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ON THE DIMINISHING PROCESS OF BALINT TOTH

PETER KEVEI AND VIKTOR VIGH

ABSTRACT. Let K and Ko be convex bodies in R%, such that K contains the
origin, and define the process (Kn,pn), n > 0, as follows: let pp41 be a
uniform random point in Ky, and set Kp+1 = Kn N (pnt+1 + K). Clearly,
(Kn) is a nested sequence of convex bodies which converge to a non-empty
limit object, again a convex body in R?. We study this process for K being a
regular simplex, a cube, or a regular convex polygon with an odd number of
vertices. We also derive some new results in one dimension for non-uniform
distributions.

1. INTRODUCTION

The following problem was formulated by Bélint Téth some 20 years ago with
K = K being the unit disc of the plane. Let K and Ky be convex bodies in R,
such that K contains the origin, and define the process (K, p,), n > 0, as follows:
let pn,+1 be a uniform random point in K, and set K, 11 = K, N (pp+1 + K).
Clearly, (K,,) is a nested sequence of convex bodies which converge to a non-empty
limit object, again a convex body in RY. What can we say about the distribution
of this limit body? What can we say about the speed of the process? In Figure [
one can see the evolution of the process up to n = 10 on the right, and K¢ on the
left, when K = K is a regular heptagon. When K = K is a disc on the plane
with radius R this process was mentioned by Bavaud [3], where in Theorem 5 he
proved that the limit object is almost surely a convex set with constant width R.

In [I] Ambrus, Kevei and Vigh investigated the process in one dimension, when
K = Ky = [-1,1]. In this case the limit object is a random unit interval, whose
center has the arcsine distribution (see Theorem 1 in [1]). So even in the simplest
case the process has very interesting features. Moreover, in Theorem 2 in [I] it is
shown that if r, is the radius of the interval K, then 4n(r, — 1/2) converges in
distribution to a standard exponential random variable. The idea of the proof is to
observe that (r, —1/2) behaves as the minimum of iid random variables, and thus
obtain the limit theorem via extreme value theory.

We also would like to point out the formal relationship between the diminishing
process and the so-called Rényi’s Parking Problem from 1958 [10]. Rényi studied the
following random process: consider an interval I of length z > 1, and sequentially
and randomly pack (non-overlapping) unit intervals into I. In each step we choose
the center of the next unit interval uniformly from the possible space. The process
stops when there is no space for placing a new unit interval. (Intuitively I is the
parking lot and the unit intervals are the cars.) The first possible question is to
determine the expectation M (x) of the covered space. Many other variants of this
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FIGURE 1. The evolution of the process for K = K| being a reg-
ular heptagon

problem have been studied for over 50 years; for an up-to-date state of the art we
refer to Clay and Siményi [6]. The connection between the diminishing process and
Rényi’s Parking Problem can be seen easily as follows: if we choose in the definition
of the diminishing process Ky = I, and we drop the conditions we put on K, and
define K as the complement of the closed interval of length 2 centered at 0, then
we get exactly Rényi’s Parking Problem.

In the present paper we analyze the diminishing process in more general cases.
In Section 21 we consider the case, when instead of choosing p,11 uniformly in
the interval, we choose it according to a translated and scaled version of a fixed
distribution F. Again, the limit object is a random unit interval. In Theorem
24 we determine the asymptotic behavior of the speed, while in Theorem we
show that for an appropriate choice of F' the distribution of the center has the
beta law. In Sections [Bl and ] we consider the case when K = K is a cube and a
regular d-dimensional simplex, respectively. The cube process can be represented
as d independent interval processes, thus the results in Section Bl follow from the
corresponding results in Section In the case of the simplex process, the limit
object is also a random regular simplex. The main result of this part is that the
center of the limit simplex in barycentric coordinates has multidimensional Dirichlet
law, which is a natural generalization of the beta laws to any dimension. The rate of
the process is also determined. The processes considered thus far are ‘self-similar’
in the sense that at each step the process is a scaled and translated version of the
original one.

In Sections [l [6] and [7] we consider diminishing processes in the plane. In the
case of the pentagon process even the shape of the limiting object is random. We
prove that it is a pentagon with equal angles, however it is not regular a.s. This
process is not ‘self-similar’, and its behavior is more complicated. We determine
the rate of the convergence of the maximal height, but as the area of the limit
object is random, limit theorem with deterministic normalization is not possible.
Also the behavior of the center of mass is intractable with our methods. Finally, in
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Section [ we consider regular polygons with an odd number of vertices, i.e., K = Ky
is a regular polygon. Using the theory of stochastic orderings for random vectors
we prove that the rate of the speed is n~'/2. We conjecture that in the case when
the number of vertices is even the speed of the process is n~!. This is established
in the case of the square, but in general it is open.

2. ONE DIMENSION, GENERAL DENSITY

In this section we consider the process in the interval [—1,1], and the random
point is chosen according to a not necessarily uniform distribution.

Fix a distribution on [0, 1] with distribution function F, and in each step we
choose the random point according to this distribution. That is, if the center and
radius is (Z,, ) the random point p, 1 is given by 2r, X,, 11+ Z, — 1, where X, 11
is independent of Z,,,7,, and has distribution function F'. The initial condition is
(Zo,70) = (0,1), i.e., we start from the interval [—1,1].

Let X, X1, X5,... be iid random variables with distribution function F. It is
easy to see that for n >0

% + min{Xn-i-h 1- Xn-i—l}; min{Xn-i-la 1- Xn—i—l} <1- ia
Tn, otherwise.

(2.1) rnﬂz{

To simplify the recursions above we have to pose some assumptions on F. The
following lemmas contain these assumptions. To determine the rapidness of the
process we only need part (i), while for the limit distribution of the center we need
both parts. In fact, in both cases we only need the ‘if’ part. In the following, the
distribution of the random variable X is denoted by £(X), and given an event A
the conditional distribution of X given A is L(X]A).

For a > 0, 8 > 0 the random variable X has the beta(c, 8) law, if its density
is 22711 — 2)#~1B(a, B)7 Y, 2 € (0,1), where B(z,y) = ['(x)['(y)/T'(x + y) is the
usual Beta function, with I'(-) being the Gamma function.

Lemma 2.1. Let X be a random variable with distribution function F, such that
P{X €[0,1]} =1.

(i) For all a € [0,1], for which P{X < a} >0, the distributional equality
L(X]|X <a)=L(aX)

holds, if and only if either X is a degenerate random variable at 0 or at 1,
or L(X) = beta(d, 1), for some § > 0.

(ii) The random wvariables I(X < 1/2) and max{X,1 — X} are independent if
and only if F(1/2) =0, or F(1/2) =1, or

1 - F(1/2)

Flx)=1- F12)

F(l—2z-)

for all x € [1/2,1].

Note that part (i) of the lemma is a characterization of the beta(d, 1) law. This
characterization might be known; however, we were unable to find a reference. The
simple proof of Lemma [21]is given in the Appendix.
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As an immediate consequence we obtain the following.

Lemma 2.2. Let Y be a random variable in [0,1] with continuous distribution
function F. Then for any a € (0,1) the distributional equality

£(2min{Y,1 - Y}2min{Y,1 - Y} < a) = £(2a min{Y,1 - Y})
holds, and I(Y < 1/2) and max{Y,1 — Y} are independent if and only if

025$5, xT € [O, 1/2],
(2.2) F(z) = { 1—(1-¢)2°(1—2)°, =xc[1/2,1],

for some ¢ € [0,1] and 6 > 0.

During the analysis of diminishing processes we frequently end up with a recur-
sion of the following type.

Let V, Vi, ... be a sequence of independent beta(d, 1) random variables for some
0 > 0, and let (a,) be a sequence of bounded non-negative random variables, such
that a, | a, a.s., where a > 0 is deterministic. Assume that ¢y = 1, and for n > 0,
for some ¢ > 0

s
0.V, Ly
(23) £n+1 _{ nVn+1, W.P. Ca ) Z
12 wp. 1 —c>
ns P

where ¢ L ¢ [0,1] and the abbreviation w.p. stands for ‘with probability’.

To be premse this means the following throughout the paper. On our probability
space (€2, A, P) there is a filtration (F,,)n>0. The filtration is usually generated by
the random points p,, i.e., F,, = 0(p1,...,pn). The random variables a,, and ¢,, are
JF.. measurable, and almost surely a,, | a > 0. Conditionally on a,, and ¢, let wy, 41
be a Bernoulh(c—) random variable and independently V;, 11 is a beta(d, 1) random
variable. Then €n+1 = £,,Vp+1 whenever w, 1 = 1, and £,,41 = £,, otherwise. (Here
and in the following section a,, is simply a functlon of £,,. However, when dealing
with the polygon process a, is the area of K, and it does depend on the chosen
points, and not only on £,,. This is the reason for the complication.)

In the next lemma we determine the asymptotic behavior of such £,, sequences.
The idea of the proof is to show that ¢,, behaves like the minimum of n iid random
variables; as in the proof of Theorem 1 in [I]. The proof is deferred to the Appendix.

For § > 0, the Weibull(4) distribution function is given by 1 — e‘xé, for x > 0,
and 0 otherwise.

Lemma 2.3. Assume that ¢, is defined by 23). Then

1/6
(gn) 0 25 Weibull(5).

Moreover, for any o > 0

s (5n) = (145).

With the help of these lemmas we can analyze the speed of the process.



ON THE DIMINISHING PROCESS OF BALINT TOTH 8827

Theorem 2.4. Assume that for the distribution of X we have
P{2min{X,1 - X} <z} =2° z€](0,1],

for some § > 0. Then as n — oo

anl/o (rn - %) 2, Weibull(s),

1
lim P {4711/‘s (rn — —) > x} —e .
n—00 2
Moreover, for any o > 0
1 [0
lim E4%n/0 (r, — = :F(1+3).
n—oo 2 1)

Proof. Using the assumption and Lemma 27] (i) we see that (27 can be rewritten
as

i.e., for any x > 0

| Vg, wep. (2—11)0,
(2.4) b1 = { £, wp. 1—(2— r;l)‘s,
with £, = r,—1/2, and V, V1, ... are independent beta(d, 1) random variables. Now
the theorem follows from Lemma 23] with a,, =79 | 1/2° = a and ¢ = 2°. |

To determine the limit distribution of the center consider the thinned process
(Zp, ), which is obtained from the original process (Z,,r,) by dropping those
steps when nothing changes, i.e., when r, = r,, ;1. Clearly, the limit of the center

is not affected. After some calculation we obtain the recursion
~ ~ 2r, max{X,+1,1 — X, -1
Zn+1 =Zn+ { + +1} sgn (Xn-‘rl - 1/2)5
(2.5) 2

- 1 .
T+l = 3 + 7 min{ X, 41,1 — Xp41},

where X,,+1 has the distribution of X conditioned on the event min{X,1 - X} <
1—(27,)7 L.

Note that in (Z2) in Lemma for ¢ = 1 the distribution is concentrated on
[0,1/2], in which case the center always moves towards —1/2, so the limit dis-
tribution of the center is degenerate at —1/2. Similarly, for ¢ = 0 the limit is
deterministic 1/2. In the following theorem we exclude these cases.

Theorem 2.5. Let us assume that for some ¢ € (0,1) and § > 0 (Z2)) holds. Then
the distribution of Z is the translated beta(0(1—c),dc) law, i.e., its density function
18
I'(%)

I'(6(1 — ¢))(dc)

In the symmetric case, when ¢ = 1/2, we obtain the so-called power semicircle
laws. For further properties of power semicircle distributions and for their role in
non-commutative probability, we refer to Arizmendi and Pérez-Abreu [2].

Proof. By Lemma 2] and ([23) we obtain the recursion
ZnJrl = Zn + §n+lzn(1 - Vn+1)7

£7L+1 = Envn+1v

fselz) = (1/2 4+ 2)°0=971(1/2 — 2)%7t z e (-1/2,1/2).

(2.6)
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where Zn =7, — 1/2, and &, &, ... are iid Bernoulli random variables, such that

P{{ =1} =1-c=1-P{& = —1}, and independently of {&;}52,, the random

variables Vi, Va, . .. are iid beta(d, 1). The initial value is (Zo, 6o) = (0,1/2).
Formula (28] implies the infinite series representation of the limit

1 o0
(2.7) ZOO:§;§¢V1...1/;71(1—%),
and thus the distributional equation perpetuity

1
(238) Zoe £ 561(1= Vi) + Vi Zu,

where on the right-hand side V7, &1, Z are independent.
Corollary 1.2 in Hitczenko and Letac [9] (or the proof of Theorem 3.4 in Sethu-
raman [I1]) implies that Z., + 1/2 has the beta(d(1 — ¢), dc) distribution. O

Note that once we have the infinite series representation (2.7 the proof can be
finished using the properties of GEM(J) (or Poisson—Dirichlet) law; see Hirth [g],
or Bertoin [, Section 2.2.5].

Distributional equations of type

REZ Q@+ MR, R independent of (Q, M),

where R, () are random vectors, and M is a random variable, are called perpetuities.
Equation (Z8)) is an example. Necessary and sufficient conditions for the existence
of a unique solution of one-dimensional perpetuities are given by Goldie and Maller
[7]. However, in special cases (for example for M € [—1, 1]) the existence of a unique
solution in any dimension was known earlier; see Lemma 3.3 by Sethuraman [I1].
Therefore, in (2.8)) above, or in d dimension in ([@4]) below, the assertion that
certain distribution G satisfies the perpetuity equation is equivalent to saying that
the perpetuity equation has a unique solution G.

The perpetuities (28]) and (4] are interesting in their own right, because there
are relatively few perpetuities when the exact solution is known. The results of
Sethuraman [I1] (proof of Theorem 3.4; see also Theorem 1.1 in [9]) cover those
equations which appear in our investigations. For more general perpetuity equations
with exact solutions we refer to the recent paper by Hitczenko and Letac [9].

3. THE CUBE

We consider the d-dimensional cube process, where K = Ky = [—1,1]%. Now the
limiting convex body is a unit cube. Let us denote by mi(n),...,mg(n) the edge
lengths of the rectangular box K, and (Z1(n),..., Z4(n)) the center of K,.

We generalize the results obtained in Section ] into higher dimensions; to do
this, we consider scaled product measures. More precisely, we pick some positive
real numbers 01, da, ..., dg, and real numbers ¢y, ca, ..., cq such that ¢; € (0,1) for
alli=1,...,d. Asin ([22)), we define for all i = 1,...,d the distribution functions

Ci25i$51, HARS [Oa 1/2]’
i) = { 1—(1—¢)2%(1—2)%, =xel1/2,1].

We introduce the joint distribution function

(3.1) Fxy,...,xq) = HFi(xi).
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Now, the random point p,+1, n > 0, is given by

D1 = (mi(n)X1(n+1),...,mg(n)Xg(n+1)) + (Z1(n),..., Zq(n))
1

— E(ml(n), cooymg(n)),

where {X(n+1) = (Xi(n+1),...,X4(n + 1)) }n>0 are iid random vectors with
distribution function F' in (BI)). The initial conditions are (Z1(0),..., Z4(0)) =
(0,...,0) and (m1(0),...,mq(0)) =(2,...,2).

The following theorem readily follows using the results in Section 2l

Theorem 3.1. For the speed of the cube process we have

n'/% (my(n) —1) wh
. D .
2 : — S,
n'/% (mg(n) — 1) Wa
where W1, ..., Wy are independent Weibull random variables with parameters 41,

..., 04, Tespectively.
For the limit distribution of the center

Zl (TL) Z1
Zd(n) Zd

where Zy,...,Z, are independent, and for all i = 1,...,d, Z; is the translated
beta(6;(1 — ¢;),0i¢;) law, i.e., its density function is

I'(6;) 5 (1—c)— o
() = 1/2+4 )0 (0me)=1(1 /2 —g)diei—1 -1/2,1/2).
fiue®) = T e ey (/2+) (/2= we(-1/2.1/2)
We note that if 61 = dy = ... =dg=1land ¢y =cy =... = ¢4 = 1/2, then in each
step the point p,41 is chosen from K, according to the uniform distribution. In this
special case for the maximum of the edge lengths m,, = max{mi(n),...,mq(n)} it

follows that
2n(my, — 1) 2w,
where P{W <z} = (1—-e7 %)% 2 > 0.

4. THE SIMPLEX

Now we turn to the simplex process in any dimension.

Let K be a regular d-dimensional simplex with centroid (0,0, ...,0) and vertices
(eg,e1,---,€q), such that eg = (1,0,...,0). Let us denote by pg = 1/d the radius of
the inscribed sphere of K.

Let the initial simplex be Ky = ﬁK (for reasons explained below), and for K,
given, choose a random point p,,+1 uniformly in K, and let K,,11 = K,N(pp+1+K).
Let m,, denote the height of K,,. Then K, is a nested sequence of regular simplices
and the limit object is a regular simplex with height pg.

It turns out that this process can be investigated by the same methods as for
d = 1, in the case of the segment process, in [I]. The idea is that for the simplex
in any dimension the process is ‘self-similar’, i.e., after each step the process is a
translated and scaled version of the original one.
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Mn — P2 Pn+1

I (Mmy — p2)lint1

P2

FIGURE 2. The triangle process

4.1. The rapidness of the process. If in the (n + 1)th step the point p,; falls
close to the center, then nothing happens, i.e., K11 = K,. The ‘change regions’
are d + 1 congruent, regular simplices of height m,, — p4, and each of them sits at
a vertex of K. Note that since the height of K, is at most 2p4 these simplices are
disjoint, so the process is simpler. This is the reason we assume Ky = ﬁK , since
its height mg = 2p4. Although, if we would start with a larger Ky, as m, | pq a.s.,
in a random number of steps the height of K,, would be smaller than 2p4, thus the
assumption Ky = dL_HK has no effect on the rapidness of the process.

Theorem 4.1. For the height process m.,
d+1 1/d
@+ D7 14

Pd
Moreover, for any o > 0

(M — pa) — Weibull(d).

lim gl n*

n— 00 pg

«
(mn—pd)a:F(l—FE).
Proof. With disjoint change regions for the height process we have

d
My, — hn+1 (mn - Pd), W.p. (d+ 1) (1 B %) ’

Mpy1 = d
M, wp. 1—(d+1) (1—5—‘1) ,
where hq, hg,... are independent beta(l, d) random variables, which is the distri-

bution of the distance from the base of a uniformly distributed random point in a
regular simplex with height 1; see Figure
Putting ¢,, = m,, — p4, we have £, | 0 a.s., and

d
ba(1 = hyr), wp. (d+1) (1= £2)7,

(41) Zn-{-l = d
ln, wop. 1—(d+1) (1—P—d)

Mn

The theorem follows from Lemma 23 with 6 =d,c =d+1 and a,, = m | pd. O
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4.2. The limit distribution of the center. Let ¢, denote the center of the
regular simplex K. In this subsection we determine the limit distribution of c,.

As we emphasized previously the limit distribution of n'/¢(m,, — pg) is not af-
fected if we start from any smaller regular simplex, in particular which has height
2pq. However, this is not true for the limit distribution of the center ¢,. To handle
the process we have to assume that the change regions are disjoint, and so in each
step the center can only move towards one of the vertices, or stay.

In order to investigate the limit distribution of the centroid, we can consider
the thinned (centroid, height) process (¢,,m.,), skipping the steps when nothing
happens. Put Zn =My — Pq-

Since the disjoint change regions have the same volume, in each step the center
moves towards any of the vertices with the same probability 1/(d+ 1), according to
the change region in which the chosen point falls. The size of the shift is #‘il 'Znhn+1,

where Znhnﬂ is the distance of the chosen point from the base of the change region;
see Figure[2l Thus

(4.2) Cnr1 =t g tafiniCen

£n+1 = gn(l - hn+1)>
where hq, ha,... are independent beta(l,d) random variables, £1,&s,... are inde-
pendent, uniformly distributed random variables on {0,1,...,d}, and the initial

conditions are ¢g = 0 and £y = py.
To obtain a more symmetric description of the center process we introduce the

barycentric coordinates. The center of the limiting simplex falls in K = ﬁ[( ,
i.e., in a regular simplex with height pg.
Put € = ﬁei, that is, €,...,€q are the vertices of K. To parametrize the

center we may use barycentric coordinates in terms of K. That is, for ¢,, we have
G = NG, with 0 A =1, 0, >0, =0,1,...,d. It is well known that
this parametrization is unique. Put A, = (A2,...,A4) € R, We can rewrite
([#2) in terms of the barycentric coordinates of ¢,,. After some calculation we have

Kn = Kn —Znhn ;
(4.3) T A g Ve

Zn-i-l = en(l - hn+l)7
where v; is the constant —1 vector, except its jth coordinate is d. The initial values

are Ao = (1/(d+1),...,1/(d+ 1)), &y = pa.
Before stating the theorem, we define the multidimensional Dirichlet distribu-

tion. Let ag,...,aq be positive numbers. The random vector X = (X, ..., Xy)
has Dirichlet(ay, ..., aq) distribution, if Xog 4+ ...+ X4 = 1, the components are
non-negative, and (Xy,..., Xy) has density function

T'(ag+...4+a

M(l B l’d)ao_ll'(lll_l o xzdil,

T(ap)...T(aq)
on the set {(z1,...,zq) : x; € (0,1),i = 1,...,d;2?:1:z:i <1}

Theorem 4.2. The barycentric coordinates of the center of the limit simplex have
the Dirichlet(d/(d + 1),...,d/(d + 1)) distribution.
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Proof. Let A be the barycentric coordinates of the center of the limit. From (@3)
we obtain that

- 1
A= AO + T Z(l — hl) . (1 — hn)hn+lvfn+1-
0

Rearranging we get

~ 1 ~
A= hl (d—HV£1 + AO)

~ 1 &
+ (1 =m) Ao+ = ;(1 —ha) .. (1= hp)hpiave,
Notice that the infinite sum in brackets is equal in distribution to A and it is
independent of h; and &;. Since d%_lvi + Ao = u;, where (u;)i=0,....q are the usual

unit vectors in R%*!, we obtain the distributional equality
(4.4) A Z hue + (1 - WA,

where on the right-hand side &, h, A are independent. Applying now Theorem 1.1

in [9] (or the results in the proof of Theorem 3.4 in [I1]) with Y = h ~ beta(1, d),

and B = ug ~ E?:o #5%, we obtain the theorem. O
5. REGULAR POLYGONS WITH AN ODD NUMBER OF VERTICES

Let k£ be an odd positive integer, and assume k£ > 5. Let K be a regular k-gon
with circumradius 1, centroid (0,0), such that (0,1) is a vertex and the side vv9
is parallel to the z-axis. We denote the vectors pointing from the origin to the
vertices of K in the counterclockwise order by vy, ...,v;. (To avoid confusion, we
distinguish between points and vectors.) Put Ky = K, and consider the process as
before. For simplicity we usually omit k from our notation, and assume that k is
fixed, odd, and clear from the circumstances.

Obviously, K, is a polygon for each n, and since it is the intersection of translated
copies of K, its sides are parallel to the sides of K. However, note that K, is
not necessarily a k-gon. For convenience, we are still going to consider K, as a
(possibly degenerated) k-gon with the following definitions. Let I; and I, be two
parallel support lines of K,, with equations l;: (z, v;) = o, and I}: (x, v;) = o,
where a; > «f. Now, we denote K,, N{; by A; = A;(n) and we consider it as the
ith vertex of K,. Similarly, K, N1, is denoted by s; = s;(n) and we call it the
ith side of K,. Note that with these notation some vertices might coincide and
correspondingly some sides might degenerate into a point. We also introduce the
ith height of K,, as m;(n) = a; — off. We put m,, = (m1(n),ma(n),...,mg(n)),
and m,, = max; m;(n).

The radius of the inscribed circle of K is denoted by py = cos(w/k). We also
introduce the notion of change region here:

Ri(n) =K, N{x|(x,v) > +pr}, i=1,2,... k;

see Figure Bl Intuitively, the ith side moves, if we choose the next random point

in R;. (Note that, this is not entirely true, since a degenerated side can move in
. . k

other ways.) Obviously, if p,11 ¢ (J] Ri(n), then K, 1 = K,.
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We define
o0
Koo = ﬂ Knv
n=0
the so-called limit object.

Lemma 5.1. The limit object Ko, is a possibly degenerated, closed k-gon whose
sides are parallel to the sides of K. Furthermore, the mazximal height of Ko is
exactly py almost surely.

Proof. Since K is the intersection of closed half-planes with possible outer normals
—v1,...,—Vg, it follows that K, is a closed, possibly degenerated k-gon with sides
parallel to the sides of K.

First we show that no height of K is larger than pjy. Suppose that mj(co0) > pg;
in this case Rq1(00) is of positive area. Observe that no point was selected from
R1(c0) by definition, which is a contradiction.

Next we prove that the maximal height of K., is at least pi. Clearly, it is
enough to see that m,, > pi for every n. This follows from the observation that if
Pn1 & UYRi(n), then K,y = K, 0

In the following lemma we show that K, always contains a small circle of radius
1/10. In particular this implies that the area of K, (and thus the area of K
as well) is uniformly bounded from below by 7/100. To ease the notation we put

po = 0.

Lemma 5.2. Let k > 5, and assume that

-

7=0

where p; € ﬂfn;lo(K + pm) for all j. Then K,, contains a circle of radius 1/10.

Proof. Denote by B the unit circle centered at the origin, which is the circumcircle
of K by definition. Also by definition piB is the incircle of K. We consider

n
B, = ﬂ (B +pj)a
j=0
and we observe that K,, C B, holds for all n.

We claim that for all 7 = 0,1,...,n, we have p; € B,,. By definition p; € K; C
B;. Suppose that p; ¢ B,,; then there exists an index ng with j < ng < n such that
p; ¢ (B + pn,), and thus p,, ¢ (B + p;). But by definition p,, € By, C (B +pj),
a contradiction.

We obtained that B,, is the intersection of the unit circles B + p; such that all
centers p; are contained in B,. This readily implies that the minimal width of
B, is at least one. Then Blaschke’s Theorem (see [13, p. 18, Th. 2-5.]) implies
that there exists « such that B/3 + x C B,,. Obviously for all j < n we have that
x € 2B/3 + pj, and thus pg > ps = cos /5 ~ 0.809 > 2/3 4 1/10 implies that for
all j <n we have B/10 + = C K + p;, which proves the statement. |

Lemma 5.3. There exists a 6, > 0 such that if every height of K,, is smaller than
Pk + Ok, then the change regions R; are pairwise disjoint.
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F1GURE 3. Adjacent change regions are disjoint

Proof. We show that R; and R; are disjoint for every i # j.

First we show that the statement is true for adjacent regions. Suppose that
X € R1NRs (see Figure B)).

According to Figure Bl we draw two lines parallel to I} and I} respectively that
are at distance exactly pi from the point X; these two lines meet in the point M.
Obviously, there exists a d;, > 0 (depending only on k), such that X M = pj, + 6.
It readily follows that 1, 13)/2 > pr + 0k, a contradiction.

Next we prove that if 2 < m < (k—1)/2, and X € Ry N Ry, then X € N} R;.
This obviously implies the statement of the lemma. We proceed by induction on
m. For m = 2 we are done. Now we assume that the statement is true till m — 1,
and we prove it for m.

Pick X € R1 N R,,. We may assume that X ¢ R; for any j =2,3,...,m — 1,
otherwise we would be done by applying the hypothesis twice. We may also assume
that we changed the coordinate system such that the slope of I/, is positive, the
slope of [} is negative, and the bisectors of the line I} and I/, are vertical and
horizontal; see Figure [

Draw the translated copy Kx of K whose center is X, the incircle of Kx is of
radius pj, and of center X. Consider the vertices A(11)/241 and Aq1)/24m—1 of
K,,, and the vertices A2k+1)/2+1 and A’(k+1)/2+m_1 of Kx. From the assumptions it
clearly follows that the ‘horizontal distance’ (the difference of the = coordinates) of
A(gg1)/241 and A(41)/24m—1 is larger than the horizontal distance of A/(,H_I)/QJF1
and A’(k+1)/2+m_1. But this is a contradiction, since the sides s1, Sa, . .., $y,—1 form
a fixed angle with the z-axis, and each of them is at most as long as the side



ON THE DIMINISHING PROCESS OF BALINT TOTH 8835

A N
N \.\421«+1)/2+1

FI1GURE 4. Non-adjacent change regions are disjoint

length of K, and thus the horizontal distance of A/(k+1)/2+1 and A’(kJrl)/%nF1 is
maximal.

A configuration is called reduced if the change regions are disjoint. In a reduced
state it is possible to follow the process. That gives the importance of the following
simple corollary which readily follows from the fact that m, is componentwise
monotone decreasing and m., | pk-

Corollary 5.4. The process a.s. reaches a reduced state in a random number of
steps. After reaching a reduced state, the process always stays in a reduced state.

6. THE PENTAGON

In this section we consider the pentagon process. This is the simplest case when
not only the position, but also the shape of the limit object is random. We show
that exactly one height of the limit object is ps, which allows us to determine the
speed of the process.

6.1. On the limit pentagon. First we prove that the process cannot degenerate
in the following sense.

Lemma 6.1. K, is always a pentagon with equal inner angles.

Proof. The key observation is that the directions of the sides of K, are prescribed,
thus the only thing we have to show is that a side cannot disappear. Suppose
the opposite, and seek a contradiction. Let K, be the first non-pentagonal state,
and first assume that it is a quadrilateral and the side A;As disappears. It is
easy to calculate the inner angles of K, three of them equal the inner angle of a
regular pentagon, 37 /5 (at vertices Ay, Az and Ay), while the fourth one is 7/5
(at the vertex Ap). Also note, that the side lengths of K, cannot exceed the side
length of K. Thus K, is contained in a deltoid (see Figure [6]), where s is the
side length of K. This implies that the heights ms and my4 of K, are at most
s-sin(m/5) = 2 - sin®(7/5) ~ 0.69. A simple argument shows that we may assume
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FIGURE 5. Change regions in a reduced state
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that A4 was a vertex of K,,_1, but A; and A were not. This implies that the side
A1 As comes from K (more precisely, A1 Ay C p, + 0K), and so my > ps. But this
is not possible, since my4 < ps, a contradiction. A similar argument settles the case
when K, is a triangle. |

By Corollary [5.4] in a random number of steps we reach a reduced state, and
so as in the simplex case we may and do assume that the process starts from a
reduced state. It also follows that in a reduced state the change regions are always
triangles.

Note that if the random point falls in R1, then beside m;, the opposite heights
mg and my also decrease. Some calculation shows that if m; decreases by z, then
mg and my4 both decrease by cz, with

VE—1
2

being the reciprocal of the golden ratio. We say that m; and m; are competing
heights, if m; > ps, m; > ps, and they are not adjacent.

To describe the dynamics of the process we define the following vectors: v =
(1,0,¢,¢,0), vo = (0,1,0,¢,¢), v3 = (¢,0,1,0,¢), v4 = (¢,¢,0,1,0), and vy =
(0,¢,¢,0,1). With this notation, if in a reduced state in the (n + 1)th step the
random point falls in R;(n), then

(6.1) c=

(6.2) my 1 = m, — h,(m;(n) — ps)vy,

where hq, ha, ... are independent beta(1,2) random variables, i.e., h is the distri-
bution of the distance from the base of a uniformly chosen point in a triangle with
height 1. That is, hp41(m;(n) — ps) is the distance of p,41 and the side of R;(n)
which is opposite to A;(n). The probability of this event is |R;(n)|/| Ky |, where ||
is the area.

Lemma 6.2. The limit pentagon cannot have non-adjacent heights equal to ps.

Proof. Emphasizing that the process can be at any reduced state we omit the index
n.

Assume that there is a state with at least two competing heights greater than
ps. Let, say, m; be the maximum height, which has a competing pair, say ms. If
the maximum height has no competing pair greater than ps, then its change has no
effect on the two competing heights. Thus m4 will change eventually. So we may
and do assume that m; is the largest height.

Case 1. ¢(my — ps)/2 > ms3 — ps, with ¢ defined in (GI]). Then the probability that
in the next change step the uniform random point falls in R4 is greater than 1/5,
and given this the probability that m, decreases at least with (m; — p5)/2 equals
P{h > 1/2} = 1/4. In this case mg3 decreases below ps, and so the probability of
this event is at least 1/20.

Case 2. ¢(my1 — ps5)/2 < m3 — p5. The probability that in the next change step the
random point falls in R is

2

<
20°

(m3 — p5)2 > (ms - 05)2

>
Zf:1(mi —ps)2  Blmi—ps)?
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We show that with positive probability we end up in a state corresponding to Case
1. In the next step

m’1 =my — ch(mz — ps),

my = ms — h(msz — ps).

We want an h € (0, 1), such that ¢(m} — p5)/2 > mj — ps. Some calculation shows
that this happens if and only if

1 —
h>_2<1_£u>,
1-< 2mg3 — ps

where the right side is at most

The probability of this event is at least
_ _ 2
P {h > 3\/52 5} = U i\/g) ~ 0.0213.

So we are almost in Case 1, but it can happen that m/} is not maximal. Notice that

my —ps _ m1—ps —c(ms —ps)h S1—e
mi — ps my — pPs - ’

which implies that the probability of choosing in R, in the next change step is at
least (1 —¢)?/5.

So we showed that starting from any state with at least two competing heights
greater than ps, the probability that in two change steps one of them decreases
below ps is at least

& (T=3v5)* (1= o)
20 4 20

This proves that the process cannot have this configuration for infinite number of
steps. ([l

~2.97-1075.

Lemma 6.3. There is no non-reqular pentagon with equal angles, in which the two
largest heights are consecutive.

Proof. As a first step we prove a somewhat surprising result that provides a linear
relationship between any four heights of the pentagon. We assume that mi, ms and
my are given, and we express ms as a linear combination of the previous three. To
simplify the calculations, we place the pentagon into a new coordinate system such
that A; is the origin and A, Ay agrees with the z-axis, and the whole pentagon
lies in the upper half-plane. Recall that —v; = (cos(37/10),sin(37/10)), —vy =
(cos(7m/10),sin(77/10)), —v3 = (cos(117/10),sin(117/10)), —vq = (0,—1), —v5 =
(cos(—m/10),sin(—n/10)) are the outer normals of the sides, as we defined ear-
lier. From the setup the equations of I§ = AsA; and Ij = A;As readily fol-
low: I5: (—vs, (x,y)) = 0 and I}: y = 0. Using the definition of m; we obtain
I (—v1, (z,y)) = m;. And again by the definition of ms and my, A4 is on the line
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ly: y = my and Az is on l3: (—vs, (z,y)) = —ms. We can express Az and Ay by
solving the system of equations:

my sin L& 0 T + mgsin ?0 mq COS —111(? + ms3 cos 31’—6’
Az = S ) 8 )
sin 75 —sin 75
3r
my1 — My sin 2% 10
A = |\ ——(— 3 ).
cos 15

Now, we can find the equation of I5 and I5. After suitable simplifications, introduc-
ing the golden ratio A = (v/5 + 1)/2, we obtain

T T
(6.3) l5: cos 0%+ sin oY= "Mt Amy,
/. —T —T _
(6.4) IL: cos 10x+sm ToY m1 + Amg.

Thus Ay = ((—m1 + Amg)/ cos(—m/10),0), and to obtain my we need to calculate

the distance between A, and l}:
1
= ’<X+1)m1—m3—)\m4

From (63) and (6.4) it readily follows that mgs > mj /A and Amy4 > my, hence

cos 1T Tt Amy
10 cos(w/10) ! :

= |)\m1—m3—)\m4\.

ma

(65) mo — —>\m1 +ms3 + )\m4.

Now, suppose that m; and mso are the two largest heights. If mo # mg, then
we have a contradiction by (G3]). If mg = ms, then since m; and mqy are the two
largest, it follows that mq = mo = m3 = my, and hence the pentagon is regular. [

As a consequence of the previous lemmas we obtain
Theorem 6.4. The limit pentagon has exactly one height equal to ps a.s.

Remark. With a rather tedious case analysis one can prove that for any height of
the limit pentagon m; > ps + 2 — 4¢ =~ 0.33688, which is sharp.

6.2. Rapidness of the pentagon process. In the previous section we proved
that the limit pentagon has exactly one height equal to ps a.s., i.e., after finite
number of steps K, has only one height greater than ps. This observation allows
us to prove some asymptotic results for the speed, however, as the area of the limit
is now random, we cannot prove limit theorem, only upper and lower bounds.

Let t* denote the maximum and ¢, the minimum of the area of the possible limit
pentagons. Note that ¢, > 7/100 by Lemma[5.21 Then we have the following.

Theorem 6.5. For any x > 0

_=? .. 3T
e i §hnrglol<1>fP ntanﬁ(mn—p5)>x
. 3 _ 22
< limsup P ntan —(m, —ps) >x p <e .
n—oo 10

k]

o~
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FIGURE 7. The evolution of \/n(m, — p7) for 1800 iterations of
the heptagon process

/ 3 EVt
nl;n;OE ntan 10( n—pP5) = W

where t denotes the area of the limit pentagon.

Moreover,

Proof. Put t, = |K,|. Once there is only one height greater than ps the limit
pentagon is determined and so is its area limn_,oo tn = t. The area of the only
non-empty change region |R;(n)| = (m, — p5)? tan 3. This means that the height
process £, = m, — ps behaves as

ly(1—hpy1), w.p. ”tanig,
En-i-l:

2
Ly, 1= —" tan 10
where hq, ha, ... are iid beta(1,2) random variables. Slnce t, | t as., by Lemma
with 6 = 2, a, = t,, ¢ = tan(37/10) we obtain that given ¢ we have for any
x>0
ntan 3T

\/ %( My, — Ps5) >33’t — e,

or

P{\/ntan?—g(mn—pg;) >x‘t} S

The convergence of moments also holds (as in Lemma 23]), in particular

E\/ntan?{—o( n—ps)=E \/ntan?l)—o( n—pg,)‘tH

a2 EVt
—>E/ e_de:—\[,

and the theorem is proved. O

E

7. RAPIDNESS ESTIMATES

In general the polygon process is too complicated to say anything more about
the limit object than Lemma 5l According to this lemma the maximal height of
the limit object is px. Figure [0 shows the evolution of the process /n(m, — p7),
and we see that \/n is indeed the right normalization for the heptagon process too.
Using stochastic majorization and minorization we are able to prove this in general.

Theorem 7.1. Let k > 5 be an odd integer. For any x > 0 we have
0< lirgian{\/ﬁ(mn — pr) >z} < limsup P{v/n(m, — pi) > x} < 1.
n—oo

n—00
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Proof. Let m,, = (m1(n),...,mg(n)) be the height vector, m,, its maximum, and
A, = Zle |R;(n)| the total area of the change regions. By Corollary 5.4 we may
and do assume that the change regions are already disjoint. The probability of
no change is the probability that the random point does not fall in | JR;(n), that
is, Plm,y; = m,} = 1— A, /|K,|. The probability of change is A, /|K,|, in
particular |R;(n)|/|Ky| is the probability that we choose the point in R;(n). In
this case m;(n+ 1) = m;(n) — hl, ,(m;(n) — pi), and all the other heights decrease
at most hf_ ;(m;(n)— py), where hi_ | (m;(n) — py) is the distance from the base of
a uniformly chosen point in R;(n), and so hf, ,, is the distance from the base of a
uniformly chosen point in R;(n)(m;(n) — py) !, i.e., we scale the change region to
have height 1. So we have that in case of change m,, 1 > m, — hﬁlﬂ(mn —pr)l,
where 1 stands for the constant 1 vector, and so my, 41 > m, — hflJrl(mn — Pk)-

We want to construct simple processes, serving as lower and upper bound for
m,. In order to do so we recall same basic properties of stochastic ordering. For
random variables X and Y we say that X is stochastically larger than Y (Y <y X)
it P{X <z} < P{Y < z} for any x € R. This is equivalent to the condition
Ef(X) > Ef(Y) for any increasing function f. For random vectors the definition
is somewhat trickier. In R*¥ a set U is an upper set if for x; € U, x93 > x3
imply x5 € U. For k-dimensional random vectors X and Y we have Y <y X if
P{X € U} > P{Y € U} for any upper set U. This is equivalent to the condition
Ef(X) > Ef(Y) for any f : R¥ — R that is increasing in each argument. We refer
to Shaked and Shanthikumar [I2] (Chapter 1.A and Chapters 6.A and 6.B).

The first step is to obtain a stochastic majorant and minorant for h! for any
type of scaled change regions. Let us fix such a region, and let ¢, be the area of
those points in the region, which are farther than 1 — x from the base. If h is the
distance of the random point from the base, then P{h > 1 — a} = t,/t;. The
angle of the upper vertex is at most % = 27, and the corresponding angle bisector is
orthogonal to the base, so for all z € [0, 1]

1 k—2 k—2
t, < §x2mtan% = x%an%
By Lemma a disc of radius 1/10 is contained in K, which together with con-
vexity imply that the angle of the upper vertex is at least 2 arcsin 55. Therefore

1
t, > x? tan | arcsin — | =: 2%6;.
v = ( 20> !
Summarizing, we have

2(51<P{h>1—x}— < z?ey,
t

(k=2)7 2)71'

where ¢; = tan > 1. Note that §; in the lower bound does not depend on

k. For x > 0 put

(7.1) H*(z) = min{z?cy,1},
x2 1 z s L)
(7.2) Hoz) = {175’ I;[lo’l)

for the distribution functions of the stochastic minorant and majorant of 1 — h.
The previous reasoning also shows that

8i(mi(n) — )3 < [Ri(n)| < er(mi(n) — pi)%,
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and so
(7.3) 51(mp — pr)? < A, < key(mp — pi)?.

By the trivial bound and by Lemma we have the following upper and lower
bounds for the area:

(7.4) /100 < |K,| < |K| < 7.
The lower bound. Using (Z3]) and (74) the change probability can be estimated
as

A, 100kcy 9 2

< — =: n — .

‘Kn| = T (mn pk?) CQ(m pk?)

Let us define the process
o = (mi = pe)hnga, wep. ea(my, — ),

(7.5) Mnt1 = { my,, w.p. 1 —co(m], — pr)?

where hy, ho,..., iid, and 1 — hy has distribution function H* in [I). We claim
that

(7.6) P{mpu i1 < zlmy, =y} <P{my, 1y < alm;, =y}

Indeed, m!, decreases with higher probability, and if it decreases, the decrement is

greater. Putting ¢/, = m! — pp

o 6,(1=hnga), wp. ()
nH gln, W.p. 1-— C2(£/n)2.

We can write £, ; = min{¢,,U, 1}, with U,;; independent of ¢, and having
distribution function
ciee?, T < U,/ \/cr,
P{Unp <zt =4 () zelf//e.l,),
1, x> 0.
If V has distribution function
(7.7) H(z) = min {erc02”, 1},

and it is independent of £, then min{¢,,U, 1} >« min{¢,,V} for any n and £,.
For Vi, Vs, ... iid with distribution function H, put V,, = min{Vi,...,V,,}. We
obtained that for all n

P{lyy <z|, =y} <P{V,,, <z|V, =y},
and combining this with (Z8) we deduce

where ¢, = m, — pr. We claim that these inequalities imply the unconditional
inequality.

The latter process can be written as (we assume that the process starts from a
sufficiently small state)

v = Vakapr, wp eV,
—ntl Vv w.p. 1— clcgzi,

Y n»
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where ki, ko, ... are iid beta(2, 1) random variables. Short calculation gives that

1, x>y,

PV, <z|lV, =y} = { creer®, x <y

which is decreasing in y for any fix x.

Let us assume that ¢y = V,, and it is sufficiently small. The law of total
probability and ([Z8)) imply P{¢; < 2} < P{V; < z}. Assume that for any z > 0,
P{{, <z} <P{V, <z} for some n > 1. Then

Pl <} = / P01 < 1ty = y} dP{L, < y)
< [P, <alV, =) dP{6 < 1)

< / PV, <V, =y} dP{V, <y}
= P{KnJrl S l‘},

where we used the law of total probability, (C8), the induction hypothesis, the
monotonicity of the conditional probabilities, and that for two distribution functions
F, G, such that F(z) < G(z), and for a monotone decreasing function f we have
[ fdF < [ fdG (|12], Chapter 1.A). So we proved that V., < ¢, for every n.

For the asymptotic behavior of V., we have

P{\cicovnV,, >z} — e_xz,

and since V,, <q £n, we obtain

liminf P {\/clcg\/ﬁ(mn — pr) > x} > e,

n—oo

In particular we have

B[Vaesviln, - pe)] = [ P{Vazayim, - p) > s} s

0

z/ P {\aoyay, >z} dr
0

o0 2
— / e * dux,
0

where at the last convergence we used the uniform integrability of v/nV,,.

The upper bound. Now we turn to the construction of the upper bound process.
If the random point falls in the change region R;(n), then we have m;(n + 1) =
mi(n) — h_1(m;(n) — px), and the other heights may change or may not. In any
case my,+1; < m, — eihflJrl(mi (n) — pi), where e; is the ith standard, k-dimensional
unit vector. The probability of this event is |R;(n)|/|K,| for which by (Z3) and
@4

T 2 ) = o) = calmi) — 2.

Instead of h* we put the stochastically smaller h, for which 1 — A has distribution
function H, defined in ([T2). Note that for this h we have P{h = 0} = 1 — 4;.
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We define the k-dimensional process m,, as follows. Let ¢ € {1,2,...,k} such that
n+1=14 (mod k). Then define

(7.9) Mg = I:f\ln —eihpy1 (Mi(n) —pr), w.p. ca(mi(n) — Pk)%r, )

my,, W.p. 1- c3(mi(n) - pk)+7
where hq, ha, ... are iid and 1 — h; has distribution function H, in (2), that is, in
each step at most one component decreases, and component ¢ can decrease only in

steps ¢k + i, £ € N. From the construction it is clear that for each y € R, and for
each upper set U

(7.10) P{m,, € Um, =y} <P{m,; € Ulm, =y}.

Now we show that P{m,; € Ulm, = y} is a monotone increasing function
of y for any fixed upper set U. To do so, let n +1 = ¢ (mod k), and define
ui(y) = inf{u : (y1,.. ., Yi-1, %, Yit1,.--,yx) € U}. We may assume that y € U,
m;(n) > p and u;(y) > pg, otherwise the statement is obvious. Recall that in one
step only coordinate ¢ can change, and so by (9) we have

P{ﬁanrl € Ulffln = Y} =1- P{ﬁl"JFl ¢ U|ffln = Y}
=1-P{mi(n+1) <u(y)|m, =y}

:1_03(yi—pk)2P{1—h<M}
Yi — Pk

=1— 301 (ui(y) — pr)%-

By the properties of the upper set we have that y <y’ implies u;(y) > w;(y’)
and so the conditional probability is monotone increasing. As in the case of the
lower estimation this allows us to prove the majorization m,, <¢ m,, as follows: If
mg = my in distribution, then we have the majorization for n = 1, and if it is true
for some n > 1, then for any upper set U

Pim,., € U} = /13{mn+1 € Ulm, = y} dP{m,, < y}
< [ Pl € Ulin, =y} dP(m, <)
< / P{ffi, 1 € Ulii, = y} dP{, <y}
— P{fip € U},

where we used the law of total probability, (ZI0), the induction hypothesis, the
monotonicity of the conditional probabilities, and that for two distribution functions
F, G, such that F(x) > G(x), and for a monotone increasing function f we have
J fdF < [ fdG ([12, Chapter 6.B]).

Putting

(7.11) H(x) = min{6,c32?, 1},
as before we see that

mi(n) —pr =min{W; ; : j=1,2,...; k(j — 1) + i < n},
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~ Co

F1GURE 8. Change regions of different shapes

where {W,; : i = 1,2,...,k;j € N} are iid random variables with distribution
function H. We have

P {\/5103n1r£1a<kain{Wi)j j=12,..;k(j-1)+i<n} < x}
_Z_

k

{1 _Pp {\/51C3nmin{Wi,j j=1,2,... k(i —1)+i<n}> xH

i=1

z2 k
— (1 — efT> .
This, together with the stochastic majorization m,, < m, implies that
22\ Fk
limsup P {\/6103n(mn - pr) > a:} <1- (1 — e*T) .

n—oo

In particular we have

B [Vrcan(m, — )] —/OOOP{M(mn—m >y} dy

8. CONCLUDING REMARKS

The major difference between regular polygons with an odd and an even number
of vertices hides in the fact that while in the odd case the change regions are always
triangles, in the even case change regions might be trapezoids or (in the degenerated
case) triangles, hence their area might be of different order (see Figure [§). We
conjecture that in the latter case the ‘typical’ change regions are trapezoids, which
would imply that the speed of the process is 1/n. (Compare with Theorem [7.]]
where we obtained 1/4/n for the speed in the odd case.) This conjecture is well
supported by numerical experiments. We conclude the paper with the results of
some computer simulations; see Figure [9 and Figure It is transparent that \/n
and n are the right normalizations, respectively.
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FIGURE 9. v/100(m109 — p7) for 200 outcomes of the heptagon
process (the minimal value is 0.215, the maximal value is 1.078)

FIGURE 10. 100(myg9 — ps) for 200 outcomes of the octagon pro-
cess (the minimal value is 0.236, the maximal value is 5.381)

APPENDIX
Proof of Lemma 21 To prove part (i) note that the distributional equality means
F(z) = F(a)F(z/a),

for all 0 < z < a. The monotonicity of F' easily implies that the solution has the
stated form for some § > 0. The ‘if’ part follows by simple calculation.
We turn to part (ii). For any = € [1/2, 1]

P{I(X <1/2) =0, max{X,1 — X} > 2} = P{X >z} =1 — F(a),

and
P{I(X <1/2) =0} P{max{X,1 — X} > z}
=(1-F(1/2)(1-F(x)+ F(1—-z-)).

Solving the equation for F' we obtain the statement. O

Proof of Lemma 2.3 After some calculation one obtains that given ¢, and a,,
bt e min{¢,,Y}, where Y is a non-negative random variable, such that y?
is uniformly distributed on [0, a,, /c].

For any & > 0 let U, Ula), UQE), ... be iid non-negative random variables, such
that

P{U® <z} = xéaj—s’ z € 0,[(a+¢e)/c?],
that is, (U(®))® ~ Uniform|0, (a +¢)/c]. Put
M) = min{U®, U, ... U}

Since a,, is decreasing, Y >4 U(®, therefore

ln > min{U? UL U0 = MO
As
P {(%)1/6 MO > x} — eﬂ’&,
we have

liminf P {(ﬂ)l/é Ly > x} > lim P {(@)1/6 MO > SE} —e "

n—o00 a T n—oo a
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To prove the reverse inequality, let us fix ¢ > 0, § > 0. Given that a, < a+¢
we have Y <g U(®), and thus given that a|8n| < a+ € we have

[ ©) . ©
l <st mm{Ul »Us ""’UL(l—B)nJ} = M pyn)-

By the law of total probability

enn 1/9
P{(:) fn >””}
en 1/9
—P{(;) £n>x’a\./3"J<a+€}.P{a|ﬂ”J<a+8}

en 1/9
+P{(;) b > olajon) 2&+6}~P{auﬁw >a+e}

cn 1/90 -
=P {(;) ML((l)—ﬂ)nJ = x} +P{agn >ate}.

By the assumption a, | a > 0 a.s., so the second term goes to 0, while from extreme
value theory (see e.g. [5], p. 192) we have

) c \M0 (o) b _a(1_
lim P{(E”) Mgy >a:} = @ are-h),

n—roo

that is, by the stochastic dominance

1/6 a
limsup P {(En) by > x} < o' at(1-5)
a

n—roo

Since € > 0 and 8 > 0 are as small as we want, we obtain

. C 1/6 .8
hmsupP{(—n) 4 >x} <e ®,
a

n—oo

and the convergence in distribution is proved.

Once we have the distributional convergence, to prove the moment convergence
it is enough to show that {n®/°¢%} is uniformly integrable (see e.g. [5], Theorem
25.12). Since a,, is bounded, for some 1 > 0 we have a, < a+n a.s. for all n > 1,

and thus 4, <4 Mfl"). Therefore

P n i
P{n*°0, >z} <P{n° MM >z} = (1 L ) < efzéﬁ,
na+n
and the uniform integrability follows. O
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