TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 367, Number 5, May 2015, Pages 3161-3187
S 0002-9947(2015)06047-4

Article electronically published on January 20, 2015

L,-BLASCHKE VALUATIONS

JIN LI, SHUFENG YUAN, AND GANGSONG LENG

ABSTRACT. In this article, a classification of continuous, linearly intertwining,
symmetric Lp-Blaschke (p > 1) valuations is established as an extension of
Haberl’s work on Blaschke valuations. More precisely, we show that for dimen-
sions n > 3, the only continuous, linearly intertwining, normalized symmetric
Lp-Blaschke valuation is the normalized Lp-curvature image operator, while
for dimension n = 2, a rotated normalized Lp-curvature image operator is the
only additional one. One of the advantages of our approach is that we deal
with normalized symmetric L;-Blaschke valuations, which makes it possible to
handle the case p = n. The cases where p # n are also discussed by studying
the relations between symmetric Lp-Blaschke valuations and normalized ones.

1. INTRODUCTION

A wvaluation is a function Z : Q — (G, +) defined on a class of subsets of R™ with
values in an Abelian semigroup (G, +) which satisfies

(1.1) Z(KUL) + Z(KNL)=ZK + ZL,

whenever K, L, K UL, K NL € Q. In recent years, important new results on the
classification of valuations on the space of convex bodies have been obtained. The
starting point for a systematic investigation of general valuations was Hadwiger’s
[11] fundamental characterization of the linear combinations of intrinsic volumes as
the continuous valuations that are rigid motion invariant (see [IH3,22] for recent
important variants). Its beautiful applications in integral geometry and geometric
probability are described in Hadwiger’s book [10] and Klain and Rota’s recent book
[12).

Excellent surveys on the history of valuations from Dehn’s solution of Hilbert’s
third problem up to approximately 1990 are in McMullen and Schneider [32] or
McMullen [31].

First results on convex body valued valuations were obtained by Schneider [39]
in the 1970s, where the addition of convex bodies in (L)) is the Minkowski sum. In
recent years, the investigations of convex and star body valued valuations gained
momentum through a series of articles by Ludwig [I8H21] (see also [4H8,[34L35]41],
43[44]). A very recent development in this area explores the connections between
these valuations and the theory of isoperimetric inequalities (see, e.g., [9L36L42]).
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Assuming compatibility with the general linear group, Ludwig [20] obtained a
complete classification of L,-Minkowski valuations, i.e., valuations where the addi-
tion in (L)) is the L,-Minkowski sum. Her results establish simple characterizations
of fundamental operators like the projection or centroid body operator. Haberl [6]
established a classification of all continuous symmetric Blaschke valuations, where
addition in (LIJ) is the Blaschke sum “#”, compatible with the general linear group.
For n > 3, the only two examples of such valuations are a scalar multiple of the
curvature image operator and the Blaschke symmetrical ZK = K#(—K). For
n = 2, Blaschke sum coincides with Minkowski sum; a classification is provided by
Ludwig’s results [20].

In this paper, we extend Haberl’s [6] results in the context of the L,-Brunn-
Minkowski theory when p > 1 for n > 2. To treat the case that p = n when n is
not even at the same time as the case for general p > 1, we deal with normalized
symmetric L,-Blaschke valuations (that is, the addition in (L)) is the normalized
L,-Blaschke sum). For m > 3, the only example (up to a dilation) of a con-
tinuous, linearly intertwining, normalized symmetric L,-Blaschke valuation is the
normalized Ly-curvature image operator. For n = 2, the rotation of the normalized
L,-curvature image operator by an angle /2 is the only additional example. As
by-products, by the relationship between symmetric L,-Blaschke valuations and the
corresponding normalized case, we also classify continuous, linearly intertwining,
symmetric Ly-Blaschke valuations for p # n.

Since the classification of L,-Blaschke valuations is based on Ludwig’s results
[20], some other classifications of Minkowski valuations should be remarked upon
here. Schneider and Schuster [41] and Schuster [43] classified some rotation covari-
ant Minkowski valuations. Schuster and Wannerer [44] classified GL(n) contravari-
ant Minkowski valuations without any restrictions on their domain. Very recently,
Haberl [7] showed that the homogeneity assumptions of p = 1 in Ludwig [20] are
not necessary, and Parapatits [34}35] showed that the homogeneity assumptions of
p > 1 in Ludwig [20] are also not necessary. But the homogeneity assumptions are
still needed in this paper.

In order to state the main result, we collect some notation. Let K™ be the space
of convex bodies, i.e., nonempty, compact, convex subsets of R", endowed with
Hausdorff metric. We denote by K the set of n-dimensional convex bodies which
contain the origin, and by EZ the set of convex bodies which contain the origin.
The set of n-dimensional origin-symmetric convex bodies is denoted by 7.

We will always assume that p € R and p > 1 in this paper, unless noted otherwise.

In [26], Lutwak introduced the notion of the L,-surface area measure S, (XK, -)
and posed the even L,-Minkowski problem: given an even Borel measure p on
the unit sphere S”~!, does there exist an n-dimensional convex body K such that
= Sp(K,-)? An affirmative answer was given, if p # n and if 1 is not concentrated
on any great subsphere. For p # n, using the uniqueness of the even L,-Minkowski
problem on K7, the L,-Blaschke sum K#,L € K of K,L € K was defined by
Sp(K#,L, ) = Sp(K,-) + Sp(L,-). Thus K7 endowed with the L,-Blaschke sum is
an Abelian semigroup which we denote by (K7, #,).

The volume-normalized even L,-Minkowski problem, for which the case p = n
can be handled as well, was introduced and solved by Lutwak, Yang, and Zhang
[30]. If 4 is an even Borel measure on the unit sphere S™"~! then there exists a
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unique n-dimensional origin-symmetric convex body K such that

Sp(l}a ) _
(1.2) VR [

if and only if p is not concentrated on any great subsphere, where V(I? ) is the
volume of K.

The volume-normalized even L,-Minkowski problem also suggests the following
composition of bodies in K. For K, L € K7, we define the normalized L,-Blaschke
sum K#Z,L € K} by

Sp(B#,L.)  Sp(K,)  Sp(L,)

V(K+#,L) V(K) V(L)

Obviously the existence and uniqueness of K %EPL are guaranteed by relation (2]).
Also K7 endowed with the normalized L,-Blaschke sum is an Abelian semigroup
which we denote by (K7, %ﬁp>.

We call a valuation Z : KV — (KZ, #,) a symmetric L,-Blaschke valuation, and

a valuation Z : K7 — (K72, %EZ,) a normalized symmetric Ly,-Blaschke valuation.

A convex body K, which contains the origin in its interior, is said to have an
L,-curvature function f,(K,-): S"~! — Rif S,(K,-) is absolutely continuous with
respect to spherical Lebesgue measure o, and

ds,(K,-)
do(-)
almost everywhere with respect to o.

For p > 1 and p # n, the symmetric L,-curvature image ALK of K € K} is
defined as the unique body in K7? such that

= f;D(Ka )

1 1
fp(Azc)K> ) = §p(K7 .)n-&-p + §p(_K7 .)n-i-p’

where px (1) = p(K,-) : "' — R is the radial function of K, i.e., p(K,u) =
max{A > 0:Au € K}. When p = 1, this is the classical curvature image operator,
a central notion in the affine geometry of convex bodies; see e.g., [I5LI6L23H2527].
When p > 1, it should be noticed that the definition of the L,-curvature image
operator here differs from the definition of Lutwak [28§].

For p > 1, the normalized symmetric Ly-curvature image /NVgK of K € KJ) is
defined as the unique body in K7 such that

PE. .
M (lp(Ka .)n+p + lp(_K7 .)ner).
VLK) 2 2

Remark. By the uniqueness of the even L,-Minkowski problem and the volume-
normalized even L,-Minkowski problem, if p > 1 and p # n, it follows that

V(APR)YPWAPK = APK.

An operator Z : @ — (P(R™), +), where PB(R™) denotes the power set of R™, is
called SL(n) covariant if

Z(¢K) = pZK
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for every K € Q and ¢ € SL(n). It is called SL(n) contravariant it
Z(¢K) = ¢ 'ZK

for every K € Q and ¢ € SL(n). Here, ¢! denotes the inverse of the transpose of
¢. We call Z homogeneous of degree q € R if

Z(AK) = NZK

for every K € Q and A > 0, and we call Z homogeneous if it is homogeneous of
some degree ¢ € R. If Z is homogeneous and SL(n) covariant or contravariant,
then we call it linearly intertwining.

Our main results are the following two theorems.

Theorem 1.1. Letn > 2. Forp > 1 and p not an even integer, the operator
Z Kl — (K2, #,) is a continuous, homogeneous, SL(n) contravariant valuation
if and only if there exists a constant ¢ > 0 such that

ZK = cAPK
for every K € K.

Theorem 1.2. Letn > 3. Forp > 1 and p not an even integer, there are no contin-
uous, homogeneous, SL(n) covariant normalized symmetric L,-Blaschke valuations
on K7.

For p > 1 and p not an even integer, the operator Z : K2 — (ng,%ép) 5 a
continuous, homogeneous, SL(2) covariant valuation if and only if there exists a
constant ¢ > 0 such that

ZK = ciprnAPK
for every K € K2. Here Yy 2 is the rotation by an angle 7/2.

Theorems 1.1 and 1.2 establish a classification of continuous, linearly intertwin-
ing, normalized symmetric L,-Blaschke valuations on K} when p > 1 and p is not
an even integer. For p = 1, Haberl [6] obtained a complete classification of continu-
ous, linearly intertwining symmetric Blaschke valuations and we can easily get the
corresponding results in the normalized case by reversing the process of Theorem
B3l and Theorem [5.41 Therefore we state the results here only for p > 1.

In Section 2, some preliminaries are given. The aim of Section 3 is to derive
the characterizing properties (stated in Theorem 1.1) of the normalized symmetric
L,-curvature image operator /N\{j . In Section 4, Lemma 4.1 - Lemma 4.5 generate
a homogeneous, SL(n) covariant L,-Minkowski valuation on KZ by a continuous,
homogeneous, SL(n) contravariant normalized symmetric L,-Blaschke valuation
on K. Using properties of the support set of the L,-projection bodies established
in Lemma and characterization theorems of L,-Minkowski valuations [20], we
classify continuous, homogeneous, SL(n) contravariant normalized symmetric L,-
Blaschke valuations. In a similar way, we also classify continuous, homogeneous,
SL(n) covariant normalized symmetric L,-Blaschke valuations. In Section 5, from
the relationship between normalized symmetric L,-Blaschke valuations and sym-
metric Ly-Blaschke valuations (Lemma 5] and Lemma [(.2]), we also classify con-
tinuous, linearly intertwining, symmetric L,-Blaschke valuations on C}} for p # n
(see Theorem [53] and Theorem [B.4]).
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2. PRELIMINARIES

We work in Euclidean n-space R™ with n > 2. Let {e;},i = 1,--- ,n, be the
standard basis of R™. The usual scalar product of two vectors z and y € R" shall be
denoted by z-y. Forue S" ' u= ={z e R" :z-u <0}, u" ={z € R" : z-u >0}
and ut = {z € R" : x-u = 0}. The convex hull of a set A C R" will be
denoted by [A]. To shorten the notation we write [A,+xq, -, £x,,]| instead of
[AU{z1,—21, Ty —2}] for ACR™ m €N, and x1,- -+ ,2,, € R". In R? we
write ¢ /5 for the rotation by an angle /2.

The Hausdorff distance of two convex bodies K, L is defined as d(K,L) =

max |hi(u) — hp(u)|, where hg : R™ — R is the support function of K € K",
uesS"

ie, hg(x) = max{z -y : y € K}. Sometimes we also write hx(-) as h(K,-). If
f:R™ — R is a sublinear function (i.e., f(Ax) = Af(z) for every A > 0 and x € R™;
flz+y) < f(x)+ f(y) for every z,y € R™), then there exists a unique convex body
K such that f = hg.

Let S(K,-) be the classical surface area measure of a convex body K. If K
contains the origin in its interior, the Borel measure S,(K, ) = hg(-)'"PS(K,-) on
St is the L,-surface area measure of K.

For K,L € K™ and «,8 > 0 (not both 0), the Minkowski linear combination
aK + BL is defined by aK + L = {ax + By : « € K,y € L}. For K, L € EZ
and o, 8 > 0, the L,-Minkowski linear combination o - K +, - L (not both 0) is
defined by h(a - K +, 8 L,u)? = ah(K,u)? + Bh(L,u)? for every u € S"~!. Note
that “” rather than “.,” is written for L,-Minkowski scalar multiplication. This
should create no confusion. Also note that the relationship between L,-Minkowski
and Minkowski scalar multiplication is o - K = a'/PK.

For p > 1, the L,-mixed volume V,,(K, L) of the convex bodies K, L containing
the origin in their interiors was defined in [26] by

%VI,(K,L) ~ lim V(K+pe-L)— V(K)7

e—0t 5

where the existence of this limit was demonstrated in [26]. Obviously, for each K,
Vo(K,K) =V (K). It was also shown in [26] that the L,-mixed volume V), has the
following integral representation:

1
V(K. L) = /S B u)pdS, (K ).

For p > 1, the L,-cosine transform of a finite, signed Borel measure p on S"~!
is defined by

Cop(x) = / |z - vPdp(v), © € R™.
S7L71

Similarly, the L,-cosine transform of a Borel measurable function f on S™~! is
defined by

(Cpf)(x) = /S"i1 |z - v? f(v)do(v), z € R",

where o is the spherical Lebesgue measure. An important property of this integral
transform is the following injectivity behavior. If p is not an even integer and p is
a signed finite even Borel measure, then

(2.1) / |u - v[Pdu(v) =0 forallu € S" ' = =0
Sn—1
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(see, e.g., Koldobsky [13[14], Lonke [I7], Neyman [33], and Rubin [37,138]).
For p > 1, the L,-projection body, 11,K, of a convex body K containing the

origin in its interior is the origin-symmetric convex body whose support function is
defined by

BT, K, u)? = / - v[PdS, (K, v)
Snfl
for every u € S"~!. The notion of the L,-projection body (with a different nor-

malization) was introduced by Lutwak, Yang, and Zhang [29].
It is proved in [29] that

I,¢K = |det ¢|/Pp I, K
for every ¢ € GL(n). Then we immediately get

(22) €y, (0K.,)(x) = | det 61C, S, (I, ) (67'x)
and
(2) 6, ) = 6,28 o),

The notion of the L,-centroid body was introduced by Lutwak, Yang, and Zhang
[29]: For each compact star-shaped (about the origin) K in R™ and for p > 1, the
L,-centroid body I', K is defined by

(2.4) BT, K,u) = (m /K @ - ufPda) /P

for every u € S"~!, where the constant Cn.p 18 chosen so that I',B = B. For p = 2,
the I's-centroid body is the Legendre ellipsoid of classical mechanics. It is easy to
see that

(2.5) 0K = T, K
for every ¢ € GL(n). We also can rewrite relation ([24)) for the L,-cosine transform:
1
hIp K, u)P = Cppi?
( p ,’LL) (n—|—p)cn7pV(K)( pPK )(u)
_ 1 l n—+p l n+p
D)Cn,p

3. NORMALIZED SYMMETRIC Lp—CURVATURE IMAGES

In this section, we will show that the normalized symmetric L,-curvature im-
age operator T\g is a continuous, homogeneous, SL(n) contravariant normalized
symmetric L,-Blaschke valuation.

We remark that a valuation Z : Q@ — (P(R"™),+) is SL(n) covariant and homo-
geneous of degree ¢ if and only if it satisfies

—1

(3.1) Z(¢K) = (det ¢) = ¢pZK

for every K € Q and ¢ € GL(n) with positive determinant. Similarly, a valuation
Z is SL(n) contravariant and homogeneous of degree ¢ if and only if it satisfies

(3.2) Z(¢K) = (det ) ¢ ZK
for every K € Q and ¢ € GL(n) with positive determinant.




L,-BLASCHKE VALUATIONS 3167

To prove that /~\§ is a continuous valuation, we will first show the following
lemma.

S{}((I;()) weakly,

Lemma 3.1. If K;, K € K, i = 1,2,---, such that Sp(Ki)

V(K,)
then K; — K.
Proof. First, we want to show that {K;} has a subsequence, {K;, }, converging to
an origin-symmetric convex body containing the origin in its interior (the proof is

similar to [30, Theorem 2]).
Define fx(u) by

1 dS,(K,v)
P _ L y|p 2P
fx(w) n/sf RS
SP(KV)

Thus fk(u) is a support function of some convex body. Since () is not concen-

trated on any great subsphere, fx(u) > 0 for every u € S"~!. By the continuity
of fr(u) on the compact set S !, there exist two constants a,b > 0, such that
%a > fr(u) > 2b for every u € S"~1. Since S{’/((I;)) — S{}((I;()) weakly, we get
fx.(u) = frx(u). The convergence is uniform in u € S"~1 by [40, Theorem 1.8.12].
Hence a > fx, > b for sufficiently large ¢ uniformly.

In order to show that K; is uniformly bounded, define real numbers M, and
vectors u; € S"1 by

Mi = max h(Kz,u) = h(KIL,’UJZ)
uesSn—1

Now, M;[—u;,u;] C K;. Hence M;|u; - v| < h(K;,v) for every v € S~1. Thus,

1 dS,(K;,v)
Mpbp<M-p—/ w; - v|P =
¢ —'n 577/—1| | V(Kz)

< l/ h(Ki ,U)pdS:D(Ki?U) — VP(KHKZ)
n Jon-1 V(K;) V(K;)

for sufficiently large ¢. Hence K; is uniformly bounded. By the Blaschke selection

theorem, there exists a subsequence {K;,} converging to a convex body, say K'.

Since K, are origin-symmetric, K’ is origin-symmetric. Define real numbers m;

and vectors u, € S"! by

m; = min h(K;,u) = h(K;,u}).

ueSn—1

=1

The property a > fk, for sufficiently large ¢ uniformly, together with Jensen’s
inequality, shows that

e (l/sn_l ! |pdS‘1}((I[?,U))% _ (1/ I, - ol )ph(Ki,v)dS(Ki,v))%

i

“'n ) n Jgn-1 h(K;,v) V(K;)
l/ Juf - v| h(EKG,v)dS(Kv) 2V (K| (uf) )
n Sn—1 h(Ki,’U) V(Kz) nV(Kz) '

Since K; is contained in the right cylinder K;|(u})® x m;[—u!, u}], we have
2m; V (K;|(uj)*) > V(K;). Thus,
ToANE
L W)Y | 1
B ’I’LV(Kl) - nm;

a
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which shows m; > % for sufficiently large i. Hence

iB C K,

na
where B is the unit ball in R™. Thus, K’ contains the origin in its interior. The
first step is complete.

Next, we argue the assertion by contradiction. Assume K; -» K; then there ex-
ists a subsequence, { K;; }, such that d(K;,, K) > ¢ for a suitable ¢ > 0. Since {Kj, }
also satisfies the condition of this lemma, from the conclusion above, there exists a
subsequence of { K, }, say {Kijk }, converging to an origin-symmetric convex body,
Sp(Ki; ) ’

TR~ b
By the uniqueness of weak convergence and the normalized even L,-Minkowski
problem, we get K;; — K " = K, which is a contradiction. (Il

say K', containing the origin in its interior. Thus, weakly.

Theorem 3.2. The normalized symmetric L,-curvature image operator T\g KD —
(K2, #p) is a continuous, SL(n) contravariant valuation which is homogeneous of
degree — 3 —1. Moreover, thr /5 AL : K2 — (K2,#,) is a continuous, SL(2) covariant
valuation which is homogeneous of degree —% —1.
Proof. To prove that KQ is a normalized symmetric L,-Blaschke valuation, we just
need to show
(33) SP(AN;g(K U L)v ) + Sp(/}fc)(K N L)’ ) _ Sp(/}fc)K’ ) Sp(‘//\fchv )
V(AR(K UL)) V(AR(K N L)) V(ALK) V(ALL)
for every K, L, K UL, K N L € K. Since
PUK UL )™ 4 p(K 0 L) = p(I, )P 4 p(L, )",
P UL), ™7 4 p(—(K (L), )P = p(—K, )™ 4 p(—L, )7

for every K, L, K UL, K NL € K, it follows from the definition of /N\’C’, that the

0

relation ([B3) is true. Hence the valuation property is established.

To prove homogeneity and SL(n) contravariance of AP, by relation ([32), we
need to show

(3.4) A2OK = (det ¢)~ VP tAPK

for every ¢ € GL(n) with positive determinant. Indeed, the definition of 7\5 , the
relations (28) and (26]), together with (23], imply that

5 (K;Z(ZSKv) _ 1 n-+ 1 n-+
CPW(U) = (Cp(§P¢Kp §P_¢§<))(u)

= (n + p)cn,pv(¢K)h(Fp¢Ka u)p

= |det ¢|(n + p)en,pV (K)h(Tp K, ¢'u)?

Sp(APK, )
vark)

_ ¢ Splldet ¢ Pyt APK, )

7 V(| det ¢ M/PgtAZK)

= |det ¢|C)

(u).
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The injectivity property (2.)) and the uniqueness of the volume-normalized even
L,-Minkowski problem now imply relation (3.4).

If K; — K, then p(K,, ) — p(K,-) almost everywhere with respect to spherical
Lebesgue measure (see [0, Lemma 1]). Hence

(5p(Ki, ) P4 oP(=Ki) ) = (5p(K, ) P+ FP(=K,) )

almost everywhere. Since (3p(Kj, )" + 1p(—K;,-)"™P) are uniformly bounded,
Sp(APKi) _ Sp(APK.) APK. s A
N‘I;(KEKi) ‘I;(T\EK) weakly. Hence, by Lemma Bl we get ALK; — APK. Thus,
APK is a continuous valuation.

If ¢ € SL(2), we have ) 20" "p_r /5 = ¢. Then we get

U j2APOK = 1T ALK = e 190" 00 j9thr jo AP K = @) ;g AP

for every K € K. Since the operator /5 is continuous, we obtain that /QK{; is

continuous. Moreover, it is easy to verify that ¢, /27\5 is a normalized symmetric
L,-Blaschke valuation which is homogeneous of degree —% — 1. Hence, ¢ /2AL is a
continuous, SL(2) covariant normalized symmetric L,-Blaschke valuation which is
homogeneous of degree —% -1 O

4. NORMALIZED L,-BLASCHKE VALUATIONS

In this section, for the contravariant and covariant case, respectively, we establish
our classification results for continuous, linearly intertwining, normalized symmetric
L,-Blaschke valuations.

We remark first the fact that the SL(n) covariance (or contravariance) and ho-
mogeneity of a valuation Z : K, — (B(R™),+) are completely determined by the
restriction of Z to n-dimensional convex bodies if the Abelian semigroup (B(R™), +)
has the cancellation property. (Actually this property is generalized from Lemma
4 and Lemma 9 of Haberl [6], and the proof of this property is almost the same as
Haberl’s.)

Lemma 4.1. If Z : K, — (BR"),+) is a valuation which is SL(n) covariant
(or contravariant) and homogeneous of degree q on n-dimensional convex bodies,
and (P(R™),+) has the cancellation property, then Z is SL(n) covariant (or con-
travariant respectively) and homogeneous of degree q on KZ.

Proof. In the covariant case, we have to show that

(4.1) ZoK = (det ¢) " ¢ZK

for every K € K, and ¢ € GL(n) with positive determinant. Let dim K = n — k,
where 0 < k < n. We prove our assertion by induction on k. Indeed, (&IJ) is true
for k = 0 by assumption. Assume that (@) holds for (n — k)-dimensional convex
bodies and dim K = n — (k+1). Choose u ¢ lin K, where lin K denotes the linear
hull of K. Clearly [K,u], [K,—u], [K,u,—ul], ¢[K,u], ¢[K,—u], ¢[K,u, —u] are of
dimension n — k, and

[Kau] U [K’ _u} = [Kau, _u}’ [K’u] N [Kv _u] =K,
Qb[Kvu} U¢[K7 _u] = ¢[K7u7 _u]> ¢[K=u] ﬂ¢[K= _u] = oK.
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Since Z is a valuation,
ZoK + Zo|K,u, —u| = Zg|K,u]| + Z¢[K, —u].
With the induction assumption, we get
ZoK + (det ¢)
So,

g—1 q

T GZK, u,—u] = (det ¢) T GZ[K, u] + (det )T $Z[K, —u].

q

(det @)~ " ¢ ZoK + Z|K,u, —u] = Z|K,u] + Z[K, —u).
By the cancellation property of (JB(R"), +), combined with the relation
ZK + Z|K,u,—u| = Z[K,u]| + Z|K, —u],
we have
(4.2) (det )~ " ¢~ ZoK = ZK.

This immediately proves that ([&I]) holds for bodies of dimension n —k — 1.
The contravariant case is proved similarly to the covariant case. ]

Since K endowed with L,-Minkowski sum is an Abelian semigroup which has
the cancellation property, we immediately get the following.

Lemma 4.2. If Z : K, — (K", +,) is a L,-Minkowski valuation which is SL(n)
covariant (or contravariant) and homogeneous of degree q on n-dimensional convex
bodies, then Z is SL(n) covariant (or contravariant respectively) and homogeneous
of degree q on EZ.

4.1. The contravariant case. First, we reduce the possible degrees of homogene-

ity of continuous, SL(n) contravariant normalized symmetric L,-Blaschke valua-
tions.

Lemma 4.3. If 7 : KI' — (K7, %Ep> is a continuous, SL(n) contravariant valuation
which is homogeneous of degree q, then ¢ < —1.

Proof. Suppose K € K" is an arbitrary convex body and that K Ne} and K Ne;,
are n-dimensional. For every positive s we have

[KNet, tse, )UK Ne,,tse,] = [K, £se,],

[KNel, +se,]N[KNe,,+se,] = [K Nel, +se,].

Since Z is a normalized symmetric L,-Blaschke valuation, we have

Sp(ZIK N e, +sen], )
P V(ZIK Nnetl, +se,)) (e1)
L Sp(ZIK Net, Esey), ) Sp(Z1K Ne,,tsey],-)
“O V2K net, gsen]) TV ZEK A er Esen])
Sp(ZK, £sey),-)
(43) ~ VIR, teen) V)

Define a linear map ¢ by

(e1)

pe; =e;j,t=1,--- ,n—1, ¢e, = se,.
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From the SL(n) contravariance and homogeneity of Z as well as relations (3.2) and

23), we get

Sy (Z[K Ne;t, Esen], )(e):C (%qﬁ ZIK Net, +en],-)
PV(ZIKNek, Esen]) T T V(s ot Z[K Net, +en))
—itvp ., Sp(Z [K Nel, +e,l,-)

P V(ZIK Net, +e,))

(e1)

(¢t61).

Since |e; - u| > 0 for all u € S"~ !\ ef, and the L,-surface area measure of n-
dimensional bodies is not concentrated on any great sphere, we conclude that

S,(Z[K Nei, +en], )
P V(ZIK Nel, +e,))
1

= L a|P
V(ZIK Nel, +e,]) /STH ler - ulPdS,(Z[K N e, +e,],u) > 0.

n’

(¢'er)

Moreover, we have

111(1)1 [KNnet, +se,] = Knet,
s—
lim [K Ne,,+se,] = KnNe,,
s—0+
lim [K,+se,] = K.
s—0+t

Hence the continuity of Z and volume, together with the weak continuity of L,-
surface area measures, imply that the right side of (4.3]) converges to a finite number

as s — 07. This implies w >0,s0q< —1. O

In the next two lemmas, we will show how to generate a homogeneous, SL(n)
covariant L,-Minkowski valuation on K, by a continuous, SL(n) contravariant
normalized symmetric L,-Blaschke valuation which is homogeneous of degree ¢ on
K7, where ¢ < —1.

Lemma 4.4. Let Z : K — (K7, %ép> be a continuous, SL(n) contravariant valua-
tion which is homogeneous of degree ¢ = —1. Define the map Z : EZ — <KZ, +p)
by

C, 52K, ) (x), dim K = n,

h(71K7$)p:{ ps‘,/(?;?ib. by, .
Cp \}}((Z[[Ky,:tbl;:ll),m),:tbn]]7))(T‘—Kx)u dim K =k <n,

for every x € R™, where the bg11,- -+ , b, are an orthonormal basis of the orthogonal
complement of lin K and mg is the orthogonal projection onto lin K. Then Z1 is
an SL(n) covariant L,-Minkowski valuation which is homogeneous of degree 1.

Proof. In order to show that Z; is well defined, suppose that dim K = k < n and
bri1, -+ by as well as cpy1,- - - , ¢, are two different orthonormal bases of (lin K)*
Fix an orthonormal basis by,--- , by of lin K. Denote by 6§ a proper rotation with
0b; =b;, i =1,--- ,k, and 0b; € {£¢;}, i =k+1,--- ,n. Then the contravariance
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of Z and relation (23] induce that

C SP(Z[K>:|:C]€+17"' ,:l:Cn],')
P V(ZIK, *epq1, -, en))

. Sp(ZOIK, £bgy 1, -+, £by), )
(rgx) =C) V(ZO[K, bjy1,- - ,£by))
Sp(0Z[K, £bg i1, bal, )

(TKT)

=G V(0Z[K, £bpsr, -, £bn)) (i)
Sy (ZIK, £bpsr, - Ebal,)
pu— 0
PV (Z[K, £bpsr, -, Ebn]) (07 i)
_ ¢ SoZIE Eig, o £, ) (1xa).

P V(ZIK, £bgi1, -, b))

Thus, Z; is well defined.

Next, we show that Z; is an L,-Minkowski valuation. Suppose that K, L € K:
such that K UL € K: and let k be an integer not larger than n. If dim(KUL) =k,
then one of the following four cases is valid:

(1) dimK =k, dmL =k, dmKNL=Fk, 0<k <n,
(2;) dmK =k, dimL =k, dimKNL=k—-1, 1 <k <mn,
(3k) dimK =k, dimL =k —1, 1 <k <mn,
(4) dimK =k —1,dimL =k, 1 <k <n.
The valuation property trivially holds true for the cases (3;) and (4f), since we
have L. C K and K C L respectively in these situations. Therefore it suffices to
prove
h%l(KUL) + h%l(KﬁL) - h%lK + h%lL
for the cases (1;),0 < k <n, and (2;),1 <k < n.
Let us start with the easy case (1,,). The valuation property of Z implies
SP(Z(KUL)v') SP(Z(KHL)W) SP(ZK7') + SP(ZL7')

V(Z(KUL)) V(Z(KNL)) V(ZK) V(ZL) ’
and thus
SWZEUL).) | o S Z(KN L)) _ . S,(ZK, )

P V(Z(KUL)) PV(Z(KNL) P V(ZK)

S,(ZL,")
+ O

Hence the definition of Z; immediately proves the assertion. Next we deal with the
case (1), 0 < k < n. Note that

[K7 :l:bk+17" : >:l:bn] U [L7 :l:bk:+17"' 7:l:bn} = [KUL7 :l:bk?+17"' 7:l:bn]7
[K7 ibk-‘rh" : 7ibn] N [La :tbk:-ﬁ—la"' 7j:bn} = [KQL, :tbk?-ﬁ-la"' 7j:bn]

Since lin K = lin L = lin (K UL) =lin (K N L), we have T2 = T2 = T(gur)T =
T(knr)T- With the valuation property of case (1,) proved above, we get

c Sy(ZIK UL, +bgy1,-- ,£by),)
P V(ZIK UL, %bjyq,- - ,£by))
_c Sp(Z|K, £bgi1, -+, Eby], ")
P V(ZIK, £by, -, b))

SI)(Z[K n L7 :I:bk+17 R ibn]’ )
@)+ O 2R L T b)) P
Sy(ZIL, £bysr, -, +by], )
@)+ o 2T e, b)) &)

for every x € R™. Changing x to mxx, we get the positive assertion of the case

(1k)-
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Now we consider the case (2;), 1 < k < n. It is enough to show

(4.4) hpZK + h%l(KﬁuJ-) = h%l(Kﬂu+) + hpzl(zmuf)

for dim K = k and a unit vector v € lin K such that K Nu™, K Nu~ are both
k-dimensional. Notice that if kK = n, then mgx = z. So we will prove the case (2)
without distinguishing between £k = n and k < n. Let b1,--- , b, be an orthonormal
basis of R™ such that lin K = lin {by,---,bx}, and u = bg. With the valuation
property of case (1;) proved above, we have

Sp(Z[Ka :l:Sbk7 :I:bk+17 e a:l:bn]v )

vV (2K, Zbr, Ebrsa.-  2bu]) (i)
Z[K Nbi, +£sby, £b cee by, -
+CpSp( [K'N 11’ S0, TOk41," ", ] )(ﬂKx)
V(Z|K Dby, £sby, Tbgg1,- -+, £by])
S, (ZIK Nb, Esby, b1, -+, Eby), )
= %p T (TrT)
V(Z[Kﬂ bk , E£sb, £bgy1, - - ,:tbn])
S,(ZIK Nb; , £sby, +b cee L by,
(45) +Cp p( [ ko =S0k, k+1, ) ] )(TrKI)

V(Z[K N b,;, +sby, £bg41, - - ,ibn])
for sufficiently small s > 0. Define a linear map ¢ by
oby, = sbg, by =b;, i=1,--- k—1,k+1,--- ,n.

Note that det ¢ is independent of the choice of orthonormal basis of R”, so det ¢ = s.
The contravariance of Z and relations (3.2) as well as ([2.3) give

Sp(Z[K N b,i‘, +sbi, £bgr1, - - ,:l:bn}, )

P V(ZIK Nby, £sby, £bir, -+, £by])
_c Sy(ZS[K N b, £y, £bgia, -+, £by], ")
P V(ZGIK N, Ebg, b, -, by))

q+1

—C Sp(s n ¢_tZ[Kﬂbkl,ibk,ibk+1,--- ,ibn],-)

(TrT)

(TKT)

= - TKT)
P V(s ¢t Z[K N b, by, £big, - b)) (
wine S, (Z[K O bL, by, tbgar, - by, -
(46) —g ., P( [ 11 k k+1 71] )(¢tWKI)
V(Z[Kﬂ b]g 7:l:bk7:l:bk+17 e 7:|:bn])
Note that lim ¢'mxx = 7wy @. Since ¢ = —1,
s—0t ke
ZIK Nbi-, £sby, £b <o by,
lim CpSP( [ n kJ_a SO, k+1, 5 n]a )(WKI)
w0 PV (Z[K N b, £sby, Lbpt, - 5 £bn])
_ o Se(ZIK N by, Fbe, Ebig, - ,j[bn],-)(7T L 2)
P V(ZIK N bk, +by, £bji1, -, £b,]) - T

So if s tends to zero in (LX), then we immediately obtain ([44). Hence we have
proved that Z; is an L,-Minkowski valuation. Moreover, it is easy to calculate that
7y is an SL(n) covariant L,-Minkowski valuation which is homogeneous of degree 1
on n-dimensional convex bodies. Lemma 2] implies that Z; is an SL(n) covariant
L,-Minkowski valuation which is homogeneous of degree 1 on KZ. ]
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Lemma 4.5. Let Z : K — (K7 %%) be a continuous, SL(n) contmvam’ant valua-
tion which is homogeneous of degree q < —1. Define the map Zs : IC — <ICO,+,,>
by

Sp(ZK,-) . -
h(ZyK,z)P = Cpm(ﬂf), dim K = n,
9 0, dlmK — k < n,

for every x € R™. Then Zs is an SL(n) covariant L,-Minkowski valuation which
is homogeneous of degree r = —q.

Proof. We use the notation of Lemma [£4l Since the case (1,) is the same as in
Lemma 4] and the cases (1), 0 < k < n, (2;), 1 <k < n, are trivially true, we
just need to consider the case (2,).

Hence we need to show
(47) hp + h; (KNut) - hg (KNnut) + hgz(Kﬂu )
for dimK = m and a unit vector u € R" such that K Nu*, K Nu~ are both
n-dimensional. Let by,---,b, be an orthonormal basis of R"™ such that u = b,.
Comparing with the proof of Lemma 4] we just need to show the relation (4.0])
of the case k = n tends to zero for ¢ < —1 when s tends to zero. Actually, the
relation (0] of the case k = n is

o SlZIK Nt £sba), )
P V(Z[K N bk, £sby))

n?

—(g+D)p L .
() _ e Sp(Z[K Nby,, £by], )

PV (Z[K N b, £by)) (¢2).

where ¢ is a linear map defined by ¢b, = sb,,¢b; = b;, i = 1,--- ,n — 1. Since
q < _17

l .

lim CpS( [K Nb;,, £sby],-)

s—0t V(Z[K NbL, +sb,])

(x)=0.

Hence Z, is an L,-Minkowski valuation. Moreover, it is easy to calculate that
Z3 is an SL(n) covariant L,-Minkowski valuation which is homogeneous of degree
r=—q. O

For p > 1, the following lemma shows that every support set of an L,-projection
body consists of precisely one point. It will help to rule out the existence of con-
tinuous, normalized symmetric L,-Blaschke valuations which are homogeneous of
degree —1 (see Theorem .8 and Theorem [L13] for more details). A similar result
for p =1 can be found in Schneider [40, Lemma 3.5.5].

For K € K", e € S"7 1 write K. :={x € K|z -e = h(K,e)}.

Lemma 4.6. Forp > 1, if the support function of the convex body K € K™ is given
by

a0y = ([l oPaue)
Snfl
for u € S"1, with an even signed measure p, then, for e € S71,
h(Ke,u) = ve - u

for ue S, where ve = 2( [, |e - vPdu(v)r [ (e v)P Lodp(v).
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Proof. The assertion of the lemma is true for u = =+e, since h(K,, te) = £h(K,e).
Hence we may assume that u and e are linearly independent. Note that h(K.,u) =

lim w (see Schneider [40, Theorem 1.7.2]). Put
s—0

Ag:={veS" Ye-v>0,(e+su)-v>0}
Bsi={veS" e v <0,(e+su)-v>0},
Cs:={vesS" e -v>0,(e+su) v<0}

‘We obtain
h(Koou) = lim h(K,e+ su) — h(K,e)
s—0+ S
1 1
=L / e ofPdu(v))} 1 tim / (e + su) - vfPdp(v) — / e oPdu(v))
P Jgn-1 s=0t S Jgn-1 gn—1
and

i ([ e+ s oPdu) = [ e oduto)

s—0t S
im 1 P — e-v)Pdu(v
=20im ([ (e opaut) - [ e vpauo)
=2p lur(r)l+ (e-v)P~ (u - v)du(v)
s A;UB;
+ lim p(p—1)(e-v)P~2(u-v)%s + o(s)du(v)

s—0+ A,UB,

im Pdu(v) — im1 e-v)Pdu(v
+2 lim —/Bs(e-v) du(v) —2 1 /C( YPdu(v).

s—0+ S s—0t S

Let
4 (E) = sup{u(A)|A C E and A is a Borel set of S" '},

p_(E) = —inf{u(A)|A C E and A is a Borel set of S" "'},
1 (E) = pi(E) + p—(E)
for every Borel set E of S"~!. We get
| p(p = 1)(e- )P~ (u-v)*s + ofs)dpu(v)|

A;UBg

s—0t

< / ‘p(p— 1)(6-v)p72(u~v)25—|—o(s)|du’(v) /0.
Snfl

For v € By, we have |e - v| < cs with a constant ¢ independent of s. Writing

Bl :={veS" e -v<0,(e+su) v>0},

we obtain
1
|—/ e-v)Pdu(v)| = ’—/ e v)Pdu(v)| < PP~ u(BL).
§ JB,
Since (in the set-theoretic sense) lim B!, = (), we have lim p/(B.) = 0. With
s—0t s—0t
p > 1, we get

1 P () —
lim —/Bs(e-v) du(v) = 0.

s—0t S
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From lim C, = 0, we similarly find
s—0t

1 P () —
lim —/Cs(e-v)du() 0.

s—0t S

Further, if lim A, = eT\et, lim B, ={v e S" lle-v=0,u-v >0}, and p > 1,
s—0t s—0t

we get
lim (e- )P (u-v)du(v) = / (e-v)P~(u-v)du(v).
s—0T AsUBg et

Finally, we get

W) = 2 / e ofPdpu(v)) ! / (e 0) (- v)du(v)

gn—1 et
— () e oPdu)i [ eru tudue) -
Sn—1 et
which completes the proof of the lemma. O

To classify continuous, homogeneous, SL(n) contravariant normalized symmetric
L,-Blaschke valuations, we need the following results from Ludwig [20].
For —1 <7 <1, define M :K: —>K: by

P (M K, v) = /K(|’U ~xz| 4+ 7(v- x))Pdx

for v € R"™. In particular, MK is a dilate of the Ly-centroid body, if V(K) > 0.

A polytope is the convex hull of finitely many points in R™. Let P}’ be the set
of n-dimensional polytopes which contain the origin and fz the set of polytopes
which contain the origin. Let &,(P) denote the set of edges of a polytope P which
contain the origin.

Lemma 4.7 (20)). Let Z : P, — (K., +,), n >3, be an L,-Minkowski valuation,
p > 1, which is SL(n) covariant and homogeneous of degree r. If r = n/p+ 1, then
there are constants a > 0 and —1 < 7 < 1 such that

ZP =aM,P
for every P € fz. If r =1, then there are constants a,b > 0 such that
ZP = aP +, b(—P)
for every P € P,,. In all other cases, ZP = {0} for every P € P,.
Let Z : ﬁi — <Ei,+p> be an L,-Minkowski valuation, p > 1, which is SL(2)

covariant and homogeneous of degree r. If r = 2/p+ 1, then there are constants
a>0and —1 <7 <1 such that

ZP = aM]P

for every P € fi If r = 1, then there are constants ag,bg > 0 and a;,b; € R with
ag +a;, bg+b; >0, i =1,2, such that

ZP = agP 4y bo(~P) 45 > (a:E; +p bi(~Ey))
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for every P € fi, where Y_¥ denotes the L,-Minkowski sum, and the sum is taken

over E; € §&,(P). If r = 2/p — 1, then there are constants a > 0 and =1 <7 <1
such that

ZP = atp, joIT7 P

for every P € fi Here ﬁ;P is defined by the relation [@I0). In all other cases,
ZP = {o} for every P € fi

Now we can classify continuous, homogeneous, SL(n) contravariant normalized
symmetric L,-Blaschke valuations.

Theorem 4.8. Letn > 2, p > 1 and p not an even integer. If Z : K — (K2, %%)
is a continuous, homogeneous, SL(n) contravariant valuation, then there exists a
constant ¢ > 0 such that

ZK = cAPK
for every K € 7.

Proof. Let g be the degree of homogeneity of Z. Lemma .3 shows that ¢ < —1.

If ¢ = —1, then Z;, introduced in Lemma 4] is an SL(n) covariant L,-
Minkowski valuation which is homogeneous of degree 1. If n > 3, from Lemma
A we derive that there are constants a,b > 0 such that

7P = aP +, b(—P)

for every P € P,. If n = 2, from Lemma BT, we derive that there are constants
ag,bg > 0 and a;,b; € R with ag + a;, by +b; > 0, ¢ = 1,2, such that

Z1P =aqyP +, b0(—=P) +, Zp(aiEi +p bi(—E3))

forevery P € f:, where the sum is taken over E; € £,(P). For Py = [tey, -, %e,],
we have

I,7P
—V(ZPO)l/p = CPOa

for a suitable ¢ > 0 when n > 2. The assumption that Z does not contain {o} in its
range gives ¢ > 0. For p > 1, every support set of an L,-projection body consists
of precisely one point (Lemma [.0]). However, Py has the support set [e1,-- - ,e,]
which does not consist of precisely one point. This is a contradiction.

If ¢ = —n/p — 1, then Z,, introduced in Lemma [L5] is an SL(n) covariant L,-
Minkowski valuation which is homogeneous of degree n/p + 1. For n > 2, from
Lemma [£.7], we infer the existence of constants a > 0 and —1 < 7 < 1 such that

Z2P = aM] P

for every P € fz. The assumption that Z does not contain {o} in its range gives
n,zZP
VP T

aMgP for every P € PI'. Since the operators % and I',, are continuous on K7,
and P} is dense in K7, we obtain
I,ZK
V(ZK)Y/r

a > 0. Since Z,P is origin-symmetric, we deduce that 7 = 0. Thus

=aM)K
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for every K € K. By rewriting this in terms of the L,-cosine transforms (via
relation (2.6) and (cnﬁpV(K))%I‘pK = MJK), we get

Sp(ZK,-) 1 1
[oRnt ASubhl iV Ve APy = pC (= NP L,y (P
for a suitable constant b > 0. Since S,(ZK,-) is an even measure, the injectivity
property (ZI) and the definition of the normalized symmetric L,-curvature image
operator finally shows

(4.8) ZK = cAPK

for a suitable constant ¢ > 0.

If g = —2/p+1 and n = 2, then Z, introduced in Lemma 5] is an SL(n)
covariant L,-Minkowski valuation which is homogeneous of degree 2/p — 1. By
Lemma [£7] there are constants a > 0 and —1 < 7 < 1 such that

ZoP = all, P
=" A - . . 1,72 . .
for every P € P,. II} is not continuous on Py, while %7 is continuous on Py

Thus, this is a contradi_ction.

In all other cases, Z, introduced in Lemma 5] is an SL(n) covariant L,-
Minkowski valuation which is homogeneous of degree r, where r # 1, r # n/p + 1
for n > 2, and r # 2/p — 1 as an addition for n = 2. By Lemma 7l ZoP = {o}
for every P € P,. So

Sp(ZP,-)
(4.9) hz,p(z)? = CPW
for every P € P}'. S,(ZP,-) is an even measure since ZP is an origin-symmetric

convex body. Thus, by relation (21), we have S,,(ZP, -) = 0. This is a contradiction.
O

(x)=0

Hence Theorem and Theorem L8] directly imply Theorem [T

4.2. The covariant case. The following Lemma [£.9] Lemma 10} and Lemma
[Tl are the counterparts of Lemma [£.3] Lemma 4] and Lemma 5] respectively.

Lemma 4.9. If Z : K — <IC£L,%EP> is a continuous, SL(n) covariant valuation
which is homogeneous of degree q, then ¢ < —n + 1.

Proof. Suppose K € K and s > 0. As in the proof of Lemma 3] we get that
L .
c, Sp(Z[K Ney,tsey], )(en)

V(Z|K Neik, tsey))
L Sy(ZIK et Esen], )

P V(ZIKNet, £sen))

Sp(Z[K, £se,], )

4.1 — L : ' (e,

( 0) C;D V(Z[K, isen]) (e )v

L . .
and thus C, S"}((Zz[ﬁr;i’%iii:]])) (en) must converge to a finite number as s — 07.

(The difference between relation (3] and relation (£I0) is that the independent
variable of the L,-cosine transform is changed from e; to e,.) Define the linear
map ¢ as before by

. Sp(ZIK Ne, ,*se,],-)
P V(ZIK Ner,Ese,])

(en)

(en)

pe; =e;,t=1,--- ,n—1, ¢e, = se,.
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From the SL(n) covariance and homogeneity of Z as well as relations [B.I)) and
23), we get
Sy(Z[K Net, +sey], ) Sp(s%l¢Z[Kﬁe,J;,j:en],-)
VRN ek Eseal) T VT K ek )
—(a=bp Sy(Z[K Ne, +en], )
P V(ZIK Nel, +e,))

(¢ ten).

Since |e, - u| > 0 for all u € S" !\ et and the L,-surface area measure of n-
dimensional bodies is not concentrated on any great sphere, we conclude that

PO S,(Z[K Nel, +en], )
P V(ZIK Nnetl, +e,))

1

= . p 1
VZIK N e o)) /Snil len, - ulPdS,(Z[K Ne;,, tey],u) > 0.

n’

(¢_1en)

Thus,@—pzo,soqg—n—i—l. O

Lemma 4.10. Let Z : KI' = (K7, 7%,) be a continuous, SL(n) covariant valuation
which is homogeneous of degree ¢ = —n + 1. Define the map Z; : K: — (K2, +p)
by
5p(ZK,- .
C, S"}((ZK))i(x), dim K = n,
2 p(Z[K,£v], . o
hZ 1K, x)P = Cp%((mv)v), dimK =n—1,
0, dmK <n-—2,

for every x € R™, where v is a unit vector perpendicular to lin K. Then Z, is a
SL(n) contravariant L,-Minkowski valuation which is homogeneous of degree n—1.

Proof. Obviously, the definition of Z; is independent of the choice of v, so it is well

defined. Next, we show that Z; is an L,-Minkowski valuation. We still use the

notation of the proof of Lemma L4l The case (1,) is the same as and the case

(1,,—1) is similar to (change mxx to (x - v)v) the corresponding parts in the proof

of Lemma 44l The cases (1;),0 <k <n—2, and (2;),1 <k <n — 2, are trivial.
Now we consider the case (2,,). It is enough to show

p P —_}P p
(411) hle + hfl(KﬁuJ-) - hzl(Kﬂqu) + hzl(Kﬂu*)

for dim K = n and a unit vector v € lin K such that K Nu™, K Nu~ are both
n-dimensional. Let by,---,b, be an orthonormal basis of R"™ such that u = b,.
With the valuation property of case (1,,), we have

S, (Z|K, £sby), ) S, (ZIK NbL, +sb,), )
VK 2] Ot VIR AL, 2] P
_ o SZE OB Esbal,) L S(ZK Db b, )
OV ZE nbn asb]) TP V(2K N, sba))

(4.12)

(z)
for sufficiently small s > 0. Define a linear map ¢ by

Gby = sby, db; = by, i =1,--+-,n—1.
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The covariance of Z and relations ([B.1]) as well as [2.3]) give
S, (Z|K Nbyt, +sby], ) (v S, (Z[K Nbt, +b,], )

_ , -1
PV ZE N, b)) ) T8 P VRN ) ¢ Y
=, Sp(ZIK N by, £b), )
(4.13) s C, VZ[K (bt b)) (s~ ).
Note that lim s¢~'z = (x - b,)b,. Since ¢ = —n + 1,
s—0+t
1 . L .

oo+ P V(ZIK NbL, £sby]) PV (Z[K N bL, £b])

So if s tends to zero in ([{.I12)), then we immediately obtain ([@.IT]).

The case (2,,—1) is similar to the case (2,). We will show the relation ([@IT]) is
still true for dim K = n — 1 and a unit vector u € lin K such that K Nut, K Nu~
are both (n — 1)-dimensional. Let by,--- ,b, be an orthonormal basis of R™ such
that lin K = lin {b1, -+ ,b,—1} and u = b,_1. Thus, choose v = b,. With the
valuation property of case (1,_1), we have

Sp(Z|K, £8by_1,£by], ")

V2K, Tsby 1, b)) (& bn)on)
Sy(Z[K N b b1, £, )
O IR A b, sty b)) (& Pn)n)
Sy (Z[K N by, dsby_1, by, -
—0, 2R Db 2h )
V(Z[K b, £5bn_1, b))
Sy(ZIK Nb_y,£sb_1, £by],
(4.14) , o(Z] noty ] )((I~bn)bn)
V(Z[KNb,_y,+5bn_1,+bn)

for sufficiently small s > 0. Define a linear map ¢ by
¢bn—1 = Sbn_1,¢bi = bi7 7 }é n—1.
The covariance of Z and relations [BI) as well as (Z3)) give
Sy(Z[K Nbt_y,£sb,_1,Eby],
p( [ anl S 1 ] )((xbn)bn)
V(Z[K Nb;;_q,£sby_1,%by])
Sf(qfl)p Sp(Z[Kﬂbi,ﬂ:bn],)
P V(ZIK N bk, £b,))
Note that lim+ ¢ Y2 bp)by = (z - by)by. Since ¢ = —n + 1,

s—0

(¢~ (z - by)by).

. Sp(ZIK N b, +sb,_1,4b,],)
lim C, T
s—0+ V(ZIKNb +58b,—1,%by])

n—1

(- by)by) = 0.

So if s tends to zero in ([I14)), then we immediately obtain (@I1)). Hence we have
proved that Z; is an L,-Minkowski valuation.

Moreover, it is easy to calculate that Z; is an SL(n) contravariant L,-Minkowski
valuation which is homogeneous of degree n — 1 on n-dimensional convex bodies.
Lemma[.2limplies that Z; is an SL(n) contravariant L,-Minkowski valuation which
is homogeneous of degree n — 1. ([l
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Lemma 4.11. Let Z : K — (K7, %%) be a continuous, SL(n) covariant valuation
which is homogeneous of degree ¢ < —n + 1. Define the map Zs : K: — (K2, +p)
by

C S"(ZK")(x), dim K = n,

h(ZyK,z)P = P V(ZK)
0, dimK =k <n,

for every x € R™. Then Zy is an SL(n) contravariant L,-Minkowski valuation
which is homogeneous of degree r = —q.

Proof. To prove that Z5 is an L,-Minkowski valuation, as in the proof of Lemma
43l we just need to show

i S,(Z|K Nbt, +sby,],-)
4.15 lim C,—% n : =0.
(4.15) N ZR bL, b))
Actually, since ¢ < —n+1, by the relation (£13]), we immediately get the conclusion.

Moreover, it is easy to calculate that Zo is an SL(n) covariant L,-Minkowski
valuation which is homogeneous of degree r = —q. O

As in the contravariant case, we also need the following results from [20] to
classify SL(n) covariant normalized symmetric L,-Blaschke valuations.

For —1 < 7 <1, define HITJ on the set of all convex bodies containing the origin
in their interiors by

h(I, K, v)P = /Sn_l(|v ~u| + 7(v-w))PdS, (K, u)
for v € R”. In particular, HgK is the L,-projection body of K. To extend the
operator II} to polytopes that contain the origin in their boundaries, for P € fz,
the set of polytopes which contain the origin, define f[;P by
(4.16) h(IT7 P, v)? = / (Jv-ul + 7(v - u)PdS,(P,u),

Sn=1\w, (P)
where w,(P) is the set of outer unit normal vectors to facets of P that contain the
origin.

Lemma 4.12 ([20)). Let Z : P, — (K", +,) be an L,-Minkowski valuation, p >
1,n > 3, which is SL(n) contravariant and homogeneous of degree r. If r =n/p—1,
then there are constants a > 0 and —1 < 7 <1 such that

ZP = dlI7 P
for every P € P.. In all other cases, ZP = {0} for every P € P.,.
Let 7 fi — (K2,4,) be an L,-Minkowski valuation, p > 1, which is SL(2)

contravariant and homogeneous of degree r. If r = 2/p+1, then there are constants
a>0and —1 <7 <1 such that

ZP = atr ;s M P

for every P € fi. If r =1, then there are constants ag,bg > 0 and a;,b; € R with
ag + a;, bg+b; >0, i =1,2, such that

ZP = ya(aoP 4+ bo(—P) +5 Y (@iEi +p bi(—Ey)))
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for every P € 5(2,, where Y ¥ denotes the L,-Minkowski sum which is taken over
E; € &(P). If r = 2/p — 1, then there are constants a > 0 and —1 < 7 < 1 such
that

ZP =[P
for every P € fi. In all other cases, ZP = {0} for every P € 5(2,

Now we classify continuous, homogeneous, SL(n) covariant normalized symmet-
ric L,-Blaschke valuations.

Theorem 4.13. Letn > 3, p > 1 and p not an even integer. Then there exist
no continuous, homogeneous, SL(n) covariant normalized symmetric L,-Blaschke
valuations on K.

Let p > 1 and p not an even integer. If Z : K2 — (IC%,%%} 18 a continuous,
homogeneous, SL(2) covariant valuation, then there exists a constant ¢ > 0 such
that

ZK = cipr o ALK
for every K € K2.

Proof. Assume that Z : K — (K7, %Ep> is a continuous, SL(n) covariant valuation
which is homogeneous of degree q. Lemma shows that ¢ < —n + 1.

We first consider the cases n > 3. If ¢ < —n + 1, then Z, introduced in Lemma
{17 is an SL(n) contravariant L,-Minkowski valuation which is homogeneous of
degree 7 > n — 1. By Lemma EI2 we have ZoP = {o} for every P € P,. If
q = —n+1, Z;, introduced in Lemma[ZI0, is an SL(n) contravariant L,-Minkowski
valuation which is homogeneous of degree n — 1. By Lemma @12 Z, P = {o} for
every P € P,,.

Combined with the injectivity relation of the L,-cosine transform (2.1]), all cases
q < —n + 1 imply that

Sp(ZP,-)

vizp) "

for every P € 52 This is a contradiction to the existence of continuous, homoge-
neous, SL(n) covariant normalized symmetric L,-Blaschke valuations on K.
Next we consider the case n = 2. If ¢ < —1, ¢ # —2/p — 1, then Z,, introduced
in Lemma [.11] is an SL(2) contravariant L,-Minkowski valuation which is homo-
geneous of degree r > 1, r # 2/p + 1. By Lemma EI2] we have ZoP = {o} for
every P € P,. Combined with the injectivity relation of the L,-cosine transform

1)), we get S{/’.((?;)') = 0. This is a contradiction.

If g = —2/p — 1, then Zs, introduced in Lemma ELTT] is an SL(2) contravariant
L,-Minkowski valuation which is homogeneous of degree 2/p + 1. By Lemma [£12]
there are constants a > 0 and —1 < 7 < 1 such that

ZsP = aty ;s M P

for every P € ﬁi Thus, ¢_ﬂ-/272p = aMy P for every P € P2. The assumption
that Z does not contain {0} in its range gives a > 0. Since Z, P is origin-symmetric,

we get 7 = 0. Thus, w_w/g(%) = aMgP for every P € P2. Since the
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operators ¥ _r s, % and I', are continuous on K2, and P? is dense in K2, we
obtain
IL,ZK
V(ZK)Y/p
for every K € K2. By rewriting this in terms of the L,-cosine transforms (via
relation (Z8) and (¢, ,V (K))»T,K = M)K), we get
Sp(ZK,-)
Co——r7"
V(ZK)
for a suitable constant b > 0. Since
Sp(q/)—‘n'/QZKa')(x): SP(ZKv)(w l’)
PV ZK) PV(zE) T
(by relation ([23])), the injectivity property (Z.I)) and the definition of the normalized
symmetric Ly-curvature image operator finally show
V_njaZK = cAPK
for a suitable constant ¢ > 0. Hence

ZK = ctpp s APK

w—‘n'/Z( ) = aM;;)K

(r22) = BCy (5K (VP + Sp1c()" ) (2)

for every K € K2

If g=—1, Z,, introduced in LemmaFT0] is an SL(2) contravariant L,-Minkowski
valuation which is homogeneous of degree 1. By Lemma [£12] there are constants
ag,bg > 0 and a;, b; € R with ag + a;, bg +b; > 0, i = 1,2, such that

Z\P =ty ja(agP +p bo(—P) +p Zp(aiEi +p bi(—E3)))

for every P € 53, where Y " denotes the L,-Minkowski sum, and the sum is taken
over E; € ,(P). For Py = [tey, ey, we have

n,zr,
V(TW = 01/’7r/2P0

for a suitable ¢ > 0. The assumption that Z does not contain {o} in its range gives
¢ > 0. For p > 1, every support set of an L,-projection body consists of precisely
one point (Lemma [L6]). However, /5Py has a support set [e1, e2] which does not
consist of precisely one point. This is a contradiction. O

Theorem and Theorem [£.13] now directly imply Theorem

5. L,-BLASCHKE VALUATIONS

We first give the relationship between normalized symmetric L,-Blaschke valu-
ations and symmetric L,-Blaschke valuations.

Lemma 5.1. If Z : Q — (K2, #,) is a symmetric L,-Blaschke valuation, then
Z:Q — (Kl #,), defined by
S,(ZK,-)

for every K € Q, is a normalized symmetric Ly-Blaschke valuation. Moreover, A
is continuous if Z is continuous, Z is SL(n) covariant (or contravariant) if Z is
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SL(n) covariant (or contravariant respectively), and 7 is homogeneous of degree
q(p—n)/p if Z is homogeneous of degree q.

Proof. Since Z is a symmetric L,-Blaschke valuation,
SP(Z(K UrL),-)+ SP(Z(K NnL),)= S;D(ZK7 ) + S;D(ZL7 ')7

whenever K, L, K UL K NL € Q. By the definition of Z and the normalized
L,-Blaschke sum, Z is a normalized symmetric L,-Blaschke valuation.

We can prove continuity of Z in a similar way to showing continuity of the
normalized symmetric L,-curvature image. But because of the existence of ZK,
we can prove it in an easier way (without using Lemma [BT]).

By the uniqueness of the volume-normalized even L,-Minkowski problem, we
can rewrite relation (51I) as

(5.2) ZK =V(ZK) Y"ZK
for every K € K™. Since V(ZK) > 0, if ZK; — ZK,
ZK; =V(ZK;) VP ZK; - V(ZK)"Y?ZK = ZK.

Thus, if Z is continuous, then 7 is continuous.
If Z(AK) = MZK, for every A > 0, then

Z(AK) = V(ZAK)"YPZAK = X10=/py (7 K)~YPZ K = Nr—m/P 7K.

Thus, if Z is homogeneous of degree q, Zis homogeneous of degree ¢(p — n)/p.
The proof of covariance or contravariance of Z is similar to the proof of homo-
geneity. (Il

Lemmal[5 Jlintroduces a map from the space of symmetric L,,-Blaschke valuations
to the space of normalized symmetric L,-Blaschke valuations, and the continuity,
homogeneity, or SL(n) covariance (or contravariance) of symmetric L,-Blaschke
valuations are inherited by the corresponding normalized cases. For p # n, the
relation (5 can also be rewritten as

(5.3) V(ZK)Y/ P ZK = ZK
for every K € Q. Then we get the following lemma in a similar way. Hence the

map is a bijection and these properties are also transferred by the inverse map.

Lemma 5.2. If Z : Q — ke, %@,) is a normalized symmetric L,-Blaschke valua-
tion, p # n, then Z : Q@ — (K2, #,), defined by

(5.4) ZK = V(ZK)V/P?=" 7K

for every K € Q, is a symmetric L,-Blaschke valuation. Moreover, Z is continuous
if Z is continuous, Z is SL(n) covariant (or contravariant) if Z is SL(n) covariant

(or contravariant respectively), and Z is homogeneous of degree qp/(p — n) if Z is
homogeneous of degree q.

Lemma [51] and Lemma together with Theorem [Tl (or Theorem as well
as Theorem [4.8) provide a classification of continuous, homogeneous SL(n) con-
travariant symmetric L,-Blaschke valuations on K.



L,-BLASCHKE VALUATIONS 3185

Theorem 5.3. Forn > 2, p > 1, p # n and p not an even integer, a map
Z Kl — (KP, #,) is a continuous, homogeneous, SL(n) contravariant symmetric
L,-Blaschke valuation if and only if there exists a constant ¢ > 0 such that

ZK = cANPK
for every K € 7.

Proof. Since Z is a continuous, homogeneous SL(n) contravariant symmetric L,-
Blaschke valuation, Z defined in Lemma [5.1] is a continuous, homogeneous SL(n)
contravariant normalized symmetric L,-Blaschke valuation. Theorem 8 implies
that there exists a constant ¢ > 0 such that

ZK = cAPK
for every K € K. Note that ALK = V(APK)Y®P~"APK . By relation (5.3),
(5.5) ZK = V(ZK)V/ P~ ZK = V(cAPK)Y/ P~ APK = #/(P=MAPK

for every K € K.
On the other hand, Theorem implies that APK is a continuous, homogeneous
SL(n) contravariant normalized symmetric L,-Blaschke valuation. Then, APK is

a continuous, homogeneous, SL(n) contravariant symmetric L,-Blaschke valuation
by Lemma O

Lemma [51] and Lemma [B.2] together with Theorem (or Theorem B2 as well
as Theorem [AT3]) imply the following theorem.

Theorem 5.4. Letn > 3, p > 1 and p not an even integer. Then there exist no
continuous, homogeneous, SL(n) covariant symmetric L,-Blaschke valuations on
Ko

Let p > 1 and p not an even integer. If Z : K2 — (K2, #,) is a continuous,
homogeneous, SL(2) covariant symmetric L,-Blaschke valuation, then there exists
a constant ¢ > 0 such that

ZK = chr oMK
for every K € K2.

Proof. For n > 3, we argue by contradiction. Assume that Z is a continuous,
homogeneous, SL(n) covariant symmetric L,-Blaschke valuation and Z defined in
Lemma [5.T] is a continuous, homogeneous, SL(n) covariant normalized symmetric
L,-Blaschke valuation. But Theorem E.I3] implies that there are no continuous,
homogeneous, SL(n) covariant normalized symmetric L,-Blaschke valuations on
K. This is a contradiction.

For n = 2, the proof is almost the same as in Theorem [£.3] (Il
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