (3(t,5),T(t,3)) € X%, and so

|7, (o G2.3), 7. 8))) | > 100) >

Then for any w > 0, we have J,, (1, ((t, 3), T(£, §)+w)) < a, —¢¢. By the continuity
of 1, and 7, there exists 7 > 0 such that for any (¢,s) € (t—7,t+7)x (5—7,5+7)NQ,
we have J,, (¢, (3(t,s), T(t,3) + w)) < a, — €o, s0 T(t,s) < T(¢,35) +w. It follows
that

0 < limsup T(t,s) < T(t,35).
(t,s)—(%,3)

If T(¢,5) = 0, we have limg o785 T(ts) = T(t,5) immediately. If T(£,3) > 0,
then for any 0 < w < T'(£, 3) we similarly have J, (¢, (5(t, 8), T(£,5) —w))) > a, —<o.
By the continuity of ¥, and 7 again, we easily obtain that

liminf T(¢,s) > T(t,35).
(t,s)—(t,5)

Thus T is continuous at (£,3). This completes the proof of Step 2.

Now, we have proved that y(t,s) € I and max; s)eq Ju (v(t, 5)) < a, —eo, which
contradicts the definition of a,. This completes the proof. O
Proof of Theorem [LAl Fix any v € (0, v2]. By LemmalZdlthere exists {(un, vn) 152,
cX'n 75" such that

ljl(un,vn) —0 asn— 0.
Note that there exist p; , > 0,7 =1,2,n € N, such that
418 H n,n—(l 22 ) <25, VneN.
( ) (u v ) z#l,n thz,n D n

By (@3), {(un,vn),n > 1} are uniformly bounded in D,.. Up to a subsequence,
we may assume that (un,v,) — (u,v) weakly in D,. As pointed out before, since
X is not compact in D,., it seems very difficult to prove that v # 0 and v # 0. To
overcome this difficulty, let us define

_ N2 _ N2
up(z) = 0 Up(p1,02),  Un(x) = P, U (p11,07);

No2 N_2
(4.19) Up () = :u2,721 Un(p2nT),  Up(z) = M2,72z U (H2,n).

Then by a direct computation, we see that ||7;, (Un, 0n)|| — 0 and Hj,/j (T, Up)|| = 0
as n — 0o. Moreover,

[n = 2illx, <26, [[Tn = 27[|x, < 26.

Up to a subsequence, we may assume that (i,,v,) — (4, v) and (@, 0,) — (4, )
weakly in D, N L2 (RY) x L2 (RY). Then 7,,(%,3) = 0 and 7., (@, ¥) = 0. Moreover,
as in the proof of Lemma 2] we get that w £ 0 and v # 0.

Now we claim that either v # 0 or w # 0.

Assume by contradiction that both v = 0 and w = 0. Then v, — 0 weakly in

DL2(RN) N L2 (RY). Hence it is easy to prove that (5@{671 —0in L%(RN).
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Take any ¢ € C§5.(RN) such that |6llx, =1, and ¢, is defined in [@I4). Then we
see from Holder’s inequality and o + 8 = 2* that
lim

Jim o [ )37 @) 36,de| = i oo [ (@)37 6.0 3ds

o N
(4.20) <1mlc</ @mf%@¢0 </ @mfw¢¢ﬁ =0.
n—oo RN RN

Combining this with 7;(un, Un)(Pn,0) — 0, we may repeat the proof of Lemma (2]
and then get that u € Z;. Similarly, we can prove that T € Zs. Then

= lim
n— o0

_ 1
d, > lim (Jl,(un,vn) - 2—*J;(Un7vn)(unvvn))

n— o0
:ianUW+an:ihmmﬂW+WHU
N n—oo I TR A T 7 2 AR A i

1

1 _
(4.21) ﬁM&+NM&ZMﬁw@=%>W

Y

a contradiction. So either v #Z 0 or w # 0. Without loss of generality, we may
assume that v # 0. Note that u # 0 and 7;(%, v) = 0. Then by testing [@Il) with
u_ and v_, we see from Hardy’s inequality (L6) that @ > 0 and v > 0. By the
maximum principle, one has that @ > 0 and v > 0 in R" \ {0}. Hence, (@,7) is a
positive solution of (IL4l), which is radially symmetric. Moreover,

_ 1
d, > lim <Ju(unavn) - 2_*J,y(un7vn)(unavn)>

n—oo
1

1 . 2 2 : ~ 12 ~ 12
= w7 dim (luall3, + lloal,) = 57 Jim (@03, + 15.13,)

1 1 - ~
> 5l + 51913, = 7@ ),

that is, J,(4,) < d, < dp = & (S(A1)N? + S(X2)N/2). This completes the proof.
(]

\/

5. PROOF OF THEOREM [[.3t THE CASE N =3

In this section, we give the proof of Theorem [[L3] Assume that N =3, a+ 8 =
2" =6,a>2,8>2 A, € (0,A3) and v > 0. Recall from ([LIT)) that S()\;) < S;
we take a g9 € (0,1/2) such that

3 3

maxq S(A1)2,S(A2)2 3

(5.1) { j— } S(A)2 4+ S(A)? < (
(1—220)S(N2)? > £9S(M)2, (1 —220)S(M)

Define
K, :={(u,v) €D : u#0, v#£0, J,(u,v) =0}

as the set of nontrivial critical points of J,,, and

5.2 bl/ = inf JV s V).
(5.2) (u,ilfr)leK,, (u,v)

By Theorem we see that for any v € (0,13], K, # 0, b, is well defined and

b, < % (S(Al)% S(Ag)%)
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Note that K, C N,, so b, > ¢, > 0. Define
%

(63)  Co:=max { (SO0t +502)] 7, [s00)F +500)}] [_} .

we have
(5.4) Julg < Co, folf < Co.
Then we see from Holder’s inequality and ([LI7) that
SAulg < Julli, = lul§ + va /RS [ul*[0]” < [ul§ + vaColulg,
that is, we can obtain
- SOl < Julf + vaColuls.
SO2)lvl§ < [olg + vBColvlg.
The following result was introduced in [I].

Lemma 5.1 (see [1, Lemma 3.3]). Let N >3, A,B >0, and 0 > 2 be fized. For
any v >0, let

2
=

S, = {0>0 : Aco2 SO’-"-VBU?%}.

Then for any € > 0, there exists v1 > 0 depending only on €, A, B,0 and N, such
that

inf S, > (1 — s)A% forall 0 <v <.

Recall that o, 8 > 2 and 2* = 6. From Lemma [5.I] we have the following result
trivially.

Lemma 5.2. Recall ey in (BI)). Then there exists vy € (0,v2] such that for any
v € (0,v1) there hold

(5.6)
(5.7) S(\)od <o+ vBCs, 0 >0 = o> (1—e0)S(N)?,
(5.8)
(5.9)

S(\)o3 <o +vaCos, o>0 = o> (1—e9)S(\)2,

nlw

So-%gg—}—yaco(f%, c>0 = 0'2(1_50)3 )

M4

So%go—i—uﬁ(foa%, c>0 = oc>(1—¢g)S2.

The following lemma is the counterpart of Lemma [3.3] for the case N = 3. The
first part of the proof is similar to that of Lemma[3:3] so we do not give the details,
but the latter part of the proof is quite different.

Lemma 5.3. Assume that v € (0,71). Let (un,vy,) € K, be a minimizing sequence
of by, and (up,v,) — (0,0) weakly in D. Then for any r > 0 and for every
e € (—r,0)U(0,r), there exists p € (¢,0) U (0,¢) such that, up to a subsequence,

(5.10) either/ (|Vun\2+\an|2)—>001"/ ([Vtnl + [Von]2) = 0.
BT+P

\Br+p
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Proof. Fix any v € (0,77). Without loss of generality, we only consider the case
€ (0,7) (the proof for the case ¢ € (—r,0) is similar). Since (un,v,) € K, is a

3
2

minimizing sequence of b,, we may assume that J, (u,, v,) < %(S(Al)% +S5(N2)2),
and so (un,vy,) satisfy (B4)-(EE) for all n. Then by (&6)-(E7) of Lemma we
have

(5.11) lunl8 > (1= 0)S(A1)2,  |unl® > (1—20)S(A2)%, VneN.

Note that (uy,,v,) are uniformly bounded in D and J, (uy,v,) = 0. Then by
repeating the argument of Lemma B3] with trivial modifications and using the
same notation wj ., G n, U; n, Vi,n With the same definitions as (B:2I))- (3.20)), there
exists p € (0,¢) such that w; n, v, », 7 = 1,2, satisfy (3.27)-(3.32]). Moreover, we can
prove that
(5.12) ‘un|g = |u1,n|€6S + |u2,n|g +o(1), |Un‘g = |U1,n|g + ‘v2,n|g +o(1).

Now we claim that

(513)  either lim (Jurnl® + or0?) = 0 0r lim (Juznl® + [[v2:0]?) = 0.
In fact, if (BI3]) does not hold, then up to a subsequence,

(5.14)  both nlingo(||u17n\|2 + lv1.n]?) > 0 and nlggo(uumﬁ + |lvz.nll®) > 0.

We have the following several cases.

Case 1. Up to a subsequence, both lim,, 0 ||u1,,]/? > 0 and lim,, e [|v1,,]|* > 0.

Recall that norms || - ||a,,% = 1,2, are equivalent to || - ||. Note that (3:29)-330)
yield
(5.15) Jurnl, = healg + v [ unalfounl® +o(1),
R3
(5.16) o, =loual$ 428 [ Tural?lovnl® + (1),
R3

Hence, both A; := liminf, . |u1,,|$ > 0 and By := liminf,, |01,/ > 0. Since

(un, vy,) satisfy (B.4) for all n, by (512]) and letting n — oo in (BI5)-(G.14), similarly
as in (B.A]) we can prove that

(5.17) SONAF < A, +vaCoA®,  S(\)BF < By + vBCoBY .

Then by ([B.6)-(B7) of Lemma 52 we have

(5.18) A > (1—20)S(A1)Z, B> (1—g0)S(\2)2.

Case 1.1. Up to a subsequence, lim,, oo |[u2,,[/? > 0 and lim,,_ [|v2,,]|* > 0.

Then similarly as above, we can prove that
(5.19)
Ay = lim inf lugn|S > (1—20)S(M)%, By:= lim inf [v2.nl8 > (1 —€0)S(A2)2.

wlw
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Combining this with (5I8), (&) and (G12), we deduce that

n—oo

1
b, = lim J,(up,v,) = lim = (|un|g + \vn|g + GV/ |un0‘|vn|ﬁ>
n— oo 3 R3

Y%

1 1
nll—>n<;lo §(|Un|g + |Un|g) > g(fh + By + As + Bs)
2 —250
3

Y

(SOn? +50)?)

Y

% <S(,\1)% +S()\2)%> > by,

a contradiction. So Case 1.1 is impossible.

Case 1.2. Up to a subsequence, lim,, oo |[u2.,[/? > 0 and lim,,_ [|v2,,]|* = 0.
Then [, [ugn|*v2n|? — 0 as n — oo, so ([B31) yields

Szl < luznl, = luznlg +o(1),

and so Ay > S(\1)3/2. Then we conclude from (518), (5.1) and (512) that

o1 1
by > Tim 2 (junld + [0al8) > 5 (A1 + By + A3)

1—5()
3

3 (500 +500)8) > 1,

a contradiction. So Case 1.2 is impossible.

Y

(S0 +500) + 25001

Y

Case 1.3. Up to a subsequence, lim,, o ||z, ||> = 0 and limy, o0 [|v2,,]]* > 0.

Then [B32)) yields
S(A2)|va,n

g < HU2,n |§\2 = |U2,n|g +0(1)=

and so By > S()\2)?/2. Then we conclude from (5.I8), (5.1) and (5-12) that

o1 1
T 2 (fun 8+ fon) >
1—¢ 3

3 <S()\1)2 + S(A2)
1
5 (5002 +500)F) > .,
a contradiction. So Case 1.3 is impossible.

Since none of Cases 1.1-1.3 is true, Case 1 is impossible.

b, > (A1 + By + Bs)

vl Qo |

v

)+ 350w

v

Case 2. Up to a subsequence, lim,,_, |[u1,]|*> = 0 and lim, 00 [[v1,0]]? > 0.

Then similarly as in Case 1.3, we have By > S(\2)%/2. Moreover, we see from

(EII) and (B12) that

liminf |ug ¢ = lim inf |u,|$ — lim |uy,|8 > 0.
n—oo n—oo n—o0

Case 2.1. Up to a subsequence, lim,, oo [ ||? > 0 and lim,, . [[v2., % > 0.
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Then similarly as above, we see that (5.19) holds, and so
o1 1
by > lim §(|un|2 + [vnlg) > 5(Bi+ 4>+ Bs)
1-— €0
3

> % (SO +500)1) > b,

v

(SO0 +500) +2500)

a contradiction. So Case 2.1 is impossible.
Case 2.2. Up to a subsequence, lim,, oo [[ug»||* > 0 and lim, . [[v2, > = 0.
Then similarly as in Case 1.2, we have Ay > S(\;)%/2, and so

.1 1
by, > nlglgo §(|Un‘g + ‘”nlg) > g(Bl + As)

> % (s +502)1) > b,

a contradiction. So Case 2.2 is impossible.
Since neither Case 2.1 nor Case 2.2 is true, Case 2 is impossible.

Case 3. Up to a subsequence, lim,,_, |[u1,]|*> > 0 and lim, o [[v1.0]]* = 0.

By a similar argument as in Case 2, we get a contradiction. So Case 3 is impos-
sible.
Since none of Cases 1, 2 and 3 are true, we see that (5.I4) is impossible, that

is, (BI3) holds. Recall the definitions (B23)-326) of (uin,vr), (GI0) follows
directly from (BI3]). This completes the proof. O

Proof of Theorem [L3l Fix any v € (0,77). Take a sequence (u,,7,) € K, such that
J, (Up, 0y) — by, as n — oco. Recall that E(u,v) = |Vu|> +|Vv|? — \;\ﬁMQ - Q—‘%‘WP
and there exists R, > 0 such that

_ _ 1, _
[B@m) = [ B = 5wl + 1R,
Br,, RN\Bg,,

Define s s
(tn (), vn () = (RnTﬂn(Rnx), RnTﬁn(Rna:)) .

Then by a direct computation, we see that (u,,v,) € K, and J,(upn,v,) — b,.
Moreover,

1 3
(5.20) E(un,vy) = / E(un,vn) = _(Hunuil + ”vn”§\2) — 5b, > 0.
Bl ]RN\Bl 2 2

Besides, we may assume that J,(un,v,) < %(S(Al)% + 5(X2)2), and so (up,vn)
satisfy (&4)-(E@3) for all n. Then by (B.6)-(B7) of Lemma 52 we have
(5.21) lun|S > (1= 0)S(A1)2,  |unl8 > (1—20)S(A2)?, VneN.

Note that (uy,,v,) are uniformly bounded in . Then up to a subsequence, we
assume that (un,v,) = (u,v) weakly in D. Then J},(uy,v,) = 0 implies J),(u,v) =
0.

Step 1. We show that both v Z 0 and v # 0, that is, (u,v) € K,. Moreover,
Jy(u,v) = by,.

Case 1. (u,v) = (0,0).
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Then we can apply Lemma [5.3] twice with » = 1 and € = £1/4 respectively, and
there exist p*™ € (0,1/4) and p~ € (—1/4,0) such that the alternative (5.10) holds.
Then by repeating the argument of Case 1 in the proof of Theorem [[.2] with trivial

2 2
modifications, we get that [p; g = o(1), [gs 1% = o(1), and so
Sun2 g/ Vi ? :/ ug+ya/ a0 + o(1),
R3 R3 RS

swés/ |wn\2:/ v2+v/3/ | 0] + o(1).
R3 R3 R3

Denote A = liminf, o |u,|$ and B = liminf, o [v,]$; then (B2I)) yields A > 0
and B > 0. Then by Holder’s inequality it is easy to prove that

SAY < A+vaCA%, SB3 < B+ vpCoBT.
Then by (B.8)-(E9) of Lemma [5.2] we have
A>(1-¢9)S%, B> (1-¢g0)S2.
So we conclude from (G.1)) that

2—260

g3
3

.1 1
by 2> nlinéo g(‘un@ + |Un‘g) > g(A +B) >
1 3 3
> (SO)F +502)%) > by,
a contradiction. So Case 1 is impossible.

Case 2. Either u=0,vZ0or u £ 0,v =0.

Without loss of generality, we assume that u #Z 0,v=0. We see from J/,(u, v)(u,0)
=0 that

SO)ulg < Jul, = lulg,
which implies [u|¢ > S(A\;)%/2.
Case 2.1. Up to a subsequence, lim,_, ||un, — ul] > 0.

Denote w,, = u,, —u. Note that J},(un,v,) = 0. Then by the Brezis-Lieb Lemma
([7]) and Lemma 23 we conclude that

fanl, = [ wd+va [ foallenl? + (1),

fonl, = [ o+ 08 [ lanlPlonl? + o)

Denote C = liminf,,_, |w,|$; then C > 0. Then by Hélder’s inequality it is easy
to prove that

S(A)CF < C +vaCyC%, S(\)B? < B+ vpCoB%.
Then by ([B.6)-([B7) of Lemma 52 we have

(S5

C>(1-g)S(M)%, B> (1-g)S(N)?.
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So we conclude from (G.1]) that

1 1 1
by > nh_)ngo g(‘un@ + |Un|g) = §|u|g + nll)nolo §(‘wn|g + |Un|g)

1—50

Y

1 s 1 1 3
Z 2 4 > 2
3S(>\1) +3(B+C’)_3S(>\1) +
1

2 (SO0t +500)1) > b,

a contradiction. So Case 2.1 is impossible.
Case 2.2. u,, — u strongly in DY2?(R3).

Then u,, — u strongly in LS(R3). Recall that v, — 0 in DY2(R3); up to a
subsequence, u,, — u and v, — 0 almost everywhere in R?. So Lemma 2.3 yields

/ [n]* 0] :/ lun —ul*|oa]” + (1) = o(1).
R3 R3

(s +502)%)

Y

Then we have
S2)valg < llvall3, = lvalg +o(1),
so B > S(\2)%/2, and we conclude from (5.I)) that
1 1 1
b, > lim Z(funl} +[onld) > S (ulf + B) > 3 (SO0 +50w)F) > b,

a contradiction. So Case 2.2 is impossible, and thus Case 2 is impossible.
Since neither Case 1 nor Case 2 is true, we obtain that v # 0 and v # 0. Since
J (u,v) =0, thus (u,v) € K,,. Then

1 9 ool 2 . B
by < Ju(u,v) = gll(u, v)|lp < Uminf o||(un, va)llp = liminf J, (wn, vn) = by,
so J,(u,v) = by, and (up, v,) = (u,v) strongly in D. Then (B21)) implies that
(5.22) [ul§ > (1= 20)SO)%, ol > (1= 20)S (o).

Step 2. We show that neither u or v is sign-changing, so (Jul,|v|) is a positive
ground state solution of (4.

Assume by contradiction that vy # 0 and u_ # 0. By J,(u,v)(ut,0) = 0 we
obtain

SOl < usl, = [ b +va [ fusllol”
RS RS
Then
SOl < luslg + vaColuslg.
By (B6) of Lemma [5:2 we have
fusl§ > (1 - €0)S(M)*.
So we conclude from (B1)) and (522]) that
2 —2¢
3

> % (S(Al)% + S(Ag)%) > by,

a contradiction. So u is not sign-changing. Similarly, v is not sign-changing. That
is, (Jul, |v|) is a solution of J,. By the maximum principle, we see that |u| > 0 and
lv| > 0 in R3\ {0}. Since J,(|ul, |[v]) = by, then (Jul, |v]) is a positive ground state
solution of (4.

1— 3
05(N)?

1
by 2 3 (lulg +[vlg) > S(h)2 +
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Step 3. We show that b, — 1 (S(A1)*/? + S(A2)¥?) as v — 0.

From the above argument, we may assume that (u,,v,) is a positive ground
state solution of (L4) with b, = J,(uy,v,) for any v € (0,77). The rest of the
argument is similar to that in the proof of Theorem [[2] and we omit the details.
This completes the proof. O

6. PROOF OF THEOREM [[.4t THE MOVING PLANES METHOD

In this section, we will use the moving planes method to prove Theorem [[.4]
In the sequel, we assume that N =3 or N =4, a4+ =2* a > 2,8 > 2 and
A1, A2 € (0,Ay). Fix any v > 0. Let (u,v) be any a positive solution of (I4). For
A < 0 we consider the reflection

r = ($1,$2,"' ,xN) ’_>1')\: (2)\_xlax2v"' ,xN)a

where x € ¥* := {z € RN : 21 < A\}. Define u*(z) := u(z*) and v (z) := v(z});
then

u(z) = ut(z), v(z) =0 z), forxe€dv={recRY z; =A}.
Define w*(z) := u(x) — u(x) and o*(x) := v*(x) — v(z) for z € ¥*. Then
(6.1) w(z) =oMz) =0, Vaecor
Recall that (u,v) satisfies (L4]). Thus we have that

A 1 1
Aoy A A A A A A A
—Aw™(z) —Ww (2) + af ()w(z) + a5 (z)o™ (x) + Ay <W — W) u ()

A
(6.2) Zﬁwk(l”) +aq (2)w(2) + a3 (x)o ()
holds in ¥* \ {0*}, where

AN2F =1 _ 2% —1 Ma—1 _ a—1

A (u?) —u B(“ ) —u >

(6.3) aj = . — + vav T, 2 0,
NB _ B
(6.4) ay = Z/a(u)‘)o‘fl(vvz\i_vv > 0.
Similarly,
A

(6.5) ~Ao?(z) > ﬁow) + 0} (@) (@) + 0 (z)w (@)

holds in ¥* \ {0*}, where

(UA)Q*—I o ,U2*—1 (,UA),B—l o ,U,B—l

AL o
(6.6) by = - + vfu o w—— >0,
Ao «@
6.7 P = A /3—1(“)4_“ > 0.
(6.7) 2 vB(v") T
Define

O} i={z e uw(z) <0}, Q) :={rex*:o’z)<0}.
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Since u,v € L? (RN) and Q) C ¥4, there exists \g < 0 such that for any A < \o,

we have
1 A1
-(1--—]8
L)) 4 ( AN) ’

(6.9) | = 1022 4 uB(8 = 1yut?2| <2 (1_ ﬁ) s,

LN/2(Q)) 4

21, a—1, f—1||2 1 A1 A2 )
G100 000 [ gy < 5 (1 20) (17 22) 5

Step 1. We claim that for any A < Ag, both w* > 0 and o> > 0 in X\ {0*}.
Fix any A < Xg. Define w* := max{—w",0} and ¢} := max{—¢?*,0}; then
w?,0* € DV2(RY). Testing (6.2) with w? and using Hélder’s inequality and

Hardy’s inequality (L), we obtain

A
vt s [ gt [ atrp e [ adetod
o || o QX0

1
>\1 A2 A A2
< A \Vw,I + ||a1||L%(QA [w2 72+ 02

A

(6.8) H(Q* —Du? 2 +vafa — Du*"2v

[

+ [lay ||L ¥ on m)Hw/\ HL?*(Q)‘)HU 2% (23
When 6 > 1, we see from the mean value theorem that

s? —¢?

<o’ Vo<s<t
s—1

Recall that v < u in Qf and v* < v in Q3. Since o > 2 and 3 > 2, we see from
©3)-(@4) and E8)-(@E1) that
a} < (2 = Du? 2 +va(a—Du*"%P, in O},
(6.11) a3y, by <vafu* Pl in Q2 NQY,
b < (2" =10 24 uB(8 — DuvP72,  in Q.
Then we see from (68) and (I3) that

1 A

A A2 1 A2
. -(1-— \Y% .
”alHL%(ﬂN”w—”L? @) =] ( AN) /m' v

From above we obtain
3 A1
012 5 (1= 32) [ V0P <101, gy 102 iy 102 v
1
Similarly, testing (G.5)) with o we can prove that
3 A2
©13) 5 (1715 ) S TTF S 1, g 12 e a2 o
Let |2 denotes the Lebesgue measure of  in RV, If |2} N Q3| > 0, then

(6.14) / [V |? > 0, / Va2 2 > 0.
923 929

2
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Combining this with (6I11)-(6.13), (LI13) and EI0), we get

9 Al)( >‘2>/ AQ/ A2
o< —1[1—— 1-—— Vw? Voo
16( An An m' | Qg| |

A A2 A2
< ||a2 HL > meﬂ,\)H 2 ”L 5 (mmm)”“LHLz* (Q?)HO;HLz* (€23)

1 AL A2 /\2/ A2
< _ _ 2
16 (1 AN) (1 AN)/ V] QWUJ ’

a contradiction. Hence |2} N Q3| =0, and so (6.12)-(6.I3) yield

(6.15) / |Vw|? <0, / Vot |2 < 0.

25 Q3
This implies that |Q{‘| = 0 and ‘Q§‘| = 0. That is, both w* > 0 and ¢* > 0 in
YA\ {0} If w* = 0 in B2\ {0*}, then we see from (6.2) that

1 1 .
—Auw(z) >\ (W - W) ur(x) >0 in B\ {07},

a contradiction. So w* # 0 in ¥*\ {0*}. Then by the maximum principle, we
conclude that w* > 0 in ¥* \ {0*}. Similarly, o* > 0 in £\ {0*}.

Step 2. Define A* = sup{A < 0: w* > 0,0* > 0in *\ {0*}, VA < A}. Then we
claim that \* = 0.

Assume by contradiction that A* < 0. Clearly we have both w) > 0and o >0
in X2\ {0*"}. By a similar argument as in Step 1, in fact we have both w*” > 0
and ¢ > 0 in X2\ {0*"}. Take € > 0 such that

1 . 1 A1 1 Ao 1 A1 Ao 9
5<2mln{4 (1 AN>S 4(1 AN)S’, 6 <1 AN) (1 AN)S }

Then there exists a small ; € (0, |A*]) such that for any A\ € [A*, \* + d1), there
hold

6.16 @ = 1wz - Due| ’
( ) ( )u + Va(a )U' v LN/Q(EA\Z/\*) -
* _ 1)p2 2 oy B2
(6.17) H(2 +vB(B—1u HLN/Q(EA\EA*) -7
o1 B1112
(6.18) (vap)? HU P 1’|LN/2(Z>‘\Z>‘*) s

Meanwhile, since w*” > 0 and ¢*" > 0 in ¥*" \ {0*"}, by convergence almost
everywhere and thereby in the measure sense of (w*,v*) = (w*",v*") in V", we

have that

lim [[(2* — Du? "2 + va(a — 1)u*2 ﬁH =0,
A A" LN/2(Q2N52")

: * 2% -2 _ a, -2 _
Ahi&l* (2" =1 + VBB — Lt HLN/Q(QQHE”) b

. 2 —1, 8—1]|2 _
,\li,n,\l*(’/aﬁ) [[u~to HLN/"’(QfﬂQé\ﬁE**)_O'
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Then there exists d2 € (0, d1) such that for any A € [A\*, \* + J3), there hold

H(Z* —1)u? 2 4+ vafo — 1)u0‘72UBH <
LN/2(QXNE)

- 2% -2 _ a, B—2
H(2 L +vB(B = Duv HLN/’Z(Q;mEA*) o

(vaB)? HuailvﬁilHiN/2(Qi‘ﬁQ§‘ﬂE>‘*) <e.

Recall that Q} C ¥*. Combining these with (6.16)-([6.15)), we see that (6.8)-(6.10)
hold for any A € [A\*,\* + d2). Then repeating the proof of Step 1, we conclude
that for any A € [A\*, \* + d2), w* > 0 and o* > 0 in ¥* \ {0*}, which contradicts
the definition of A*. Therefore \* = 0.

Step 3. We claim that both u and v are radially symmetric with respect to the
origin.

With the help of Steps 1 and 2, this argument is standard. Since \* = 0, then
we can carry out the above procedure in the opposite direction, namely moving
the parallel planes in the negative x; direction from positive infinity. Then they
must stop at the origin again, and so we get the symmetry of both u and v with
respect to 0 in the z; direction by combining the two inequalities obtained in the
two opposite directions. Since the direction can be chosen arbitrarily, we conclude
that both v and v are radially symmetric with respect to the origin. This completes
the proof of Theorem [[.4 a

o

7. UNIQUENESS RESULTS FOR THE SPECIAL CASES A\; = Ay AND o = 3 = 5

When A\; = Ag, some uniqueness results about ground state solutions of ([.27)
were obtained by the authors in [12][13]. We remark that, by using the same ideas
as in [121[13], these results also hold for problem (I4) if we assume N >4, A\ = Ay
and @ = 8 = 27 First we consider the case N = 4; then we have the following
result, which improves Theorem in case A1 = Ao.

Theorem 7.1. Assume that N =4, A\y = 2 € (0,1), a=8=2and v > 0.

(1) Ifv #1/2, then for any p > 0, ((1+2v)~Y22] (1+2v)7Y/22}) is a ground
state solution of (L4l), with

1
71 =4, ((1 +20) 722 (14 20) 1/%;) - msm)?
Moreover, the set {((1+ 2u)_1/2zi, (1+ 21/)_1/22:}) : > 0} contains all
positive ground state solutions of (LA).
(2) If v = 1/2, then for any p > 0 and 6 € (0,7/2), (sinf z,,cos6z}) is
a ground state solution of (L) and c1/2 = $5(A1)%. Moreover, the set
{(sinfz}, cosfz,) : p> 0,0 € (0,7/2)} contains all positive ground state

w

solutions of (4.

Proof. (1) This result can be obtained by repeating the proofs of [12, Theorem 1.1
and Theorem 1.2] with trivial modifications. We omit the details.

(2) This result can be obtained by repeating the proofs of Theorem B.I}(2) with
trivial modifications. We omit the details. 0
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Remark 7.1. As pointed out in the Introduction, by [33] we know that Z; contains
all positive solutions of (L8). Here, for the case where N =4, \; = Ay € (0,1),
a=8=2v>0and v # 1/2, we conjecture that the set {((1 + 2v) /2.,
(1+ 21/)’1/22;) : 0 > 0} contains all positive solutions of (L4]).

Now we consider the case N > 5. Denote p = % for simplicity. Consider

Pt 4 prkz—1% =1,
(7.2) prkzlE—t 4 pl =1,
k>0, 1>0.

Let v > 0. By a direct computation, it was proved in [I3] Lemma 2.1] that there
exists (ko,lp), such that

(7.3) (ko, lo) satisfies (T.2) and ko = min{k : (k,l) is a solution of ([T2)}.
Then we have the following uniqueness result.
Theorem 7.2. Assume that N > 5, A\ = Ay € (0,An) and a = =p = 2 If

2
v > %, then for any p > 0, (\/kozi, \/Ez;) is a positive ground state solution of

(L4). Moreover, the set {(v/koz),, VIoz),) : 1 > 0} contains all positive ground state
solutions of (4.

Proof. This result can be obtained by repeating the proofs of [13, Theorem 1.1 and
Theorem 1.2] with trivial modifications. We omit the details. g
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