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STABILITY OF DIRICHLET HEAT KERNEL ESTIMATES
FOR NON-LOCAL OPERATORS
UNDER FEYNMAN-KAC PERTURBATION

ZHEN-QING CHEN, PANKI KIM, AND RENMING SONG

ABSTRACT. In this paper we show that Dirichlet heat kernel estimates for a
class of (not necessarily symmetric) Markov processes are stable under non-
local Feynman-Kac perturbations. This class of processes includes, among
others, (reflected) symmetric stable-like processes in closed d-sets in R4, killed
symmetric stable processes, censored stable processes in C1! open sets, as
well as stable processes with drifts in bounded C1:! open sets. These two-
sided estimates are explicit involving distance functions to the boundary.

1. INTRODUCTION

Suppose that X is a Hunt process on a state space E with transition semigroup
{P;:t > 0}. A Feynman-Kac transform of X is given by

Ti f(z) = Ez [exp(Cy) f (X)),

where C; is an additive functional of X. When C; is a continuous additive func-
tional of X, the transform above is called a local Feynman-Kac transform. When X
is discontinuous and C} is a discontinuous additive functional of X, the transform
above is called a non-local Feynman-Kac transform. Feynman-Kac transforms play
an important role in the probabilistic as well as analytic aspect of potential theory,
and also in mathematical physics; see, for instance, [12HI5,[26,27] and the refer-
ences therein. Most of the literature on Feynman-Kac semigroups are about local
Feynman-Kac semigroups. We refer the reader to [15,27] for nice accounts on local
Feynman-Kac semigroups of Brownian motion. Non-local Feynman-Kac transforms
are also very important in various applications. For example, it is shown in [13]
that the killed relativistic a-stable process in any bounded C'*'! open set D can be
obtained from the killed symmetric a-stable process in D via non-local Feynman-
Kac transforms. (See [19,20] for some extension to more general open sets and
more general processes.)
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An important question related to Feynman-Kac transforms is the stability of var-
ious properties. This type of question has received intensive study in recent years.
For instance, it is shown in [1,27] that under a certain Kato class condition, the
integral kernel (also called the heat kernel) of a local Feynman-Kac semigroup of
Brownian motion admits two-sided Gaussian bound estimates. In [22], sharp two-
sided estimates on the densities of (local) Feynman-Kac semigroups of killed Brown-
ian motions in C'**! domains were established. Non-local Feynman-Kac semigroups
for symmetric stable processes and their associated quadratic forms were studied
in [2829]. By combining some ideas from [32] with results from [I1], it was proved
in [30] that, under a certain Kato class condition, the heat kernel of the non-local
Feynman-Kac semigroup of a symmetric stable-like process X on R? is comparable
to that of X. The symmetry condition on F(x,y) plays an essential role in the
argument of [30]. The non-symmetric pure jump case for stable-like processes is
dealt with in [31]. For recent development in the study of non-local Feynman-Kac
transforms for general symmetric Markov processes, we refer the reader to [4,[5]
and the references therein. We also mention that the stability of Martin boundary
under non-local Feynman-Kac perturbation is addressed in [6].

Recently, sharp two-sided Dirichlet heat kernel estimates have been obtained
for several classes of discontinuous processes (or non-local operators), including
symmetric stable processes [7], censored stable processes [8], relativistic stable pro-
cesses [9], and stable processes with drifts [I0]. The main purpose of this paper is to
study the stability of Dirichlet heat kernel estimates under the following non-local
Feynman-Kac transform:

Tof(2) = E. [exp (4 + 30 F(X,-, X)) F(X0)]

s<t

where A is a continuous additive functional of X having finite variations on each
compact time interval and F'(x,y) is a measurable function that vanishes along the
diagonal. The approach of this paper is quite robust so that it applies to a class of
not necessarily symmetric Markov processes that includes all of the four families of
processes mentioned above in bounded C''! open sets.

To the best of the authors’ knowledge, Dirichlet heat kernel estimates for (either
local or non-local) Feynman-Kac semigroups of discontinuous processes are studied
here for the first time. The main challenge in studying Dirichlet heat kernel esti-
mates of Feynman-Kac semigroups is to get the exact boundary decay rate of the
heat kernels. While our main interest is in the Dirichlet heat kernel estimates for
Feynman-Kac semigroups, our theorem also covers the whole space case as well as
“reflected” stable-like processes on subsets of R?. In particular, our result recovers
and extends the main results of [30,[31] where D = R?. Even in the whole space
case, our approach is different from those in [30,31].

1.1. Setup and main result. In this paper we always assume that a € (0,2),
d > 1, D is a Borel set in R%. For z € D, §p(x) denotes the Euclidean distance
between x and D°. We use “:=" to denote a definition, which is read as “is defined
to be”. For a,b € R, a A b := min{a,b} and a V b := max{a,b}. The Euclidean

distance between = and y is denoted as |z — y|.
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For ~v > 0, we define

t
g—djo Y d
(1.1) q(t,z,y) =t /\|x—y\d+a’ t>0, z,y € RY
5 vy
%@@y:<U\ﬁgU . t>0,z€D,
and
(12) Q’y(tax7y) = 1/)7(t,13)1/)—y(t,y)q(t,$,y)7 t > 07 xvy 6 D

Throughout this paper, X is a Hunt process on D with transition semigroup {P; :
t > 0} that admits a jointly continuous transition density pp (¢, z,y) with respect
to the Lebesgue measure, and there exist Cy > 1 and v € [0, A d) such that

(1.3) Cylay(t,z,y) < pp(t,z,y) < Cogy(t, z,y)

for all (t,z,y) € (0,1] x D x D. It is easy to see that under this assumption,
X is a Feller process satisfying the strong Feller property. Note that ¢(t, z,y) is
comparable to the transition density of symmetric a-stable processes in R?. So by
increasing the value of Cy if necessary, we have

(1.4) Cit< / q(t,z,y)dy < Co  for all (t,z) € (0,00) x R%
Rd
Thus
(1.5) / pp(t,z,y)dy < C3v.,(t,z) for all (t,z) € (0,1] x D.
D

We remark that the process X may be non-symmetric. We assume that X has
a Lévy system (N, t), where N = N(z,dy) is a kernel given by
c(z,y)
N(x,dy) = ———=—
(z,dy) 7y
with ¢(z,y) a measurable function that is bounded between two positive constants
on D x D. That is, for any x € D, any stopping time T (with respect to the

filtration of X) and any non-negative measurable function f on [0,00) X D X D
with f(s,y,y) =0 for all y € D and s > 0 that is extended to be zero off D x D,

(16) E, |3 f(s,Xo X,)| =E, V (/sts, (X dey)ds].

s<T
By increasing the value of Cy if necessary, we may and do assume that
(1.7) 1/Cy < e(z,y) < Cy for x,y € D.

Recall that an open set D in R¢ (when d > 2) is said to be a C1 open
set if there exist a localization radius rog > 0 and a constant Ag > 0 such that
for every z € 0D, there exist a Cl!-function ¢ = ¢, : R — R satisfying
6(0) = 0, V6(0) = (0,...,0), [Vollo < Ao, [Vo(2) — Vo(w)| < Aolw — wl;
and an orthonormal coordinate system y = (y1, -+ ,Y4—1,Yd) := (¥, ya) such that
B(z,r0) "D = B(z,10) N{y : ya > ¢(y)}. We call the pair (rg, Ag) the characteris-
tics of the C'1'! open set D. By a C'''! open set in R we mean an open set which can
be expressed as the union of disjoint intervals so that the minimum of the lengths
of all these intervals is positive and the minimum of the distances between these
intervals is positive.
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It follows from [7L[8LI0,11] that the following are true:

(i) the (reflected) symmetric stable-like process in any closed d-subset D in R?
(see Subsection ] for the definition of d-set) satisfies the conditions (3]
and (L) with v = 0 and ¢(z,y) a symmetric measurable function that is
bounded between two positive constants;

(i) the killed symmetric a-stable process in any C1'! open set D satisfies the
conditions (3] and (L) with v = «/2 and c(z,y) = ¢;

(iii) when d > 2 and « € (1,2), the killed symmetric a-stable process with drift
in any bounded C1! open set D satisfies the conditions (I3) and (L6) with
v=«a/2 and c¢(z,y) = ¢; and

(iv) when a € (1,2), the censored a-stable process in any C1! open set D
satisfies the conditions ([3)) and (L6l with v = o — 1 and ¢(z,y) = c.

By a locally finite signed measure p we mean in this paper the difference of two
non-negative o-finite measures pq and po in D. We point out that u = g1 — uo may
not be a signed measure in D in the usual sense as both p;(D) and pe(D) may
be infinite. However, there is an increasing sequence of subsets {Fj, k > 1} whose
union is D so that uy(Fy) + pe(Fr) < oo for every k > 1. So when restricted to
each Fj, p is a finite signed measure. Consequently, the positive and negative parts
of p are well defined on each Fj, and hence on D, which will be denoted as pu* and
u~, respectively. We use |u| = pu™ + 1~ to denote the total variation measure of y.

For a locally finite signed measure p on D and t > 0, we define

t

N (t) =sup [ [ b (s pdats. . lul@n)ds
zeD Jo JD

Definition 1.1. A locally finite signed measure pu on D is said to be in the Kato

class Kq - if limg o N7 (t) =0.

Note that if N7 (t) < oo for some ¢ > 0, then |u| is a Radon measure on D. We
say that a measurable function g belongs to the Kato class K, - if g(z)dz € K, ,
and we denote Z\fga(’;) 4z DY N7 Tt is well-known that any p € K, is a smooth
measure in the sense of [I7]. Moreover, using the fact that X has a transition density
under each P, one can show that the continuous additive functional A} of X with
Revuz measure i € K, 4 can be defined without exceptional set; see [I8] pp. 236
237] for details. Concrete conditions for p € K, - are given in Proposition @1l

For any measurable function F' on D x D vanishing on the diagonal, we define

—w| At e\
N7 (¢ —sup// (s,2)q(s,y, 2 )(1—!—‘2 vl )
yeD DxD |y—Z|

o EGw)| + | Fw, 2)]
|z — w|dte

dwdzds.

Definition 1.2. Suppose that F' is a measurable function on D x D vanishing on
the diagonal. We say that F' belongs to the Kato class J, - if F' is bounded and
lim“’o Ng’v(t) =0.

Observe that

o F(z,w)|+ |F(w, z
Np(t //1/)732 q(s,y,2 < | |z—| |d+(a )|dw>dzds.
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So if F(z,y) belongs to F' € J, -, then
/ |F(z,y)| + |F(y, )]
D

|z — yldte

dy < oo fora.e xe€D

and, as a function of z, it belongs to K .

On the other hand, according to Proposition 2] a sufficient condition for F' €
Jon is |Fl(z,w) < A(]z — w|? A1) for some A > 0 and 3 > «. This sufficient
condition is enough in our applications.

It is easy to check that if /" and G belong to J, , and c is a constant, then the
functions cF, e’ — 1, F + G and FG all belong to J, . Throughout this paper, we
will use the following notation: For any given measurable function F on D x D,

(1.8) Fi(z,y) = ef@v) 1.

For any locally finite signed measure p on D and any measurable function F' on
D x D vanishing on the diagonal, we define

NUR(t) = Ny (t) + Np 7 (2).
When i € K, , and F' is a measurable function with Fy € J, , we put

APF = A+ Y (X, X).
0<s<t

Recall that for any non-negative Borel function f on D, P, f(z) = E, [f(X})]. For
any non-negative Borel function f on D, we define

TP flw) = B, [exp(Al ") f(X))], ¢20,2€ D,

Then (T/F : ¢ > 0) is called the Feynman-Kac semigroup of X corresponding to p
and F. Tt follows from [I2, Remark 1] that, informally, the semigroup (/" : ¢ > 0)
has L2-infinitesimal generator

Af(2) = (£ + W) () + /

i (eF(z’y) _ 1) e A=Y _ sy,

x — y|dte

where £ is the L2-infinitesimal generator of X.

The main purpose of this paper is to establish the following result. Recall that
v > 0and Cy > 1 are the constants in (IL3]) and (I.7). For any bounded measurable
function F' on D x D, we use ||F|| s to denote ||F||pe(px D).

Theorem 1.3. Let d > 1, a € (0,2) and v € [0, A d). Suppose X is a Hunt
process in a Borel set D C R with a jointly continuous transition density pp(t,z,y)

satisfying (L3), (LO) and [LT). If p is a locally finite signed measure in K, and
F is a measurable function so that F1 € J,~, then the non-local Feynman-Kac

semigroup (T/F <t > 0) has a continuous density qp(t,z,y), and there exists a
constant C' = C’(d,a,fy,Co,Ni’;l, |l F1]loo) > O such that for all (t,x,y) € (0,00) x
D x D,

QD(t7x,y) S Cthv(t,J},y).
Ifp € Koy and F €3, ., then there exists C = 5(d,a,’y,C’o,NZ’;, |1Flloo, T) > 1
for every T > 0 such that for all (t,z,y) € (0,T] x D x D,

C_1Q’Y(t>x7y) < CID(t,iC,y) < C(J’y(tvxay)'
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Here and in the sequel, the dependence of the constant C' (with or without
subscripts) on N7, and [|F[[c means that the value of the constant C' (with or
without subscripts) depends only on the rate at which N"% (t) goes to zero as
t — 0 and on a specific upper bound for ||F}|/, so does the dependence of the
constant on N2 and || F||lo. When D = R? and ~ = 0, Theorem [[.3] in particular
recovers and extends the main results of [30,31].

1.2. Approach. In this subsection, we outline the main ideas and the approach of
this paper. Assuming the technical results in the next two sections, the contents of
this subsection are rigorous.

We first recall the definition of the Stieltjes exponential. If K; is a right contin-
uous function with left limits on Ry with Kq =1 and AK; := K; — Ky~ > —1 for
every t > 0, and if K, is of finite variation on each compact time interval, then the
Stieltjes exponential Exp(K); of K; is the unique solution Z; of

Z :1+/ Z,_dK,, t>0.
(0.4

By [24, IV 19] (or [26, (A4.17))),
(1.9) Exp(K), ="t [] (1+AK,),

0<s<t
where K denotes the continuous part of K;. Clearly exp(K;) > Exp(K); with the
equality holds if and only if K; is continuous. The reason Exp(K); is called the
Stieltjes exponential of K; is that, by [16, p. 184], Exp(K); can be expressed as

the following infinite sum of Lebesgue-Stieltjes integrals (recall that K is of finite
variation on each compact time interval):

(1.10) Exp(K): =1+ Z/ dK,, dK,, - / dK,, .
n=1"0:4] [0,5n) [0,52)

The advantage of using the Stieltjes exponential Exp(K); over the usual exponential
exp(K3) is the identity (LI0), which allows one to apply the Markov property of
X.

Recall from (L) that Fy(x,y) = eF@¥) — 1. In view of (L), we can express

exp(A”T) in terms of the Stieltjes exponential:
exp(AF) = EXp(A“ + ZFl(XS_,XS)) for t > 0.
t
s<-
Applying (LI0) with K := Af"'zsgt Fi(X,—, X;) and using the Markov property
of X, we have for any bounded measurable function f > 0 on D,

(1.11)

" f(2) = E, [exp(4") f(X0)| = Eo | F(X) Exp(4" + Y Ao, X))

t

f(X) / dKs, dKSn,1-~-/ dKSI].
ngl [0,t] [0,5n) [0,s2)

Using our integral 3P inequalities (Lemma [2.4] and Theorem 2.7 below), we will
show in the proof of Theorem B4l that for any p € K, ., and any measurable
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function F' with Fy € J,,, we can change the order of the expectation and the

infinite sum on the right hand side of (IIIl). Hence using the Markov property of
X at s,, we have for every t>0 and bounded measurable function f>0 on D that

(1.12)
Ttu’Ff( Ptf + Z ]E Xt szn / sn 10 / szl
[0,¢] [0,85) [0,s2)
[, st [ f s
,t] [0,81) [0,s2)

Let hi(s) =1 and hn,l(s) = f[o o s,y f[o o) s, for n > 3. When n > 2,
using the Markov property of X we have

=P f(z +Z]E

(113) E, Py f(X,)E,, / dK,, | - / K,
L [Ovt] [07577/) [0752)

:]Em / (/ Pt s,,Lf(Xsn)hn—l(sn—l)sz"1> sz,L]
[0 SW)

_E, / ( P snf(Xsn)szn> hnl(snl)szM]
(sn 1,t

_E, / / Prsr o fXVAE | Bt ($m1)dE,

[0,t) (0,t—spn—1]

_E, / Ex, / Prs o f(X))dE,
Otfsnfl]
></ szn72-~-/ dKSlsznfl .
[O,Snfl) [0752)

Furthermore by (LL6]), for any bounded measurable function g > 0 on [0, 00) x D x D,

/ Ptsnf(Xsn)szstM] hnl(snl)szM]
(Sn 1at]

(1.14) E, l/ g(s —r, X, )dK,
(0,5]

=E, / g(s—r, X, dA“—l—ng—rX)Fl(Xr , Xr)
(0,s]

r<s

//poy (s — 1, y)uldy)dr

+E, U (/DFl(X Y)g(s — ry)%dy)dr}
//poy (s — 1, y)uldy)dr

+/0 /DpD(r,x,z) (/ijﬂz,y)g(s—r,y)%dy) dzdr.
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Equations (LII)—(LI4) motivate us to define p°(t, z,y):= pp(t, =, y) and, for k>1,
(1.15)

Pt ay) = /Ot (/Dpp(sw,Z)p’“1(t—s7z,y)u(dZ)) ds
+ /Ot (/DXDpD(s,x,z)%pk_l(t - s,w7y)dzdw) ds.
One then concludes from ([I12]) and (II3]) (see the proof of Theorem B4) that
117 1@) = [ anttr)f@)dy, (ko) € (0.0 x D.
where
(1.16) p(t,z,y) : Zp (t,z,y), (t,z,y) € (0,00) x D x D.

Moreover (see (3.10)), there exist constants t; > 0, ¢ > 0 and 0 < A < 1 such that
(1.17) |p*(t, 2, y)| < Ne+ckXE"Dpp(t, z,y) on (0,t1]xDxD for every k > 1.
From this we deduce that for every t € (0,t1],

(1.18) p(t,z,y) = Zp (t,z,y) < (11/\+(1_C>\)2>PD(15,$,ZJ).

For the lower bound estimate under the assumption F € J, -, we use (LI7) for
k =1 and deduce that

qp (ta z, y) > 2_2()\+C)pD (tv T, y)
(See Theorem and its proof below.) This and (I8) establish Theorem [[3] for
t < t;. The general case of ¢ < T follows from an application of the Chapman-
Kolmogorov equation.

The keys to establish the estimate (LI7) are two integral forms of the 3P in-
equality given in Lemma [2.4land Theorem 2.7l below. For a killed Brownian motion
in a smooth domain, the following form of 3P inequality is known (see [23, Lemma
3.1]): for any 0 < ¢ < a A (b — a), there exists N = N(a,b,c) > 0 such that for
every 0 < s < tand z,y,z € D,

py(s,x,z)py(t—s,z,y) 5D( )
o S NP Y (s, z2)
py (t,,y) p(z)
where pWV(t,z,y) = (15,:6)1/)1(15,y)t*d/ze*‘:‘””*y| /t. Recall that when D is a
bounded C*!* domain in R?, the transition density pp(t, z, ) of the killed Brownian
motion in D has the following two-sided estimates:

(1.20) clpgg(t,x,y) <pp(t,x,y) < c;;pEZ(t,x, y) fort e (0,1] and z,y € D.

ggg;;p}:}v(t -5 z,y),

(1.19)

For symmetric a-stable processes in R?, its transition density p(t,z,y) is compa-

rable to q(t,x,y); that is, c1q(t,z,y) < p(t,z,y) < coq(t,x,y) for all ¢ > 0 and

z,y € R%. One has the following form of 3P inequality (see [3] and (211 below):

q(s,z, 2)q(t — 5,2, y)
q(t, z,y)

for every 0 < s < t and z,y,z € R% The above two inequalities (LI9) and

(TZ1) are called 3P inequalities because they involve three probability transition

(1.21) <c(q(s,z,z)+q(t—s,2,y))
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density functions (q(s, z, z), q(t — s, z,y) and ¢(t, z,y) for (IL2]))) or their estimates
(pp(s,z,2), pp(t — s,2,y) and pp(t,x,y) in the case of (LI9) in view of (T20).
They are coined as analogs to the 3G inequality for Green functions in the literature;
see [15]. Observe that by the elementary inequalities

%(a/\b)(a—kb) <(anb)(aVbd)=ab< (aAb)(a+b), a,b>0,

(CZ1)) is equivalent to
q(s,z,2) Aq(t —s,z,y) < cq(t,z,y) for every 0 < s <t and z,y,z € RY

The above inequality is called a 3P inequality in [3]. The 3P type inequalities
(CI9) and ([I2I) played essential roles in establishing the heat kernel estimates
in [BL21L23]. However, for processes we are dealing with in this paper, the above
two types of 3P inequalities are no longer true in general (see Remark [Z3] below).
Nevertheless, we will show in Lemma[2.4]that an integral version of the 3P inequality
holds. Moreover we need an estimate on pp(t—s, z, 2)pp(s,w,y)/pp(t, z,y), where
z # w. The desired inequalities are established in Theorem 2.7 below. We call these
inequalities integral 3P inequalities because the left hand sides of these inequalities
contain integrals of 3 ¢,’s in the form ¢, (t — s, z, 2)q¢y (s, w,y) /¢, (t, x,y).

Assumption (L3) plays a crucial role in this paper. It is worthwhile to study
stability of Dirichlet heat kernel estimates without this condition.

The rest of the paper is organized as follows. In Section Bl we prove some key
inequalities, including two forms of the integral 3P inequality. The main estimates
(LT and Theorem [[3 will be established in SectionBl In the last section, we give
some applications of our main results. N

In this paper, we will use capital letters C, C, Cy, C1, Cs, ... to denote constants
in the statements of results, and their values will be fixed. The lowercase letters
c1,Co,... will denote generic constants used in proofs, whose exact values are not
important and can change from one appearance to another. The labeling of the
lowercase constants starts anew in each proof. For two positive functions f and g,
we use the notation f =< g, which means that there are two positive constants ¢y
and co whose values depend only on d,« and v so that c1g < f < cag.

2. INTEGRAL 3P INEQUALITIES

In this section we will establish some key inequalities which will be essential in
proving Theorem [[L3l The main results of this section are Lemma 2.2 Theorem
25 Lemma 2.6l and Theorem 7l Throughout this section, D is a Borel set in R,

We start with two lemmas that will be used several times in this section.

Lemma 2.1. For any s,t >0 and (y,z) € D x D, we have

6p(z)  dp(y) (dp(z) Att/
& e = (e )

and

e (10%5) (0 52) <2 (et ()
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Proof. The identity (2.1)) is clear, so we only need to prove (2.2). Since dp(z) <
ly — z| + 6p(y), we see that

L) < (=2 bnl) Sm0)) (1 =2l ()

Thus, applying the elementary inequality

a a 2a

. < <
23) xS S oy 020
we get
5p(y) op(2) dp(y)
(1/\ Sl/a 1A /o < IA sl/a 5p y tl/a
< 2+ s )( )

Using (L) and ([Z3]), we get that

4 t
< q(t,x,y) < 24+ .
R P L N (T P L

(2.4)

Lemma 2.2. For any v € [0,2a), there exists a constant C1 := Ci(d,a,y) > 1
such that for all (t,y,z) € (0,00) x D x D,

t/2 t/2
(2.5) %(w)/ 4y(s,2,y)ds < Clwy(t,y)/ ¥y (8, 2)q(s, 2, y)ds.
0 0

Proof. The inequality holds trivially when v = 0 with C; = 1, so for the rest of
the proof we assume vy € (0,2a). The inequality (@3) is obvious if dp(y) > /@
or 0p(z) < 20p(y). So we will assume dp(y) < tY/* A (6p(2)/2) throughout this
proof. Note that in this case,

6D(Z)
2

(2.6) |z =yl > dp(2) —dp(y) > > dp(y).

Let

t/2 (t/2)A|z—y|*
I= wt,z)/ ¢ (s, z,y)ds, Il = wws,z)/ a(s, z,y)ds.
(t/2)Alz—y|" 0

By ([22)), we have

t/2

(2.7) I< 2271/)7(t,y)/ ¥y (s,2)q(s, 2z, y)ds,

(t/2)N[z—y|™



STABILITY OF DIRICHLET HEAT KERNEL ESTIMATES 5247

while by (21),

es) 1< (BY) (20 (Ay;w)v /0“/”“““ (5,9l 2, w)ds.

In view of (24) and (2.6,
(2.9)

(t/2)Alz—y|*
/ Yy (s,9)q(s, 2, y)ds
0

g (t/2)Nop (y)* s t/2)A|z—y|* op(y) v S
- d+a ds + 1/ d+a ds
0 |z —yl (t/2)A6p (y)« § |z —yl
1

< g (/20 Asp )Y +bp(y)”

x (((6/2) A1z = g1 = ((/2) Adp(y)*)* )
= s (/2 A o))

@) A (1/2)M)7 ((/2) A L2 =l 77 = ((1/2) A op)*)* ") )
(5p(y) A (1/2)"/°)" ((t/2) A J2 = yl*)* "

~
~

[z =yl TFe
_ So() ((t/2) Az —y*)* "
|Z _ y|d+a :

On the other hand, considering the right hand side of (2.3]) and using (2.6]) we have
(2.10)

(t/2)Az—y|*
/ Yy (s, 2)q(s, 2, y)ds
0

(t/2)A(6p(2)/2)* s (t/2)Az—y[* Sn(2)\” S
x/ 7d+ad8+/ ( ?E(J) d+ads
0 |z =yl (t s |z —

J2)N(BD(2)/2)
t, ()" ’
2 2

<%/\ <5D2(Z))a)2 N (5[)2(2) A <%)1/&>V
t

_ Bp(2) A ((t/2) ALz =y
B |2 — y|d+e '
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One then deduces from (Z8)-(ZI0) and the assumption dp(y) <t/ that

t/2) Az —y|™)>
|z — yldt

IT < ertpy (t,y)(Op(2) At/ @)Y (

(t/2)Alz—y|*
S 02/ 1/’7(&2)(1(572’,9)5[3-
0
This combined with ([Z7) establishes the inequality (2.3). O

We now give a proof of (L2T]) (see also [3]). It follows from (23]) and ([Z4]) that
for every 0 < s < t and x,y,z € RY,

(2.11)
q(S,ZL’, Z)q(t - S, %, y)
q(t, z,y)

o d+a
< 4d+a8(t ) ( % + |z —y| )
< 7 (¥ + ]z — 2)((t — )/ + |y — 2])
d+a

<4d+°‘(s/\(t—s))( (54 (= )" + ]z — 2|+ ]y — 2 )
= (st + ]z = 2|)((t = s)1/ + |y — 2])

1 1
< 9(d+a)(B3+1/a) (g A (¢ —
< A= Gt e e T (= o)W/ 1]y — o
< )G (5 . 2) + q(t — 5, 2,7)) .

Remark 2.3. Tt follows from (Z3) and (Z4) that for every £ < s < 3t and z,y,2 €
R? with 2|z —y| > |z — 2| + |y — 2|,
(2.12)
1/a d+ao
q(S,I,Z)q(t—S,Z,y) 7d7a5(t_5) < l + |l’—y| )
>2
q(t, z,y) t (st +]w = 2))((t = s)V/* + |y — 2])
o g-d—ast=9) ((s+(t=s)* + (jz — 2| + |y — 2[)/2 "
- t (s 4 Ja = 2)((t = )/ + [y — 2])
1 1
= (sA(t—
(sA(t—1s)) ((Sl/a Tz — o)t + (t =)o 4y — Z|)d+a)
= Q(sa Z, Z) + q(t -5, Zvy)
Thus using 23), @II) and @I2) we have that for every & < s < 2L and z,y,z € D
with 2|z —y| > |z — 2| + |y — z|,
0 (2, y) (g (s,2,2) + ¢4 (t = 8, 2,Y))
q’)’(t_ S,.I,Z)q,y(S,Z,y)
< (L)ool ¢ tl/ﬂ)” 1 (oot + tl/%)”
= \0p(2)(dp(x) + /) p(2)(dp(y) +t1/*) )
which goes to zero if dp(y) = dp(x) — 0 with 2|z —y| > | — 2| + |y — z|. This
shows that the inequality
Q'y(t_ s,x,z)q.y(s,z,y)
qv(t,x,y)
for every 0 < s < t and x,y, 2z € D cannot be true, even for balls. ([l

<clgy(s,2,2) + gy (t = 5,2,9))
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We record here a simple inequality which we will use several times in this paper.
For 8 € (0,1) and a > 0,

(2.13) /t(lA%)dsgﬁ(lAt%).
0 s -

We are now ready to prove one form of the integral 3P inequality. Note that the
right hand side of the integral 3P inequality below has the term ¢(s, z, z) +¢(s, z,y)
rather than ¢(t — s, z, 2) + q(s, 2, y).

Lemma 2.4 (Integral 3P inequality). For every v € [0,«), there exists Co :=
Cs(d, a,7y) > 0 such that for all (t,z,y,z) € (0,00) x D x D x D,

K t— )y id) K
[ e et g <0y [ at o)+ alo.z)is

Proof. When v = 0, the desired inequality follows from (ZII) with Cy; =
2(d+e)(3+1/e) Qo for the rest of the proof, we assume v € (0, ). Let

t
J(tvxayaz) ::/ Q’y(t_svxaz)Q’y(sazvy)ds'
0

Since
t

t)2
J(tvxayaz) S Clq’y(tv'raz)/ q—Y(S,Z,y)dS+Clq7(t,Z7y)/ qu(t—S,I7Z)d$,
0 t/2

we have by Lemma that
t/2
J(t,2,y,2) < oy (t, 7)1, y) Uy (s, 2)q(t — 5,2, 2)q(s, 2, y)ds
0

t
+02w’y(t7 $)¢w(t7 y) /t/2 ¢v(t - S, z)Q(t - 5,7, Z)Q(Sv Z, y)dS

It then follows from (ZI1)) that

t/2
J(tvayaz) S 03qu(t,$,y)/ T/JV(S,Z)(q(t—S,.I,Z) +q(8,27y))d5
0
t

+C3Q’y(t7$7 y) y ¢w(t - S, Z)(q(t - S5,7, Z) + Q(Sv 2 y))ds
t/2

< 04q7(t,x,y)/0 Wy (s,2)(q(s, z,y) + q(s,z, 2))ds.

Here in the last inequality, we used the fact that

t/2 t
/ (s, 2)alt— s, 2)ds < e | by (s, 2)als, a, 2)ds
0 t/2

and
t

t
Uyt —s,2)q(s,z,y)ds < 5 | ¥y(s,2)q(s, 2, y)ds.
t/2 t/2

The above two inequalities follow easily from the fact that ¢(s,x,y) < q(t, z,y) for
s € [t/2,t] and

/2
/ Py (s, 2)ds <
0

(e

a—7

(t/2)14(t/2,2) < cg /t/g ¥y (s, 2)ds,
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where we have used ([2.I3)) for the first inequality. This completes the proof of the
lemma. ]

The above integral 3P inequality immediately implies the following theorem,
which will be used later.

Theorem 2.5. For every v € [0, ), there exists a constant C3 = Cs(d, a,y) > 0
such that for any measure p on D and any (t,z,y) € (0,00) x D x D,

/ot /D 0 (t = 5,2, 2)ay (s, 2, y) p(dz)ds

t
< Cyq,(t, 2, ) sup /0 /D (5, 2)a(s, w, 2)a(dz) ds.

ueD
The results of the remainder of this section are geared towards dealing with the
discontinuous part of A*F.

Lemma 2.6. For every v € [0,2a), there exists a constant Cy := Cy(d, o,7y) > 1
such that for all (t,y,z,w) € (0,00) x D x D x D,

t)2
(2.14) Py (t, z)/o ¢y (s, w,y)ds

ly — 2| A |z —w| At/
ly — wl

Proof. The desired inequality holds trivially for v = 0 with Cy = 1, so for the rest

of the proof we assume y € (0,2q). The inequality I3 is obvious if §p(y) > t/«

or 6p(z) < 26p(y), so we will assume 6p(y) < t2/* A (6p(2)/2) in the remainder of
this proof. Note that in this case

S
scm(t’y)(w ) [ ity

5D2(Z) > dp(y).

By &), 3) and our assumption dp(y) < t'/%, we have that

21 (1n22) (11 52) <220 (513/(12;(;))

1/«
9 1/\5D(y) 5D(Z)/\t .
/o st/@ 4+ 0p(y)
When s > |y — w|*, by @.I3),

Sp(z) At/ <2|y—z|/\t1/a |y—z|/\|z—w|/\t1/a)
st/ +dp(y) = ly—wl ly — wl ’

where the last inequality is due to the fact that |y — 2| < |y —w|+ (Jy — 2| A |z — w]).
This together with ([2.I6]) implies that

(2.17)
/2
n(t,2) /( t ¢, (5,0, y)ds

t/2)Aly—w|™

y—z|Alz—w| At/ [t
<47 (t,y) (1 + | ] | Yy (s, w)q(s, w, y)ds.
ly — wl (t/2)Aly—w|®

(2.15) ly — 2| > dp(2) —ép(y) >

<2(1+
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On the other hand, by ZI5),

M= (6 (2) A 21/
2.18 Op(z) N/ 7 )
o J <§M+waJ Uy (s, w)a(s,w,y)ds

t/2)Aly—w|* ly — 1o\
y—z| At s
27/0 (—81/0‘ ) Py (s, w) Ty = we ds

ly— 2| AgL/aYT Dl
Cl(y—T""a)/ 51 v/ 1/)7(S,w)d$.

IN

We claim that
(2.19)

(t/2)Aly—w|® t /e p(t/2)Aly—w|®
/0 517"/0‘1/)7(3, w)ds =< (5 Ay — w“) /0 s (s, w)ds.

The case dp(w) > (t/2)"/ is clear. If §p(w) < |y — w| A (t/2)"/*,

(t/2)Aly—w|®
/ stV (s, w)ds
0

5p(w)® (t/2)Aly—w|*
:/ 8177/ads+5D(w)A// s1=2v/a g
0 é

D (w)>

" 2—2v/a
= Sp (W) + bp(w)T @Ayﬂw) ~ Sp(w)e)

I
7 N\

t -/ t 2—v/«
sat—ul)  Gow) (5l ul)

; —v/a (t/2)Aly—w]®
(5 Aly — w|a> / 51 (s, w)ds.
0

The remaining case |y —w| < 6p(w) < (t/2)1/* is simpler and is left to the reader.
Thus we have proved the claim (2ZI9). Now by 2I8) and ([2.19)),

/DAyl /50 ) A g/
/0 (sl/ *+dp(y)

X

>7¢7@JWQ@JMHYB

ly — z| A /a7 /(t/Q)/\|yw|a s
< L —d
< 02<y_w|/\t1/a ; 1/1w(s,w)|y_w‘d+a s
AN /DAl
S C2 (1 + u) / 7%(57“1)(](3’ w, y)ds
ly — wl 0
C oA lr —wl AN /Ay
< 2 (1 + v~ | — | ) / ¥y (s, w)q(s, w, y)ds.
- 0

Here again the last inequality is due to the fact that |y—z| < |y—w|+(ly—z|A|z—w]).
This together with ([2I6]) and (ZI7)) establishes the inequality (214]). O
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In the remainder of this section, we use the following notation: For any (z,y) €
D x D,

Viy = {(zw) e DxD:lz—yl =4y —w|Alx—z))},
Upy = (D xD)\Vyy.
Recall that for any bounded measurable function F' on D x D we use ||F|s to

denote ||F||L(pxD)-
Now we are ready to prove the following generalized integral 3P inequality.

Theorem 2.7 (Generalized integral 3P inequality). For every v € [0,a A d), there
exists a constant Cs := Cs(a,7y,d) > 0 such that for any non-negative bounded
function F(z,y) on D x D, the following are true for (t,x,y) € (0,00) x D x D.
(a) If |z — y| < tY/, then

/ / -5 Z)qu(s w y) F(z7w) dzd'lUdS
DxD

Q'y t z, y) |Z _w|d+a

|z —w| At F(z,w)
|z — 2|

< 05/ Uy (s, 2)q(s, z, 2) <1-|—
0o JDxD

t 1/a\ "7
|z — w| At/ F(z,w)
+C! / U~ (8, w)q(s, y,w <1 + dzdwds
*Jo Joup (s wal ) ly — wl |z — w|dte
(b) If |x — y| > t/*, then
— F
/ / Nt —s,2,2)qy(s,w,y)  F(z,w) dodwds
0y (t,2,y) |z — w|d+e
|z —w| At F(z,w)
< 1
05/ /vasz) (sacz)( + =2l |Z_w‘d+adzdwds
|z —w| At/ F(z,w)
+C / / o (s, w)q(s,y, w <1 + dzdwds.
5 o Ju., ’Y( ) ( Y ) |y_w| |Z—’LU|d+a

(c) If |x — y| > t'/*, then
/ / — 50,20 (5,w,y) F(z,w)

¢y (t, @ 2Y) |z — w|d+e

Proof. By Lemma 2.6l we get that

0t = 5,2, 2)a (5, 0,y)  F(zw)
(2.20) / /M Tt a) ity e~ wjra s

<er /D - /0 (5, 0)g(s, w0, m)q(t — 5,2, 2)

- ti/eNT F
X 1+|Z wl A ds (2, w) dzdw
ly —w| |z — wl|d+e

dzdwds < Cs||F||so-

t
+c1 /DXD/ Yy (t — s, 2)q(s,w,y)q(t — s,z,2)

—w| At/ F
X (1 + |z —wlA > ds‘ (z,w) dzdw.
z

|z — 2| — w|dte
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If [x —y| < t/% and s € (0,t/2], we have q(t — s,x,2) < 2¥%q(t,x,y); and if
|z —y| <t/ and s € (t/2,1], we have q(s,w,y) < 29/%q(t,z,y). Thus (a) follows

immediately from (220).
In the remainder of this proof, we fix (t,z,y) € (0,00) x D x D with |z —y| > t/<,

Let
Ui = {(zw)eDxD:ly—w| >4 o—y|ly—w| > |z -2},
Uy = {(z,w)€DxD:l|x—z >4 -y}

Since q(t — s, x, 2) < 4% %q(t, z,y) for (s, z,w) € (0,t) x Us, by Lemma 2.6] we have

(2.21)

t/2
/ / — 5,2, 2)qy(s,w,y) F(z,z;)j)m drdwds
Us 7»[17 (t,> @bv(t Y) |z — wl

t/2 lz—w| AtV F(z,w)
SC2/ / w (S,’U})q Sw,y q(t—57$72) <1+ > ds : dzdw
oy i) o) P

‘ _
z—w| At/ F(z,w
ds
ly—w |

t/2

Z—w

<catten) [ [ v ontsw) (14

Uy JO

and, similarly,

(2.22) / / 0y (t =52, 2)6, (5, 0, y) F(z,z;)) dzdwds
t/2 U1 Yy (8, 2)1hy (T, y) |z — w|dte

/U /Q% 2, w,y)q(t — 5,2, 2)

|z — w| At/ e\ F(z,w)
X<1+W dSde

t
C5Q(t7$ay)/ w’y(t_&z)qu_saxaz)
U, Jt/2

—w| At/ R
w (14 WA g FEw)
|z — 2| |z — w|d+e

On the other hand, we observe that, since (s, w,y) < 49+%q(t, z, y) for (s, z,w) €
(0,t/2] x Uy,

IN

IN

t/2 F(z,w)
t— ——— " dzdwd
A /Ul Q’Y( 87x7z)q"/(s7w7y)|z_w|d+a zZawas

F(z,w

t/2 )
Scelpv(tvx)wv(tvZ)Q(tJMU)/ q(taxaz)/o wW(S’w)wV(S’y)dSdedw.

Uy

Now, applying the inequality (using ([ZI3)))

/ Wy (s, W)y (s, y)ds </ Py (s,y)ds < < 727/0‘ Y, (t,y),
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we get
t/2 F
(2.23) / / gy (t — s,2,2)g (s, w, y)| (= |dl dzdwds
Ui
F(z,w
<ergy(t, @ y)/ q(t, @, )ty (2, Z)%d dw
<cgqy(t, z,y / / q(t — s, z, 2),(t — s, )(Z—d_?_d dzdw.
o |2 — wl
Similarly,
F
(2.24) / / gy (t = s,2,2)q, (s, w,y) (= dl dzdwds
172 Jus |2 — wl
F(z
<ent, (1) [ / w7<s,w>q<s,w,y><7|dldsdzdw
Us Jt/2

Since Uy, = Uy U Uy, from (Z2I)—(224)), we know that (b) is true.
Note that for (z,w) € V, ,, we have |z—w| > |[z—y|—(|z—z|+|y—w]) > 27z —y|.
Thus, by Lemma and ([L4), it is easy to see that

ot =52 (swy)  Flzw)
/ / B ty) alhw, g — wlira s

t/2 /e v
<010||F\|Oot_1/ / (s,w,y)q(t — s,x, z) <1 + ﬁ) dsdzdw
y—w

/e N7
+ c10]| Flloot™ 1/ / (s,w,y)q(t — s,x,2) (1 + —) dsdzdw

|z — 2|
tl/a
§011||FHoot 1/ S w y <1+ > dw
0 ly — wl

tl/oc v
—|—/qsxz< >dz ds.
D |z — 2|
Since, using v € (0, a A d),

t /e v /e N7
/ /q(s,w,y) (14—7) dw+/ q(s,z,z) <1+—> dz | ds
0 D ly — wl D |z — 2|
t tl/a Y
2d+a+1// s dwd
0 Jra (7 TP ol ) 07

00 d—l—'yd t
U U
/e —V/%Jg < ¢1at
C12 (/0 (1 +u)d+a) /0 S s < ci3t,

(c) follows immediately. O

IN

3. HEAT KERNEL ESTIMATES

In this section we give the proof of our main result, Theorem [[L3l Throughout
this section, we fix v € [0, « Ad). Recall the definition of p* (¢, z, y) given by (L.I5).
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Using (L3), (L7), Theorems and 2.7 we can choose a constant

(31) M= M(a7 Y d? CO) > %227/a+d+o¢+1061(01 vV 04)

such that for any u in K, -, any measurable function F' with Fy = el —1¢ Jany
and any (¢,z,y) € (0,1] x D x D,

62 [ [ et se ezl < Mpp(tan)N )
(3.3) / /DXD (t—s,2,2)q,(s,w,y) (z|zw_)|F1|(|1(+zaw)d dwds

< Mpp(t,z,y)(Ng () + [ FillcoL{jp—y|>1/03)

and

t
c(z,w)|F1|(z,w o
/ / ¢ (t — s, 1, Z)%(S,wyy)%dzdwds < Mpp(t,,y) N (t).

In the remainder of this section, we fix a locally finite signed measure p € K, -,
a measurable function F with F} = ef' —1 € Jao, and the constant M > 0 in (B.)).

Lemma 3.1. For every k >0 and (t,x) € (0,1] x D,

(35) [ ity < G v o) (Nig, o)

Proof. We use induction on k& > 0. By (&), B3] is clear when & = 0. Suppose
B3 is true for K —1 > 0. Then by ([I5) we have

Lp@ww@—/w(ép@—wwméﬁ*@awwmwow
[ e S )
+/ (/p%t'xrapép“%&amwyxwﬂds
[ (e 2500 )
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Thus using ([[3)) and our induction hypothesis, we have

/ Ip*(t, 2, y)|dy
D

b1 t/2
§2"//achk—1(Ni,;l ®)) ,Y(t’;[;)/ (/ Py (t — s, 2)q(t — s, x, z)|u|(dz)> ds
0 D
/2
st [ ([ [ ote-szate- s E g ) as

+/Dw7(t,2) /t/;qy(t—s,m,Z)dsul(dZ)

t
|F1|(Z7w)
+Co//¢ t,w/ gy (t — s, 2, 2)ds—————dzdw | .
pJp “/( ) t/2 ’Y( ) ‘Z—’UJ‘dJrO‘

Applying (1)), Lemmas and [2.6] the above is no larger than
4_1C’OM’“(N5;1( )) (1&7 (t,x / (/ Yo (t— s, 2 s,a:,z)|u|(dz)> ds

+C0w,y(t,x)/t/2 (//wyt—s 2)q(t — s, , )%dd >d

+ [ vt / 0t — 5, 2)q(t — 5,2, )ds|ul(d2)

_ — /a7
+Co//¢y(t,x)<1+| WA |z —w| At >
DJD |z — 2|

¢ F
X Py (t—s,2)q(t — s, x, z)%dzdw

t/2 |
<CEM" (¢, 2) (N, ()"

Lemma 3.2. For every k >0 and (t,z,y) € (0,1] x D x D,

//ppt—sa:zdz/\p (s,w,y)|dwds

< 80 A, (1) () (N 1)

Proof. By (3] and Lemma B.1]

t
| [ pott= sz [ 1t w.0)ldwds
o Jp D
t/2
:/ /pD(t—s,a:,z)dz/ |pk(s,w,y)|dwds
0 D D
t
[ pott=sa 2 [ s y)lduds
t/2JD D




STABILITY OF DIRICHLET HEAT KERNEL ESTIMATES 5257

/2
e / / Ut — 5,2)q(t — 5,2, 2)dz / 1D (s, w, )| dwds
0 D D
t
+Co / / Wt — 5,2)(t — 5,2, 2)dz / 19" (5w, y) | duwds
t/2JD D
k

t/2
<c3M* /0 /D Dt — 5, 2)q(t — 8,2, 2)dz 4 (5, 9) (N () “ds

t
4O [ = sl = 5,220 5.9) (Vi () s
t/2JD
. t/2
<27/aC3M’€(N;j’}1( ) Uy (t, ) ( @bw(s,y)ds) / q(t —s,z,2)dz
0 D
t
+ 20/ M* (Nl‘j‘”;l (t))kwv(t, y)/ < Wy (t — s, x)ds) q(t —s,z,2)dz.
D \Ji/2

Using (2I3) on both f(f/Q 1y (s,y)ds and ftt/z Py (t — s,2)ds we get that

//pD t—sxzdz/ (s, w,y)dwds

< 227/0103Mk (Ni,; ( ))kww(t,x)ww(t’y) /D q(t — S,x,z)dZ.

a—y

Applying (L4), we have proved the lemma. a

Lemma 3.3. For k>0 and (t,z,y) € (0,1] x D x D we have

(3.6)
«@ k a k—
Pt 2. p)] < P () ((CRMNR, ) + kIl Pl CEM (CRMNSZ, (1) 7).

Proof. We use induction on k > 0. The k = 0 case is obvious. Suppose that (3.6])
is true for £ — 1 > 0. Recall that

Voy={(zw) €D xD:lz—y|>4(ly—w|V]z—2z)}, Usy=(DxD)\Vay.

Applying (CI3), [C3), B2) and B4), we have by our induction hypothesis,

t
sl = [ ([ e saalt sl ) s
0 D
t
0t — (zmw)Fi(zw)| ko
+/O (/U Pt — sz, 2) Iz = w[ita Ip" (s, w, y)|dzdw | ds

T,y

K F
—i—/ / po(t—s,x,z)%wmk_l(s’w,yﬂdzdw ds
0 \Jv, |z — w|d+e

z,y
k—1

IN

((CBMNZZ 1) + (k= )Pl CRM (CEMNE 7, (1))

<[ ([ 5= szl ) s

+ ((CBMNEZ )" + (s = DI C3M (CEMNGZ, (8) )
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t
0 c(z,w)|F1](z,w) 4
></0 (/U p (t—s,x,z)wp (va,y)dzdw ds

z,y

t r
0 c(z,w)|Fi[(z,w) | gy
t— St Bl bt 1 A Nod Rl
—|—/0 (/V p(t—s,z,2) = e [p" (s, w,y)|dzdw | ds

T,y

< Pt ((CMN7 0)

[e% k—2 @
+ (k= DI Pl C3M (CEMN 2, (1)) CEMNS 2, (1)

2d+oz||F1||Oo t o o
+ CO d4+a b (t -5, Z)lp (S, w, y)‘dZd’U} ds.
|z — yl 0 DxD

Applying Lemma and using (B3I), we get that if | — y|* > ¢,

Co d+a p(t—s,2,2)|[p"  (s,w,y)|dzdw ) ds
|z —y| 0 DxD

t « _ k—1
< ()Y (b y) g P loe G5 — ttotalopfh L (NS (1))
|z —y| o=y
« « « — «, k-1
< po(t,x;y)||F1HOOC06a__72d+ +v/ Mk: 1(N'u1;1(t))
- k-1
< po(tazay)“FlHOOCng(NH,I?‘l(t))

o, k—1
< Pt y)l| Pl COM (CEMN, R (1)

Thus (34) is true for k when |z — y|* > t.

If |z —y|* < t, using (L3), (CI5), B2) and B3], we have by our induction
hypothesis,

el s [ ([ 5= sl o cmlnlias) ) s

0
! c(z,w)|Fy(z,w)]
+/ (/ pO t—S,l‘,Z %pkil S, w, dZd’LU) ds
AV e Pt A 0]
« k—1 a k—2
< ((CRMNZR )"+ (k= DIF e CEM (CRMNSE, (1))
t
<[ ([ 90 s on sz i) as
0
2 o,y k—1 2 2 a,y k—2
+ ((C3MNER, )+ (k= DIRCEM (CMNEZ, (1))
t
0 c(z,w)\Fﬂ(z,w) 0 )
X p(t—s,z,2)———————=p (s,w,y)dzdw | ds
/(/DD ( LB s )
<

p°(t,z,y) ((C(?MNE,’% (t) "

le% k—2 o
+ (k= DI Fa o< C3M (CEMNT, (1)) CEMNZ, (1).

The proof is now complete. ([l
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Theorem 3.4. The series Z?:o pF(t,x,y) converges absolutely to a jointly contin-
wous function qp(t,z,y) on (0,00) x D x D. Moreover qp(t,z,y) is the transition

density of the Feynman-Kac semigroup (T it > 0), and there exists a positive
constant Cg := Cg(d, a, v, Co, M, || Fi || o, T) such that

(3.7) ap(t,z,y) < ey (t,z,y)
for every (t,z,y) € (0,00) x D x D.

Proof. Let p*(t,z,y) be defined as in (LI5) with |u| and |Fy| in place of p and F.
Clearly

(3.8) Ipk (t, z,y)| < P (t,x,y) for every k > 0.

Set gp(t,z,y) = > peo D (t, 2, y). One has from (LII)-(LI4) with |u| and |Fy| in
place of p and Fi, where each term is non-negative, and Fubini’s theorem that for
every bounded f > 0 on D,

39 B |0 B(a + IR X)) | = [ ot sma.

Since Iy € Jq 4, there is t1 := t1(d, o, 7, Co, M, N, | Filloo) € (0,1) so that

L _
Nk (t) < (3CEM) " A (9(CEM)? || Frloc)
It follows from Lemma B3 that for every (¢,z,y) € (0,#1] x D x D,
(3.10)

8

ap(t,z,y) = p°(t,z,y) (t,2,y)
k:l

HMS

p(txy+ptxy< SMN ()

o0
+ 1P CEM >k (CRMNGZ, (1))
k=1
1
<pp(t,z,y) +pp(t,z,y) ||F1||ooCo
S Clq’y(t7xay)
and ¢p(t, x,y) is jointly continuous on (0,¢1] x D x D. Here
3 9
c1=0Cp <§ + Z|F1|OOCO2M> )

which depends only on d, «, v, Cy, M and || F}|co-
Denote the left hand side of (39) by T:f. Using the semigroup property of T3,
we see that

ap(t, z,y) :/ ap(t/2,2,2)qp(t/2,z,y)dz, for all (t,z,y) € [0,2t1] x D x D,
D

is jointly continuous on [0,2¢1] X D x D. Thus inductively we conclude that
gp(t,x,y) is continuous in (¢, z,y) € (0,00) x D x D. Moreover, by the two-sided



5260 ZHEN-QING CHEN, PANKI KIM, AND RENMING SONG

estimates of the rotationally symmetric stable process in R¢, we have
/ q(t/2,2,2)q(t/2, 2, y)dz < caq(t, z,y)  for all (t,z,y) € [0,00) x R? x R
Rd

Thus, by the upper bound of gp on [0,t1] x D x D we have for (t,z,y) € (t1,2t1] x
D x D,

in(ta,y) < & / 0 (82,2, 2)0, (£/2, 2, y)d2
D

< Yy (t, ), (L, y) /Rd q(t/2,2,2)q(t/2, 2, y)dz < cieagy (t, 2, y).

Iterating the above argument one can deduce that there is a constant c3 =
03(da «, 7, CO; Ma ||F1||OO) Z 0 so that

dp(t,z,y) < e®'q (t,x,y) forevery t >0 and x,y € D.

The conclusion of the theorem now follows from the fact that the total variational

process of A +3° _, F1(X,—, X,) is AV + 3, [P 1(Xs-, X,), @8), (CID)-(CID)
O

and Fubini’s theorem.

For the lower bound estimate, we need to assume that F' is a function in J .

Theorem 3.5. Suppose that i € K, 4 and F is a function in Jo . Then for every
T > 0 there exists a positive constant C7 = Cr(a, v, Co, M, Ny, || Flloo, T) > 1
such that

(311) C;quy(t,l',y) S QD(t;iU,y) é C7qu(t,l',y)
for every (t,z,y) € (0,T] x D x D.

Proof. Since F is a bounded function in Ju,, so is Fy with |Fi(z,y)| <
ellFlle<| F|(2,y) and Np? < elFlle N2 Thus the upper bound estimate in (311
follows directly from Theorem B4l To establish the lower bound, we define for

e = t ( [ s y)lul(dz)) s

/ (/ / (=923 (Zzw_)|F|gfaw)p°(&w,y)dzdw> ds.

Then for any bounded Borel function f on D and any (¢,z) € (0,00) x D, we have

B, [Al 1 100)] = [ e s

Applying LemmaB3lwith |u| and | F| in place of p and Fy, we have, for all (¢,2,y) €
(0,1] x D x D,

p(tz,y) < (CEMNRE(L) + CEM | Flloo)p®(t, 2, y) < (k/2)p°(t, 2, y),
where k > 2 is an integer so that k > 2(C§MN,"}(1) + C§M||F||«). Hence we
have for all (¢,z,y) € (0,1] x D x D,

1. 1
(312) po(tax,y) - Epl(tax,y) > ipo(taxvy)'
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Using the elementary fact that
1-— AL“I"F‘/k < exp (—AL”MF‘/k) < exp (Af’F/k) ,

we get that for any B(z,r) C D and any (t,y) € (0,1] x D,

1

_ #ls 1 u,
‘B("E,T”]Ey {(1 - Al‘f | lFl/k) 1B(z,r) (Xt)} < mﬂzy {exp(At F/k)].B(LT) (Xt)} .

Thus, by (I2) and Holder’s inequality, we have

1 1

§mEy [1B(z’r) (Xt)] < )|Ey [QXP(A?’F/k)lB(m,r) (Xt)]

1
~ Bz,
1

E, [exp(A! ) 1pa.n (X0)] > N <|B(7

1-1/k
E,|1 X .
x,r)\ y[ B(%T)( t)]>

1
< -
- < |B(z,7)]
Therefore,

1 1

1 F
QTWE?! [1B(a;,r) (Xt)] <5 Ey [CXP(AQL )]'B(a;,r)(Xt):| .

= |B(,7)]
We conclude by sending r | 0 such that for every (¢,z,y) € (0,1] x D x D,
) (ta z, y) > Z_kpo(ta z, y)

By the semigroup property of ¢p(t, z,y), for every (t,z,y) € (0,n] x D x D,

wltzy) = / / an (/2 21) - ap(tfn, za1,y)dzi - - dony
D D

Y

27”k/ . / pp(t/n,x,21) - pp(t/n, zn_1,y)dz1 - - dzp_1.
D D
Since for each fixed n > 1,
pp(t/n, z,w) < q,(t/n, z,w) < g, (t/n*, z,w)
= pp(t/n? z,w), (t,z,w) € (0,n] x D x D,

by ([[3)), from the semigroup property of pp(t,z,y), we have for each (t,z,y) €
(0,n] x D x D,

anltay) 2 er [ oo [ polt/nt,zn) ot/ 2o e don

D D
= clpD(t/n7m7y) Z 02%(75/”733’9) Z 63q7(t,x,y).

This proves the theorem. O

Combining the two theorems above, we immediately get the main result of this
paper, Theorem [[.3]

4. APPLICATIONS

In this section, we will apply our main result to (reflected) symmetric stable-
like processes, killed symmetric a-stable processes, censored a-stable processes and
stable processes with drifts. We first record the following two facts.
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Suppose that d > 2 and a € (0,2). A locally finite signed measure p on RY is
said to be in Kato class Kg o if

. 1
lim sup / = |nl(dy) = 0.
=0 peRrd B(z,r) |.I - y|

A measurable function g on R? is said to be in Ky, if g(z)dz € K-

Proposition 4.1. Suppose that d > 2 and o € (0,2).

(i) Let D be an arbitrary Borel subset of RY. p € Koo if and only if 1pu €
Ky o. Hence for every p € Kg o, pt|lp € Ko, for every v > 0. In particular,
L>*(D;dx) C Ko~ and LP(D;dx) C Kq o for every p > d/a and v > 0.

(ii) Suppose that D is a bounded Lipschitz open set in R? and v € (0,«). Let
g be a measurable function defined on D. If there exist constants ¢ > 0,
B € (0, v+ (a—)/d) and a compact subset K of D such that 1k (z)g(x) €
Ko and

lg(x)] < céD(x)*B forxz e D\ K,
then g € Kq 5.

Proof. (i) By the proof of [33, Theorem 2], we have that u € K4, if and only if

t
lim sup// q(s,z,y)u(dy)ds = 0.
0 JRre

t—0 zcRd

This implies that 1 € Kq o if and only if 1pu € Kg,. In particular we have for
every 1 € Kga, tlp € Ko for every v > 0. Clearly L*°(D;dx) C Kg. Using
Holder’s inequality, one concludes that LP(R%; dz) C Kg,, for every p > d/a.

(ii) Let g be a measurable function defined on D such that there exist constants
c1 >0, 8 € (0, y+(a—=)/d) and a compact subset K of D so that 1x(z)g(x) € K40
and |g(x)| < c16p(z)™” for x € D\ K. In view of (i), it suffices to show that
1p\kx9 € Ko 4. Note that

(4.1)

t
sup / Yy (s,y)q(s, z,y)|g(y)|dyds
zeD JO JD\K

t
<a sup/ Uy (s,9)6p(y) Pa(s, z,y)dyds
z€D JO JD\K

<c sup/ /5D(y)“/\t (s—d/a A #) ds | d (y)—ﬂdy
= eb D\k \Jo |z — y|dte P

¢
+a sup/ / s~/ (sd/o‘ A ;ﬂ) ds | 6p(y)"~Pdy
zeD JD\K \Jép(y)ont |z — y|dt
=T+1I.
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Here
b (1) Alz—y|* At s 5
4.2) I < ——ds¢ —Fd
w2 1z (f [ ool
dp(y)* Nt
—|—// s~ s 5p(y)Pdy
D Jép (y)*Nz—yl*At
) Az —yl* A2 -
gcqup/ ((D(y) |2 yld+ )*9p(y)
x€D J D |£17—y| *
Sp(y)~"
T Hlemyi<onne/sy = ama

(|I_y‘/\t1/a)2a75 1
< cz sup / < + 1. PR — 7/
€D JD ‘.’L’ — y|d {lz—y|<dp (y)Att/>} |:L‘ — yld_a_,_ﬁ Y

1
< (a=PB)/(2c) [ . AR (a=pB)/(20)
2cot jlelp |:1c y‘d_(a ﬂ)/Qdy cat ,

while

t 1—v/«a
s
(4.3) II < ¢ sup/ / liscigyloy———ds 5D(y)wfﬁdy
z€D JD \Jép(y)oAt fo<le=yl }|$ — yldite

t
+c sup/ (/ 1o ia—yloy S(dﬂ)/adS) Sp(y)" Py
zeD JD Sp (y)>At

2a—7y
(lz —y[At'/) -8
< i’gg /D lz — y|d+a Lisp (y)<lo—ylnti/} 0D (y) " dy

+ ¢4 sUp / |z — Z/|a7dﬂ1{|x—y|gt1/a}5D(y)%ﬂdy
D

zeD
1
< ¢4t/ * sup / dy,
zeD Jp | —y|liotedp(y)P—

where § := (a —v—d(8—7))/2 >0and € := (e« +v—d(f —7))/2 > 0. Note
that e+ 0 = a—d(B—~) and e —d = 7. Let p = d/(d — a + e+ §/2) and
g=4d/(a — (e +6/2)) so that 1/p+1/q = 1. Since D is a bounded Lipschitz open
set, p(d —a+¢€) < d and ¢(8 —v) < 1, we have by Young’s inequality:

1
sup
zeD Jp |t —yliotedp(y)P—r

< / 1 1 =+ 1 1 dy <
su — — .
= o o \plz —yppld—a+a T gap(y)a-n ) Y

This together with (@I) —(£3)) implies that lim;_,o N;l’l\K (t) = 0; that is, glp\ g €

K, . This completes the proof of the proposition. O

dy

Proposition 4.2. Suppose vy € [0,a Ad) and |F|(z,w) < A(|z —w|? A1) for some
A >0 and B > a. Then there exists Cs = Cs(5,d,a,y) > 0 such that for every
arbitrary Borel subset D of R?,

(4.4) N7 (t) < Cs At.
This in particular implies that F' € Jq .
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Proof. By 24), we have that
/ / q(s,y, w) <1 + |2 = wl /\tl/a)’y [F)(z w) + |F|(w’z)dzdwds
Rded ,

ly —wl |2 —w|dre

/e N7
§2A</ (= |ﬂ/\1|z|d°‘dz)// q(s,y,w <—|— ) dwds
ly — w
dz dz
calf e |
( B(0) 2T F B(0,1)° []dFe
¢ sty/e
X 1+/ >dwds
/0 ( p (8% + |y —w|)tely — w|r

t y o ,rd—l
v/
§02A/0 (1 +t s/o —W(sl/a oy dr) ds

[e’s] ud—l—'y / t /
<co At + CgA </O Wdu) Y A s 1 %s < ¢y At

where the assumption v € [0, A d) is used in the last inequality. This establishes

@2). O

4.1. Stable-like processes on closed d-sets. A Borel subset D in R with d > 1
is said to be a d-set if there exist constants ro > 0, Co > C; > 0 so that

(4.5) Cir < |B(z,r)ND| < Cyr? forall x € D and 0 <r < rg,

where for a Borel set A C RY, we use |A| to denote its Lebesgue measure. The
notion of a d-set arises both in the theory of function spaces and in fractal geometry.
It is known that if D is a d-set, then so is its Euclidean closure D. Every uniformly
Lipschitz open set in R? is a d-set, so is its Euclidean closure. It is easy to check
that the classical von Koch snowflake domain in R? is an open 2-set. A d-set can
have very rough boundary since every d-set with a subset of zero Lebesgue measure
removed is still a d-set.

Suppose that D is a closed d-set in R? and c(x,%) is a symmetric function on
D x D that is bounded between two strictly positive constants C4 > C3 > 0, that
is,

(4.6) Cs < c(z,y) <C4 for a.e. z,y € D.
For a € (0,2), we define
L [ @ —u@)?
(4.7 ]-"_{ eL(D,d)./DXD 7 —ypie dx dy < }
1 c(z,y)
(4.8) E&(u,v) = 3 /DXD(u(x) —u(y))(v(x) — v(y))w dedy, wu,veF.

It is easy to check that (€, F) is a regular Dirichlet form on L?(D, dz) and therefore
there is an associated symmetric Hunt process X on D starting from every point in
D except for an exceptional set that has zero capacity. The process X is called a
symmetric a-stable-like process on D in [I1]. When ¢(z,y) is a constant function,
X is the reflected a-stable process that appeared in [2]. Note that when D = R?
and c(z,y) is a constant function, then X is nothing but a symmetric a-stable
process on R
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It follows as a special case from [II] Theorem 1.1] that the symmetric stable-
like process X on a closed d-set in R? has a Hélder continuous transition density
function p(t,x,y) with respect to the Lebesgue measure on D that satisfies the
estimate (L3]) with v = 0 and the comparison constant Cy depending only on d, a,
ro and the constants Cx, k = 1,--- ,4, in (5] and (£L0). In particular, this implies
that the process X can be refined so it can start from every point in D. Thus as a
special case of Theorem [[L3] we have the following.

Theorem 4.3. Suppose that X is a symmetric a-stable-like process on a closed
d-set D in R Assume p € Koo and F € Joo. Let q be the density of the
Feynman-Kac semigroup of X corresponding to A*F. For any T > 0, there exists
a constant Cy > 1 such that for all (t,x,y) € (0,T] x D x D,

CJIQ(taxay) S q(tax,y) é ng(t,l',y)~

Remark 4.4. Let n > 1 be an integer and d € (0,n]. In general, a Borel subset D in
R™ is said to be a d-set if there exist a measure p and constants g > 0, Co > C; > 0
so that

(4.9) Cir? < w(B(x,7)N D) < Car? forall x € Dand 0 <r <.

It is established in [II] that for every « € (0,2), a symmetric a-stable-like process
X can always be constructed on any closed d-set D in R™ via the Dirichlet form
(€, F) on L?(D;u) defined by {@7)-ESY) but with the d-measure u(dx) in place
of the Lebesgue measure dx there. Moreover by [I1, Theorem 1.1], the process X
has a jointly Holder continuous transition density function p(t,x,y) with respect
to the d-measure p on D that satisfies the estimate ([3) with v = 0. The proof of
Theorem [[.3] also works for such process X; in other words, Theorem [£.3] continues
to hold for such kinds of symmetric stable-like processes. O

4.2. Killed symmetric a-stable processes. A symmetric a-stable process X in
R? is a Lévy process whose characteristic function is given by Eq [exp(i€ - X;)] =
e t1&1" Tt is well-known that the process X has a Lévy intensity function J(z,y) =
A(d, —a)|z — y|~ (@) where

(4.10) A(d, —a) = a2~ T (

d+a, _
T)W d/2(1"(1_

X1
2 )) N
Here T is the Gamma function defined by T'(\) := fooo tAle~tdt for every A > 0.
Let XP be the killed symmetric a-stable process X” in a C'! open set D. It

follows from [7] that X satisfies the assumption of Section [[] with v = «/2. Thus
as a special case of Theorem [[L3] we have the following.

Theorem 4.5. Suppose that X is a killed symmetric a-stable process in a C1!
open set D. Assume p € Ky o2 and F' € Jo /2. Let qp be the density of the
Feynman-Kac semigroup of X corresponding to A®Y . For any T > 0, there exists
a constant C1g > 1 such that for all (t,z,y) € (0,T] x D x D,

C;OIQOL/Q(tvxay) < QD(t,CE7y) < ClCQa/Z(t7xuy)'
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Let X™ be a relativistic a-stable process in R? with mass m > 0; i.e., X™ is a
Lévy process in R? with

Eo [exp(i§ - X{™)] = exp (t (m —(|€* + m2/°‘)°‘/2>> .

X™ has a Lévy intensity function J™(z,y) = A(d, —a)o(m*|z — y|)|x — y|~¢
where

d R e
0

which is decreasing and is a smooth function of r? satisfying ¢(0) = 1 and
(4.12) o(r) =< e (1 +rldta=b/2y  on [0, 00)

(see [13| pp. 276-277] for details).
Let X™P be a killed relativistic a-stable process in a bounded C*! open set.
Define

K =exp [ Y n(p(m"*|XP ~ XP[)) +m(t Arp)

0<s<t

Since [pq J(2,y) — J™(z,y)dy = m for all x € R? (see [28]), it follows from [L3]
p. 279] that X" P can be obtained from the killed symmetric a-stable process X P
in D through the non-local Feynman-Kac transform Kj". That is, E, [f(Xtm’Dﬂ =
E, [K" f(XP)]. By @II), for any M > 0, there exists a constant ¢ = c¢(d, o, M,
diam(D)) > 0 such that for all m € (0, M], |In(p(m*/*|z —y]))| < c(|lz —y|> A 1),
and so, by Proposition &2 F,,(z,y) := In(p(m'/®|z — y|)) € J4,a/2. The constant
function m is in K, o/2, and so NS‘L% n2 (t) goes to zero as t goes to zero uniformly
on m € (0, M]. Thus, as an application of Theorem [[33] we arrive at the following

result, which is the bounded open set case of a more general result recently obtained
in [9] by a different method.

Theorem 4.6. Suppose that D is a bounded CY' open set in R®. For any m > 0,
let 5 be the transition density of the killed relativistic a-stable process with weight
m in D. For any M > 0 and T > 0, there exists a constant C11 > 1 such that for
allm € (0, M] and (t,z,y) € (0,T] x D x D,

Cl_llqa/Q(t7x7y) S prg(tazay) S Cllqa/2(t7xay)'

4.3. Censored stable processes. Fix an open set D in R? with d > 1. Recall
that A(d, —«) is the constant defined in (£I0). Define a bilinear form & on C°(D)
by

(4.13)
)= [ [ (o) u)ote) - o) T dedy, wv e C2(D),

Using Fatou’s lemma, it is easy to check that the bilinear form (&£,C°(D)) is
closable in L?(D,dz). Let F be the closure of C°(D) under the Hilbert inner
product £ := €+ (-, - )12(D,de)- As noted in [2], (£, F) is Markovian and hence a
regular symmetric Dirichlet form on L?(D, dx), and therefore there is an associated
symmetric Hunt process Y = {Y;,t > 0,P,, xz € D} taking values in D (cf. Theorem
3.1.1 of [1I8]). The process Y is the censored a-stable process in D that is studied
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in [2]. By (@I3), the jumping kernel J(x,y) of the censored a-stable process Y is
given by
A(dv _a)

J(x,y):m for z,y € D.

As a particular case of a more general result established in [8, Theorem 1.1],
when « € (1,2) and D is a O open subset of R?, the censored a-stable process
on D satisfies the assumption of Section [I] with ¥ = o — 1. Thus as a special case
of Theorem [[13] we have the following:

Theorem 4.7. Suppose that « € (1,2) and that Y is a censored stable process in
a CY! open set D. Assume p € Koa-1 and F € Joa—1. Let qp be the density
of the Feynman-Kac semigroup of Y corresponding to A*¥. For any T > 0, there
exists a constant C12 > 1 such that for all (t,z,y) € (0,T] x D x D,

Cl_qua—l(t7x7y) S qD(tax7y) S Cqua—l(tvxay)'

Similarly to [2], we can define a censored relativistic a-stable process in D.
Alternatively, with

Kpi=exp [ Y In(p(m"*(|Y,- = Yi|))

0<s<t
b1 —p(meY, —y|)
d, — dyd
v, o) [ [ Sy >

S

if D is a bounded C"! open set, a censored relativistic stable process Y™ can also be
obtained from the censored stable process Y through the Feynman-Kac transform
K. That is, E,[f(Y;™)] = E.[K:f(Y:)] (see [613]). By an argument similar to that
of Subsection IZ one can see that F,, := In(o(m!/ |z — y[)) € I, /2. Moreover,
since

am(a) = [ (1= plm! o~ y)fo — gl dy
D
< [ (= plm o = g = o=y = m,
R
gm € Kq o /2 and Ngamal/pzn (t) goes to zero as t goes to zero uniformly on m € (0, M].

Thus as a particular case of Theorem [£7, we have the following.

Theorem 4.8. Suppose that o € (1,2) and that D is a bounded C** open set in
R?. For any m > 0, let qp be the transition density of the censored relativistic

a-stable process with weight m in D. For any M > 0 and T > 0, there exists a
constant C3 > 1 such that for all m € (0, M] and (¢t,z,y) € (0,T] x D x D,

C]I’}rofl(tw([;u y) S qu(tax7y) S Cquafl(tu %Z/)

In fact, Theorems .7 and .8 are applicable to certain classes of censored stable-
like processes whose Dirichlet heat kernel estimates are given in [g].

4.4. Stable processes with drifts. Let a € (1,2) and d > 2. In this subsection,
we apply our main result to a non-symmetric process.
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For b = (by,...,bs) with b; € Ky 41, a Feller process Z on R? with infinitesimal
generator L£? := A®/2 4 b(x) - V is constructed in [3] through the fundamental
solution of £°. Let ZP be the subprocess of Z killed upon leaving D. The following
result is established in [I0].

Theorem 4.9. If a € (1,2), d > 2 and D is a bounded C*1 open set, then ZP has
a jointly continuous transition density function pp(t,z,y) that satisfies (L3) with

v =a/2.
Thus as a special case of Theorem [[L3] we also have the following.

Theorem 4.10. Suppose that o € (1,2), d > 2, that D is a bounded C1'' open
set and that ZP is the subprocess of Z killed upon leaving D. Assume pu € Ko a2
and F' € Jo /2. Let qp be the density of the Feynman-Kac semigroup of zZP

corresponding to ARE  For any T > 0, there exists a constant C14 > 1 such that
for all (t,z,y) € (0,T] x D x D,

01_41QO¢/2(t7x7y) S qD(tamvy) S Cl4qoc/2(taxay)'
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