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Abstract

In the family of area-contracting Hénon-like maps with zero topo-
logical entropy we show that there are maps with infinitely many mod-
uli of stability. Thus one cannot find all the possible topological types
for non-chaotic area-contracting Hénon-like maps in a family with
finitely many parameters. A similar result, but for the chaotic maps
in the family, became part of the folklore a short time after Hénon
used such maps to produce what was soon conjectured to be the first
non-hyperbolic strange attractors in R2. Our proof uses recent results
about infinitely renormalisable area-contracting Hénon-like maps; it
suggests that the number of parameters needed to represent all possi-
ble topological types for area-contracting Hénon-like maps whose sets
of periods of their periodic orbits are finite (and in particular are equal
to {1, 2,..., 2"~} or an initial segment of this n-tuple) increases with
the number of periods. In comparison, among C*-embeddings of the
2-disk with & > 1, the maximal moduli number for non-chaotic but
non area-contracting maps in the interior of the set of zero-entropy is
infinite.

1 Introduction

In this paper we prove the following theorem:

Theorem 1.1 (Zero entropy Hénon-like maps have infinite modulus). The
area-contracting Hénon-like maps with zero topological entropy form a fam-
ily of diffeomorphisms with infinitely many moduli. In particular, infinitely
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many parameters are needed to exhaust all the possible topological types, even
if one only considers the non-chaotic part of that family.

Here chaos means topological chaos, or in more technical terms, positive
topological entropy. Before commencing we will need a few more words
to explain this result, and why it is important in the theory of dynamical
systems. We will not get into the issue of which parts of the boundary of
zero entropy, in the set of continuous self-maps on a space, is made of maps
with zero entropy, a deep issue that depends on the smoothness class and on
dimension (for a review, see, e.g., [14]).

In 1978 Jacob Palis [16] discovered a pair of new invariants of topological
conjugacy, one for flows and one for diffeomorphisms and embeddings on two-
dimensional manifolds. Assuming p, and p, are saddle points (critical points
if we consider a flow {¢;} , periodic points if we consider a diffeomorphism or
an embedding F) we further assume that there is a tangency (of any contact
order — the manifolds may even coincide) between the unstable manifold
W (p,) of p, and the stable manifold W?*(p,) of ps. We note it is possible
that p, = ps.

We will only be concerned with diffeomorphisms in this paper. Inciden-
tally, we notice that for flows one gets back to the diffeomorphism case by
considering, e.g., the time one map F' = ¢; that, in particular, turns the
critical points of {¢:} (as well perhaps as some periodic orbits of the flow)
into fixed-points of F'.

The Palis invariant is the real number

log [ A|
P — . g
F:puy,ps 10g|ﬂ|

(1.1)

where A € (—1,1) is the stable eigenvalue of (the linearised maps at) p, and
i € (—oo,—1) U (1,00) is the unstable eigenvalue of (the linearised maps
at) ps. In order to simplify the discussion, we assume from now on that all
eigenvalues of the linearised maps near p, and p, are positive, without loss of
generality since otherwise we can consider G = F'? and remember the original
signs.

Assume now that no special condition is imposed that may generate con-
straints that would limit the possible values of P (such as, e.g., reversibility
if p, = ps = O in the case of a flow such that O is invariant under the re-
versibility symmetry). Then the Palis invariant can be varied continuously,
effectively giving rise to an arc (i.e., a continuous one parameter family) of
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distinct topological types parametrised by P. Such a situation, when it oc-
curs for some numerical invariant I, is often referred to by saying that there
is a modulus (of topological conjugacy) associated with the invariant I; one
can then also say that the modulus is attached to the map.

More generally, one says that the number of moduli is finite when a finite
number of numerical invariants can be prescribed independently of each other
and this number is maximal, in that any additional numerical invariant will
not independently vary with respect to the others. Otherwise we say the
number of moduli is infinite.

In some contexts one might be interested in studying topological invari-
ants in continuous families of homeomorphisms or diffeomorphisms, but since
the Palis invariant is made out of smooth data, we will only consider C*-
families of C*-diffeomorphisms with k& > 1, so that at least the maps and
their derivatives each vary continuously. Accordingly, the number of mod-
uli of a map, if finite, is the minimal number of parameters needed to get
representatives of all the topological types (i.e., the classes of topological con-
jugacy) in a C'-neighborhood of the map. If the number of moduli is infinite,
one needs infinitely many parameters, or one can also say that no C*-family
depending on finitely many parameters will contain all the topological types
existing in any C'-neighborhood of the map.

Since the Palis invariant is expressed as a function of two eigenvalues,
it looks a priori like a smooth invariant. If it was only that, there would
be no interest in this ratio since all eigenvalues are themselves invariant
under smooth conjugacy, i.e., under smooth changes of variables (by a trivial
application of the chain rule). Thus, the topological character is both what
makes the Palis invariant important and what makes it surprising.

Anyone who has learned about this unexpected invariant and knows about
the Newhouse phenomenon (i.e, the abundance of non-degenerate tangencies
under mild conditions between some stable and unstable manifolds as de-
scribed in Newhouse’s thesis and reported in [15]) would immediately guess
that it is possible to construct a diffeomorphism with infinitely many mod-
uli by assembling these two ingredients. As the reader may know or have
guessed, Palis indicated how to proceed to get such an example in the same
paper [16] where he first reported on this invariant. He indicated how to
construct examples of maps whose complete topological unfolding cannot be
contained in a family of maps that depends on only finitely many parame-
ters. Roughly speaking, in [16] Palis uses the theory of Newhouse inductively
to construct infinitely many simultaneous tangencies at successively smaller
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and smaller scales, in such a way that each tangency carries a modulus that
is independent of the previous ones. From there one gets, without too much
effort, that the family of Hénon-like maps with positive topological entropy
(see, e.g., in [1], [10], [11]) contains maps having infinitely many moduli, a
folklore fact that has been announced by many.

To give proper credit on the issue of having infinite modality we point out
that, as reported in [16], an earlier example was constructed by Robinson and
Williams [17] using different ideas. One indispensable feature in the dealings
with both examples is that they must have positive topological entropy. Also
notice that a theorem of de Melo and van Strien [12] gives necessary and
sufficient conditions for the presence of finitely many moduli in the closure
of Axiom A diffeomorphisms satisfying the no-cycles condition. This leaves
open the question:

Q1: “Does there exist a zero topological entropy embedding of the closed
2-disk with infinitely many moduli?”

In other words: does there exist a non-chaotic diffecomorphism (i.e., one
with zero topological entropy) whose complete topological unfolding cannot
be produced by any family of maps that would depend only on finitely many
parameters? Since maps with complicated dynamics have many topological
features that might change independently, it seems likely that simpler dynam-
ics (in particular, topological entropy zero) makes it more difficult to have
examples requiring infinitely many parameters to unfold all possible topolog-
ical types. Yet it is known at least since Zehnder’s Theorem on homoclinic
orbits [19], that regular behavior can be easily perturbed to chaotic behavior
for conservative systems, and we will see below that the above question has
an easy positive answer based on ideas that are at least implicit in [5].

Thus, a better question seems to be:

Q2: “Does there exist an area-contracting zero topological entropy embedding
of the closed 2-disk with infinitely many moduli?”

Another reason to prefer question Q2 is the importance of attractors
not only in dynamics but also in its applications to various scientific disci-
plines. In this paper we construct examples of families of area-contracting
embeddings of the two-disk (and more precisely uniformly area-contracting
embeddings that contract volume with a definite rate bounded from above
by some positive p < 1) that have infinitely many moduli but zero entropy
(in fact these maps are on the boundary of chaos, as we shall see). The
area contraction hypothesis is, as we explain below, what makes the problem
somewhat non-trivial.
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Recall that an embedding F' is Kupka-Smale (or KS for short) if all
periodic points are hyperbolic and each intersection between the invariant
manifolds of those periodic points is transverse. We say that F' is Q-Kupka-
Smale (or Q-KS for short) if all the periodic orbits of F' are hyperbolic, and
hence would (individually) survive any C'-small enough perturbation of F'.
If there are infinitely many periodic orbits, it might still be the case that an
arbitrarily small perturbation destroys some of them: KS describes the most
obvious necessary conditions for structural stability (the property that maps
C'-near some map G are topologically conjugate to G), yet KS is not enough
to guarantee structural stability.

Notice that, by definition, structurally stable diffeomorphisms have a zero
number of moduli, so one may expect that the 2-KS property makes a pos-
itive answer to Q2 more unlikely, and this might be the case in the con-
servative setting. However, the area-contracting examples that we construct
are (0-KS. The KS version of the maps that we consider were used in [3] to
build the first example of a C'*°-KS-diffeomorphism of the 2-sphere without
sources or sinks. Obviously, only the Q-KS part of KS can be imposed when
considering the Palis invariant.

As previously mentioned, it had been known for some time that the Palis
invariant causes Hénon-like maps to depend on infinitely parameters when the
topological entropy is positive. Thus, except to point out where the novelty
of our results lie, the “boundary of chaos” (boundary of zero entropy) does
not need to be mentioned in the statement of our theorem. Yet, being at the
boundary of chaos is indispensable in the construction that we will present
and which differs considerably from the methods used for chaotic maps.

Let us now come back to Q1 and in fact abandon the (2-KS and the area-
contracting conditions. Consider then an annulus map F that leaves the
circles C,. of constant radius r invariant, and twists each such circle C, by an
angle 0(r) so that the smooth function #(r) has infinitely many maxima and
minima: the values of §(r) at these extrema are topological invariants and
provide the moduli that we are looking for. The 6(r)-controlled examples
have quite mild dynamics but they are nevertheless at the boundary of chaos
in the conservative case, at least in the real-analytic case where this follows
from a classical result by Zehnder [19]. So we arrive at another question that
has been even more well-circulated than Q2 although it has, as we shall see,
a simple answer.

Q3: “Does there exist a diffeomorphism of the plane, or a part of it, with
infinitely many moduli and which lies in the interior of the set of maps with
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zero topological entropy?”.

The answer is “yes” since examples are easily constructed in the non-
conservative version of the annulus maps that we have just mentioned. Nor-
mal hyperbolicity (contraction toward or expansion from the invariant circles)
allows us to have stably invariant circles on which rotation numbers can be
varied at will but in a controlled way. The only thing thats needs to be
checked is that we can vary the rotation numbers on infinitely many invari-
ant curves, and when they accumulate this variation is sufficiently smooth.

So the interesting problem from this line of questioning seems to be:
Q4: “Does there exist a diffeomorphism or embedding of the closed 2-disk
that contracts volume with a ratio bounded from above by some p < 1 and
which has infinitely many moduli but lies in the interior of the set of maps
with zero topological entropy?”.

This question we will leave open as we suspect that its solution would
need some new ideas. We conjecture that the answer is “no” (and will use
the fact that the truth of a conjecture is quite often much less relevant than
the formulation of the corresponding question).

In this paper, as in [3], [1], [10], [11], by Hénon-like maps we mean a
particular class of maps that resemble the 2-parameter maps introduced by
Michel Hénon in 1976 to give an early numerical example of what seemed
to be a non-hyperbolic strange attractor in the plane. Hénon-like maps are
a prototype of horseshoe forming maps when one varies some parameter(s),
hence their importance in (low dimensional) dynamics. Our construction
answering Q2 uses the fine knowledge of the structure of strongly dissipative
Hénon-like maps at the accumulation of a cascade of period doubling bifurca-
tions that has recently been reported in [1], [10], and [11]. Our construction
uses infinitely renormalisable Hénon-like maps that are very dissipative and
at the boundary of chaos (also at the boundary of the Morse-Smale diffeo-
morphisms), hence zero entropy maps that possess periodic orbits whose set
of periods is exactly the set of powers of 2. Successive but not contiguous
pairs of these orbits permit us to build independently varying Palis invari-
ants. As we can do this an arbitrary number of times we find the infinite
number of moduli with zero entropy that we seek.

The rest of the paper is organised as follows. In Section 2 we recall the
relevant definitions and other ingredients necessary for our construction. The
construction is then presented in Section 3. More precisely, in Subsection 3.1
we construct families of infinitely renormalisable Hénon-like maps. For a
fixed parameter value the Hénon-like map possesses a prescribed collection
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of heteroclinic tangencies. Then in Subsection 3.2 we use these marking to
inductively construct families with arbitrarily many moduli which we prove
to be independent of one another. Finally, in Subsection 3.3 we use this
second family to construct a tangency family, i.e. a family where the marked
tangencies persist for all parameters (see Section A for more details).

2 Preliminaries

2.1 Notations and Conventions

Let 7., m,: R* — R denote the projections onto the z- and y-coordinates
respectively. We will identify these with their extensions to C2.

Given points a,b € R we will denote the closed interval between a and b
by [a,b] = [b, a.

Given a diffeomorphism F of the plane (or a surface) with a periodic
saddle p for any distinct pair of points rg, 7, € W"(p) we denote the minimal
closed subarc of W*(p) containing ry and 1 by [ro,r1|"*. For ro,r1 € W*(p)
define [rg,r1)® likewise. Given a closed topological disk D whose boundary
consists of subarcs of stable and unstable manifolds let 9“D denote the union
of arcs lying in unstable manifolds and 0° D denote the union of subarcs lying
in stable manifolds.

Finally given a function F' we will denote the derivative by DF and the
derivative with respect to the variable b, z, y, etc. by OF, 0, F, 0,F, etc.
Given a map F of the (z,y)-plane, depending upon a parameter b, we will
occasionally denote the derivative with respect to the spacial variables z and
y by 0, F.

2.2 Unimodal Maps

In this and all following sections we will adopt the notation and terminol-
ogy from [7] with minor simplifications stated below, which we can make as

we will only consider period-doubling combinatorics. Let r € {3,...,00}.
Denote by U" the space of maps f € End"([0,1]) satisfying the following
properties

(i) f has a unique critical point ¢y = ¢(f) which is nondegenerate
and lies in (0,1);
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(ii) f is orientation-preserving to the left of ¢y and orientation revers-
ing to the right of cy;

(iii) f(2[0,1]) < [0,1];
(iv) there is a unique expanding fixed-point in the interior of [0, 1];

(v) the critical point is bounded from the critical value by a uniform
constant.!

Given Q C C, an open topological disk containing [0, 1], denote by Ug the
space of maps f € End“([0, 1]) satisfying properties (i)—(v) and the additional
property

(vi) f admits a holomorphic extension to the domain €2, upon which
it can be factored as ¥ o Q o where ¢: [0,1] — [—a, 1] is the
unique orientation preserving affine bijection between those do-
mains, Q: C — Cisgiven by Q(z) = 1—2? and ¢: Qot(Q) — C
is univalent and fixes the real axis;

Definition 2.1 (renormalisable). A map f in U" (respectively U) is renor-
malisable if

(i) there is a subinterval J° C [0, 1] containing the critical point
such that f2(J%) c JY;

(ii) the interiors of the subintervals J% and J' = f(J°) are pairwise
disjoint;
(iii) the map

Rf=h"tof*ch (2.1)

is an element of U" (respectively Uy) for some affine bijection h
from [0, 1] to J°. Note there are exactly two such affine bijections,
but there will only be one such that R f is in U" (respectively Ug);

The unimodal map Rf is called the renormalisation of f and the operator
R is called the renormalisation operator.

'If this bound is sufficiently large a neighbourhood of the renormalisation fixed-point
will be contained in this space.
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Let Uy and U, denote the respective subspaces of U" and UG consisting
of maps which are renormalisable. Recall that the operator R possesses a
unique fixed-point, which we denote by f,. This unimodal map is analytic
and lies in Ug , for an appropriately chosen 2. Moreover, f, is a hyperbolic
fixed-point of the operator R with codimension-one stable manifold, and
one-dimensional stable manifold.

2.3 Hénon-like Maps

Let € € [0,1). Denote by H"(¢) the space of C"-diffeomorphisms onto their
images F': [0,1]*> — R? expressible as

F(z,y) = (f(z) — e(z,y),2) (2.2)
where f € U and € € C" ([0, 1]2, Rs,) satisfies
(i) e(z,0) =0
(i) leleroue < €

Given Q = Q, x Q, C C?, an open topological bidisk containing [0, 1]?,
denote by Hg(€) the space of analytic diffeomorphisms onto their images
F:[0,1]* = R? admitting a holomorphic extension to {2, which are express-
ible in the form (2.2) where f € Ug and € € C¥ ([0, 1]*, Rx) satisfies prop-
erty (i) above together with

(ii),, € admits a holomorphic extension to €2 on which |e|q < &, where
| — | denotes the sup-norm on .

We call the map ¢ a thickening or a £-thickening if we want to emphasise its
thickness € > 0. Denote by H" the union of all H"(&). Define H¢, similarly.
Denote by H"(0) the subspace of the boundary of H" consisting of maps
whose thickening is identically zero. Again, define Hg(0) similarly. We call
such maps degenerate Hénon-like maps.

Observe that the unimodal renormalisation operator R on U" induces
an operator, which we also denote by R, on a subspace Hy(0) of H"(0).
Similarly the renormalisation R acting on U induces an operator on a
subspace Hg ((0) of Hg(0). In the analytic setting, a dynamical extension
of this operator was constructed in [1, Section 3.5]. More precisely it was
shown that, for some (small) € > 0, and some choice of bidisk Q C C2?, there

9
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exists a non-trivial open subspace Hg ,(€) C Hg(€) of maps F satisfying
the following property: there exists a unique non-flip saddle fixed-point py
(necessarily lying on the boundary of [0,1]?) and a unique flip saddle fixed-
point p; (lying in the interior of [0,1]?). Additionally, there exists an open
subset B® C [0, 1]?, containing p; in its boundary, with the property that
B! = F(B°) and B are disjoint and F?(B°)N B is nonempty and connected.
For maps F' in Hg (€) a coordinate change W: [0,1]> — B, depending upon
F', was constructed so that

RE=U"1oF200 (2.3)

is again in Hg(€). However, unlike in the unimodal case, the map ¥ = ¥(F)

is a non-affine diffeomorphism onto its image. The coordinate change W is

canonical and chosen so that the operator R: Hg (€) — Hg(€) is an exten-

sion of the unimodal renormalisation operator on the space of renormalisable

degenerate Hénon-like maps Hg(0). This dynamical extension is called the

Hénon renormalisation operator, or simply the renormalisation operator, on
0(0)

Clearly the map Fi(x,y) = (f«(z),2) is a fixed-point of this operator.
It was shown in [1, Section 4] that this fixed-point is a hyperbolic fixed-
point for the renormalisation operator and, moreover, the stable manifold
has codimension-one.

Given a renormalisable map F', consider the non-affine coordinate change
WU [0,1]*> — [0,1]? in more detail. It is called the scope map of F. In [11,
Section 1] it was shown that the scope map ¥ can be extended to a vertical
strip A = [0, 1] x I containing [0, 1]?, so that it remains a diffeomorphism onto
its image, and so that the image is a vertical strip contained in [0, 1]? going
from the top boundary segment of [0, 1]* to the bottom boundary segment.

If we set ¥ = ¥ and U! = F o ¥ then ¥, for w € {0, 1}, will be called
the w-th scope map.

Let Z"(¢) C H'(¢) denote the subspace of infinitely renormalisable Hénon-
like maps. Denote by Z" the the union of all Z"(€). Then Z" C H". Define
Zy(8) € HE(E) and Ty C HY similarly. Given an infinitely renormalisable
F, either in 7" or Zg, we will denote the n-th renormalisation R"F' by F,.
For w € {0,1} let ¥¥ = F°* o W(F,): Dom(F), ;) — Dom(F,) be the w-th
scope map of F,, as defined above, where Dom(F},) denotes the domain of
F,. Then for w = wy ... w, € {0,1}""! the map

U¥Y =YooV Dom(F, ;1) — Dom(Fp) (2.4)

10
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is called the w-scope map. We denote the collection of all such functions by W.
That is, ¥ = {UV}yc0,13+- With this in mind we define the renormalisation
Cantor set associated to F' by

o= UJ .1. (2.5)

n>0 we{0,1}"

That this is a Cantor set was shown in [1]. For a point z € O the corre-
sponding word w is called the address of z. In particular we define the tip
7 = 7(F') to be the point in O with address w = 0°. In other words

=) ¥"([0,1%) (2.6)

n>1

This is the point which in [1] replaced the role of the critical value in the
renormalisation theory for unimodal maps. We remark that in [10] it was
shown that W (1) = (| ¥°"(A4,,) coincides with the stable manifold of 7, where
A,, = [0, 1] x I,, is the vertical strip which is the domain of the extended scope
map 0.

The action of F on O is metrically isomorphic to the adding machine.
Hence O has a unique F-invariant measure, p. The Average Jacobian b =

b(F') is then defined by

b(F) = exp/log | Jac F'|d . (2.7)
Now we can state the main result of [1], which we shall refer to as the

asymptotic formula.

Theorem 2.2. Given F € Ig(&y) there exists a universal a € C¥([0,1],R)
and universal 0 < p < 1, depending upon ) only, such that

Fo(w,y) = (falz) = 0" a(z)y(1+ O(p")), 2) (2.8)

where f, are unimodal maps converging exponentially to f., the unimodal
fixed-point of renormalisation.

In [10] it was shown that there exists a dynamically-defined presentation
of O, which we call the topological boring and denote by D. That is D =
{D¥}wew- is a collection of topological disks satisfying

11
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(i) F(DY) C D' for all w € W*,
(ii) D™ and DY are disjoint for all w # w’ of the same length,

(iii) the disjoint union of the D¥" w € W, is a subset of DW, for all
w e W,

(iv) OY C DY for all w € W*,

The definition of these topological disks is as follows. The reader can com-
pare with figure 2. (We have changed notation slightly from [1] and [10] for
simplicity.) Let F' be a Hénon-like map in ‘H" or Hg and with a unique non-
flip saddle fixed-point py and unique flip saddle fixed-point p;. We say that
F is (topologically) renormalisable if W"(po) intersects W?*(p;) in a single
orbit {r'};cz (we will fix the indexing in a moment), and this intersection is
transverse.

For |e|q sufficiently small we may assume that W _(p;) separates [0, 1]
into exactly two connected components. (This is certainly the case for a
degenerate Hénon-like map; such maps have all local stable manifolds being
vertical straight lines from the top boundary arc of [0,1]? to the bottom
boundary arc of [0,1]%.) It follows that there is a first intersection point, as
we travel from po along W*(pg), between Wi (p1) and W*(py). We denote
this point by 7° and define r* = F*(r?) for all i € Z.

Observe that the curves [r?, 71]* and [r°, r!]* bound a region D° with the
property that F?(D%) c D°. If we let D' = F(D°) then {D° D'} form the
first level of the topological boxing of F'.

In the case when F' is infinitely renormalisable the same argument can
be applied to the n-th renormalisation F,,, for each positive integer n. This
time, compare with figure 1. Namely, there exists a non-flip saddle fixed-
point pg,, and a flip saddle fixed-point p; , such that W*(py,,) and W*(p; )
have intersection equal to a single orbit {r? };cz and this intersection is trans-
verse. Here the indexing is chosen so that, again, the first intersection point,
travelling from pg,, along W*"(po ), between W"(py,,) and W*(py,,) is 70,
Then the curves [r%, 7!]* and [r% rl]* again bound a region D? with the
property that F2(D?%) C D. As before we set D! = F,(D?). Applying the
scope maps then gives us the complete topological boxing. Namely, given
w € {0,1}",w € {0,1} we define D¥* = ¥¥(D™). We then define the
topological boxing by D = {DY }weqo,13+-

12
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Figure 1: The topological boxing
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2.4 The Average Jacobian as a Topological Invariant

Consider the following construction from [10]. We observe that the construc-
tion also works in the C"-category. However, for expositional simplicity we
restrict ourselves to the analytic case. Let F' € Hg ,(€). Define

M = [plaro]s U F_l([plv TO]S) U F_Z([plaro]s) (29)

Then for € sufficiently small M consists of four connected components M;, i =
—2,—1,0,1 indexed so that

o My= VVlf)c(pl)
o MinNW(po) =0
o M; N WH¥(pgy) = {ri} fori=—1,-2

We refer the reader to figure 2. If F' is n-times renormalisable we can similarly

define

My = [pin, T?L]S U Fr:l([pl,na Tg]s) U FT:2<[p17n7 T?f) (2.10)
M, consists of four connected components M, ,,,i = —2,—1,0, 1 indexed so
that

® MO,” = I/Vlf)c<p17n>
[ ] MLn N Wu<p0,n> = @
hd Mi,n N Wu(po,n) - {TZ} for i = —]_’ -2

Finally, let M?" = W% (M;,) for i = —2,—-1,0,1 and n € N. We wish to
know how M?" accumulates upon the tip 7 of F. For |¢|q sufficiently small
observe that W (1) separates [0, 1]? into exactly two connected components.
It also separates D into two connected components. Let D(7) denote the
connected component of D°\ W _(7) not containing p;. Define

kp=min{k € N: D(r) N M + 0} (2.11)

and

kp= lim "R (2.12)

whenever the limit exists. Then the following was shown in [10].
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Figure 2: The extended stable manifold
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Theorem 2.3 (Lyubich-Martens). There exists € > 0 and a bidisk 2 con-
taining [0, 1] such that the following holds: Let F' € T&(€). Then

1 logb
Kp = =
F 2logo

(2.13)

where b = bp > 0 denotes the average Jacobian of F' and o denotes the
one-dimensional period-doubling scaling ratio.

Remark 2.4. This shows in particular, since kznp is a topological invariant
of F' for each n > 0, that the average Jacobian is a topological invariant.

Recall the following definition from [10]. Given F' € Z" we say F pos-
sesses an (m, n)-heteroclinic tangency if there exists a point of tangency ¢, ,,
between W*"(p,,) and W*(p,,), where p,, and p,, denote the periodic orbits of
periods 2™ and 2" respectively.

Lemma 2.5. Given [buin, bmax] C [0,0) let F € CY([buin, bmax), Z8) be a one-
parameter family parametrised by the average Jacobian. For any positive
integer N there exist integers m and n satisfying N < m < n and a parameter
b € [bmin, bmax| such that Fy possesses an (m,n)-heteroclinic tangency ¢mn €

W (pm) N W?(pn).

Proof. Given a family F} as above, we denote by F}; the reparametrisation of
the family by the invariant k. By Theorem 2.3 such a smooth reparametri-
sation exists and, moreover, satisfies kKp, = K.

Given an interval [Kpin, Kmax], denote its length by [. By definition 2.12
and Theorem 2.3 (which shows the limit in the definition of k exists) when-
ever a positive integer m is sufficiently large

RRmE l
- < = 2.14
"‘“ om 3 (2.14)
for all K € [Kmin, Kmax)- Consequently there exists an positive integer N > 0
such that o l
KRmE, RRmF, .
Kmax _ min > l _ - _ 215
‘ 2m 2m 3 3 ( )

whenever m > N. By increasing N if necessary, we may further assume that
2™/3 > 1 for all m > N. Then it follows that

K/Ranmax o HRmF"'min > 1 (216)
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for all m > N. By continuity this implies that for any m > N there exists
a parameter K € [Kmin, Kmax] Such that, for the corresponding map R™Fj,
the arc 9"D™(7,,) C W*(pom) is tangent to the curve MY, C W*(Dyynm)
(where for simplicity we write n = kgrmp,_ ). Denote this point of tangency
by qo,m+nim-

By taking the diffeomorphic image of these objects under the scope map
WO it follows that the diffeomorphism F), possesses a heteroclinic tangency
Gmn0 = V" (qo.min:m) between the saddles p,, o and pyo. O

Remark 2.6. It follows from the argument above that the unstable arc
[Pm.0s Gmn:0]™ = ¥ ([Po.m, Qo.mn:m]”) does not intersect any of the pieces of
depth n + 2 or greater.

It also follows that the stable arc [gm.n.0, Pn.o]®, When intersected with Do
consists of finitely many arcs passing from the top of D" to the bottom
together with one arc from ¢, , to the boundary and one arc from p,, ¢ to the
boundary.

These arcs are disjoint from any piece of depth n + 2 and therefore the
whole arc [¢y, n.0, Pno|® does not intersect any piece of depth n+ 2 or greater.

2.5 Saddle Connections

Next we consider another invariant of topological conjugacy discovered by
Palis [16]. Let F' be an orientation-preserving diffeomorphism of the plane
(or a surface) for which there exists

(i) fixed saddles py and p; (not necessarily distinct)
(ii) a point ¢ € W"(po) N W*(py) such that W*(po) iy W*(p1)

Let A\j and A¥ denote respectively the contracting and expanding eigenvalues
of DF at p;, where j = 0 or 1. Then Palis showed the following (see also [4]
for the proof).

Theorem 2.7 (Palis [16]). Given F', py and py as above the quantity

_ log|Af]
Frr T Jog A

(2.17)

15 a topological invariant. Consequently, if the orientation-preserving diffeo-
morphism F' is topologically conjugate to F with corresponding saddles p,
then PF’:p67p’1 = PFZPOJH'

17
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Remark 2.8. The above can be generalised to periodic saddles by taking a
sufficiently large iterate of F'. Then the above ratio would have the factor
ni/ng in front, where n; is the period of p;. However, since the periods
are also topologically invariant data we can forget this factor and consider
Prp.p, p, defined as above in this case too.

Let F' € H" have periodic saddle points pg and p; as above. As hyper-
bolicity is an open property, there exists a neighbourhood P = Pp.p, ,, of F'
in ‘H" such that the saddles p, and p; persist. Therefore Pg., ,, extends to
a well-defined map

Prpopr: Prpepy CH — R (2.18)

Note that this map is not a topological invariant on all of Pg.,, ,,. How-
ever, there exists a subspace Qp.po p1.g C Pripop: containing diffeomorphisms
F’ such that, the continuations p{, and p} of the saddles py and p; respectively
possess a tangency ¢ between the relevant stable and unstable manifolds.
Hence the restriction Pr.gp,: Qrpepn — R? is a topological invariant and
will be called the Palis map with markings F, pg, p1.

Proposition 2.9. For any choice of F' € H" with a saddle connection as
above there exists a neighbourhood P C H" containing F' such that Pp.p,,, €
CH(P,RY).

Proof. This follows immediately from the definition (2.18) above and the
fact that derivatives of hyperbolic fixed-points have eigenvalues which vary
smoothly:. O

Fix an open neighbourhood W of ¢ not containing py or p;. Let

e [ denote the connected component of W?*(p;) N W containing ¢

e [ denote the arc of minimal length in W*(p;) containing p; and I
e k denote the connected component of W"(py) N W containing ¢

e k denote the arc of minimal length in W%(py) containing py and k

Definition 2.10. A coordinate change 3: (W, q) — (R?0) is horizontal if
for some a > 2,

e [3 preserves horizontal lines

18
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e A(l) C{z =0}
o f(k) C{x=—[y"}
The coordinate change is vertical if for some a > 2,

e [3 preserves vertical lines
o f(k) c{y =0}
o () C{y = —l«|"}

Remark 2.11. The (m, n)-heteroclinic tangency ¢ constructed in Section 2.4
has the property that in a neighbourhood of ¢, the components of W*"(p,,)
and W*#(p,,) passing though g are graphs over the y-axis, and that their preim-
ages are graphs over the z-axis. From this it can be shown that there exists
a horizontal change of coordinates at ¢ and a vertical change of coordinates
as above.

Let W C Prp,p, denote the set of Hénon-like diffeomorphisms F” such that
po is also a fixed-point of F”, and such that [ C W*"(po; ).

Remark 2.12. If we did not restrict our attention to WW we would construct,
for I € Prpypi, & coordinate change fg so that Sp(lp) = {x = 0}. How-
ever, as the perturbations we will need to make later will leave F' unchanged
in a neighbourhood of [ we will consider this simplified case only.

Proposition 2.13. Let F', pg, p1, and q be as above. There exists € > 0 such
that any C?-e-small perturbation F' € W of F satisfies

Blp) C{z=0},  Blkp) C{z=1(y)} (2.19)
for some unimodal map v = Y € C*(R,R) depending upon F'.

Proof. Finite segments of invariant manifolds of hyperbolic fixed points vary
smoothly under smooth perturbation. Hence given ¢; > 0, there exists € > 0
such that for any C?%-e-small perturbation F’ of F, the corresponding arc
kg is C?-€1-close to kp. Moreover, if F’ lies in W, lps coincides with [p.
Consequently, for e sufficiently small, 3(kp/) is the graph of a C?-smooth
function v which is C%-¢;-close to —|z|* and B(Ip/) C {x = 0}.

Finally, since ¢’ is C'-¢;-close to the derivative of —|z|%, it also has a
unique zero if €; sufficiently small. Hence 9 is also unimodal if € is sufficently
small. O
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Given a marking F', pg, p1, and g and given the € > 0 determined by the
above proposition, we denote by W, the C?-e-neighbourhood of F' in W. For
F" € W, let ¢pr denote the unique critical point of z.

Definition 2.14. Let F', pg, p1 and ¢ be as above. For F’ € V, define
QF,po,p17Q<F,) = wF’(CF’> (2.20)

3 The Main Construction

Now we come to the proof of the main theorem. For each positive integer d
we will construct a d-parameter family of infinitely renormalisable Hénon-like
maps which are topologically distinct. We break this into three steps:

(A) First, we construct a d-parameter family of Henon-like maps
such that at an initial parameter there are d distinct (m,n)-
heteroclinic tangencies. Moreover, at this parameter the stable
multiplier of p,,, corresponding to the (m,n)-heteroclinic tan-
gency, varies regularly with the parameter.

(B) Second, given the family from (A), we construct a 2d-parameter
family where each additional parameter controls a local pertur-
bation in a neighbourhood of one of the d points of tangency for
the initial parameter in (A).

(C) Finally, given a family from (B), we show that those parame-
ters with d tangencies form locally a d-parameter submanifold.
Restricting the 2d-parameter family to this submanifold gives a
d-parameter family with d-tangencies which persist.

3.1 Construction of the First Family

Let F' be an infinitely renormalisable Hénon-like map. Given integers M and
N satisfying 0 < M < N define

Twn= J DY\ |J D¥ and Ty.= |J D¥ (31
we{0,1}M we{0,1}N we{0,1}M

We adopt the convention that {0,1}° = () and that D? = [0,1]2. Tt then
follows that Ton = [0, 1]* \ Uyoeqo,1yv DV for each positive integer N. The
aim of this section is to show the following.

20
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Theorem 3.1 (First Construction). Letr € {3,4,...,00}. For each integer
d > 2 there exists

e B C R? open,
e e (CY(B,ZI"),
e 0=No<mp <ng <Ny <...<Ng_og<mg_1 <ng_1 < Ng_1,
o b= (b, b5,.... b)) €B
such that
(i) fori#d, F(b)|Tn, , n—1(b) depends only on b,
(11) fori=d, F(b)|Tn, ,«(b) depends only on by,
(111) b(Fp) = by,
(i) fori=1,2....,d—1, at b=0b*:
(a) Fy possesses an (m;,n;)-heteroclinic tangency q; such

that [pmi7 ql]“) [QZapn,]s C TNi_l,Ni—l
(b) X5, varies reqularly with b;

The construction is by induction. First we take a one-parameter family
Fy, of infinitely renormalisable Hénon-like maps parametrised by the average
Jacobian. It can be shown by the discussion in Section 2.4 that for some
parameter there is an (my, ny)-heteroclinic tangency for some m; < n;. From
this we construct, via a bump-function argument, a two-parameter family
Fy, by, so that the support of the first parameter is contained in the union of
sets of level V7 and the second parameter is contained in the the complement
of the sets of level Ny — 1. Moreover, for each parameter the new family
coincides with the original family on its support.

We will now show that there exists a good one-parameter family. First
we need a preliminary lemma.

Proposition 3.2. Let a denote the universal function from the asymptotic
formula (2.8). Let f. denote the unimodal period-doubling renormalisation
fized-point. Let p, denote the py-fized-point for f.. Then a(p.) # 0.
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Proof. Recall that a(z) = v&i}imi)), where v, f, are universal, analytic, and
non-constant. Observe that if the numerator is zero at x = p, then so is
the denominator. Similarly it can be shown that if the n-th derivative of the
numerator is zero at x = p, the n-th derivative of the denominator is also
zero. However, v, is analytic and non-constant. Therefore there exists a first
n such that v£"+1)(p*) # 0. It follows, by analyticity of v/ o f at p, together
with I'Hopital’s rule, that a(p.) # 0.

O

Now let us show that there exist good families.

Proposition 3.3. Let F € C! ((o,z}],zgg) be parametrised by the average
Jacobian. There exists b € (0,b] such that for all sufficiently large positive
integers n, A\5(b) is a reqular function of the parameter b at all b € (0,b].

Proof. Let Fy be any one-parameter family of infinitely renormalisable Hénon-
like maps parametrised by the average Jacobian b. Consider R"F;,. Let
P11(b) = (2,(D), yn(b)) denote the unique flip-saddle fixedpoint for R™Fy,. Let
T,(b) and D, (b) denote respectively the trace and determinant of M,,(b) =
DR"Fy(p1.,(b)). Let At (b) and A (b) denote the two eigenvalues of M, (b),
where + is determined by which sign + is used in the quadratic formula.
Then

AE(B)2 — To(b)AE () + D, (b) =0 (3.2)

Differentiating with respect to b and rearranging we find
MANERNE —T,) = 0, T, AE —9,D,, (3.3)
By convergence of renormalisation
Ay ==L+ 00M), A = filp) (L +0(") (3.4)

This implies that |2\ — T,| = |AF — A-| is bounded from above for n
sufficiently large. Consequently, for sufficiently large n, it follows that G\ =
0 if and only if A¥ = 9,D,,/0,T,,.

Hence, by equations (3.4), to show that 9\ # 0 it suffices to show that
Oy D,,/0,T;, is not of the order —b*" or 1. A computation gives

8an(b) = 8b(tl‘ DRnF)men(b) + axy(tl" DR”F)b,an(b) . 8bp1,n(b) (35)
8bDn<b) 8b(d€t DRnF)bJ,Ln(b) + 8x,y(d€t DRnF)bJ,Ln(b) . 8bp17n(b) (36)
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Claim. Let F € C*([0,b),Zg) be parametrised by the average Jacobian.

There exists a positive integer N, b > 0 and Cy > 0 such that the following
holds: For b € [0,b) and n > N,

(i) |Op(det DR"F )y, . 0y| > Cy '0*" 12"
(i) ||0ny(det DR F)yp, ]| < Cob®"
(ili) |9y(tr DR™F)ppy.omy| < (3/2)"
(iv) }}6$7y(tr DR"F)men(b)H < Cy
Proof of Claim: By the asymptotic formula
R"Fy(w,y) = (fou(@) — a(@)b* yEu(z,y), ) (3.7)
where E,(z,y) =1+ O(p"). It follows that

det DR"Fy(x,y) = b*" 9, (a(x)E,(x,y))

tr DR"Fy(w,y) = fyn(2) — b y0: (a(2) Bn(, y)) (3.9)
(i) Observe that 0,(aEy)|, = a(xn)0yEn(xn, ya) = al(z.)+0(p").
Therefore

|05(det DR F)yp, .| = 20" " |a(2) 0y En (20, y)|  (3.10)
> 2"0*" 7 |a(@,)| — Cp"| (3.11)

for some positive constant C'. Applying Proposition 3.2, the result
follows.

(ii) Since a and E,, are bounded and analytic in Q it follows from
the Cauchy estimate that ||0,, (0,(aE,))|| = O(1). Therefore
there exists C' > 0 such that

|

(ili) By a Corollary to the Mean Value Theorem, if b € [0,b) is
not an inflection point of f; (7, (b)) then there exist by, b € [0, b)
such that

10 fr (@ (O)] = [ o (@a(B0)) = frp, (@a(01))] - [bo — ba] (3.13)

0, ., (det DR"F < Op*" 3.12
Y b,p1,n
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Since [}, (2n(b)) = f1 (2.) = O(p™) and by —by| < |b], there exists
Cy > 0 such that the above is bounded by Co|b|p™. Therefore,
since |0, (aE,)| = |d'E, + a0, E,| = O(1) there exists C; > 0
such that

O (tr DR"F < Cy |b] p" + C12"p*" ! 3.14
b,p1,n

However, p < 3/2 and so for n sufficiently large the result follows.

(iv) Since a and E,, are bounded and analytic in 2 it follows that
10,y (Ox(aFy))|| = O(1). We also know that d,,f. = O(1).
Therefore there exists C' > 0 such that

|

Hence the result follows. //
Claim. |6bp1,n(b)| < Clb2n

Ory (10 DRF)y < 100y fall + 8" 100D 0B (3.15)
<C (3.16)

Proof of Claim: Differentiating the fixed-point equation
R"Fy(p1,n (b)) — p1,a(b) =0 (3.17)
gives
OR"F (b, p1,n(b)) + [02,yR"F (b, p1,,(b)) —id] Opp1,,(b) = 0 (3.18)

Since |fi(p1,+)| # 1, convergence of renormalisation implies that, for n suf-
ficiently large, DR"Fy(p1,(b)) has eigenvalues bounded away from 1. It
follows that DR"Fy(p1,,) — id is invertible. Therefore

8bp1,n(b) = (ld — aLanFb’plm(b))il abRan,pl’n(b) (319)

As (id — 8,,R"F) = (id— DF,) (1+ 0O (b*")), we find that Op1,(b) =
O (8bR"Fb7pM(b)). Moreover, as p; ,(b) is restricted to lie on the diagonal, it
follows that Oyp; ,,(b) is a multiple of the diagonal vector (1,1).//

Choose a positive integer N such that for all n > N, (a) b*" > |\]| (which
is possible by equation (3.4)) and (b) if Cj and C; denote the constants from
the previous two claims then

Co 2"t > 20 ((3/2)" 4+ CoC16™") (3.20)
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It now follows that for n sufficiently large and b sufficiently small,

|0,Dn| = |05 (det DR™F)| — [|8yy (tr DR F)[| - [Opp1.nl |

(3.21)
> |Cy 0?12 — b | (3.22)
> Cy it (3.23)
> 207" ((3/2)" + CoC1b™") (3.24)
> [N - (105 (tr DR™F)| + |0, (tr DR™F)|| - |05p1,n]) (3.25)
> [N 10y Tl (3.26)

It follows that 9,D,, # A0, T, for sufficiently large n. Therefore 9, A} # 0
for n sufficiently large, and the Proposition is shown. O

A simple partition of unity argument, whose proof is left to the reader,
gives the following.

Lemma 3.4 (Interpolation Lemma). Letr € {3,4,...,00}. Let A be a non-
trivial open interval containing the point a*. Let F € CY(A,Z"). For each

positive integer N there exist subintervals Ay, Ay C A containing a*, and
F' € CY(A; x Ay, I7) such that for all ay € Ay, as € Ay,

o 1oy 1(ar,a2) = Ton-1(ar) and F'(ay, a2)| Ty (a1, as) = F(a1)|[To n-1(ar)
o Ty.(a1,a2) =T (az) and F'(ar, a2)|Ty (a1, a2) = F(az2)|Tw(az)
o F'(a* a*) = F(a*) in [0,1]?

Proof of Theorem 3.1. We will proceed by induction. First, consider the case
d = 2. Let Fi,;; denote the one-parameter family from Proposition 3.3. Then
there exists a positive integer N such that )] varies regularly with b for all
m > N. Hence by Lemma 2.5 there exists a parameter b* and integers m,
and n, satisfying N < m; < ny such that at b = b*,

(i) Finit(b) possesses an (mq,ni)-heteroclinic tangency ¢,
(ii) Ay, (b) varies regularly with b.

Choose an integer N7 > ny so that [py,, ¢1]“(b*) and [q1, p,,|*(b*) are disjoint
from T, «(0*). Then by Lemma 3.4 there exists a two-parameter family
F satisfying the properties (i)—(iii) and consequently property (iv). This
completes the case d = 2.
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Next, consider the case when d > 3. Assume that there exists a d-
parameter family F' satisfying the hypotheses of the theorem. By hypothesis
F(by,...,ba)|Tn,_, «(b1,...,bs) depends only upon the parameter b,; and in
fact coincides with Fi(by). Also by hypothesis b(F'(by, b, ..., b)) = bg.
Once more Lemma 2.5 implies there exists a parameter 0 and integers my
and ng satisfying Ny_1 < mg < ng such that

(i) F(by,...,bg—1,b}) possesses an (mg, ng)-heteroclinic tangency
qq for all by, ..., bg_1

(ii) A;,, varies regularly with by at by = bj;

Choose an integer Ny > ng so that [p,,,,¢]* and [g;, p,,]® are disjoint from
Ty, for all 7. Then, as I restricted to T, , . is a one-parameter family,
we can apply Lemma 3.4. This gives a (d + 1)-parameter family which we
denote by F'(by,bs, ..., bq,bar1) which satisfies

F'(by, ... bas1)|Ton,—1(b1, - bar1) = F(br, .., ba)|Ton,—1(b1, - - -, ba)
(3.27)
for all by,...,bg,bsy1 on suitably restricted subintervals. Hence properties
(i)-(iii) and consequently (iv) are satisfied. This completes the proof. O

3.2 Construction of the Second Family

Next, given the resulting map, embedded in this family, with d tangencies we
construct a new family so that the support of each old parameter contains
the support of the two new parameters. One parameter changes the Palis
invariant and the other controls a local perturbation in a neighbourhood of
the corresponding point of tangency. Each local perturbation is chosen so
that, in a neighbourhood of a point of tangency, each point on the unstable
manifold moves transversely and at a controlled speed through the stable
manifold as the corresponding parameter is varied.

Theorem 3.5 (Second Construction). Let d > 2 be an integer. Given a
d-parameter family F' satisfying the hypotheses of Theorem 3.1, there exists
an open neighbourhood U C R*?, a family G € C*(U,Z") and a parameter
u* € U such that

[ ] Gu* = Fb*
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o Let G, = Gy~. Fori=1,2,...,d denote py, (u*), p,, (u*) and q;(u*) by
Dipa.s Py and q; respectively. If, for i =1,2,...,d, we define the map

R = (PG*,pi‘n,p;iivQG*,p;*ni,p;ii,qZ) (3.28)

then R = (Ry, Rs, ..., Rq) is a local diffeomorphism at u = u*.

Proof. Let F € C'(B,Z") be as in the hypotheses of Theorem 3.1. The
following points will allow us to simplify notation. We will construct a family
Gy, where u = (tq,$81,...,tq,84), so that the i-th pair of parameters (t;, s;)
correspond to a pair of local perturbations of F'in Ty, , n,—1. In particular R
will be a local diffeomorphism at u = u* if R;(t;, s;) is a local diffeomorphism
at (t;,s;) = (tf, s7) for each 7. With this in mind, we drop ¢ from our notation.
Hence we may assume we have a one-parameter family of maps, which we
denote by either Fy or F'(b) depending upon whichever is more notationally
convenient, on the pair of pants T so that for a fixed parameter b* the map
F, = F(b*) has a single (m, n)-heteroclinic tangency ¢* between the saddles

which we denote by p}, and p;, for m < n satisfying the properties

® PPy @" €T

o [ph. a1 g pp T
We also denote the preimage under F), of an object with a prime. For example
¢ = F'q pln = Fo (), ¢ = FOlq™ = F22q7, ete.

First consider F'(b) at b = b*. Let W be an open neighbourhood of ¢(b*)
not intersecting any periodic orbit of F(b) for any b. Let [,1,k, k be the
corresponding arcs given in subsection 2.5 for the saddles p;, and p; and the
tangency ¢*. By Remark 2.11 there exists a horizontal change of coordinates
B: (W, q*) — (R%0) at ¢*. Then we take Qp, p: = o« to be the function
constructed in Subsection 2.5 relative to this coordinate change .

Let V' C W' be a neighbourhood of ¢"*. This also does not intersect any
periodic orbit. Let I',I’, k, k' denote the preimages under F, of [,{,k and k
respectively. Let a: (V,¢*) — (R?0) be a vertical change of coordinates.
Recall that this means a(I'NV) C {y = —|x|*} for some a > 2, and a(k’' N
V) C {y = 0}. See figure 3 for a schematic picture.

For j =0,...,2™ — 1, let U; C T be a neighbourhood of F7(p,) which
intersects |J; F/[py,, ¢*]* in a single arc, which is disjoint from W, W’ and
U; Fi[g*, p]*, and which does not contain ¢* = F.!(¢*). By shrinking if
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necessary we may assume the U; have pairwise disjoint closures. Let U ]»0 € U;
also be a neighbourhood of FJ(py,). Let U° = JU; and U = |J Uj.

We now begin with our sequence of perturbations as follows. By similar
reasoning to the Interpolation Lemma 3.4 there exists a two-parameter family
Fy. so that F,|U° = Fy and F,.[CU = F.. Set F' = F;., restricting ¢ if
necessary so that the orbit of p,, lies in U° for all .

Next, take open rectangles S € S C «(V) which contain the origin.
Take a smooth isotopy J: [—s., .| X a(V) — «(V), where s, is sufficiently
small, with support in S so that Jy = id; Js(z,y) = (x,y + s), for all s and
(z,y) € SY% J,|0S = id for all s; and vertical lines are preserved. Define
Fs:V — F(V) by

Ff=Foa'oJ,oa (3.29)

Since the map ! o J; o« preserves vertical lines, is smooth and close to the

identity it follows that, by restricting s to a subinterval if necessary, the map
F* is the restriction of a Hénon-like map to V.

We now glue together these two perturbations as follows. Let py, py €
C*([0,1]?,R) be bump functions? so that py|U’ = 1, pyy|CU = 0 and py |V’ =
1, pv|CV = 0. Define

Grs=puF' +pvF° + (1 = pu)(1 — pv)F (3.30)

The same argument as in the Interpolation Lemma 3.4 implies, restricting
parameters if necessary, that G, is Hénon-like for each ¢ and s. Since G'
and G* are both families containing Fj«, by an affine reparametrisation of
the parameters ¢t and s we can assume that Goo = Fp-. It remains to show
that R o G, is a local diffeomorphism at ¢t = 0,s = 0.

First, note that Pp, p+ - (Gy,s) is differentiable at (¢, s) = (0,0). Similarly,
QF. pz, 2 q+) (Gr,s) is differentiable at (¢,s) = (0,0). Hence DR is well-
defined at (¢,s) = (0,0). Moreover, Pp, ,: - (Gts) is independent of the
parameter s. Consequently,

detDR(O,O) = 8tPF*,p;‘n,p;§(Gs,t)asQF*,p;‘n,p;;,q* (Gs,t)|(t,s)=(0,0) (33]—)

As F'is a good family, so that A\J, varies regularly with ¢ at ¢ = 0, while A

2 Abusing terminology slightly, if neighbourhoods W’ € W are disconnected, with ex-
actly one component of W’ in each component of W, then by the bump function for the
pair W/ W we mean the sum of the bump functions over the connected components.
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is independent of ¢, a calculation shows that

DN,

OiPr, ps, 7 (Gt 0.0) = X log N

£0 (3.32)
(0,0)

It remains to show the second factor in (3.31) is non-zero. Set ¢t = 0 and fix
a parameter s. The following is a simple but essential observation.

Claim. Let [,, [, ks_, ks de_note the corresponding pieces of invariant manifold
for Gsp and let I, 1, k., k. denote their preimages under G5o. Then [, is

§7787 7781 Vs

altered but [ is unchanged by varying s. Similarly, k. is unchanged but k;
is altered by varying s.

In fact the most essential piece of information is that, for all s,
aVNni)={y=0}  a(VNk)={y=|z"—s} (3.33)

Therefore, let 4 denote the parametrisation of a(VNL,) given by v(z) = (z,0).
Let

a(z,y) = (aw(2), ay(z,y)), B = (Be(,y), By(y)) (3.34)
Abusing notation slightly we let

o Ha,y) = (o' (@), 0 (), B (w,y) = (87 (2,9), B, (y) (3.35)

Consider the image of V N {y = 0} under the map 8o Gyso0a . Then

BoGspoatoy(xr)=pBoFyoa *(z,s) (3.36)
= (Bulop (a3 (2), 0 (2, 9)), o (@), By (o ' (2)))
(3.37)

Let Y = 8,0, (z). Observe that this new coordinate Y (z) varies regularly
with z. The trace of the curve o Ggs 0 a™' o7 coincides with that of
I(Y) = (¥s(Y),Y) where

Vs(Y) = Bal0n- (8, (V) 0 (0B, (Y), ), B, (V) (3.38)

If we let M(Y,s) = (8, (Y), o (a8, (Y), 5)) then this can then be rewrit-

ten in the form ¢,(Y) = B, o Fy- o M(Y, s). Consequently
QF. py i (Gos) = s(c()) (3.39)
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where ¢(s) denotes the continuation of the critical point for the parameter
s = 0. We wish to show that Js(¢s(c(s))) # 0 at s = 0. Observe that by
definition Oy 1|q(s),s = 0. Hence

8s(ws(c(5)))|s:0 - 85w|c(s),s + an|c(s),sasC|s - a577Z)|c(s),s (340)

It therefore suffices to show 0s1)|qs),s 7# 0. However, a computation shows
that

Oslv,s = 0wl Byt (v,5) Oy P M (v, ) Dy |t () (3.41)

Since ot is a diffeomorphism preserving vertical lines, Oy, 1'-£ 0. Similarly,

as [ is a diffeomorphism preserving horizontal lines, 0,0, # 0. That Fy. is a
diffeomorphism with Jacobian —0d, ¢y« # 0 then implies that ds¢|y,s # 0. By
equation (3.40), we find that Os(s(c(s))) # 0. Therefore

85QF7Pm7pn7q(GS,t) |(0,0) #0 (3.42)

as required. Equation (3.31) therefore implies, by inequalities (3.32) and (3.42),
that det[DR 0] # 0 and hence R is a local diffeomorphism at (¢, s) = (0,0).
This completes the proof of the Proposition. O

3.3 Construction of The Tangency Family

In this section we show, via the previous theorem, that tangency families exist
with arbitrarily many parameters. For the definition of tangency families,
see Appendix A

Corollary 3.6. For each integer d > 1 there exists

e D C RY, an open neighbourhood of the origin, and H € C*(U,Z") which
1s a d-tangency family,

e D' C RY, an open neighbourhood of the origin, and H' € C*(U, H%)
which 1s a d-tangency family.

Proof. Let G denote the 2d-parameter family of infinitely renormalisable
Hénon-like maps constructed in Theorem 3.5. Let U" C U be an open neigh-
bourhood of the origin. By the Weierstrass Approximation Theorem, for
any € > 0 there exists G' € C¥(U’, HY) such that |G — Glgepue <€ As
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Figure 3: The horizontal and vertical maps.
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renormalisability is an open property, we can choose € to be sufficiently small
to ensure that G’ is Ny-times renormalisable for all parameters in U’

Since R is a local diffeomorphism at © = u* = 0 and being a local diffeo-
morphism is also a local property, we can assume ¢ is also small enough to
ensure that R’ is also a local diffeomorphism at u = 0. Let V and V' be open
neighbourhoods of 0 on which, respectively, R and R’ are diffeomorphisms
onto their images. Let W and W’ denote their respective images.

Endow R?? with the linear coordinates P, Q1, . . ., Py, Qq and let Q denote
the d-dimensional linear subspace given by {Q; = Q2 = ..., Q4 = 0}. Let

0=R)'WNQ), Q=(R)(WNQ) (3.43)

By the Inverse Function Theorem, these are manifolds of dimension d con-
tained in V and V' respectively. Observe that Q contains the origin.
Observe that u* € Q and moreover R(u*) = 0. Let u™* € Q' satisfy
R'(u*) =0. Let ®: U — R? be a chart of Q containing u* and let ®': U’ —
R? be a chart of Q' containing u’*. Assume they satisfy ®(u*) = 0 and
®'(u*) = 0. Let D and D’ be balls contained in the respective images of these
charts containing the origin. Let H = G o ®~}|D and H' = G’ o (®')"}|D".
By construction, for each i = 1,2,...,d we have Q;(H,) = 0 for any u € D
and Q;(H!,) = 0 for any v’ € D'. Hence H and H' are d-parameter tangency
families, as required. 0

We now prove Theorem 1.1.

Proof of the Main Theorem. Assume there exists a full family F' depending
upon d > 1 parameters in either Z" for some r or ‘Hg. By Corollary 3.6,
for each d > 1 there exists a d-parameter tangency family G in Z" or Hg
respectively. By Theorem A.3 the existence of a d-parameter tangency family
contradicts the existence of a d-parameter full family. Hence the Theorem
follows. 0

A Tangency Families and Full Families

We show a general result for surface embeddings and diffeomorphisms which
states that full families do not exist if families with persistent tangencies can
be constructed.
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Definition A.1. Let d > 1 be an integer and let A C R? be an arbi-
trary nonempty open set. Let M be an arbitrary compact manifold, pos-
sibly with boundary and denote by £"(M)the set of orientation-preserving
C"-embeddings on M. Let F C &"(M) be an arbitrary set. Then F €
CO (A, E7(M)) is a d-parameter full family in F if for each f € F there
exists a parameter a = a(f) € A such that f ~ F,.

Definition A.2. Let d > 1 an integer. Let A C R? be an open neigh-
bourhood which contains the origin. Then G € CY(A,F) is a d-parameter
tangency family in F if

(i) Foreach i =1,...,d, F = Gy has saddles p}), p}, and a hetero-
clinic tangency ¢* as in Section 2.5,

(ii) G<A) - ﬂ?:l QF,pé,p%,ql

(iii) (Pva})vp% X ... X Pp,p&p({l) o G is a local diffeomorphism at the
origin.

Theorem A.3. Let d > 1 be an integer and let A, denote the unit ball
in R Let F C £2([0,1]?) be an arbitrary family of orientation-preserving
diffeomorphisms.

If there exists Giang € C' (Aay1, €2 ([0,1]?)), a (d+1)-parameter tangency
family in F then there cannot exist Gy € C° (Ag, 2 ((0,1]%)) which is a d-
parameter full family in F.

Proof. We proceed by contradiction. Suppose, to the contrary, there exists
Gran € C” (Ag, €% ([0,1]%)) (A1)

which is a full family, for some positive integer d. Let
Grang € C' (Ags1, €2 ([0,1]%)) (A.2)

be a tangency family as defined above. Assume F = (G has saddles and
tangencies py, pt, ', ..., pitt pitt ¢¢*! as above. Denote the corresponding
Palis invariant Pp i1 X ... X PF7pg+17p(11+1 by P. Without loss of generality,
assume that P o Gyap, is actually a diffeomorphism onto its image (otherwise
restrict to a neighbourhood of the origin and rescale the parameter).

As Gpyy is full, for every b € Ayyq there exists a = a(b) € Ay such

that Giang (b) ~ Gran (a(b)). The tangency family consists of topologically
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inequivalent maps as they have distinct Palis invariants. Hence the map

a: Agi1 — Ay is injective.
Since the Palis invariant is a topological invariant, Giang (b) ~ Grun (a(b))
implies P o Giang (b) = P o G (a(b)), i.e., the following diagram commutes
Ag——2 &([0,1%)/ ~ (A.3)

full

-

d+1
Agy R+

By hypothesis, P o Giayg is a diffeomorphism onto its image. Hence the
image P o Giang(Ag41) contains a closed (d + 1)-dimensional ball A. Let
A = (PoGgn) ' (A). Then A’ is compact as it is closed and bounded. Ob-
serve P o G| A is injective as P o Giayg is injective and the above diagram
commutes. As Gy is continuous and P: Dom(P) — R is also contin-
uous it follows that P o Gpgy|A’ is also continuous. It then follows that
P o G| A’ is therefore a homeomorphism onto its image (a continuous, in-
jective map from a compact space into a Hausdorff space is a homeomorphism
onto its image).

Let f: A — A’ denote the inverse of P o Gy,. This is a closed map.
Moreover, as A is a (d+1)-dimensional ball, dim A = d+1 and since A’ C Ay
we have dim A’ < d. Therefore [8, Theorem VI 7] implies there exists a point
b € A’ such that dim = (0') > dim A — dim A’ > 1. Hence f~1(}") must
consist of more than one point, and thus f cannot be a homeomorphism onto
its image. This gives us the required contradiction. Therefore a full family
Gq cannot exist. O
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