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INTEGRAL MENGER CURVATURE AND RECTIFIABILITY
OF n-DIMENSIONAL BOREL SETS IN EUCLIDEAN N-SPACE

MARTIN MEURER

ABSTRACT. In this paper we show that an n-dimensional Borel set in Euclidean
N-space with finite integral Menger curvature is n-rectifiable, meaning that it
can be covered by countably many images of Lipschitz continuous functions up
to a null set in the sense of Hausdorff measure. This generalises Léger’s rectifia-
bility result for one-dimensional sets to arbitrary dimension and co-dimension.
In addition, we characterise possible integrands and discuss examples known
from the literature.

Intermediate results of independent interest include upper bounds of dif-
ferent versions of P. Jones’s f-numbers in terms of integral Menger curvature
without assuming lower Ahlfors regularity, in contrast to the results of Lerman
and Whitehouse [Constr. Approx. 30 (2009), 325-360].

1. INTRODUCTION

For three points z,y, z € RV, we denote by c(z,y, ) the inverse of the radius of
the circumcircle determined by these three points. This expression is called Menger
curvature of x,y, z. For a Borel set E C RY, we define by

Mo (E) = [E [E [E 2 (z,y, 2) dH (@)dH (y)dH (2)

the total Menger curvature of E, where H' denotes the one-dimensional Hausdorff
measure. In 1999, J.C. Léger proved the following theorem.

Theorem ([19]). If E C RY is some Borel set with 0 < H'(E) < oo and My(E) <
00, then E is 1-rectifiable; i.e., there exists a countable family of Lipschitz functions

fi : R —=RY such that H'(E \ U, fi(R)) = 0.

This result is an important step in the proof of Vitushkin’s conjecture (for more
details see [6[36]), which states that a compact set with finite one-dimensional
Hausdorff measure is removable for bounded analytic functions if and only if it is
purely 1-unrectifiable, which means that every 1-rectifiable subset of this set has
Hausdorff measure zero. A higher dimensional analogue of Vitushkin’s conjecture
is proven in [25] but without using a higher dimensional version of Léger’s theorem,
since in the higher dimensional setting there seems to be no connection between
the n-dimensional Riesz transform and curvature (cf. introduction of [25]).
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There exist several generalisations of Léger’s result. Hahlomaa proved in [12HI4]
that if X is a metric space and Ms(X) < oofl then X is 1-rectifiable. Another
version of this theorem dealing with sets of fractional Hausdorff dimension equal or
less than % is given by Lin and Mattila in [22].

In the present work, we generalise the result of Léger to arbitrary dimension and
co-dimension, i.e., for n-dimensional subsets of RY where n € N satisfies n < N.
In the case n = N every E C RY is n-rectifiable. On the one hand, it is quite clear
which conclusion we want to obtain, namely that the set E is n-rectifiable, which
means that there exists a countable family of Lipschitz functions f; : R* — RV
such that H™"(E\J, fi(R™)) = 0. On the other hand, it is by no means clear how to
define integral Menger curvature for n-dimensional sets. Léger himself suggested an
expression that turns out to be impropeIE for our proof, which is strongly inspired
by Léger’s own strategy (cf. section B2]). We characterise possible integrands for
our result in Definition Bl but for now let us start with an explicit example:

H Y A(zo,y -+ Tg1))
H0§i<j§n+1 d(xi,z;)
where the numerator denotes the (n + 1)-dimensional volume of the simplex

(A(zo,...,2n41)) spanned by the vertices zo,...,Znt1, and d(z;,z;) is the dis-
tance between z; and z;. Using the law of sines, we obtain for n = 1:

HQ(A(xo, Iy, 1'2))
d($07 xl)d(ﬂﬁm xz)d(ﬂﬁh Hp)

’C(.]?(), .. 'amn-‘rl) =

K(xo,x1,22) = ) = ZC($0;$1,$2)-
Hence, K can be regarded as a generalisation of the original Menger curvature for
higher dimensions. We set

(1.1) Mic2(E) := /E---/EICQ(:EO,...,an) dH"™(zo) .. . dH (xp41)-

Now we can state our main theorem for this specific integrand (see Theorem
for the general version).

Theorem 1.1. If E C RY is some Borel set with My:(E) < oo, then E is n-
rectifiable.

Let us briefly review a couple of results for the higher dimensional case. There
exist well-known equivalent characterisations of m-rectifiability, for example, in
terms of approximating tangent planes [23, Thm. 15.19], orthogonal projections
[23, Thm. 18.1, Besicovitch-Federer projection theorem], and in terms of densities
[23, Thm. 17.6 and Thm. 17.8 (Preiss’s theorem)]. Recently Tolsa and Azzam
proved in [35] and [2] a characterisation of n-rectifiability using the so-called (-
numbersd defined for k > 1L,z eRN, t>0,p>1by

. 1 d(y, P)\" ’
o (2 t) = f - A CARIPAR B
Bk (@, 1) . ( m /B (Mt)( " wy) |

1Karl Menger [24] realized that c(z,y, 2) can be expressed purely in terms of mutual distances
between the points; see [14] for the explicit expression.

2Hence, we agree with a remark made by Lerman and Whitehouse at the end of the introduction
of [20].

3Introduced by P. W. Jones in [I5] and [16].
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where P(N,n) denotes the set of all n-dimensional planes in RY, d(y, P) is the
distance of y to the n-dimensional plane P and y is a Borel measure on RY. They
showed in particular that an H"-measurable set £ C RY with H"(E) < oo is
n-rectifiable if and only if

1
(1.2) / 62;1;f,z_m|E(:1c,7‘)2g < oo for H"-a.e. z € E.
0 T

This result is remarkable in relation to our result since the S-numbers and even
an expression similar to (L2Z) play an important role in our proof. Nevertheless at
the moment, we do not see how Tolsa’s result could be used to shorten our proof
of Theorem [[LTl There are further characterisations of rectifiability by Tolsa and
Toro in [38] and [37].

Now we present some of our own intermediate results that finally lead to the
proof of Theorem [T, but that might also be of independent interest. There is
a connection between those S-numbers and integral Menger curvature (II)). In
section 2] we prove the following theorem (see Theorem for a more general
version).

Theorem 1.2. Let ji be some arbitrary Borel measure on RN with compact support
such that there is a constant C > 1 with u(B) < C(diam B)™ for all balls B C RV,
where diam B denotes the diameter of the ball B. Let B(x,t) be a fized ball with
w(B(z,t)) > At"™ for some X > 0 and let k > 2. Then there exist some constants
ki1 >1 and C > 1 such that

C
Boi(x,1)* < t_”/ / XD (%o, -, Tp)
B(z,k1t) B(z,k1t)
X K2(x0, ., Tng1) dpa(@o) - .. dpp(@ngr),

where xp denotes the characteristic function of the set
t ..
D = {(z0,...,Tpns1) € B(w, k1t)""?|d(x;,25) > Pk #j}
1

A measure p is said to be n-dimensional Ahlfors regular if and only if there exists
some constant C' > 1 so that &(diam B)" < pu(B) < C(diam B)" for all balls B
with centre on the support of u. We mention that we do not have to assume for
this theorem that the measure p is n-dimensional Ahlfors regular. We only need
the upper bound on u(B) for each ball B and the condition u(B(z,t)) > A" for
one specific ball B(z,t).

Lerman and Whitehouse obtain a comparable result in [20, Thm. 1.1]. The
main differences are that, on the one hand, they have to use an n-dimensional
Ahlfors regular measure, but, on the other hand, they work in a real separable
Hilbert space of possibly infinite dimension instead of RY. The higher dimensional
Menger curvatures they used (see [20] introduction and section 6]) are examples of
integrands that also fit in our more general settingy This means that all of our
results are valid if one uses their integrands instead of the initial K presented as an
example above.

4A characterisation of all possible integrands for our result can be found at the beginning of
section Bl In section B2] we discuss one of the integrands of Lerman and Whitehouse.
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In addition to rectifiability, there is the notion of uniform rectifiability, which
implies rectifiability. A set is uniformly rectifiable if it is Ahlfors regulai] and if
it fulfils a second condition in terms of S-numbers (cf. [B, Thm. 1.57, (1.59)]).
In [20] and [2I], Lerman and Whitehouse give an alternative characterisation of
uniform rectifiability by proving that for an Ahlfors regular set this S-number term
is comparable to a term expressed with integral Menger curvature. One of the two
inequalities needed is given in [20, Thm. 1.3] and is similar to our following theorem,
which is a consequence of Theorem in connection with Fubini’s theorem (see
Theorem [L.7] for a more general version). We emphasise again that in our case the
measure p does not have to be Ahlfors regular.

Theorem 1.3. Let yi, A and k be as in the previous theorem. There exists a constant
C > 1 such that

° dt
// ﬁ?;k(xvt)2X{u(B(z,t))2)\tn}7d/f‘(x) < C M2 ().
0

In the last few years, several papers have appeared that work with integral
Menger curvatures. Some deal with (one-dimensional) space curves and get higher
regularity (C1%) of the arc length parametrisation if the integral Menger curvature
is finite, e.g. [29,[30]. Others handle higher dimensional objects [I7L[I8][32], occa-
sionally using versions of integral Menger curvatures similar to ours Remarkable
are the results of Blatt and Kolasinski [3,4]. They proved among other things that
for p > n(n + 1) and some compact n-dimensional C* manifold X,

/ /( H Y (Ao, -y Tng1)) ) dH"(z0), - -, dH" (Try1) < 00

diam(A(zg, . . ., Tpy1))"H2

is equivalent to having a local representation of ¢ as the graph of a function be-
n(n+1)
= p

longing to the Sobolev Slobodeckij space W2~ Finally, we mention that
in [B1L33] Menger curvature energies are recently used as knot energies in geomet-
ric knot theory to avoid some of the drawbacks of self-repulsive potentials like the
Mobius energy [10L26].

Organisation of this work. In section 3, we give the precise formulation of our
main result and discuss some examples of integrands known from several papers
working with integral Menger curvatures. In section [l we present some results for
a Borel measure including the general versions of Theorems and [[3] namely
Theorems and 7 The following sections [l to B give the proof of our main
result. We remark that all statements in sections [B] [ and [8, except section [Tl
depend on the construction given in section

2. PRELIMINARIES

1. Basic notation and linear algebra facts. Let n,m, N € Nwith1 <n < N
and 1 < m < N. If E ¢ R" is some subset of RY, we write E for its closure
and E for its interior. We set d(z,y) := |z — y| where 2,y € RY and |- | is
the usual Euclidean norm. Furthermore, for € RY and E;, B, ¢ RY, we set
d(z, Es) = infycp, d(z,y), d(E1, B2) = inf,cg, d(2, E2) and #F means the number

5A set F is n-dimensional Ahlfors regular if and only if the restricted Hausdorff measure H"LE
is n-dimensional Ahlfors regular.
60ur main result does not work with their integrands, but most of the partial results are valid;

cf. section
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of elements of E. By B(x,r) we denote the closed ball in RY with centre x and
radius 7, and we define by w,, the n-dimensional volume of the n-dimensional unit
ball. Let G(N,m) be the Grassmannian, the space of all m-dimensional linear
subspaces of RY and P(N,m) the set of all m-dimensional affine subspaces of R*.
For P € P(N,m), we define 7p as the orthogonal projection on P. If P € P(N,m),
we have that P —7wp(0) € G(N,m); hence P —7p(0) is the linear subspace parallel
to P. Furthermore, we set Wﬁ = Mp_rp(0) = T(P—mp(0)): where T(p_r,(0))+ 18
the orthogonal projection on the orthogonal complement of P — 7p(0).

Furthermore, for A C RY and x € RV, we set A+ 1z = {y € R"|y —x € A}.
By span(A), we denote the linear subspace of RY spanned by the elements of
A It A= {o1,...,0m} or A = A; U Ay, we may write span(oy,...,0n), resp.
span(Aj, As), instead of span(A).

Remark 2.1. Let bya,a; € RN, oy € R for i = 1,...,1, | € N, with b =
a + Zi:l ai(a; —a) and P € P(N,m). Then we have np(b) = mp(a) +
Zi‘:l o [Wp(ai) — Wp(a)] and d(b, P) < d(a, P) + Zi‘:l |a;| (d(a;, P) + d(a, P)).

P

P
FiGURE 1. Illustration of Lemma 2.2 lai—mpy(a)l _ _las—mry(az)

lai—7pApy(a1)] — laz—mp AP, (a2)]

Lemma 2.2. Let P, P,€P (N, m) with dim Py =dim P,=m<N and dim(P;NPy)
lai—mpy(a1)l _  |az—7p,(a2)|
lai—7papy(a1)] —  laz—mp AP, (a2)]

=m — 1. For aj,ay € P; \ Pa, we have
Figure [T).

(see

Proof. Translate the whole setting so that P;, P, are linear subspaces. Then express

a1 by an orthonormal base of P; and compute that % is independent
1 2

of a;. O
2.2. Simplices.
Definition 2.3. Let z; € RN for i = 0,1,...,m. We define A(zq,...,2,,) =

A({zo,...,xm}) as the convex hull of the set {xo,..., 2z} and call it simplex or
m-simplex if m is the Hausdorfl dimension of A(zg, ...,z ). If the vertices of
T = A(xo,...,Ty,) are in some set G C RV ie., xg,..., 2, € G, we simply write

T = A(zg,...,xm) € G. Note, however, that this new notation T' € G does not
mean 7' C G unless G is convex.

With aff(E') we denote the smallest affine subspace of RV that contains the set
ECRN.If E = {x0}, we set aff(E) = {z¢}.
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Definition 2.4. Let T = A(xo, ..., 2m,) € RY. Fori,j € {0,1,...,m} we set
fe,T = fo,, T = A({wo, ..., zm } \ {zi}),
fe; ;T = feu, o, T = A({@o, ... 2} \ {1, 7,}),
hiT =b,T = d(xi, aff({zo, ..., xm} \ {SUZ}))

Definition 2.5. Let T = A(xo,...,7,) be an m-simplex in RY. If h;T > o for
all i =0,1,...,m, we call T an (m, o)-simplez.

Definition 2.6. Let T = A(xq,...,%,) be an m-simplex in RY. By H™(T) we
denote the volume of T and we define the normalized volume v(T) := m! H™(T)
which is the volume of the parallelotope spanned by the simplex T (cf. [28]). We
also have a characterisation of v(T") by the Gram determinant

o(T) = \/Gram(z; — 2o, ..., Tm — To),

where the Gram determinant of vectors vy,...,v,, € RY is defined by

Gram(vy,...,vm) == det (v, ..., vm) (V1. 0m)) -

h,T _ 5T

Lemma 2.7. Let T = A(xg,...,Tm) be an m-simplex. We have b5, T = BT

b, (T) _ v(T) o h;(T) o(fe;T) ~ b(T) v(fe;T)
Proof- We have 506y = §ie1) (e ) — 5ure,T) 5, (e, T) 50570 — 83770 07
— (™ (]
= (Fe T
Lemma 2.8. Let 0 < h < H, 1 <m < N+1 and yo,z; € RV, i=0,1,...,m.
If T, = Azo,...,zm) is an (m, H)-simplex and d(yo,zo) < h, then T, =
Ayo, 1, .., Tm) is an (m, H — h)-simplez.

Proof. We have hoT, > hoT, —d(xo,yo) > H—h. Now, we show that h,T,, > H—h.
If m = 1, we have h; Ty = d(yo,21) = hoTy. So we can assume that m > 2 for the
rest of this proof. We set 20 := Tag(jc,1,)(%0), T> := A(20,21,- .., y,) and start
with some intermediate results:

I. Due to T, > H — h > 0, T}, is an m-simplex.

II. We have d(x¢, z0) = d(xo, aff(f¢,; Ty)) < d(zo, yo) < h.

III. We have zp = 2 + ro(yo — x2) + Z;nzg rj(x; — x2) for some r; € R, i =
0,3,...,m because zg € aff(fc;T}).

IV. With III, Remark 2.1 and because of m.g(jc,1,)(2:) = @i for i = 2,...,m we
get

boT> = |20 — Tasi(e, 1) (20)| = |T0Y0 — ToTasi(e,1,) (Y0)| = T0ho(Ty)
and analogously ho(fe;T%) = roho(fe, Ty).
V. It holds that Waﬂ(fcolex)(zo) = Tafi(fe, ,7) (Z0), and hence we obtain
bo(Fer T%) = d(Tasi(je, 7,,) (o) Tafi(fe, , 7) (20))
= d(Tatt(je, 1) (€0), Tai(fe, 7,) (Tatt(ie, , 1) (20)))
< d(%o, Tafi(je, , 7,) (20)) = ho(fer T).
Now, with Lemma 27 (i =1, j =0, T = T,), IV and V we deduce that

0,7, > T LUOTE) 5 (407, — d(ag, z)) 2LUST2)

hO(fclT:E) bO(fclTw).
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If Elgon g > 1 this gives us directly h;7,, > H — h. In the other case, use Lemma
2.7 and II to obtain b1, > 1T, — d(zo,20) > H — h. Since, for ¢ = 2,...,m, the
points z; fulfil the same requirements as x1, we are able to prove ;T,, > H — h for
alli=1,...,m in the same way. So, T}, is an (m, H — h)-simplex. |

Lemma 2.9. Let C > 0,1 <m < N and let G C RN be a finite set so that for all
(m + 1)-simplices S = A(xg,...,Tmy1) € G, there exists some i € {0,...,m + 1}
so that fc;(S) is no (m, C)-simplex.

Then there exists some m-simplex T, = A(zo,...,2m) € G so that for alla € G,
there exists some i € {0,...,m} with d(a,aff(f¢,(T,))) < 2C.

Proof. Since G is finite, we are able to choose T, = A(zo,...,2m) € G so that
(2.3) o(T,) = max Gn(A(wo,...,wm)).

WO, Wi €
We can assume that T, is an (m,2C)-simplex; otherwise there would exist some
i €40,...,m} with h;(T,) < 2C, and so for all a € G with ([23]) we would obtain
d(a. aff(j&,(T2))) < 2C.

Now, choose an arbitrary yg € G. Set S := A(yo, 20, .- .,2m). The properties
of G imply that one face of S is no (m, C)-simplex. Without loss of generality we
assume that T, := fc, (5) is not an (m,C)-simplex (but an m-simplex). So there
exists some ¢ € {0,...,m} with h;(T,) < C. If ¢ = 0, we are done. So let ¢ # 0.
We set = Waﬁ(ftiTy)(zz) and get Waﬁ(f‘o,iTy)(h‘) - Waﬁ(fciTy)[ﬂ—aﬁ(chJ y)( )] This
implies

(2.4)  d(h, aff(feo ;Ty)) = d(Tasi(je,,) (20); Tasi(e, T, [Tati(e, . 1,) (2)]) < BilfeTy)-

Now, we use Lemma 22 with a1 = yo, a2 = h € P = aff(j¢;(T})), P :=
aff(fe, (1)), Pr N Py = aff(fcq ;(T3,)) and (Z.4) to obtain

d(zi,aﬂ?(ft (T )))

Now use 23) to get d(yo,aff(fc;(T;))) < d(zl,aff( ¢; (T ))) and deduce with
d(z;,aff(fe;(1%))) = b T. > 2C and d(z;,h) = b;(T,) < C that bo(fe;Ty) <
2h;(feoTy). Finally, with Lemma 27 we have d(yo,aff(feo(T%))) = ho(Ty) =

bi(T,) polecy < 2C. O

Lemma 2.10. Let H > 0 and 1 < m < N, and let D C RN be a bounded
set. Assume that every simplex S = A(yo, ..., Yym) € D is not an (m, H)-simplex.
Then there exists some | € NU {0}, Il < m — 1 and zq,...,2; € D so that D C
Uy (aff(xo, ..., 7)) = {x € RN|d(z, aff(xo, ..., 7)) < H}.

Proof. We assume #D > 2; otherwise the statement is trivial. Let [ € {0,...,m—1}
be the largest value such that there exists an (I, H)-simplex in D. If | = 0, we have
D C Uy (aff(zg)) = B(zo, H) for an arbitrary zo € D.

Now suppose [ > 1. Since D is bounded, there exists zq,...,2; € D such that
the volume K := v(A(xo,...,7;)) is maximal. For some arbitrary x;,1 € D the
definition of [ and Lemma [Z8 imply that A(xo,...,2;) is not an (14 1, H)-simplex.
Hence there exists some [ € {0,...,l+ 1} so that h;(T") < H. Furthermore we have
o(fe7(T)) < K and v(fe,,((T)) = K, which implies h;1(T) < H. It follows that
D C Ug(aff(xg, ...,x;)) because 2,41 € D was arbitrarily chosen. a
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Lemma 2.11. Let 1 < m < N — 1, let B be a closed ball in RN and let F ¢ B
be an H™-measurable set with H™(F) = co. There exist a small constant 0 < o =
o(F,B) < 428 4nd some (m + 1, (m + 3)o)-simplex T = A(z, ..., Tpmi1) € B
with H™(B(xg,0) N F) =00 and H™(B(z;,0) N F) >0 for alli e {1,...,m+1}.

Proof. We set u := H™ L F. Since u(B) = oo there exists some zyp € B with
w(B(xg, h)) = oo for all h > 0.

There exists some ¢; > 0 with u(B \ B(zo,¢1)) > 0. With Lemma [A3] there
exists some 2, € B\ B(xo, ¢;) with u(B(z1,h)) > 0 for all h > 0 and the simplex
T1 fulfils f)l(Tl) = d(J?o,l‘l) > C1.

Now we assume that we already have ¢; > 0 and a simplex T; = A(xg,...,2;) €
RN with b;(T}) >¢; and M(B(:ci, h))>0 for all i€ {0,...,l} and h > 0 where [ <m.

So there exists some 0 < ¢;41 < § with u ((F N B (z0, %)) \ l}clﬂ (aff(xo, ..., xl)))

> 0 and, with Lemma [A:3] there exists some x;4+1 € F C B so that Tj4q =
Az, ..., x41) fulfils b;41(T141) > ¢i41 and p(B(xp41,h)) > 0 for all h > 0.

Since [) (T;) > C; >0 forallie{l,...,m+ 1} we obtain v(T") > 0, and hence
there exists some constant ¢ > 0 so that T := Tyt is an (m + 1, ¢)-simplex.

To conclude the proof set o := mi-s' O

2.3. Angles between affine subspaces.

Definition 2.12. For G1,G2 € G(N,m), we define <(G1,G2) = ||7¢, — 7|,
where the right-hand side is the operator norm of the linear map ng, — 7g,. For
Py, P, € P(N,m), we define <(Py, P2) := <(Py — wp,(0), P, — 7p,(0)).

Lemma 2.13. Let P, P, € P(N,m) with <(Py, P2) <1 and z,y € P,. We have
d(m x),m R
d(z,y) < “GREIBW) and d(nh (2), 78, (1) < TS d(wp, (2), 7P, (1)).
Proof. First assume that Py, Py € G(N m). With z := |§_y‘ € Py and 73 (2) +
TR, (2) = 2 = R, (2) we get |15, () — 75, (y)| = [z —yl|7p, (2) + 7R, (2) — 7R, (2)] <
|z — y|<<(P1, P2), This implies d(z, y) < d(7rp2( ), 7R, (y)) +d(x,y)<<(Pr, P2). These
two estimates give the assertion in the case P, Py € G(N, m). Now choose t1 € P,
ta € Py and apply this result to Py —t1, Py — t2 € G(N, m). O

Corollary 2.14. Let P € P(N,m), Q € G(N,m) and <(P,Q) < 1. There exists
some affine map a : Q — QF with G(a) = P, where G(a) is the graph of the map
a, and a is Lipschitz continuous with Lipschitz constant

Proof. Set a(y) = 7, (7‘(‘1_31‘

. | p, (y)) and use Lemma 213 0

Corollary 2.15. Let G1,G2 € G(N,m) and let 01, ..., 0., be an orthonormal basis
of G1. If d(0;,G2) <G < &1 :=1071(10™ + 1)1, then <(G1,G2) < 4m(10™ +1)5.

Proof. For i =1,...,m, set h; := 7p,(0;) and use Lemma 2.3 from [34]. O
For z,y € RY, we set (z,y) to be the usual scalar product in RV .

Lemma 2.16. Let C,C > 1 and t > 0, and let S = A(Yo, - .-, Ym) be an (m, %)—
simplex with S C B(zx, C't), x € RN. There exist an orthonormal basis (o1, ..., 0m)
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of span(y1 — Yo, - - -, Ym — Yo) and vy € R so that for all 1 <1 <m and 1 <r <
we have

!

e o C
o= alyr—w0) and |yl < (2l00)17 < (2mC0) e
r=1

Proof. We set z; :=y; —yo for all i = 0,...,m, and R := A(zg,...,2m) =S — yo.
We obtain for all i € {1,...,m} (S is an (m, &)-simplex)

Due to h;(R) > % > 0, we have that (z1,...,2,,) are linearly independent. So

with the Gram-Schmidt process we are able to define some orthonormal basis of

the m-dimensional linear subspace span(zy, ..., 2m),
l
01 ‘= V1,121, Ol41 = V+1,14+121+1 — V41,0141 E <Zl+170i>0ia
i=1
where vy 1 = ‘Zﬁ and Y4141 = m. Furthermore we define recur-
sively
l
Ve == D Via1041{241, 01)Vir
=7

for r € {1,...,1}. Now we prove by induction that -y , fulfil the desired properties.
We have 01 = v1,1(y1 — yo) and (Z3)) implies |y11] < % Now let 1 <[ < m. We
assume that, for all i € {1,...,1}, j € {1,...,i}, we have o; = Zf«=1 Yir2r and
175,51 < (2100)1%. We obtain

I i I+1
0141 = VI+1,1+171+1 — E E 7l+1,l+1<zl+1aoi>7i,rzr = E Yi4-1,r2r-
i=1r=1 r=1

If r =1+ 1, @3) implies [y41,,| < &, and if 1 < r < 1, we get with |241] < 2Ct
that

@n ¢ . C .
<> 7|zl+1|(2100)l7 < (2(l+1)CC)

Vi1,

a 1=r t O

Lemma 2.17. Let C,C > 1,1 > 0,0 < 0 < (10(10m +1)m0(2mcé)m) ,
and Py, P, € P(N,m), and let S = A(yo,...,ym) C P1 be an (m, %)-simplea: with
S c B(x,Ct), x € RN and d(y;, P,) < to for alli € {0,...,m}. It follows that

<(Py, Py) < 4m(10™ + 1) (2m0(2mcé)m) 0.

Proof. Use Lemma[2.I6]to get some orthonormal basis of span(y; — yo, - -+, Ym — ¥0)
and v, € R. We set §o := mp,(yo) and we obtain for 1 <[ <m,

l
d(o1, P, = 0) < > [yi.r|(d(yr, Pa) + d(yo, P2)) < 2mC(2mCC)"o.
r=1
Setting & = 2mC(2mCC)"o < Wlmﬂ) the assertion follows with Corollary
(Gir=P1 —yo, G2 = P> — o). 0
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Lemma 2.18. Let 0 > 0, t > 0, P, P, € P(N,m) with <(P1,P;) < o and
assume that there exist p1 € Py, pa € Py with d(p1,p2) < to. Then d(w, Py) <
o(d(w,p1) +t) holds for every w € Py.

Proof. For w € Py, set w:=w —p; € P, — p;. We obtain
d(w, Po) < [@|| 78 = 7p,—py (737)| + d(p1,p2) < [@0|<(Py = p1, Po = p2) +to. O
3. INTEGRAL MENGER CURVATURE AND RECTIFIABILITY
3.1. Main result. Let n, N € N with 1 <n < N. We start with some definitions.

Definition 3.1 (Proper integrand). Let K : (RN)n+2 — [0,00) and p > 1. We say
that ICP is a proper integrand if it fulfils the following four conditions:
o Kis (H")"t*-measurable, where (H")"*? denotes the n+ 2-times product
measure of H".
e There exist some constants ¢ = ¢(n,KC,p) > 1 and I = I(n,K,p) > 1 so
that, for all t > 0, C > 1, € RV and all (n, %)—simplices Azg,...,zn) C
B(z,Ct), we have

p
(d(w, aﬁ(x;, ce ,xn))) < CCltn(nJrl)’Cp(a?Q, e T, ’U})

for all w € B(z, Ct).
e For all t > 0, we have t"("*DKP(tzg, ... txy11) = KP(zo,. .., Tpi1)-
e For every b € RY | we have K(zo +b,...,Zn41 +b) = K(20, ..., Tni1)-

Remark 3.2. 1f instead of the first condition we have that K is (x)""*-measurable
for some Borel measure z on RV, we call K p-proper.

Definition 3.3. (i) We call a Borel set E C RY purely n-unrectifiable if for every
Lipschitz continuous function v : R® — RY we have H"(E N~(R")) = 0.

(ii) A Borel set E C RY is n-rectifiable if there exists some countable family of
Lipschitz continuous functions ; : R® — R so that H"(E\ U:; ~i(R™)) = 0.

Definition 3.4 (Integral Menger curvature). Let £ C RV be a Borel set and u be
a Borel measure on RY. We define the integral Menger curvature of E and u with
integrand K? by Myc» (E) := Myr (HN|,) and

Mir() 5= [+ [ K2 ns) ditoo) - (s,
Now we can state our main result.

Theorem 3.5. Let E C RY be a Borel set with M2 (E) < 0o, where K? is some
proper integrand. Then E is n-rectifiable.

3.2. Examples of proper integrands. We start with flat simplices.
Definition 3.6. We define the (%")"*?-measurable set
X = {(xo, i Tpy1) € (RN)n+2|Gram(a:1 — X0y ey Tyl — Tp) = 0}

(the Gram determinant is defined in Definition 2.6]), which is the set of all simplices
with n + 2 vertices in R which span at most an n-dimensional affine subspace.

The following lemma is helpful to prove that a given integrand fulfils the second
condition of a proper integrand.
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Lemma 3.7. Lett > 0, C > 1, x € RY, and w € B(z,Ct), and let S =
A(zxo,...,xn) C B(z,Ct) be some (n, &)-simplex. Setting Sy, = A(xo, ..., Tn,w),
A(Sy) as the surface area of the simplex Sy, and choosing i,5 € {0,...,n} with
j # 1 we have the following statements:

o L <d(x;,x;) < diam(S,) < 2Ct,

o d(z;,w) <2Ct,
oy SHN(S) < 2R
H(S) < A(S) < [(n+1)2C2 + 11HA(S),

n+1
d(w,aff(xg, ..., xy,)) = ”Hwi((g)w)

Proof. Since S is an (n, &)-simplex, we have
(3.1)
<h;(S) <d(x;,z;) < diam(S,) = max {d(z,zm), d(z,w)} < 2Ct,

Ql =~
F)
m
S

and because of z;,w € B(x,Ct), we get d(x;,w) < 2Ct. Now, we conclude that
H™(S) = LTIy (a1, aff(zi41, .. ., 2,)), which implies

t"@:ﬂ)1"1 . 1 M(QC)"n
il = th ) <H™( S;l;[ (z1,2n) < = ot

Using by, (fe;(Sw)) < d(w, z;) < 2Ct, we obtain

M (e, (5u)) = —bulfes (Su) ™ (e (S0)

INs|

1

5202%(5)7{”_1(1‘%(5)) = 2C°H"(S),

so that with A(S,) = > o H"(f¢;Sw) + H™(f¢,,Sw) and fe,,(Sy) = S, we get

H™(S) < A(Sw) < [(n +1)2C% + 1JH™(S).
Finally, using that S = fc,,(Sy), we deduce that
b (Sw) - H" (feu, (Sw)) _ nH" " (Sy)
H™(5) Hr(s) = U

Now we can state some examples of proper integrands. Use the previous lemma

to verify the second condition. We define all following examples to be 0 on Xy and

will only give an explicit definition on (RY)"*2\ X;. We mention that our main

result is only valid for all integrands which are proper for integrability exponent
p=2.

d(w, aff(zg, ..., 2n)) = bw(Sw) =

Proper integrands with exponent 2. We start with the one used in the introduction
of this work. Let @, ..., 7,11 € (RY)"2\ X{ and set

HHJFI(A(xo, NN ,l'n+1)) .

Ho<icj<ni1d(z, )

lCl(x07 s ,l"n.+1) =

then K? is proper. The next proper integrand is used by Lerman and Whitehouse
n [20L2T]:

1 Vol 1(A(zo, . .., Tpg1))? « 1

n+2 diam(A(zo,... :Enﬂ))”(”"‘l) P ’;+01 z; — ;|2

KC3(z0,. .., Tpy1) i=
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where Vol,, 11 is (n + 1)! times the volume of the simplex A(zg,...,%n41), which
is equal to the volume of the parallelotope spanned by this simplex; cf. Definition
The following proper integrand, K32, is mentioned among others in [20} section
6]:

Hn+1(A(.’L'0, . ,:L‘nJrl))

ICg(ZL’O SRR +1) = o p .
A diam A(zy, . .. ,xnﬂ)i( +iint2)

Proper integrands with exponents different from 2. Now we present some integrands
for integral Menger curvature used in several papers, where the scaling behaviour
implies that our main result cannot be applied. Nevertheless, most of our partial
results are valid also for these integrands. The first integrand we consider was
introduced for n =2, N =3 in [32],

o) VD)
DT A(T) (diam T)2
where V(T') is the volume of the simplex T' = A(xg,...,Tn41) and A(T) is the
surface area of T. KY is a proper integrand with p = n(n + 1). The next one, K,
is a proper integrand with p = n(n + 1) and is used, for example, in [4}[18]:
_ Hn+1(A(.’L'0, N ,:L‘nJrl))

diam(A(IOa s axn+1))n+2 '
Finally, Léger suggested the following integrand in [I9] for a higher dimensional

analogue of his theorem. Unfortunately, we cannot confirm his suggestion. This
one, K%, is a proper integrand with p = (n + 1) where

IC4(:L‘0, ..

Ks(zo, ..., Tny1) :

d(xpi1,aff(zg, ..., 2,))
d(Tpi1,70) - d(Tpi1,Tn)
Hence our main result does not apply for n # 1. For n = 1 up to a factor of 2, this
integrand gives the inverse of the circumcircle of the three points xg, x1, x2.

Ke(zo, .- s Tny1) =

4. B-NUMBERS

In this section, let Cy > 10 and let x be a Borel measure on R with compact
support F' that is upper Ahlfors regular, i.e.,

(B) for every ball B we have u(B) < Cp(diam B)"™.

If B = B(x,r) is some ball in RY with centre z and radius r and ¢ € (0, 00), then we
set tB := B(x,tr). Distinguish this notation from the case tY = {tz|z € T} where
T C RY is some arbitrary set. Furthermore, in this and the following sections, we
assume that every ball is closed. We need this to apply Vitali’s and Besicovitch’s
covering theorems. By C, we denote a generic constant with a fixed value which
may change from line to line.

4.1. Measure quotient.

Definition 4.1 (Measure quotient). For a ball B = B(z,t) with centre € RY,
radius £ > 0 and a p-measurable set T C RV, we define the measure quotient

(B, ) 1Y)
d(BNY)=6,(BNT):= —
In most instances, we will use the special case T = RY and write 6(B) instead of
S(BNRY).
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This measure quotient compares the amount of the support F' contained in a
ball with the size of this ball. The following lemma states that if we have a lower
control on the measure quotient of some ball, then we can find a not too flat simplex
contained in this ball, where at each vertex we have a small ball with a lower control
on its quotient measure.

Lemma 4.2. Let 0 < A < 2" and let Ny = No(N) be the constant from Besi-
covitch’s covering theorem [7, 1.5.2) Thm. 2] depending only on the dimension N.

. . n_ntl n42 n
There exist constants C7 := M > 3 and Cy := 27 NCY 1 50 that

for a given ball B(x,t) and some pi-measureable set T with 6(B(z,t)NY) > A, there
exists some T = A(xo,...,Tny1) € FNB(x,t)NY so that f¢;(T) is an (n, 10nc%)-

stmplex and (B (xi, CLI) N B(z,t)N T) > % forallie{0,...,n+1}.

Proof. Let B(z,t) be the ball with §(B(x,t) N Y) > A and F := {B(y, C%)\y €
Fn B(z,t) N T}. With Besicovitch’s covering theorem [7} 1.5.2, Thm. 2] we get
Ny = Ny(n) families B,,, C F, m = 1,..., Ny, of disjoint balls so that F'N B(z,t)N

T, Bes,, B- We have
1 No 1 No
A< h ( U U (BﬂB(x,t)ﬂT)) < " Z Z w(BN B(x,t)N'Y),
m=1 BeB,, m=1 BeEB,,
and hence there exists a family B, with
(4.1) S BB, HnY) > A
) - NO

BeBm,

We assume that for every S = A(yo,...,yn+1) € F N B(x,t) NT, there exists
some ¢ € {0,...,n + 1} so that either fc;(S) is not a (n, 10nCL1)—simp1ex or

u(B(ys &) N B(z,1)NY) < & We define Q::{B = Bm’u(B N B(z,t)NT)> g}
and mention that G is a finite set since Lemma [AJ] implies that #8,, < (2C1)".
With Lemma (where we set G as the set of centres of balls in G and C =
10ncll), we know that there exists some T, = A(zq, ..., 2,) so that for every ball
By, C%) € G, there exists some i € {0,...,n} so that d(y, aff(f¢;(7,))) < 2OnCL1.

We define for ¢ € {0,...,n}:

T; = aff(fe,(T%)) N B(Tasije, (1)) (), 2t),
S; = {y € R"d(y, aff(Fe,(T2))) < 3%, mogire,cr) (4) € i }

and we know that B € G implies B C S; for some i € {0,...,n}. With Lemma
[A 2 applied to B(z,r) =T;, s = Cilt < 2t =7 and m = n — 1, there exists a family
£ of disjoint closed balls with diam B = Cilt for all B € £, T; C Ugee 5B and
#E <O Let y € S;. We have d(y, aff(fe,(T.))) < 300—:% and Tag(se, (7.)) (y) € Ti.
So, there exists some B = B(z, Cilt) € & with Tag(c, (1)) (y) € 5B, and we have
d(y,z) < 3C0—1”t + 5Ci1t < %t. This proves S; C [Upgee 15nB. We therefrom derive
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with (B) (see page [I196])

®)
p(Si) <> p(15nB) < Y Co (15n diam B)"

(4.2) Be€ Be€
(120n)"¢" ¢
< T T < (1200)"Cy—.
~ #ECO C{l < ( OTL) C() Cl
We define for i € {1,...,n},
Go = {B € G|B C S} and G = {BeQ\BcSi and B ¢ Uj;ggi}

as a partition of G (compare the remark after the definition of S;). Now we have

- @2 "
Z w(BNB(z,t)NT) < Z,u(Si) < n(120n)"CyH—-.
, Ch
Beg =0
Moreover, we have
B <(200)" tn
S wBAB@nnT) < Y — < (20)" .
C2 CZ
BeB,,\G BeB.,\g
All in all, we get with (£I)) and the definition of C; and Cj:

1 cr 1 cn 1 A
A< Ng— (27" =L +120"n" T Co— | = Np [ 2" =L + 120" 10— | < =
=~ Otn < 02 + n OCI 0 02 + n 0 Cl =9 5

thus in contradiction to A > 0. This completes the proof of Lemma [4.2] (]

In most instances, we will use a weaker version of Lemma

Corollary 4.3. Let 0 < A < 2™. There exist constants C; = C1(N,n,Co, A) >
3 and Cy = C2(N,n,Cy,\) > 1 so that for a given ball B(x,t) and some p-
measurable set T with §(B(xz,t) N ) > A, there exists some (n, 1Onci1)-simple:1:
T = A(zg,...,x,) € FNB(z,t)NT so that u (B (xi, C%) N B(z,t) N T) > % for
alli €{0,...,n}.

4.2. f-numbers and integral Menger curvature.

Definition 4.4 (3-numbers). Let k > 1 be some fixed constant, let x € RV ¢ > 0,
B = B(z,t), and p > 1, let P(N,n) be the set of all n-dimensional planes in RY,
and let P € P(N,n). We define

1 d(y, P)\?” ’
"(B) = B 0) = Bl (x.1) = (rn Lo () du(y)> ,

Bp;kr(B) = ﬁp;k($>t) = ﬁp;k;u(fﬂu t) == BP.,C(:E,t).

inf .
PeP(Nn) P

The S-numbers measure how well the support of the measure p can be ap-
proximated by some plane. A small S-number of some ball implies either a good
approximation of the support by some plane or a low measure quotient ¢ (cf. Def-
inition T]). Hence, since we are interested in good approximations by planes, we
will use the S-numbers mainly for balls where we have some lower control on the
measure quotient.
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Definition 4.5 (Local version of My»). For k > 1, 2z € RV, ¢t > 0, p > 0, we
define

Micr, (2, 1) ://o o) KP(zo, ..., @ns1)dp(@o) - . . dp(n 1),

where KP is a u-proper integrand (cf. Definition B1l) and
Oy (z,1)

t
= {(an“'vanrl) € (B(x’/gt))"'i_z‘d(a’b) > ;,v avb € {x07-~~,$n+1}aa 7é b}

Theorem 4.6. Let KP be a symmetric p-proper integrand and let 0 < A < 2",
k> 2, kg > 1. There exist constants k1 = ki(N,n,Co,k,ko,\) > 1 and C =
C(N,n,K,p,Co, k,ko,\) > 1 such that if z € RN and t > 0 with §(B(x,t)) > X\ for
every y € B(x, kot), we have

M’Cp;kl (l‘, t) < CMKp§k1+k0 (y7 t) .
tn - ¢

6p;k(ya t)p < C

Proof. With Lemma[2] for T = R there exists some T' = A(zq, ..., Tn41) € FN
B(z,t) so that fc,(T) is an (n, IOan )-simplex and p (B (azl, ron ) N B(x, t)) C—z
forall ¢ € {0,...,n+1} where C}, Cy are the constants from Lemma 2] depending
on the present constant A > 0, the constant Cyy determined in (B) on page [[190] as
well as N and n. We set B; := B (mz, Cl) k1 :=max(C1,(2+k + ko)) > 1 and go

on with some intermediate results.
I. Let z € B; foralli € {0,...,n+ 1}, w € B(x, (k + ko)t) \Un+12Bl or

w € 2B; for some fixed j € {0,...,n+1}. Since fc;(T) is an (n, 10nZ- -)- s1mplex we
obtain (zo,...,%j,...,2nt1,w) € O, (x,t), where (z0,...,%;,..., zn+1, w) denotes
the (n + 2)-tuple (2o,...,2;— 1,z]+1, ey 21, W )

II. Let 2z, € B; = B(xl, z;) for all i € {0,...,n+1}. Then Lemma 2.8 implies

that fc;(A(zo, ..., 2n41)) is an ( ,(n—1)& ) simplex for all ¢ € {0,...,n+ 1}.
HI. Let 2; € B; = B(x;, & o) forall i € {0,...,n + 1}, weB(x ,(k—l—ko)t).

Since K? is a p-proper integrand with II there exists some constant C' =
C(N,n,K,p,Co, k, ko, A) so that for all j € {0,...,n+ 1}, we have

(d(w, aﬁ‘(zo, ceey 2], ceey Zn+1)))p < é’t"(nJrl)]Cp(

n 20, "7Zj7"'7z7l+1aw)'

IV. There exist some constant C' = C(N,n, K, p, Co, k, ko, A) and z; € FNB; N
B(z,t),1€{0,...,n+ 1}, so that for all [ € {0,...,n+ 1}, we have
(4.3)
~ M P x,t
/X{(zo,.“,%l,..4,zn+1,w)60k1 (a’,‘,t)}’cp(zo; ey Bl ey B4y w)du(w) S C %gn)

and with P,y := aff(2, ..., z,), we have

(4.4) <4d(z"“’P"“)>p <C —M’CPZ‘; @,
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Proof of I-1V. For E C RN with #E =m + 1, E = {eg,...,em}, 0 <m < n, we
set

R(E) = /Fn—m+1 X{(eo,.“,em,wm+1,...,wn+1)60k1(gc,t)}

KP(egy .-y em, Wmity -y Wnt1)d(wWmi1) - . dp(wpg).

The integrand K is symmetric; hence the value R(E) is well-defined because it does
not depend on the numbering of the elements of E. In the following part, we use
the convention that {0,...,—1} = @ and {29,...,2_1} = 0. At first, we show by
an inductive construction that, for all m € N with 0 < m < n + 1, there holds:
For all j € {0,...,m} and i € {j,...,n + 1}, there exist constants C'¥) > 1 and
sets Zij C FN B;N B(z,t). For alll € {0,...,m — 1}, there exist z, € Z| with
4 n

For all u € {0,...,m}, for all E C {z0,...,24—1} and z € Z", where r € {u,...,
n+ 1}, we have

u) M’Cpﬂfl (ZE, t)

(4.6) R(EU{z}) < C! {FE+1)n

We start with m = j = 0 and choose the constant C'(©) := 2C,, set T; :=
F N B; N B(x,t) and define for every i € {0,...,n+ 1},

R({z}) < ¢© Mz (@1) } |

(4.7) 7Y = {z e, m
. W . .

We have u(Z?) > (i) — p(Yi \ Z7) > 5&; because p(T;) > &, and with (@),

Chebyshev’s inequality and [ R({z})du(z) = Myr.k, (z,t) we obtain p(Y;\ Z?) <

%. Ifu=0,E C{z0,...,2.1} = 0 and 2z € Z?, where r € {0,...,n + 1}, the

definition () implies ([6]) in this case.

Now we let m € {0,...,n} and we assume that for all j € {0,...,m} and
i € {j,...,n+ 1}, there exist constants CY) > 1 and sets Z] ¢ FNB;NB(x,t).
For all [ € {0,...,m — 1} there exist z, € Z] with

j £
(4.8) wZy) > TG,
For all u € {0,...,m}, for all E C {z0,...,24—1} and z € Z* where r € {u, ...,
n+ 1}, we have
wy Micrik, (2, 1)

Next we start with the inductive step. From the induction hypothesis, we already
have the constants C'/) and the sets Z7 for j € {0,...,m} and i € {j,...,n+1} as
well as z; € Z} for | € {0,...,m — 1}. Since pu(Zm) > 0, we can choose z,, € ZT.
We define C(m+1) .= 22m+20(m)C, and, for i € {m +1,...,n + 1}, we define

M P (l‘ t)
m+l . _ m (m+1) Z2KPk D B)
(4.10)  zZm+li= Edﬂ }{zeZz R(EU{z}) <C prEyTEy }
20 m
zm€E

J— m
=:D"g
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We have pu(Z"™") > w(Z™) — p(Z5\ Z2") > % foralli € {m+1,...,
n+1}, because if E C {zo,...,2zm} with z,, € E, we get, using [@I0]), Chebyshev’s
inequality, [ R(EU{z})du(z) = R((E\ {zm}) U{zn}) and @IJ) that

cm) .

(2 D) < (Cm 02BN R(E () U o) = Gy

t(F#E+1)n

which implies
1
m—+1
wZ"\ Z") < E : M(sz\Dsz) < 2m+202tn'

EC{zg,---» zm }
zm€EE

Nowlet u € {0,...,m+1}, E C {z0,...,2u—1} and z € Z" wherer € {u,...,n+1}.
We have to show that (48] is valid. Due to the induction hypothesis and z €

Zm+l c ZY for all v € {0,...,m+ 1}, we only have to consider the case u = m + 1
and z,, € E. Then the inequality follows from (ZI0]). End of induction.
Now we construct z, 1. Weset P,y := aff(zq, ..., z,), C"tD:=C C(M2n+3C,,
where C' is the constant from III, and define
s d(z, P, - vk, (7,1
(4.11) Zm = {z € Z}jﬂ‘ (7(2’ t”“)) < ey Meri (2,0) *t’j; (=, >} .

Next we show that (ZAZLl) > % > 0. Let u € ZF7 \ ZAgjrrll C Bpt1 C

B(x, (k + ko)t). With IIT applied on w = u and j = n + 1, we get

P, LN
(4.12) (M) < Ot VKPR (20, 20, 1),

Now we get with ([II)), Chebyshev’s inequality and ([@I2)) that

-1
w(zitihz;t) < (C*("“)—M’C”;’“; (”’t)) Gty

X / KP(zoy ...y zn, w)dp(u).
zZrtl

Sn+1
n+1 \Z7L+1

By using I we see that the integral on the RHS is equal to R({zo, . .., zn—1}U{zn}).
Hence with (£3]) and ([£6) we obtain

w(Zyih) = w(Zy ) — w(Zy A\ 23 > 0,

and we are able to choose z,41 € Zﬁill C ZH. Let ! € {0,...,n+ 1} and
E={z,...,2n+11 \{#1}. Set z:= 2z, if l=n+1 or z := 2,11 otherwise. Now set
E' := E\ {z} and use [8) to obtain R(E) = R(E U {z}) < C’("‘H)%ﬁ’t).

All in all, there exists some constant C' = C(N,n, K, p, Co, k, ko, A) such that

/X{(:m,.‘.,zl,..‘,znﬂ,w)eokl @} K (20, - 2y 2, w)dp(w)

M/CP;kl ({E,t)

= R(E) = c t(nJrl)n

for all I € {0,...,n + 1}. This ends the proof of IV. O
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With IV, there exist some z; € FF' N B; N B(z,t), i € {0,...,n+ 1}, fulfilling
@3) and (E4). Let w € (F N B (x,(k+ko)t)) \ U, 2B;. Hence we get with III

(Ppt1 = aff(z0,...,2,)), I and (£3)

d(w, P, P
/ < (w, : +1)> dM(’lU)
(4.13) B(,(k+ko)t)\Uj_o 2B;

< C(N, n, ’C,p, C(), k, k‘o, )\)M}Cp;kl (SC, t)

Now we prove this estimate on the ball 2B;, where j € {0,...,n}. We define
the plain P; := aff({z0,..., zn+1} \ {2;}) and get analogously with III, I and (@.3)

d(w, PHY\?
) [ (DY duw) < OV Koo ) M 5:)
2B,

Now we have an estimate on the ball 2B; but with plane P; instead of P,4q. If
Znt1 € Ppy1, wehave P, = P; forall j € {0,...,n+1}, and hence we get estimate
(#I14) for P,4+1. From now on, we assume that z,41 ¢ P,4+1. Let w € 2B;, set
w' = 7p,(w), w" :=7p, (W) and deduce by inserting the point w’ with triangle
inequality
(4.15) d(w, Pyi1)P < d(w,w")P < 2P~ (d(w, P;)P + d(w', Pyy1)P)
If d(w', Phy1) > 0, ie., w' ¢ P,y1, we gain with Lemma 22 (P, = Pj, P» = P41,
a1 =w', ag = zp41) where Pj 41 1= P; N Py

d(w/a Pj7n+1)
d(zn+1, Pjnt1) '
With I € {0,...,n}, 1 # j (k1 is defined on page [[199), we get

d(w', Pjpi1) < d(w, Pjpi1) < d(w,z) + d(z,2;) + d(z, 21) < kqt.

(416) d(U)/, Pn+1) = d(Zn+1, Pn+1)

With IT we get that fc;(A(zo, ..., 2n41)) is an (n, (9In— 1)Cil)—simplex and we obtain

@1r) (200 Pae)\T B (d(enir, Pasa) katCr )T D Mo (2,)
¢ ¢ On — 1)t m

where C' = C(N,n, K, p, Co, k, ko, \). If d(w’, P, y1) = 0, this inequality is trivially
true. .
B
Finally, applying (@I4), &I3), @ID) and p(2B;) < Cp(diam(2B;))" <
Co (?Ti) ((B) from page [[T96]), we obtain

t
Given that B(y, kt) C B(x, (k + ko)t), it follows with ({I3]) that

P
<x/ (—d<w’P "“)) dp(w)
" JB(z,(k+ko)t) t

ﬂp;k(ya t)p <
: t
S C(N7 n, Ic7p7 007 k7 kOa )‘)%M
To obtain the main result of this theorem, the only thing left to show is Oy, (z,t) C
Oky+ko (U, ). Let (20, -, 2nt1) € Ok, (z,t). It follows that 2o, ..., zn41 € B(x, kit)

C B(y, (ko + k1)t) and d(z;, ;) > k% > kthko with i # j and 4,5 = 0,...,n. Thus

(205 -+ s Znt1) € Oyt (Y, 1) u

p
/ (M) dpu(w) < C (N,n, K, p, Co, k, ko, ) Mok, (2, 1).
2B

J
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Theorem 4.7. Let 0 < XA < 2™, k > 2, and kg > 1, and let KP be some p-
proper symmetric integrand (see Definition Bl). There exists a constant C =
C(N,n,K,p,Co, k, ko, \) such that

e dt
//0 Boin (@, )X 5, (B(z)22} 7 W) < CMice (),

where Ok, (B(z,t)) := SUDy e B (2, kot) 0(B(y,t)).
Proof. At first, we prove some intermediate results.

I. Let 2z € F,t> 0 and o, (B(x,t)) > A. There exists some z € B(z, kot) with
§(B(z,t)) > 5. Now with Theorem 6] there exist some constants k; and C so that
with ks = k1 + ko, we obtain By(z, t)P < C 22k 00

IT. Let (x,t) € Dulug,...,unt1) = {(y,s) € F x (0,00)|(ug,--.,Unt1) €
O (y,s)} where ug,...,up+1 € F. We have (ug,...,unt1) € Ox(z,t) and so
d(ug—“l) <t < kd(ug,uy) as well as z € B(uy, kt).

ITI. With Fubini’s theorem [7, 1.4, Thm. 1] and condition (B) from page
we get

o 1 dt Fad(uo.ur) q dt B)
L[ e Gan@ < [ 1 ul) G 2

n ug,u
tnt % tr B(uo,kat) t

Now we deduce with Fubini’s theorem [7 1.4, Thm. 1] that

dt
/ / Bk (@, )P X (5, (Blza))>n) , —du(z)

sef [T ] | KO0t 1) ) (g r) S ()

IIT

< CM}CP (/l)

O

Corollary 4.8. Let 0 < A < 2", k > 2, and kg > 1, and let K? be some
symmetric p-proper integrand (see Definition Bl). There exists a constant C =
C(N,n,K,p,Co, k, ko, \) such that

i dt
[ | 8nta 7 s apzny Fula) < OMes ().

Proof. This is a direct consequence of the previous theorem and Holder’s inequality.
|

4.3. f-numbers, approximating planes and angles. The next lemma states
that if two balls are close to each other and if each part of the support of 1 contained
in those balls is well approximated by some plane, then these planes have a small
angle.

Lemma 4.9. Let z,y € F, ¢ > 1, £ > 1 and t,,t, > 0 with c™'t, < t, < ct,,.
Furthermore, let k > 4c and 0 < A < 2" with §(B(z,t;)) > A, 6(B(y,ty)) > A
and d(z,y) < %tm. Then there exist some constants C3 = C3(N,n,Co, N\, &,¢) > 1
and g9 = €o(N,n, CO,)\ &,¢) > 0 so that for all e < g9 and all planes Py, Py €
P(N,n) with ,Bf;}c( 2) < & and By, D (y,t,) < & we get: For all w € Py, we have
d(w, Py) < Cse(ty + d(w, x)), for all w € Py, we have d(w, P1) < Cse(ty + d(w,x))
and we have <(Py, Py) < Cse.
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Proof. Due to §(B(x,t;)) > A and Corollary 3] there exist some constants C; > 3
and Cy depending on N,n,Cy, A, and some simplex T = A(zg,...,2,) € F N
B(z,t3) so that T is an (n, 10nt—’”)—simp1ex and pu(B(z;, & &) N B(z,ty)) > ;; for
all i € {0,...,n}. For B = B(z;, &) and i € {0,...,n}, we have u(B;) >

Cy
w(B; N B(x,t,)) > C—ZZ sy Since B; N Bz, t )#@andkzélczélweobtain
B; C B(z,kt,) and B; CB(y,k;t ). Now we see for i € {0,...,n},
1

/ d(z, Py) + d(z, Py)dp(z) = CatoeBL3 (z,1s) + " Caty B3 (y, 1)
B;

< 2" Oy it e

u(B:)

With Chebyshev’s inequality, there exists z; € B; so that
(4.18) d(zi, Pj) < d(z;, P1) + d(zi, Pa) < 2¢" T Catt,e
for i € {0,...,n} and j = 1,2. We set y; := mp, (2;) and with

1 : 1 n cr (90
T, mln{c—l,(lo(lo +1% (29)")

e<¢gg =

we deduce that
d(yi, ws) < d(ys, 2i) + d(zs, 2;) < d(z, P1) + & tﬁ < 2"y t, € + & tf <2 tf

so, with Lemma 28 S := A(yo,...,yn) is an (n,ﬁnc—wl)—simplex and S C
B(z, 2“ +t,) C B(x,2t,). Furthermore, with [@I8]) we have d(y;, P2) < d(yi, z:) +
d(z“Pg) < 2c"T1C0%¢t,e. Now, with Lemma BI7 (C = g—;L, C =2 t=t,
o = 2c" 1 Cq¢e, m = n) we obtain

<Py, Py) < 4n(10™ + 1)2% <2%> 2c" T Cote = C(N,n, Co, A, &, c)e.

Moreover, we have d(yo,7p,(20)) < d(z0,P1) + d(z0, P») (@) 2" Oyt e, so
finally, with LemmaRI8] (o0 = Ce, t = ., p1 = Yo, P2 = 7p,(20)), we get for w € Py
that d(w, P2) < C(d(w,yo) + tz)e < C(d(w,z) + t;)e and for w € P, we obtain
d(w, Py) < C(d(w,mp,(20)) +tz) < C(d(w, z)+t,)e, where C = C(N,n, Cy, A\, &, c).

O

The next lemma describes the distance from a plane to a ball if the plane ap-
proximates the support of u contained in the ball.

Lemma 4.10. Let o > 0, z € RN, ¢t > 0 and A > 0 with §(B(x,t)) > \. If P €
P(N,n) with Bf;k(:c,t) < 0, there exists some y € B(x,t)NF so that d(y, P) < %o.
If additionally o < X\, we have B(x,2t) N P # 0.

Proof. With the requirements, we get p(B(x,t)) > t"A, and so
1 / t1 d(z, P)

— L[ P <t L dz P)
1(B(z,1)) JB(a.) Atr

With Chebyshev’s inequality, we get some y € B(z,t) N F with d(y, P) < %0’. If
o < A, it follows that B(z,2t) N P # (. O

au(z) = £ BT, 1) < 1o

B(z,kt) t
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5. PROOF OF THE MAIN RESULT

At the end of this section (page [207), we will give a proof of our main result
Theorem under the assumption that the forthcoming Theorem (.4 is correct.
We start with a few lemmas helpful for this proof.

5.1. Reduction to a symmetric integrand.

Lemma 5.1. Let KP be some proper integrand (see Definition B1l). There ex-

ists some proper integrand KP, which is symmetric in all components and fulfils
Micr (E) = Mg, (E) for all Borel sets E.

Proof. We set KP(zo,...,Tni1) = m > opes, . K (@(@o, ..., Tny1)), where
Sp+2 is the symmetric group of all permutations of n + 2 symbols. Due to KP <
#Sn1+2 KP, the integrand KP fulfils the conditions of a proper integrand. Now
Fubini’s theorem [7, 1.4, Thm. 1] implies Mg, (E) = Mk»(E). O

5.2. Reduction to finite, compact and more regular sets with small cur-
vature.

Lemma 5.2. Let E be a Borel set with Mx»(E) < oo, where KP is some proper
integrand. Then we have H™(E N B) < oo for every ball B.

Proof. Let B be some ball and set F':= E N B. We prove the contraposition so we
assume that H"(F) = oo. With Lemma [ZTT] there exists some constant C' > 0 and
some (n+1, (n+3)C)-simplex T' = A(zo, ..., Znt1) € B with H"(B(z,C)NF) =
oo and H"(B(z;,C)NF) > 0 for all 4 € {1,...,n + 1}. With Lemma X8 we
conclude that S = A(yo,...,Yn+1) is an (n + 1, C)-simplex for all y; € B(z;,C),

i€ {0,...,n+1}. Fort = C«/%—I—l and C = Q/ding +1, we get S €
B(z,tC), where z is the centre of the ball B and S is an (n+1, &)-simplex. Hence
we are in the right setting for using the second condition of a proper integrand. We
obtain

Mo (E) > / / K2 (01 -y )AH (40) - AH" (1)
B(#ni1,C)NF B(zo,C)NF

= 0. O

Lemma 5.3. In this lemma, the integrand K of Myc» only needs to be an (H™)"2-
integrable function. Letp > 0,n < N and E C RY be a Borel set with 0 < H"(E) <
oo and Mgr(E) < co. For all ( > 0, there exists some compact E* C E with

(i) H(E*) > [anE) w,

(il) Vo € E*,Vt > 0, H"(E* N B(z,t)) < 2wnt™,

(iil) Mge(E*) < ¢ (diam E*)™,
where w, = H"(B(0,1)) is the n-dimensional volume of the n-dimensional unit
ball.

Proof. Due to 0 < H"(F) < oo and [7}, 2.3, Thm. 2], for H™-almost all z € FE we
have

H"(EN B(x,1) _

1 .
(5.1) o < limsup 1.

t—0+ W t"
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For [ € N, we define the H"™-measurable set

1
(5.2) E,, = {x ek ‘ vVt € (0, E) ,HY(E N B(z,t)) < 2wnt”} i

Due to E; C Ej4q, [0, 1.1.1, Thm. 1(iii)] and (51]) we get that
Jim #H(Ey) = H" (U2, Br) = H*(E).

Hence there exists some m € N with H"(E,,) > $H"(E) and My»(E,,) <
Micr (E) < 00. Define for 7 > 0,

(53) I(T) = o ’Cp(.’lfo, ce ,$n+1)d7{n(l‘o) .. .dHn(l‘n+1),
A(T
where A(r) = {(mo, ey Tpy1) € B2\ d(zg, ;) < 7 foralli € {1,...,n+ 1}}

Using (5.2) we obtain (H")"" (A(7)) — 0 for 7 — 0. With My (Ep,) < o,
we conclude that lim, o Z(7) = 0, and so we are able to pick some 0 < 79 < %
with

< S0E

We set

V= {B(LL',T)’JJ € En,0< 7 <10, H"(Emy N B(z, 7)) > ;::711 } .
Since 0 < H"(Ey,) < oo, we get (1) with F,, instead of E [7, 2.3, Thm. 2].
This implies inf {T|B(m,7’) € V} = 0 for H™-almost every x € FE,,. According
o [8, 1.3], V is a Vitali class. For every countable, disjoint subfamily {B;}; of
V, we have ), (diam B;)" < 22Ml?—l”( E,,) < oo. Applying Vitali’s Covering
Theorem [8, 1.3, Thm. 1.10], we get a countable subfamily of V with disjoint balls
B; = B(z, 1) fulﬁlhng H" (Ep \ U;en Bi) = 0. Therefore, using (B.2), we have

H' (Em) < D ien M (Em N B;) <3750y 2wn T, so that

H" (Em)
5.5 P
( ) ZTZ - 2wy,
€N
Furthermore, with (B; N E,,)"*? € A(279) N B2, we obtain
E3) ED (H"(E,,)
(5.6) ZMICP(Bi NEpn) < 102n) < 5 — s
€N
We define
I := {z € N’M;CP(B(xi,n) NEy,)> (Jw},
and so >
ier, Ti'
>~ Mucr (Bl ) N Eg) = =1kt

i€l
"(Em) o . .
We have >, LT < %, since assuming the converse would imply

ZM}CP(B(J),‘,Ti)ﬂEm) @CEZEH i ZM;@: J?z,Ti)mEm).

2n+2
€N i€y



INTEGRAL MENGER CURVATURE AND RECTIFIABILITY 1207

Using (B.3)), we obtain I, # N. Now we choose some ¢ € N\ I}, and the regularity
of the Hausdorff measure [8, 1.2, Thm. 1.6] implies the existence of some compact
set B* C B(z;,7;) N B, with
(i) HU(E*) > LH (B(ai, 1) N Ep) > Jop > 2mB) en
(il) Va € E*,Vt > 0, we have H"(E*NB(z,t)) < H"(B(x;, 7)NE,NB(x,t)) <
2wy t", since if t < L (EZ) implies H"(E N B(z,t)) < 2w,t", and if
7 < & <t (52) implies H"(B(z;, 7;) N Ep) < 2wy, t™.
(iil) Mg (E*) < C% < ((diam E*)™ since ¢ ¢ I and for some ball B
no (1) g e (ii)
with £* C B and diam B = 2diam E* we have 5t < HUE"NB) £

2wy, —

(diam E*)™. O

Next, we present the crucial theorem of this work.

Theorem 5.4. Let K : (RN)H+2 — [0,00). There exists some k > 2 such that for
every Cy > 10, there exists some n = n(N,n,K,Co, k) € (0,w,2-3"+2)] s0 that if
w is a Borel measure on RN with compact support F such that K? is a symmetric
w-proper integrand (cf. Definition B1l) and p fulfils

(A) w(B(0,5)) > 1, u(RY\ B(0,5)) =0,

(B) u(B) < Cy (diam B)" for every ball B,

(C) Myc2(p) <,

(D) ,Bff,’cm((), 5) < for some plane Py € P(N,n) with 0 € Py,

then there exists some Lipschitz function A : Py — POJ- C RY so that the graph
G(A) CRY fulfils p(G(A)) > s u(RY). (Pg-:={z € RN|z-v =0 for all v € Py}
denotes the orthogonal complement of Py.)

First we show that, under the assumption that the previous theorem is correct,
we can prove Theorem 35l The remaining proof of Theorem [54]is then given in the
following sections [6 [ and Bl We will use the notation sE := {z € RN|s71z € E}
for s > 0 and some set £ C RY. Distinguish this notation from sB(z,t) = B(z, st),
where the centre stays unaffected and only the radius is scaled.

Proof of Theorem 3.5l Let K? be some proper integrand (see Definition B.]), let
E C RY be some Borel set with My:(E) < oo and let Cy = 2272, Furthermore,
let k> 2 and 0 < 7 < w,2~(2"*2) be the constants given by Theorem [5.41 Using
Lemma [5.1] we can assume that K is symmetric.

We start with a countable covering of RY with balls B; so that RV C UieN B;.
We will show that for all ¢ € N the sets £ N B; are n-rectifiable, which implies that
FE is n-rectifiable.

Let i € Nwith H"(ENB;) > 0. With Lemma[.2] we conclude that H"(ENB;) <
oo. Then, using [0, Thm. 3.3.13], we can decompose E N B; = E! U E! into two
disjoint subsets, where E! is n-rectifiable and E! is purely n-unrectifiable.

Now we assume that E N B; is not n-rectifiable, so H"(E%) > 0. The set E! is a
Borel set and fulfils 0 < H"(EL) < HY(E N B;) < 0o and Myz(E) < Myz2(E) <
0o. Now we apply Lemma B3] with { = n% where the constants C' and C are

given in this passage and we get some compact set E* C E* which fulfils condition
(i), (ii) and (iii) from Lemma 53l We set a := (diam E*)~! and i = H" L aE*.
Let B be a ball with aE* C B and diam B = 2. Using (i), we get 65(B) >
ser. S0, Theorem E6] (p = 2, © = y = centre of Byt =1, \ = s, ko = 1)
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implies fo.h.5(B)? < CMye2 (fi) < n?, for some constant C' = C(N n, IKC, Co, k) > 1.

Using Holder’s inequality there exists some n-dimensional plane Py € P(N,n) with
92n+l

By, ku( B) < 1. Now we define a measure u by u(-) := A( - +mp (b)), where

Wn

b is the centre of B. This is also a Borel measure with compact support, and
Lemma EI0 (¢ = 7, B(z,t) = B, A = sor) implies that the support fulfils
F = aE* —mp (b) C B(0,2). This measure fulfils condition (D) from Theorem
B4 (P, = Py — mp, (b)), and (i) implies condition (A). To get condition (B) for
some arbitrary ball, cover it by some ball with centre on F', double the diameter
and apply (ii). Use My2(p) = C(n)a™ My2(E*) and (iii) to obtain (C). Finally
we mention that K2 is u-proper, since u is an adapted version of H". Hence we
can apply Theorem B4 and after some scaling and translation we obtain some
Lipschitz function which covers a part of positive Hausdorff measure of E? which
is in contrast to EY being purely n-unrectifiable. Hence E N B; is n-rectifiable. [

6. CONSTRUCTION OF THE LIPSCHITZ GRAPH

6.1. Partition of the support of the measure p. Now we start with the proof
of Theorem 54l Let K : (RN)n+2 — [0, 00) and let Cy > 10 be some fixed constant.
There is one step in the proof which only works for integrability exponent p = 2.
(p = 2 is used in Lemma [BTT] so that the results of Theorem and Theorem
[[I7 fit together.) Since most of the proof can be given with fewer constraints to
p, we start with p € (1,00) and restrict to p = 2 only if needed. Furthermore, let
E>2,0<n<w,2-@2) Py e P(N,n) with 0 € Py and p be a Borel measure on
RY with compact support F such that kP is a symmetric u-proper integrand (cf.
Definition B1]) and

(A) u(B(0,5)) > 1, p(RY\ B(0,5)) =0,
(B) u(B) < Cy (diam B)" for every ball B,
(©) MICP( )<,

(D) B14,.,(0,5) <.

In this section, we will prove that if k is large and 7 is small enough, we can
construct some function A : Py — P& which covers some part of the support F
of pu. For this purpose, we will give a partition of the support of p in four parts,
supp() = ZUF UF,UF3, and construct the function A so that the graph of A
covers Z, i.e., Z C G(A).

The following sections [ and B will give a proof of u(F; U Fy U F3) < 100, hence
with (A) we will obtain pu(G(A)) > 25u(RY), which is the statement of Theorem

From now on, we will only work with the fixed measure u, so we can simplify
the expressions by setting f1,5 := 1.k, and 0(-) := 0,,(-). Furthermore, we fix the
constant

10710 2
6.1 Ji=minq ——— =4
(6.1) mm{(soo"No 50"}

where Ng = No(N) is the constant from Besicovitch’s Covering Theorem [7), 1.5.2,
Thm. 2].
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Definition 6.1. Let a,e > 0. We define the set

6 8(B0) > 1
(i)  Bur(z,t) < 2e,
(iii) 3 P € P(N,n)

Sper =1 (z,t) € F x(0,50) f(,:’”(ﬂc,t) <2
s.t. and

UP), Po) <

Having in mind that the definition of S;;', depends on the choice of € and «, we
will normally skip these and write Syt instead. In the same manner, we will
handle the following definitions of H,h and S. For z € F' we define

t t
H(x)::{t€(0,50) ‘ JyeF, 3 7 with 1 <7< 3 d(z,y) < % and (y,7) ¢ Stoml},

h(z) := sup(H (z) U {0}) and S = {(z,t) € Siotar | t > h(x)}.
Sometimes, we identify a ball B = B(z,t) with the tuple (z,t) and write to simplify
matters B € S instead of (z,t) € S. In the same manner we use the notation
Br:k(B).

Lemma 6.2. Let a,c > 0. If n < 2¢, we have that Siotar # 0 and

(i) F x [40,50) C {(z,¢) € F x (0,50)[t > h(z)} = S.
(i) If (z,t) € S and t <t <50, we have (z,t') € S.

Proof. (i) If x € F C B(0,5) and 10 < t < 50, we have F' C B(z,t). Using (A),
(D) and P, 4 := Py we get (x,t) € Siotar, which implies that F' x [10,50) C Siotar-
Now if z € F and ¢ € [40,50) we deduce for arbitrary y € F and 7 € [, £] that
(y,7) € Stotal, which implies that H(z) C (0,40), h(z) < 40 and hence the first
inclusion. For the equality it is enough to prove that the central set is contained
in S. Let z € F and t € (0,50) with h(x) <t < 50. Assume that (x,t) ¢ S. Due
to h(x) < t, we obtain (x,t) ¢ Siotar, which implies that ¢ < 10. Hence with y = x
and 7 =t we get 3t € H(z). This implies h(z) > 3¢ > ¢ and hence a contradiction
to t > h(z). So, we obtain (z,t) € S.

(i) We have z € F and h(z) < ¢t < t' < 50, so with (i) we conclude that
(x,t') € S. O

Remember that the function A depends on the set Si,tq;, which depends on the
choice of € and a. Hence the sets defined in the following definition depend on «
and € as well.

Definition 6.3 (Partition of F'). Let a,e > 0. We define
Z:={x € F|h(z)=0},

eF3re {@ h(;ﬂ , with d(z,y) < %
Fi:=¢{zeF\Z and ,

6(B(y,7)) <6

e F3re {W) h(“}  with d(z,y) < 2
Fy = J)EF\(ZUFl) and s

/Bl;k(ya T) > €
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JyeF3re {h(;”, @} , with d(z,y) <
Fy:=Qaz e F\(ZUF1UF,)| and for all planes P € P(N,n) with

ﬂﬁk(yﬁ) < e we have <«(P, Py) > %a

z
2

In this section, we prove that Z is rectifiable by constructing a function A such
that the graph of A will cover Z. This is done by inverting the orthogonal projection
wlz + Z — Py. After that, to complete the proof, it remains to show that Z
constitutes the major part of F. Right now, we can prove that u(Fh) < 1076
(cf. section B3t F is small) where the control of the other sets needs some more
preparations.

Lemma 6.4. Let a,e > 0. Definition giwes a partition of F, i.e., F =
ZUFR UFRUF;.

Proof. From the definition we see that the sets are disjoint. We show F \ Z C
FiLUF,UFs. Let x € F\ Z, so we have h(z) > 0. There exist some sequences
(y)ien € FN, (t))1en and (77)1en so that for all [ € N, we have 0 < t; < h(z),
= (@), 4 <m <% dz,y) < % and (3, 7) ¢ Stotar- Due tor < 4 < M2 <
2 we have for every | € N either §(B(y;, 7)) = % < 15 or 6(B(y,m)) >
1

%5 and S1.k(y, 7)) > 2e or 6(B(yi, 1)) > %(5 and B1.,(y;, 1) < 2e, and for every
plane P € P(N,n) with 8{ (yi,71) < 2¢, we have <(P, Py) > a.

Choose [ so large that %(x) < t;. We obtain @ < t4—l <7< %’ < @
Furthermore, we have y; € F' and d(x,y) < 3 < F. Since (y;,7) fulfils one of

these three cases, it follows that x € Fy U Fy U F3. O
The following lemma is for later use (cf. Lemma [B10 and Lemma [BIT]).

Lemma 6.5. Let a > 0. There exists some constant & = &(N,n,Cy,«) so that
if 1 < 28 and k > 2000, there holds for all ¢ € [3,&): If x € F3 and h(z) <t <
min{100A(x), 49}, we get <(P,4), Po) > %a, where P, 1) is the plane granted since
(z,t) € Stotar (¢f. Definition [6.1]).

Proof. Let a > 0 and k > 400. We set & := min{eg, e, «(5C3) 1}, where €, (, C3
and C4 depend only on N,n and Cy will be chosen during this proof. Furthermore,
let n < 2e < 2¢.

Since x € F3 and = ¢ (Fy N Fy), there exists some y € F, 7 € [%I), h(;)} and

P € P(N,n) with d(z,y) < 7, Bﬁk(y,r) < e and <(P,P)) > 3a. Furthermore
h(z) < timplies (2,t) € S C Siota; and hence §(B(z,t)) > 1§ and ﬂf‘,:’” (x,t) < 2e.
Now with Lemma (c=500,&=2,t, =t t, =7, A= g), there exist some
constants C3 = C3(N,n,Cy) > 1 and g9 = €9(N, n,Cy) > 0 so that <I(]5,P(x’t)) <
Cse. Due to <(P, Py) > $a and € < 32 this gives <(P(y 1), Po) > ja. O

6.2. The distance to a well approximable ball. We recall that the set S de-
pends on the choice of o and . Hence the functions d and D defined in the next
definition depend on a and € as well. We introduce m := 7p, : RN — P, the
orthogonal projection on Fp.

Definition 6.6 (The functions d and D). Let a,e > 0. If n < 2¢, we get with
Lemma [62(i) that S # . We define d : RN — [0,00) and D : Py — [0,00) with

d(z):= inf (d(X t D(y) := inf d(x).
(z) (xl,%es(( ;) + 1), () e (z)
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Let us call a ball B(X,t) with (X,¢) € S a good ball. Then the function d
measures the distance from the given point x to the nearest good ball, using the
furthermost point in the ball. This implies that a ball B(z,d(z)) always contains
some good ball. The function D does something similar. Consider the projection
of all good balls to the plane F. Then D measures the distance to the nearest
projected good ball in the same sense as above (cf. the next lemma).

Lemma 6.7. Let a,e > 0. If n < 2¢ and y € Py we have
D(y)= inf (d(m(X t).
(1) = it (dn(X).5) +1

Proof. Due to d(X,z) > d(m(X),n(z)) we have D(y) > inf x y)es(d(m(X),y) +1).
Assume that lim; o (d(7(X1), y)+1;) > inf( x yes(d(m(X),y)+t) for some sequence
(X1, 1) € S. Now there exists some ! € N so that

D(y) > d(m(X)) + Xi — 7(Xy),y + X; — 7(X))) + 1

> inf  d(Xp,z)+t > D),
zem~1(y)

which is a contradiction. O

Lemma 6.8. The functions d and D are Lipschitz functions with Lipschitz con-
stant 1.

Proof. Let z,y € RY. We get with the triangle inequality d(z) < d(y) + d(z,y)
and d(y) < d(x) + d(z,y). This implies |d(z) — d(y)| < d(z,y). Using the previous
lemma, we can use the same argument for the function D. (Il

Lemma 6.9. We have {z € RN‘d(x) <1} € B(0,6) and d(z) < 60 for all z €
B(0,5).

Proof. Let € RY with infx yes(d(X,z) +t) = d(z) < 1. Hence there exists
some X € F C B(0,5) with d(0,z) <d(0,X)+d(X,z) <6.If z € B(0,5), we have
d(x) < 10 + 50. O

Lemma 6.10. Let o,e > 0. If n < 2e, we have d(z) < h(x) for all z € F and
Z={zeFldx) =0}, =n(2)={yeh|D(y) =0}

Furthermore, both sets Z and w(Z) are closed. We recall that m denotes the orthog-
onal projection on the plane Py.

Proof. Let x € F. With Lemma [62(i), we have (z,h(z)) € S and hence d(z) <
h(z). This implies Z C {x € F|d(z) = 0}.

Now let © € F with h(z) > 0. We prove d(z) > 0. There exist some sequences
t; — h(x) and some sequence (X;,s;) € S with d(X;,z) + s; = d(z). If on the one
hand there exists some subsequence with X; — = we obtain for another subsequence
si > h(X;) > t; > 0 for sufficiently large 7 and hence d(x) > 0. If on the other hand
d(X;,x) has a positive lower bond, we conclude that d(x) > lim;_,o d(X;,x) > 0.

Now we prove the second equality. If y € 7(Z), there exists some z¢ € Z with
m(x0) =y and d(zg) = 0. Now we get 0 < D(y) < d(zg) = 0.

If y € Py with D(y) = 0, since d is continuous, we get with Lemma that
there exists some a € 771(y) with d(a) = 0. This implies a € F and hence a € Z.
Thus y € 7(Z).

According to Lemma [6.8] d and D are continuous, and hence these sets are
closed. (]
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Lemma 6.11. Let 0 < o < i There exists some € = E(N,n,Cy) so that if n < 2¢
and k > 4 for all € € [3,£), there holds: For all x,y € F' we have

(d(z) + d(y)) + 2d(x (), 7(y)),

6
6(d(z) + d(y)) + 20d(x (), 7(y)).
Proof. Let 0 < o < i and k > 4. During this proof, there occur several smallness
conditions on . The minimum of those will give us the constant £. Let n < 2e < 2¢.
The first estimate is an immediate consequence of the second estimate. So we
focus on this one. Due to F' C B(0,5) the LHS is always less than 10. Hence we can
assume that d(z)+d(y) < 2. We choose some arbitrary r,, € (d(z),d(x)+1) C (0, 3).
There exists some (X,t) € S with d(r) < d(X,z) +t < ry. According to Lemma
[6.21(ii), it follows that (X,r;) € S. Analogously, for all r, € (d(y),d(y) + 1), we
can choose some Y € F with d(Y,y) < r, and (Y,r,) € S. Now it is enough to
prove d(m*(z), 71 (y)) < 6(ry +7,) +2ad(r(z), 7(y)) since r, > d(z) and r,, > d(y)
were arbitrarily chosen. We can assume that d(X,Y) > 2(r, 4+ r,) since otherwise
d(z,y) < d(z,X)+d(X,Y) + d(Y,y) immediately implies the desired estimate.
We define By := B(X, £d(X,Y)) and By := B(Y, 1d(X,Y)). With Lemmal[6.2(i)
we obtain By, By € S. Let P; and P, be the associated planes to By and By (see
Definition[6.1)). With Lemmaldl(z =X,y =Y, c=1,{=2,t, =t, = %d(X, Y),
A= %5) there exist some constants C5 = C3(N, n,Cy) > 1 and g9 = go(N,n, Cp) >
0 so that if € < g¢ for w € P;, we obtain

(6.2) d(w, Py) < C3(N,n,Cy,0)e (3d(X,Y) + d(w, X)) .

Let B} := B(X, 3e77d(X,Y) +r,) and B} := B(Y, 3e77d(X,Y) +,). Lemma
[62((i) implies that these balls are in S. Now we conclude using 6(B}) > %, B! C kB;,
and B} (B;) < 2 for i € {1,2} that

1 d(X’7Pi) , 1 ; d(X/ P) /
n(B7) / ax,v) M= 5 (Ld(X,v)" /kBl La(x, Tax ) WA =50

1
2,

2.
5

With Chebyshev’s inequality, we deduce that there exist some X’ € B} and some
Y’ € B} so that d(X', P) < 2¢7d(X,Y) and d(Y', ) < 2e7d(X,Y).

Now let X/ := mp, (X’) be the orthogonal projection of X’ on Py, Yy := 7p,(Y”)
the orthogonal projection of Y’ on P, and X1{, := mp,(X]) the orthogonal projec-
tion of X| on Py. If ¢ is small enough, we have with ¢ € {7, 71}:

L
2n

d(o(X),o(X") <d(X,X') <

% (Xa Y) + T,
d(o(Y),0(Y")) <d(Y,Y') < Lean

d
AX,Y) + 1y,

d(e(X), o(X1)) < d(X', X]) = d(X', P{) < e2d(X,Y),

Oqll\JOq \o}

d(o(Y"), 0(Y3)) < d(Y',Y3) = d(Y', Py) < Se¥d(X,Y),

"B

d(o(X1), 0(X1p)) < d(X7, X1p) = d(X1, P2) < 2Csed(X,Y).
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According to Definition [6.I] we have <((P, Py) < « and we get with Lemma 213
(X1{,,Y4 € P5) using o < 1
1
1l-«
@

(6.3) d(Xi5,Y3) <

d(m(X12), 7(¥3)) < 2d(w(X1,), 7(¥3)),
(64)  d(m(X]p), 7 (Y3)) < d(m(X1,),m(¥3)) < gad(W(Xiz),ﬂ(Yz’))-

Inserting the intermediate points X', X{, X{,, Yy, Y’ using triangle inequality
twice and using the previous inequalities, there exists some constant C' so that
A(X,Y) < Ctesnd(X,Y) + 1y + 1y +2d(n(X15), 7(Ys))
< Clemd(X,Y) +3(ry +1y) + 2d(n(X), 7(Y)),

11—«

and hence if € fulfils C £on < %, we get

(6.5) A(X,Y) < 6(ry + 1y) + 4d(7(X), 7(Y)).

As for d(X,Y), we estimate d (7 (X),7(Y)) by repeated use of the triangle in-
equality and (G4]). With (€3], we deduce that

d(rH(X), 7 (Y))
lemmd(X,Y) +3(ry +1y) + 2ad(n(X), 7(Y))

377 [6(rs + 1y) +4d(m(X), w(Y))] + 3(rs + 1) + ad(n(X), w(Y))
< A(re +1y) + 2ad(7(X), 7(Y)).

This implies using d(7(z), 7+ (X)) < d(z, X) < r, and d(7-(Y), 71 (y)) < d(Y,y)
< ry that

d(m (), 7 () < 5(ry +1y) + 20d(n(X), 7(Y))

<5
< 6(re +1y) + 20d(m(z), 7(y)). O

6.3. A Whitney-type decomposition of P\ 7(Z). In this part, we show that
Py \ m(Z) can be decomposed as a union of disjoint cubes R;, where the diameter
of R; is proportional to D(x) for all z € R;. This result is a variant of the Whitney
decomposition for open sets in R™; cf. [I1, Appendix J].

Definition 6.12 (Dyadic primitive cells).

1. We set D to be the set of all dyadic primitive cells on Fy. We recall that the
plane Py is an n-dimensional linear subspace of R,

2. Let r € (0,00) and @Q be some cube in RY. By rQ, we denote the cube with
the same centre and orientation as ) but r-times the diameter.

We mention that the function D depends on the choice of o and € because D
depends on the set S C S;7,. Hence the family of cubes given by the following
lemma depends on the choice of a and ¢ as well.

Lemma 6.13. Let a,e > 0. Ifn < 2¢, then there exists a countable family of cubes
{R;}icr C D such that

(i) 10diam R; < D(x) < 50diam R; for all v € 10R;,
i) Po\7(Z)=UJ..; Ri =J..; 2R; and cubes R; have disjoint interior,
( ) el el J
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(iii) for every i,j € I with 10R; N 10R; # (), we have %diam R; < diam R; <
5diam R;,
(iv) for everyi € I, there are at most 180™ cells R; with 10R; N 10R; # 0.

Proof. For z € Py, D(z) > 0, we define @, € D as the largest dyadic primitive
cell that contains z and fulfils diam @, < % inf,eq, D(u). For such a given z the
cell Q. exists because the function D is continuous and D(z) > 0. Hence if we
choose a small enough dyadic primitive cell @ that contains z, we get diam @ <
% inf,eg D(u). Due to the dyadic structure, there can only be one largest dyadic
primitive cell that contains z and fulfils the upper condition. We choose R; € D
such that {R;|i € I} = {Q. € D|z € Py, D(z) > 0} and R; = R; is equivalent to
i=7.

(i) Let € 10R; and u € R;. We get 20diam R; < D(u) < D(z) 4+ 10diam R;,
and hence 10diam R; < D(z). Let J; € D be the smallest cell in D with R; C J; and
choose u € J; so that D(u) < 20diam J; = 40 diam R;. This is possible because
otherwise R; is not maximal relating to diam R; < % infyer, D(v). We obtain
D(z) < D(u) + d(u,z) < 50 diam R;.

(ii) If the interior of some cells R; and R; were not disjoint, because of the dyadic
structure, one cell would be contained in the other. But then one of those would
not be the maximal cell. Hence the R;’s have disjoint interior. For all z € 2R;, we
obtain using (i) and Lemma that © ¢ 7(Z). Now let x € Py \ n(Z). With
Lemma [6.T0] we get D(x) > 0. So there exists the cube @, € D with z € @, and
hence z € (J;.; R;.

(iii) If 10R; N 10R; # () we can apply (i) for some z € 10R; N 10R; and obtain
the assertion.

(iv) Let ¢ € I and R; with 10R; N 10R; # 0. We conclude with (iii) that
d(R;, Rj) < 30diam R; and so R; C (1430+5)R;. Furthermore, we have diam R; >
+ diam R;. Since the cells R; are disjoint, there exist at most %?5;) < (180)™
cells R; with 10R; N 10R; # 0. O

Now we set Uyz := B(0,12) N Py and I := {i € I|R; N U1z # 0}.

Lemma 6.14. Let a,e > 0. Ifn < 2¢, for every i € 115, there exists some ball B; =
B(X;,t;) with (X;,t;) € S, diam R; < diam B; < 200diam R; and d(w(B;), R;) <
100 diam R;.

Proof. Let i € I15 and x € R;. Use Lemma [6.7 Lemma and Lemma [B6.13](i),
(ii) to get some (X,t) € S with d(7(X),z) + ¢ < 2D(z) < 100diam R;. Choose
B; := B(X,,t;) := B(X,r) with r = max{¢, %} < 100 diam R;. Now we have
d(m(B;), R;) < 100diam R; and diam R; < diam B; < 200diam R;. We can show
that r < 50, and hence with Lemma [6.2((ii), we get (X,r) € S. O

6.4. Construction of the function A. We recall that 7 := 7p, : RN — Py is the
orthogonal projection on Py and introduce 7t := WI%D : RN — P4+, the orthogonal
projection on Ps-, where Py := {z € R¥|z-v =0 for all v € Py} is the orthogonal
complement of Py. To define the function A, we want to invert the projection 7|z
on Z.

Lemma 6.15. Let 0 < oo < ;. There exists some &€ = £(N,n,Cy) so that if n < 22
and k > 4 for all € € [3,£), the orthogonal projection w|z : 2 — Py is injective.

Proof. The assertion follows directly from Lemma and Lemma O
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Since 7|z : Z — P, is injective, we are able to define the desired Lipschitz
function A on 7(Z) by

Ala) == (713 (a))
where a € 7(2).

Lemma 6.16. Under the conditions of the previous lemma, the map A|7T(Z) 18
2a-Lipschitz.

Proof. Due to Lemma for a,b € w(Z), there exist distinct X,Y € Z with
7m(X) = a and 7(Y) = b. We have A(a) = 71(X), A(b) = 7-(Y) and Lemma
[610 implies that d(X) = d(Y) = 0. So, with Lemma [611] we get d(A(a), A(b)) <
2ad(a, b). O

Now we have a Lipschitz function A defined on n(Z). By using Kirszbraun’s
theorem [9, Thm. 2.10.43], we would obtain a Lipschitz extension of A defined on
Py with the same Lipschitz constant 2, where the graph of the extension covers
Z. But until now, we do not know that Z is a major part of F'. We cannot even be
sure that Z is not a null set. So we do not use Kirszbraun’s theorem here, but we
will extend A by an explicit construction. This will help us to show that the other
parts of F', in particular F}, F», F3, are quite small.

Definition 6.17. Let a,e > 0. If n < 2¢, for all @ € I1o, we set P; := Px, 4,),
where Px, ) is the n-dimensional plane, which is, in the sense of Definition 611
associated to the ball B(X;, ;) = B; given by Lemma

Lemma 6.18. Let 0 < a < % ande > 0. Ifn < 2e, then for alli € 115, there exists
some affine map A; : Py — Ps- with graph G(A;) = P; and A; is 2a-Lipschitz.

Proof. Use <(P;, Py) < o <  (cf. definition of Syosq/) and apply Corollary 214l O

In the following, we use differentiable functions defined on subsets of Py. For the
definition of the derivative see section [A.2] on page 1241

Lemma 6.19. Let a,e > 0. If n < 2¢, then there exists some partition of unity
¢; € C®(U12,R), i € Lo, with 0 < ¢; < 1 on Ujs, ¢; = 0 on the exterior of 3R; and
> ier, ¢ila) =1 for all a € Ura. Furthermore there exists some constant C' = C(n)

with |0% ¢i(a)] < % where w is some multi-index with 1 < |w| < 2.

Proof. For every i € I;5, we choose some function (51 € C>®(FPy,R) with 0 < qu <
1,6; = 1 on 2R;, ¢; = 0 on the exterior of 3R;, |0¥¢;| < Y= for all multi-indices

diam Ri
w with |w| = 1 and [0%¢;| < m for all multi-indices k with |k| = 2. Now
on V :=J;c;,, 2R;, we can define the partition of unity ¢;(a) := 2@ oy
vei12 Zje[lz ¢;(a)

all @ € V, there exists some ¢ € 1o with a € 2R; and hence >, dila) > 1.
Moreover, due to Lemma [6.I3|(iv), there are only finitely many j € I;2 such that
q;j(a) # 0. Due to the control we have on the derivatives of ¢;, we obtain with
Lemma [6.13[(iv) the desired estimates of the derivatives of ¢;. O

Definition 6.20 (Definition of A on Uijs). Let a,e > 0. If n < 2¢ and k > 4, we
extend the function A : 7(2) — Pt C RY, a = 7t (n]3'(a)) (see page [ZIH) to
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the whole set Uy, by setting for a € Uyo,

(713 (a)), acn(Z),
D=3 S @A), aetin »
i(a)Ai(a), a € UaNUeq,, 2Ri

1€112

With Z C F C B(0,5), we get 7(Z) C Uiz and, with Lemma [6:T3((ii), we obtain
Uier,, 2Ri Nm(Z) = 0; hence we have defined A on the whole set

U12 = (U12 N U 2Rz) U 7T(Z)

i€112

6.5. A is Lipschitz continuous. In this section, we show that A is Lipschitz
continuous. We start with some useful estimates.

Lemma 6.21. Let 0 < a < i. There exists some k > 4 and some & = g(N,n,Cy)
so that if k >k and n < 2 for all € € [1,£), there exist some constants C > 1 and
C = C(N,n,Cy) > 1 so that for all i,j € I12 with i # j and 10R; N 10R; # 0, we
get

(1) d(BZ,B]) < Cdiaij,
(ii) d(Ai(q), A;(q)) < Cediam R; for all ¢ € 100R;,
(iii) the Lipschitz constant of the map (A; — A;) : Py — Pg- fulfils Lipy, 4, <
Ce,

(iv) d(A(u), A;(u)) < Cediam R; for all u € 2R; N Uya.
Proof. Let 0 < a < %. We set &€ = min{g,é’,ao}, where § = §(NV,n) is defined on
page [[208] &’ is the upper bound for ¢ given by Lemma and &g is the constant
from Lemma 9l Let n < 2& and choose ¢ such that n < 2e < 22.

(i) Let B; = B(X;,t;) and B; = B(X,,t;). Lemma[6.13 and Lemma [6.14] imply
d(m(X;),m(X;)) < Cdiam R;, and, using (X;,t;) € S we have d(X;) < 500 diam R;
for I € {i,j}. Now Lemma [6.11] implies the assertion.

(ii) At first, we show for ¢ € 100R; that d(A;(¢) + ¢,X;) < C'diam R;. Since
(X, t;) € S C Siotar, € < g, and using Lemma 10 (0 = 2¢, z = X;, t = t;,
A= %5, P = P,) we get B(X;,2t;) N P; # (. Thus there exists some a € P,
with A;(a) + ¢ € B(X;,2t;) N P, and a € w(2B;). Since A; is 2a-Lipschitz and
o < 3, using Lemmas and we obtain by inserting A;(a) + a with triangle
inequality

(6.6) d(Ai(q) + ¢, X;) < |Ai(q) — Ai(a)| + d(g, a) + diam B; < C diam R;.

With Lemmas and [6.14], there exists some constant C' > 2 so that %tj <t <
Ct;. Moreover, we have (X;,t;),(X;,t;) € S C Siotar. With k > k:=20?% > 4C,
Lemmafl (x = X, y = X3, ¢c=C, {=2,t, =tj, t, =t;, A= %) implies that
there exist some gy > 0 and some constant C3 = C3(N,n,Cy) > 1 so that, for
e < & < gy with the already shown (i), (6.0) and Lemma [6.14] we get

(6.7) d(A;(q) + ¢, P;) < Cse(t; +d(Ai(q) + ¢, X;)) < Cediam R;.
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Furthermore, there exists some o € Py so that A;j(o) + o = 7p,;(Ai(q) + q). Now
we have d(A;(0) + 0,A4;(q) + q) < 2d(o,q) < 2d(A;(q) + q,A;(0) + o) since A is
2c-Lipschitz, and hence with Lemma [6.13] and Lemma we obtain for some
C= C(N,H,CO)Z

d(Ai(q) +q,Aj(q) +q) < d(Ai(q) +q, P;) +d(Aj(0) +0,A;(q) +q) (Egz) Ce diam R;.

(i) Without loss of generality, we assume that diam R; < diam R;. We have
B(y,2diam R;) N Py C 20R; N 20R; for some y € 10R; N 10R; # (. We choose
arbitrary a,b € B(y, 2diam R;) N Py with d(a,b) > diam R;. Now, with (ii), we get

[(Ai — Aj)(a) — (A; — A;)(b)| < Cediam R; < C(N,n, Cy)ed(a, b).

Since A; — A, is an affine map, this implies Lipy, 4, < C(N,n,Cy)e.
(iv) We get the estimate using Definition6.20, -, , ¢1(u) = 1, LemmaG.T3|(iv)
and (ii) of the current lemma.

Lemma 6.22. Let0 < a < %. There exist some k > 4 and some & = &(N,n, Co, o)
< « so that if k > k and n < 2¢ for all ¢ € [3,8), the function A is Lipschitz
continuous on 2R; NUyz for all j € I1o with Lipschitz constant 3o

Proof. Let 0 < a < %. We set € := min {5_/, % , where & is the upper bound for

given by Lemma 62T and C (N, n,Cy) is some constant presented at the end of this
proof. Let n < 2¢ and choose € > 0 such that n < 2e < 2&. Let a,b € 2R; N Us2.
We obtain

|A(a) = AD)| < ) ¢ila O+ Y |dila) = di(b)]|Ai(b) — A;(b)].
i€l1o 1€112
If ¢;(a) — ¢i(b) # 0, we get 3R;N2R,; # () and so we can apply Lemma [6.13)iii), (iv)
and Lemma [6.21](ii). Since ¢ < & < Z, we obtain with Lemma and Lemma
that A is 3a Lipschitz. a

Lemma 6.23. Under the conditions of the previous lemma for a,b € Uz \ 7(2)
with [a,b] C Ui \ 7(Z), we have that d(A(a), A(b)) < 3ad(a,b).

Proof. Lemma [613|(ii) implies that for all v € [a,b], there exists some j € I1o
with v € R;, and, with Lemma [6.I3(i), we get D(v) > 0. Assume that the set
Ip = {i € I12|R; N [a,b] # 0} is infinite. The cubes R; have disjoint interior, so
there exists some sequence (R;,)ien, i € I~12, with diam R;, — 0. Hence there exists
some sequence (v;)ieny with v; € R;, N [a,b], and, with Lemma [6I3[(i), we obtain
D(v;) < 50diam R;, — 0. Let U € [a, b] be an accumulation point of (v;);en. Since
D is continuous (Lemma [68), we deduce that D(v) = 0, which is according to
Lemma [6.10] equivalent to ¥ € m(Z). This is in contradiction to [a,b] C Py \ 7(2),
and so the set I} has to be finite. With Lemma .22 and [a, b] C Uicr,, Iti, we get
d(A(a), A(b)) < 3ad(a,b). O

Now we show that A is Lipschitz continuous on U;s with some large Lipschitz
constant. After that, using the continuity of A, we are able to prove that A is
Lipschitz continuous with Lipschitz constant 3.

Lemma 6.24. Let0 < o < %. There exists some k > 4 and some & = £(N,n, Cp, a)
< a sothat if k > k and n < 2¢ for all e € [5,&), A is Lipschitz continuous on Uls.
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Proof. Let 0 < a < i, let k& > k > 4, where k is the constant from Lemma [.22]
and let € = (N, n,Cp, o) < g be so small that we can apply Lemmas [6.11] [6.10]
and Furthermore, let € > 0 such that n < 2¢ < 2&. Let a,b € Ujs
with a € n(Z) and b € 2R; for some j € I;5. We estimate d(A(a), A(b)) <
d(A(a) +a, X;)+d(X;, A(b) + b) where X is the centre of the ball B; = B(X},t;)
(see Lemma [6.17]).

At first, we consider d(A(a) + a, X;). Since A(a) + a € Z, Lemma [6.10 implies
d(A(a) + a) = 0. Moreover, with Lemma and (X;,t;) € S, we deduce that
d(X;) <100diam R; and

d(m(A(a) + a), 7(X;)) < d(a,b) + d(b,7(X;)) < d(a,b) + C diam R;.

Using those estimates, Lemma implies d(A(a) +a, X;) < 2d(a,b) + C diam R;.

Now we consider d(X;, A(b) +b). We have (X;,t;) € S C Siotar, and hence, with
LemmaLI0 using ¢ < € < %, there exists some y € B(X}, 2t;) N P;, where P; is the
associated plane to B; (see Definition [B.I7)). Since <(P;, Py) < a < %, we deduce
from Lemma 2T3] Lemma and Lemma [B.2T)(iv) that

d(X;, A(b) +b) < d(Xj,y)+d(y, Aj(b) +b) + d(A;(b) + b, A(b) +b)
< C(diam R; + d(a, b)).
With Lemma [6.13] Lemma [6.10] and using that D is 1-Lipschitz (Lemma [6.8) we
obtain diam R; < D(b) — D(a) < d(a,b) and hence d(A(a), A(b)) < Cd(a,b). Due
to Lemma and Lemma it remains to handle the case were a,b ¢ w(2)

and [a,b] N 7(Z) # 0. This follows immediately from the just proven case and the
triangle inequality. O

Lemma 6.25. Under the conditions of Lemma for some a € w(Z), i € I1o
and b € 2R;, we get d(A(a), A(b)) < 3ad(a,b).

Proof. We set ¢ := inf,c(q4)nr(z) d(z,b). Due to Lemma [B.10, there exists some
v € [a,b] N7(Z) with d(v,b) = ¢. Furthermore, there exists some sequence (v;); C
[v,0] with v; — v where | — oco. With Lemma [6.I3] we deduce that ([v,d] \
{v}) € Ujer,, 2R;. For every I € N we obtain with Lemma 6.23] d(A(v), A(b)) <
d(A(v), A(v1)) + 3ad(v,b), and, since A is continuous (Lemma [6.24]) we conclude
with [ — oo that d(A(v), A(b)) < 3ad(v,b). The assertion follows since we already
know that A is 2a-Lipschitz on 7(Z). O

Lemma 6.26. Under the conditions of Lemma we have d(A(a), A(b)) <
3ozd(a, b) fOT’ a,be U 2Rj NU;s.

Proof. This is an immediate consequence of Lemma [6.22] Lemma [6.23] and Lemma
0. 20 U

Lemma 6.27. Under the conditions of Lemma [6.24] the function A is Lipschitz
continuous on Uys with Lipschitz constant 3.

Proof. This follows directly from the previous lemma and Lemma a

jEI12

The following estimate is for later use.

Lemma 6.28. Let 0 < a < i. There exists some k > 4 and some & = g(N,n,Cy)

so that if k > k and n < 2 for all ¢ € [1,&), there exists some constant C =
C(N,n,Cy) so that for all j € T2, a € 2R; and all multi-indices k with |k| = 2 we

have 9" A(a)| < diaCI;ij :
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Proof. Choose k and £ as in Lemma [6.21l Let x be some multi-index with |x| = 2.
For i € I 5, the function A; is an affine map, and hence for some suitable I, s €
{1,...,n} we have

(68) 9" A=0"(Y aidi) = 3 (0°0) Ai+ Y (0, 0idAi + 0dndh, A)
1€112 1€112 i€l

Let j € I12 and a € 2R;. Lemma [6.I3implies that there exist at most 180" cells R;
so that 0%¢;(a) # 0 or 0“¢;(a) # 0, where w is a multi-index with |w| = 1. So only
finite sums occur in the following estimates. We have » ,c; 0%¢; = 0> .. ¢ =
0¥ 1 =0 so that we get

(33
7 AL <Y 105l A= Ajl+ D 101,64l |01, (Ai — A))]

i€lio i€lia
+ ) 10,6l 101, (Ai — A;)].
i€lio

To estimate these sums, we only have to consider the case when « is in the support
of ¢; for some i € I15. This implies 3R; N 2R, # (. Now use Lemma [6.211(i), (iii),
Lemma [6:T9, and Lemma [613)(iii), (iv) to obtain the assertion. O

7. 7-FUNCTIONS

In this section, we introduce the v-function of some function g : Py — Pg-. This
function measures how well g can be approximated in some ball by some affine
function. The main results of this section are Theorem [(.3] and Theorem [[.T71 We
will use these statements in section [R4] to prove that p(F3) is small.

Definition 7.1. Let U C Py, ¢ € U and ¢t > 0 so that B(q,t) N Py C U. Further-
more, let A = A(Py, Pi") be the set of all affine functions a : Py — Pj- and let
g: U — P§* be some function. We define
1 d
Y4(g,t) == inf — (g(u)va(u))d/]_tn(u)
acAt B(q,t)NP,
Lemma 7.2. Let U C Py, ¢ € U and t > 0 so that B(q,t) N Py C U. Furthermore,

let g: U — Pst be a Lipschitz continuous function such that the Lipschitz constant
1

n+
fulfils 60n(10™ + 1) <8nwz—:1) < Lipgl, where w,, denotes the n-dimensional
volume of the n-dimensional unit ball. Then we have
d(u+g(u), P)

1
q,t) <3 7,(q,t):=3 inf — W),
Ye(g:t) Y9(9:1) PeP(Nn) t" JB(q,0nP, t v

where P(N,n) is the set of all n-dimensional affine planes in RY .

Proof. Let g be a Lipschitz continuous function with an appropriate Lipschitz
constant. By using a : © — ¢(q) € A as a constant map and by using that
g is 1-Lipschitz, we deduce that v4(q,t) < Lip, wy,. It follows, since for every
a € A the graph G(a) of a is in P(N,n), that J,4(q,t) < v4(q,t) < Lip,wn. Let
0 < ¢ < Lip, wy, and choose some P € P(N,n) so that

1 d(u+ g(u), P)

(7.1) m ——— o dH (1) < (q,1) + € < 2Lip wp.
B(gq,t)NPo
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We set Dy := {v € B(q,t) N Pold(v + g(v), P) < 4Lip, t}, Dy := (B(q,t)NPy)\ Dy
and obtain using Chebyshev’s inequality and (7.1])

(7.2) H™(Dy) > wnt™ — H" (Do) > %”t”.
Assume that every simplex A(ug,...,u,) € Dy is not an (n, H)-simplex, where
H = z#—t. With Lemma 2I0 (m = n, D = Dy), there exists some plane

P € P(N,n —1) such that Dy C Ug(P) N B(g,t) N Py. We get

Wn
2
This is in contradiction to ([C.2)), so there exists some (n, H)-simplex A(ug, ..., u,) €
Dy. We set Py := Py + g(uo), yi = u; + g(ug) € Py for all i € {0,...,n} and
S:=AWo,--,Yn) C Byn B(q+ g(ug),t). We recall that P is the plane satisfying
(T1). We obtain for all i € {0,...,n},

H™(Dy) < H" (U (P) N B(g,t) N Py) < 2Hw, 11" = 224",

d(yi, P) < d(u; + g(uo), u; + g(ui)) + d(u; + g(u;), P)
< Lip, d(uo,u;) +4Lip,t < 6Lip, .

With Lemma 217, C =422=2 > 11 ¢ =1, m = n, 0 = 6Lip,, P, = Py, P, = P
and & = g+ g(ug), we get <(Py, P) = <(Py, P) < 3, and, with Corollary 214 there

exists some affine map a : Py — P3- with graph G(a) = P. Now we obtain with
Lemma 213 (P, = P, Py = ), u,v € Py and <(Pp, P) < % that

(7.3) d(v +a(v),u +a(uw)) < 2d(mp, (v + a(v)), mp, (u+ g(w)))-
This yields for u € B(gq,t)NPy and some suitable v € Py with v+a(v) = mp(u+tg(u)):
d(g(u),a(u)) < d(u+g(u), P) +d(mp(u+g(u)),u+a(u))

N3

d(u+ g(u), P) + 2d(mp, (v + a(v)), 7p, (u + g(u)))
3d(u + g(u), P).

(1)
Finally, using @ € A and the last estimate, we get v4(q,t) < 3(%4(¢,t) + &), and
0 < ¢ < aw,, was arbitrarily chosen. O

7.1. v-functions and affine approximation of Lipschitz functions. In this
and the following subsections, we use the notation U; := B(0,1) N Py for | €
{6,8,10}.

Theorem 7.3. Let 1 < p < oo and let g : Py — Pg- be a Lipschitz continuous
function with Lipschitz constant Lip, and compact support. For all 6 > 0, there

exist some set Hy C Ug and some constants C = C(n,p) and C = C(n, N) with
C 2 dr
"(Us \ Hp) € —— t)?— ) dH"
WO < g [, ([ o) )

7As the volume of the unit sphere is strictly monotonously decreasing when the dimension
Wn,

n > 5 increases, we get w—_l > 1 for all n > 6. With the factor 4 we have that 4% > 1 for all
n € N.
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so that, for all y € Py, there exists some affine map a, : Py — Pg- so that if r < 0
and B(y,r) N Hy # 0, we have

lg = ayll L (B(y,r)npy, Pty < Cr6 Lipg,

where || - ||y denotes the essential supremum on E C Py with respect to the
H"-measure.

To prove this theorem, we need the following lemma. If v is some map, we use

the notation vy(z) := v ().

Lemma 7.4. There exists some radial function v € C§°(Py, R) with
(1) supp(v) € B(0,1)N Py and v(0) =0,
(2) forallx € Py\ {0} and i € {1,...,n}, we have

(7.4) /|D(tz)|2%:1 and 0</ |@V\)t(x)\2%<oo,
0 0

(3) for alli € {1,...,n}, the function O;v has mean value zero and, for all
a € A(Py, Pst) (affine functions), the function av has mean value zero as
well.

Proof. Let v1 : Py — R be some nonharmonic (Avy # 0), radial C*° function with
support in B(0,1) N Py. We set vy := Avy € C®(Fy) N C(B(0,1) N Py) and
0<c = fooo |73(te)|?4E, where e is some normed vector in Py. Since v, is radial,
vy is radial as well. We have |3 (te)| = 4m2t?|77 (te)| and hence

0<er :/ Ba(te)?S = 167r4/ 1317 (te) 2t < 00
0 0

because v is in the Schwarz space and therefore 7y as well [11], 2.2.15, 2.2.11 (11)].
The previous equality also implies 73(0) = 0. Now we set v := ,/éug, which is a

radial C5°(Pp, R) function that fulfils (1). We have for all z € Py\ {0} (use substitu-
tion with ¢t = rﬁ and the fact that 7 is radial), [;° [D(tz)[24 = [[¥ [D(re)?4 = 1.
In a similar way, we deduce for i € {1,...,n} (using |[(¢~ (tx))"| < |p~ (tx)| = |tz]
where £ is some multi-index with |k| = 1) that

| @@ § < lwi [ el pleo)
0 0

0o 2
:47r2/ T ﬁ(r£>
0 ||

dr < oo,
where we use that the Fourier transform of a Schwartz function is a Schwartz
function as well [I1] 2.2.15]. The left-hand side of the previous inequality cannot
be zero, because this would imply that d;v(x) = 0 for all x € P, which is in
contradiction to 0 # v € C§°(Py,R). Hence v fulfils (2). Using partial integration
and Aa = 0 for all @ € A(P,, P;-) implies that 9;v and av have mean value zero. [J

2 dt

For some function f: Py — POL and z € Py, we define the convolution of v; and
f by

M*ﬁ@%Zﬁgﬂw—wﬂwﬂﬂw)
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Lemma 7.5 (Calderén’s identity). Let v be the function given by Lemma [[4] and
let u e Py\ {0} and f € L*(Py, Py-) or let f € . (Py) be a tempered distribution
and u € S (Py) (Schwartz space) with uw(0) = 0. Then we have

(7.5) = [ “wenr .

Léger calls this identity “Calderén’s formula” [19, p. 862, §5. Calderén’s formula
and the size of F3]. Grafakos presents a similar version called “Calderén reproducing
formula” [I1] p. 371, Exercise 5.2.2].

Proof. At first, let f € L2(Py, P) and u € Py \ {0}. We have (1) (u) = D(tu) and,
with Fubini’s theorem, we obtain

([ vomsnw) = [T wowmwing = .

The Fourier inversion holds on L?(Py, Py-) [T, 2.2.4. The Fourier transform on
L' + L?], which gives the statement. We use the same idea to get this result for
tempered distributions. |

Proof of Theorem [[3. Let g € C’g’l(PO,POL) and let v be the function given by
Lemma [7.4l We define
o a  [? dt
()= [ rmrgF + [ oo, @9,
2 0
dt
t )

9ot = / (e * O - (v 9))) ()

and the previous lemma implies that ¢ = g1 + go. We recall the notation U; =
B(0,I) N Py for | € {6,8,10} and continue the proof of Theorem with several
lemmas.

Lemma 7.6. g3 € C*™(Us) and there exists some constant C = C(v) so that for

all multi-indices £ with |k[ < 2 we have |0% g1 L (v, ps) < C Lip,.
g2 1s Lipschitz continuous on Us with Lipschitz constant C(v) Lip,.

Proof. For x € Py we set

2
& (@) = / (ve * (rorong - (% 9))) (@)

t

dt
t

mle)i= [ enrg)o)

so that g1 = g11 + g12 and we set p(z) := fzoo(yt * Vt)(:v)% At first, we show some
intermediate results:

L. gia(x) = 0 for all x € Ug, due to the support of v; and xp\v,, = (V¢ * 9)-

IT. For every multi-index &, there exists some constant C' = C(n, v, k) such that
07| < C, where 8%¢p(y) = [~ 0%(v * 1p)(y)49t. This is given by 9" (v (y)) =
(0 0)i(y), and [0 (vs 5 1) ()] < [Vl ooy 100 e (o) 5228

ITI. For every multi-index &, the function 0"y has bounded support in B(0,4) N
P,

Proof of T-1II. Let 0 <t <2 and x € Py \ B(0,4). We have (v *xv;)(z) = 0, which

implies that f02(yt * Vt)(x)% = 0. Now we consider ¢ as a tempered distribution.
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The convolution with dy, the Dirac mass at the origin, is an identity; hence we get
with Calderén’s identity (Lemma [TH) for all n € #(Py) with n(0) = 0:

et =t =) = ([T ) o= ([T )
—- (/()?) ().

Since this holds for arbitrary n € .%(Py) with supp(n) C Py \ B(0,4), we conclude
that for such n we have

/Posom( 2)AH" (@ /P/ ver ) (o) ()M (@) = 0

and hence supp(y) C B(0,4) N Py. For the same kind of 1, we get, using Fubini’s
theorem and partial integration,

dt
O el @) = ()" [ [ wem@ornaan@)§
Po PO
since 0"n € . (FPy) with supp(9*n) C Py \ B(0,4). O
IV. ¢ € C°(Py).

Proof of IV. With II and III we conclude for every multi-index s that 0"¢ €
L'(Py,R). With Fubini’s theorem and partial integration, we see that 9%y is the
weak derivative of ¢; hence we have ¢ € WH1(P,) for every [ € N. The Sobolev
imbedding theorem [I, Thm. 4.12] gives us ¢ € C*°(Fy) and, with III, we obtain
p € C5°(P). 0

Now we have for all © € Ug with Fubini’s theorem [7, 1.4, Thm. 1] g11(x) =
(¢ * g)(x). We know that ¢ € C§°(P) and g € Cy'(Py, Py-). Hence we have
g11 € C§°(Py), g € WHo°(Py) and for 4,5 € {1,...,n} we have 0;911 = ¢ * 9;g and
0;0;911 = Oip * 0;9. With the Minkowski mequahty [I1l Thm. 1.2.10] and IV, we
obtain fori,j € {1, conk

I .
10:g1 || Lo (s &) = [10ig11]l Lo (s, R) < N10i9l Lo (s m) |2l L1 (Py) < C'(v) Lipg,

I .

10:0;91 1| o< (U, R) = 1005911 | o< (v R) < 1039l o< (v ) 1050l 1 (Py) < C(v) Lipy, .
Now it is easy to see that g2 is C' Lip-Lipschitz on Us because we have go = g — g1
and g as well as g; are C Lip-Lipschitz on Us. O

Remark 7.7. Under the assumption that

(7.6) /Um (/02 Yy, t)? dtt) dH" (z) < oo,

the next lemmas will prove that 92 € Wo "P(Py, Pg-). We show for this purpose in
Lemma [.I0] that 9;go(x fo (Ve * (XUyo (Ve % 9))) () 4L is in LP(Py, Pg-). Using
Fubini’s theorem [7] 1. 4 Thm 1] and partial integration it turns out that 0;go
fulfils the condition of a weak derivative.

Lemma 7.8. We have supp(g2) C B(0,12) N Py and supp(0d;g2) C B(0,12) N P,
foralll <i<mn.
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Proof. f 0 < t < 2 and z € Py, we have supp(v(z — -)) C B(x,2) N Py and

supp(xu,, (1 *g)) C B(0,10)NPy. This implies supp(v; * (xu,, (e *g))) C B(0,12)N

Py, and hence we obtain supp(g2) C B(0,12) and supp(d;g2) C B(0,12)NF,. O

(vexg)(x)
¢

Lemma 7.9. Letx € Uyg and0 < t < 2. We have < vl poe (po,r) Y (2, 1)

Proof. If a : Py — Py is an affine function, we get using Lemma [7.(3) that
(v x a)(x) = 0 and hence, with Lemma [T4)(1),

(vexg)(@)| _ |+ (g = a))(z)
t t

1
< ||V||L°°(P07R)t_n A
0 x,

Since a was an arbitrary affine function, this implies the assertion. O

9(y) — aly)

. dH"™ (y).

We have p € (1,00) and, for the proof of Theorem [[3] we can assume (T.6]).

Lemma 7.10. We have g2 € Wol’p(Po,POl) and there exists some constant C' =
C(n,p,v) so that for alli € {1,...,n},

2 £
dt
Haz.QQHLp P, PL) S C/ </ F)/g('rat)27> dHn(I)7
Uio 0

where 0;ga(x fo * (XU (e % 9))) ()4

Proof. We recall that (‘3igg is the weak derivative of go (cf. Remark [[77]). Due to
[T Cor. 6.31, An equivalent norm for W;"? ()] and Lemma [T we only have to
consider [0;g2||zr(p,) for all i € {0,...,n} to get go € W, P (Py, Pg-). For x € Py,
we have 9;vy(z) = 0;t "v (%) =t~} (dv):(x) and hence

uate) = [ o (xwae @Y = [ (@ (o (“52))) 05

t

Using duality (cf. [I, The normed dual of LP(Q)]) it suffices to consider the follow-
ing. Let % + ﬁ = 1and f € L (P,) with [ £l (p,y = 1. We get with Fubini’s
theorem [7, 1.4, Thm. 1] and Hoélder’s inequality

f(x) Bigz(x) AH" (z)

/P/ (@) NI |(xen (2
< J, ([ 1w o %f(/o o ()0 2 a0
([ 1@y ) -

X </P° (/02 ‘(XUIO <Vt:g)) (y)f %)gdﬂn(y)f.

There exists some constant C' = C(n,v) with [0;v(z)| +|VIiv(z)| < C(1+|z])~"!
because v is a Schwartz function. Together with Lemma [7.4] all the requirements of

<
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LemmalA§ with ¢ = 9;v and ¢ = p’ are fulfilled, which implies, since || f||.r(p)) = 1,

that the first factor of the RHS of the last estimate is some constant C(n,p,v)
independent of f. All in all, we obtain

10ig2ll oy < C ., v) ( [ (e (222)) 0 %)gdw(y)) B

and with Lemma the assertion holds. O

Definition 7.11. Let B be a ball with centre in Py and let f: Py — POl be some
map. We define the average of f on B and some maximal function for x € Py:

1 n
Agg(f) = (diam B)™ /BmPo Jare

N(f)@) =  sup {i Avg <|f— Ave <f>|>}.

te(.00)wePy | 2t B(y.
A B(y,t) B(y,t)

Moreover we define the oscillation of f on B by

oscgp(f):= sup |f(z)— Ave(f)|
B

x€BNPy

Lemma 7.12. We have |N(g2)l|lze(po,r) < CllDg2ll Lo (py pyty, where C = C(n,p).

Proof. We recall that go € Wy "*(Py, Pit) (cf. Lemma [Z9) and conclude with
Poincaré’s inequality that Avgg(]lga — Avgg(g2)|) = C(n)diam B Avgg(|Dga|)
(if f is a matrix, we denote by |f| a matrix norm), and hence we get for = € Py,

N(g2)(x) <C(n)  sup  Avg(|Dgs|) = C(n)M(Dgs)(x),
it 2 < B

where M (Dgs) is the uncentred Hardy-Littlewood maximal function. Now, using
[I1, Thm. 2.1.6], we get the assertion. a

Definition 7.13. Let § > 0. We define Hy := {2 € Us|N(go)(x) < 6™*' Lip, }.

Lemma 7.14. Let 6 > 0. There exists some constant C = C(n,p,v) so that

H”(U\H)<$/ / L R
ONEO) = e Lipy Jyp, \y T o

Proof. With Lemma [[12] Lemma [.T0] and

n
10212, 5y ey <17 S 1008212
=1

there exists some constant C' = C(n,p,v) with

|‘N(g2)||ip(P07P0i) < Csum?:l‘laig2“ip(1301poﬂ

2 dt g
<C </ 'yg(x,t)z—> dH"(z).
Uio \Jo t

Hence, using Chebyshev’s inequality, we get the assertion. (Il
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Lemma 7.15. Let B be a ball with centre in Py. If (BN Py) C Ug, then there
exists some constant C = C'(N,n,v) with

1

1 T
oscp(g2) < Cdiam B (diamBAgg(mz — A;/g(ggﬂ)) Lipj ' .
Proof. Let (BNPy) C Us and X := oscp(g2). The function go is Lipschitz continuous
on Ug with Lip,, = C(v) Lip, (see Lemma [Z.6]) and B N Py is closed. Hence there
exists some y € BN Py with A = |g2(y) — Avgp g2|, and we get for z € B with

d(z,y) < ﬁ using triangle inequality |g2(z)—Avg(g2)| > 3. Furthermore, using
92 B
that go is continuous on Us for all [ € {1,..., N}, there exists some 2z, € BN Py,
with g4(z1) = Avg(gh) (where gh(2) € R means the [-th component of ga(z) €
B
RY). With gb(y) — Avg(gs) < Lip,, d(y,z) for all I € {1,...,N} we get A\* <
B
. . 2 . . . A . . .
N (Llpg2 diam B) , which implies VN Lin,, < diam B. Since y € B, there exists

some ball B ¢ BNB (y, ﬁ) with diam B > , and hence with |ga(x) —
92

A
2v/N Lip,
A : : n A LD
Avgp(g2)] > 4 we obtain (diam B) Agg lga(x) — A;g(gg)| > wn(m) 5

O

Using Lip,, = C(v) Lip,, this implies the assertion.

Lemma 7.16. Let 0 > 0 and y € Py. There exists some constant C = C(N,n,v)
and some affine map ay : Py — Pi- so that if r < 6 and B(y,r) N Hy # ), we have

lg = ayll L= (B(yr)npo, Pty < Cr6 Lip,.

Proof. Let y € Py. If § > 1, we can choose a,(y’) := g(y) as a constant and
get the desired result directly from the Lipschitz condition. Now let 0 < 6 < 1
and y' € B(y,r) N Py. We set ay(y') = g(y) + Dg1(y)¢~ (v —y). We have
d(y',Us) < d(y', Hyg) < d(y',y) +d(y, Hg) < 2. So we get ¢,y € Ug. Using Taylor’s
theorem and Lemma we obtain

91) = [ () + Dgr o™ (v =l < 3 19"l ly’ = vl
< C(n,v)Lip, 2.

Since r < 0 < 1, B(y,r) N Hy # 0 and Hy C Ug, we obtain B(y,r) N Py C Us,
and we can apply Lemma Together with the definition of Hy this leads to
0SCR(y,r g2 + Lip, 7> < C(N,n,v)rf Lip,. Now by using g = g1 + g2 and |g2(y') —
g2(y)| < 208cp(y,r) g2 we get for every 3 € B(y,r) N Py that

l9(y') = [9(y) + Dgr(y)~ ' (v — )]| < C(N,n,v)rf Lip, .
O

Lemma [7.14 and Lemma complete the proof of Theorem [T.3l |

7.2. The ~-function of A and integral Menger curvature. In this section, we
prove the following Theorem [[.T7l It states that we get a similar control on the
~-functions applied to our function A as we get in Corollary L8 on the S-numbers.

For a,e > 0, < 2¢ and k > 4, we defined A on Uy (cf. Definition [620). Since
in this section we only apply the y-functions to A, we set (¢, t) := va(q,t) and we
recall the notation Uy := B(0,10) N Py.
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Theorem 7.17. There exist some k > 4 and some & = a(n) > 0 so that, for all o
with 0 < o < @&, there exists some € = £(N,n, Co,«) so that, if k > k and n < &P,
we have for all € € [17%75] that there exists some constant C = C(N,n,K,p,Co, k)
so that

/ / (g,t dH"( ) < CeP + CMgr(p) < CeP.
Uio

Proof. Let k: > 4 be the maximum of all thresholds for k given in section [l and let
a=a(n) <1 7 be the upper bound for the Lipschitz constant given by Lemma
We set k := max{k C+1, C} where the constants C and C are fixed constants which
will be set during this sectlonﬁ Let 0 < a < @&. Let £ =e(N,n,Cy,a) < a be the
minimum of all thresholds for € given in section[fl We set & := mln{a, (2C'Cy) '} <
1E and assume that k > k and n < éP. Now let € > 0 with n < &P < éP. For the
rest of this section, we fix the parameters k, 7, a, £ and mention that they meet all
requirements of the lemmas in section [6l
We start the proof of Theorem [[.I7] with several lemmas. First, we prove

Lemma 7.18. There exists some constant C = C'(N,n,p,Cy) so that

diam R;

? dt
> / / (g, t)P—dH"(q) < CeP.
R;NU1o J0 t

i€112

Proof. Let i € I12, g € R;, 0 < t < d“*mR‘ and u € B(q,t) N Py C 2R;. The
function A is in C*(2R;, Pi") (see the deﬁnltlon of A on page [215). Taylor’s
theorem implies inf,e4 d(A(u),a(u)) < t2% since the infimum over all
affine functions cancels out the linear part and the second order derivatives of the

remainder can be estimated using Lemma Now we have

W, C(N,n,Cyp)e
v(g,t) < == sup inf d alu)) <t————.
(@) U weB(q,t)nPy *EA (A(u), aw)) diam R;
Hence, Lemma [613|(ii) implies the statement. 0

The previous lemma implies that, due to Lemma [E.13|(ii), it remains to handle
the two terms in the following sum to prove Theorem [C.T7l If ¢; € R;, we get with
Lemma [613] that D(ql) < diamfi and if g, € 7(Z), we obtain with Lemma
D(g2) = 0. Hence We conclude using Lemma [6.T3|(ii) that

SR A Yy
R;NU10 (Z)QUIU

i€l12

dt
- / / (g, iy Lanr(g).
Uso J 568 t

In the following, we prove some estimate for y(g,t) where ¢ € Uyg and 1(()0) <
t < 2. To get this estimate, we need the next lemma.

8C is given in Lemma [7.20] Cis given in Lemma [.241V.
9¢’,Cy are given in Lemma [[23)
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Lemma 7.19. For all g € Uyg and for all t with % < t < 2, there exist some
X = X(q) € F and some T = T(t) > 0 with
(7.8) (X,T) €S, d(r(X),q) <T and 20t < T < 200t.
Proof. We have D(q) = inf(x ges(d(m(X),q) + s), and hence there exists some
(X,3) € S with d(n(X),q) + 5 < D(q) + 100t < 200t. We set T := min{40, 200t}
which fulfils 20t < T < 200t as t < 2. Using Lemma [6.2]i), (ii) and 200t > 5, we
obtain (X,T) € S. } 3
With d(7(X),q) < d(m(X),0)+d(0,q) <5+ 10 we get d(n(X),q) <T. O
Now let ¢, ¢, X and T be as in Lemma[7I9 Furthermore, let X € B(X,200t)NF
We choose some n-dimensional plane called P= P(q, , X) with

(7.9) BEL(X, 1) < 2B14(X, 1)

and define

(g,
With Lemma [6.13] we hav

t) == {i € Iis|RiN B(q,t) # 0} .
e (B(gq,t) N Py) C Uiz C 7(2)UU;ep,, Ri- We set
Ko [ duta Al AW.P)

tn+1

A(u),
K, = / —(“ AW P) g34m )
B(a.t)NR t
and get with Lemma that
(7.10) g t) <3 Ko+3 > K
i€Z(q,t)

First, we consider Kj.

Lemma 7.20. There exists some constant C > 1 so that

/ d(u+ A(u), P)dH™(u) < / d(z, P)dH"™(z).
B(q,t)Nm(Z) B(X,Ct)NZ

Proof. Let g : m(£) = Z,u — u + A(u). This function is bijective, continuous
(A is 2a-Lipschitz on m(Z)) and g~! = 7|z is Lipschitz continuous with Lipschitz
constant 1. With f(z) = d(z, P) and s = n, we apply [27, Lem. A.1] and get

/ d(u+ A(u), P)dH" (u) < / d(z, P)dH" (z).
B(g,t)Nm(2) 9(B(q,H)Nm(2))

Now it remains to show that there exists some constant C' so that g(B(g,t)Nw(Z)) C
B(X,Ct)NZ. Let x € g(B(g,t) N7(Z)). This implies € Z and so, using Lemma
B.I0, we get d(z) = 0. With (Z8), we conclude that d(X) < d(X,X) + T < 200t,
and we obtain with (Z8) d(r(z),7(X)) < 201t. So, with Lemma B.II, we have
d(z, X) < 1602t. We deduce with C' = 1802 that d(x, X) < d(z, X)+d(X,X) < Ct
and so g(B(q,t) N7(Z)) ¢ B(X,Ct)N Z. O

Lemma 7.21. There exists some constant C = C(N,n,Cp) > 1 so that

/ d(z, P)dH™(z) < C / d(z, P)du(z).
(X,Ct)NZ B(X,(C+1)t)
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Proof. First, we prove for an arbitrary ball B with centre in Z,
(7.11) H"(ZN B) < C(N,n,Co)u(B).

With [7, Dfn. 2.1], we get H"(Z N B) = lim, ;o H'(ZN B). Let 0 < 79 <
min {4208 50} We define F := {B(z,s)|z € ZN B, s < 7o}. With Besicovitch’s
covering theorem [7, 1.5.2, Thm. 2], there exist Ny = Ny(IN) countable families
F; C F,j=1,..., Ny, of disjoint balls where the union of all those balls covers
Z N B. For every ball B = B(z,s) € Fj, we have € Z and hence, using the
definition of Z (see page [[209), we deduce that h(xz) = 0. With h(z) =0 < s < 50

X \ N =~
and Lemmal6.2)(i), we get (z,s) € S C Siotar and so (W) < 2@. The centre

of Bis alsoin Z, and hence, analogously, we conclude that (diam B )n <282 (B) . With
(B) from page [[208| we get 11(2B) < 4"Cy2u(B). Since z € B and 5 < 79 < d‘amB
we obtain B = B(x,s) C 2B. Now, by definition of Hy [T, Dfn. 2.1} and because
0 =0(N,n) (see ([@1])), we deduce that

= No
H! (2N B) <2ZZ Z (2B) < C(N,n, Co)u(B).

J=1 BeF;
So, with 79 — 0, the inequality (ZIT]) is proven.
Let C be the constant from Lemma [[.200 For an arbitrary 0 < o < t, we define
Go = {B(m,s)’x € ZNB(X,Ct),s < 0}.

With Besicovitch’s covering theorem [7, 1.5.2, Thm. 2], there exist Ny = No(N)
families G,; C G, of disjoint balls, where j = 1,..., Ny, and those balls cover
Z N B(X,Ct). We denote by pg the centre of the ball B and conclude that

/ d(z, P)dH" (x Z LOBUM@B, P)dH" (z)

) 1
ZNB(X,Ct) j=1 B€Go,

Eare NnCOZ Z/ o +d(ps, ))du()

j=1B€G,,;

< C(N,n,Cy) (u(B(X, (C+1)t))20 —l—/B d(w,f’)du(a:)) .

(X,(C+1)t)

With ¢ — 0, the assertion holds. O

With Lemma and Lemma [I.2T] we get for Ko using that k > k > C + 1,
where k is defined on page [1227],

5 3
(712) Ky < C(N,TL,C()) ijk(Xa t) < C(N,TL,C()) Bl;k(Xv t)'
To estimate K;, we need the following lemma.

Lemma 7.22. There exists some constant Cy = C4(N,n,Co) > 1 so that, for all
i € Iz and u € R;, we have d(mp,(u+ A(u)), B;) < Cydiam R;. We recall that P;
is the n-dimensional plane, which is, in the sense of Definition [6.1], associated to
the ball B(X;,t;) = B; given by Lemma (cf. Definition [G17).
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Proof. For every i € Iyo C I, we have with Lemma that B; = B(X;,t;) and
(X, t;) € S C Stotar- Hence we can use Lemma 10l (0 = 2¢, 2 = X;, t = t;, A = %,
P = P;) to get some y € 2B; N P;, where P, = Px,.t;)- We obtain with Lemma
RI3 (P = Pj, P, =Py), a <a < i (& is defined on page [227) and Lemma [6.14}

d(u+ Ai(u),y) < %d(um(y)) < 2[d(u, 7(X;)) + d(7(X3), w(y))] < C diam R;.

Moreover, with Lemma [6.2T(iv) and ¢ < & <1 (£ is defined on page [[227]), we get
d(mp,(u+ A(u)),u+ A;(u)) < d(u+ A(u),u + A;(u)) < Cdiam R;

for some C' = C(N,n,Cy). Using these estimates, u + A;(u) = 7wp, (u + A;(u)) and
triangle inequality, we obtain the assertion. O

Now, with Lemma and K; from (TI0), we obtain for i € Z(q,t) C I1a:

t" JB(g,t)NR; t

+ Lo { d(rp, (v + A®v), P) ‘v € B(g,t)N RZ} H™(B(q,t) N R;)

(Al 4
L. 1 d(u+ A(u), B;)

" B(q,t)NR; t

(7.13) + wp, (@) sup {@’w € P, d(w,B;) < Cy diale} .

dH™ (u)

Since P; is the graph of A;, we get for any u € B(g,t) N R; with Lemma [6.2(iv)
that there exists some C' = C(N, n, Cy) with

du+ Au), ) < d(u+ A(u),u + A;(u)) = d(A(u), A;(u)) < Cediam R;,
and so, using Lemma [A4]

] . A\ ntl
(7.14) l/ dut AW P) 3m(0) < e (N, n, o) (dlam&) .
" JB(¢,HNR; t t

Lemma 7.23. There ezists some constant C = C(N,n,Cy) so that for all i €

I(g,1),
d(w, P) ‘ w € P,
P t d(w, Bl) S C4 diam Rl

C 1 . ’
n ediam R; + (W /231. d(Z7P)3d‘u,(Z)> ] .

Proof. Let i € Z(q,t). Due to the construction of B; = B(X,,t;) (see Lemma
[614), we have (X;,t;) € S C Stotar and so 6(X;,t;) > g. With Corollary 3]
A= %, B(z,t) = B(X;,t;), T = RY), there exist constants C; = C;(N,n,Cq) > 3,
Cy = C3(N,n,Cy) > 1 and some (n, 10713’1 )-simplex T = A(xzg,...,zy) € F N B;
with

(7.15) (B (x,{, 5—) ﬁBi) >4 and B (xﬁ, g_) C 2B; C kB; = B(X, kt,),

<




INTEGRAL MENGER CURVATURE AND RECTIFIABILITY 1231

for all kK =0,...,n, and we used that C; > 3 and k > k > 2 (l~c is defined on page
227). We set C' := 400Cs, B, := B (zﬁ, g—) and define for all kK =0,...,n

(7.16) Z, = {z € B,NFld(z,P,) < C' diamRi} .

We have (X;,t;) € Stota; and hence Bf?k(Xi,ti) < 2¢. Using this and Lemma [6.14]
we obtain with Chebyshev’s inequality

- tntl P "1 100 t?
Bn Z}'i 117 N X’L7t’b S 1172 = L .
B\ Zi) < C’'ediam R; /Bl*k( ) C'et; ¢ 2Cy
Using Lemma [6.14] again, we get
(7.17)
. _ I5) ¢ th t diam R?
Zs) > B.)—uw(Bu\Zs) > +——t = —~— > ———*>0.

Forallk € {0,...,n},let z, € Z,, C B,. and set y,, = wp,(24). Sincee <& <
(€ was chosen on page [[227]), we deduce that

A, ) < d(Yr, 26) + A2k, ) < d(2, P;) + L3 (E%H) C'e diam R; + 1 < 21.
C1 Ch C1
Due to Lemma [Z8] the simplex S = A(yp,...,y,) is an (n,6né—i1)—simp1ex, and,
using the triangle inequality, we obtain S C 2B;. Now, with Lemma 216] (C = %,
C=2t=t,m=n,z= X;) there exists some orthonormal basis (o1, ...,0,) of
P, —yo and there exist 7;,,, € R with o, = Elr:1 Y (Yr —y0) and |y, < (201 )n G%i
foralll<l<nandl<r<l|.
Now let w € P; with d(w, B;) < Cydiam R;. We obtain
n

(718) w_y0:Z<w_y07On> n_z W — Yo, Ok Z'an Yr =Y
k=1

k=1

and so, with Remark 1] (b = w, P = P) and |w — yo| < d(w, B;) + diam B; +
d(Bi,yo) < Ct;, we get

d(w, P) @ nCCpt i (d(yr, zr) + d(zr, P))
r=1

19 " R
(7.19) < n’CCpt'Clediam R + nCCPH Y d(z,, P
r=0
The previous results are valid for arbitrary z, € Z,; hence we get
d(w, P) — n2CC{’HC/5 diam R;
1 3

(rovse) n S\ ?
< m /Z e /Z (nCC{ZH Z d(z, P)) dp(zn) - .. dpu(zo)

r=0

3
1 N
,u(Z)/ d(z., P)3 du(zr)>
(1D (T15)

< nCCPH! (dlamRn/ d(z, P)3 )) ,

< nCC{”rl (

r=0
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where we used that the sets Z, are disjoint. Since w € P; was arbitrarily chosen
with d(w, B;) < C4diam R;, we get the statement. O

Lemma 7.24. There ezists some constant C = C(n,Cy) so that

diam R;\" 1 1 . °

| = d(z,P)=d < (X, 7).

5 () (] ) <o

i€Z(q,t) ¢

Proof. Let i € I(q,t) (Z(q,t) is defined on page [[228)) and x € 2B;. We define
J(i) == {j € I(q,t)| diam B; < diam B;,2B; N2B; # 0}

El(x) = Z XQBJ (:L')
jed (@)
First, we prove some intermediate results:
L For all i € I(g,t), we have [, Ei(z)du(z) < C(n,Co)(diam R;)". This
implies that Z;(z) < oo for p-almost all z € 2B;.

Proof of 1. Let i € Z(q,t) and j € J(i). With Lemma [6.14] applied to j and the
definition of J(i), we deduce that diam R; < 200diam R;. Using Lemma and
J € J(i), we get d(R;, Rj) < C'diam R;. This implies for some large enough constant
C > 1 that R; C CR;. Since the cubes Ic%j are disjoint (see Lemma B.T3[(ii)), we
get with Lemma [A 4}

> (diamRy)" = Y (VR)"H"(R;) < (vVn)"H"(CR;) = C(n)(diam R;)".

JEJ(3) JEJI(3)

and

In the following, we apply Fatou’s lemma [7, 1.3, Thm. 1] to interchange the in-
tegration with the summation. With (B) from page and Lemma [614] we
obtain

(B)
/ Si(z)dp(z) < > p(2B;) < C(n,Co) > (diam R;)"
2B, JET() J€T ()

< C(n, Cp)(diam R;)"™. O

II. Let €RY and m €N. There exists some C=C(n)>1 with 3" icz@.t) X,p (7)
E;(z)=m B
<C.

Proof of 1. Let l,0 € Z(q,t) with « € 2B;N2B, and E;(x) = m = Z,(x). Without
loss of generality, we have diam B; < diam B,.

Assume that diam B; < diam B,. We define J(I,z) := {¢ € J(I)|x € 2B, }. Let
j € J(l,z). By definition of J(I), we get diam B; < diam B; < diam B,, and = €
2B;. Since x € 2B,, it follows that 2B,N2B; # () and, because diam B; < diam B,
we get j € J(o,z). Furthermore, we have o € J(o,z), but o ¢ J(I,z) because by
our assumption we have diam B; < diam B,. So we get J(I,z) C J(o,x). Now we
obtain a contradiction:

m=2@)= Y X @= Y xn@< Y @ =5 =m
JEJ() JEJ(l,x) j€J(0,x)
Hence there exists some A = A(z,m) € (0,00) so that, for | € Z(q,t) with € 2B,
and Z;(x) = m, we have diam B; = A, and, we obtain with Lemma .14 that A <
200 diam R; < 200X and d(R;, 7(B;)) < 100A. Using d(R;, w(x)) < d(R;,w(B;)) +
2diam B; < 102\, we get R; C B(w(z),103\) N Py. With Lemma [A4] we have
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H"(R;) > (vVn) "(555A\)", and according to Lemma B.I3(ii) the cubes R; have
disjoint interior. This implies that there exists some constant C(n) so that there
are at most C'(n) indices | € Z(q,t) with E;(x) = m and = € 2B;. This implies the
assertion. O

1. We have i € J(i) and so Z;(x) # 0 for all x € 2B;. Hence, with z € RV the
term

X2s,; (x)EZ(‘T)_Q =

Ei($)72 if x € 2B;,
0 otherwise

is well-defined. Now there exists some constant C(n) so that, for all z € RY, we
get

S v Z > Xon, ()5 < C().

i€Z(q,t) m=1 i€Z(q,t)

Z;(a)=m
IV. Let i € Z(g,t). Since i € J(i), we have E;(z) # 0 for x € 2B;. We obtain
with Holder’s inequality
3

1 1 )
< S P)Z;(2)72 )
< Cn. o) g | A PR 2 ule)
2B;
V. We have

. /U d(z, P)du(z) < 2B1(X, 1),

i€Z(q,t) 2B;

where X € B(X(q),200t) (cf. page [228).

Proof of TII-V. At first, we prove that there exists some constant C' > 1 so that
for i € Z(q,t) we have 2B; C B(X,Ct). Let i € Z(q,t). By definition of Z(g,t) (see
page [1228)), we obtain R; N B(q,t) # 0. Let @ € R; N B(g,t). Since D((JQ) < t (see
page [[22])), we get, using the triangle inequality, D(@) < D(q) + d(q, @) < 101¢. It
follows with Lemma [6.13)(i) that

(7.20) diam R; < {5D(a) < 11¢.

With Lemma [6:14] and (T8), we get (X € B(f(, 200¢t); see page [1228))

d(m(B;),w(X)) < d(m(Bi),u) + d(a,q) +d(g, 7(X)) + d(m(X), (X))

3 - (rd10)
(7.21) < d(m(B;), R;) + diam R; +t 4200t + d(X,X) < Ct.
Now let « € 2B, = B(X,,2t;). Since (X;,t;) € S, using Lemma [6.14 and (720,
we get d(x) < 4400t. Due to X € B(X,200t) N F and (Z8), we deduce that
d(X) < 400¢t. With Lemma [6.14] and estimates (T220) and (T21]), we obtain with
triangle inequality d(7(x), (X)) < Ct. Now there exists some constant C' > 1 so
that we get with Lemma d(z, X) < Ct. All in all we have proven that, for all
i € Z(g,t), we have 2B; C B(X, C’t) Since k >k > C (see page [[227), we get the
assertion with condition (Z9) from page O
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Now, Lemma [(.24] can be proven by applying IV, III, and V and using the
monotone convergence theorem [7, 1.3, Thm. 2] to interchange the summation and
the integration. (Il

Now we can give some estimate for v(q, t), where ¢ € Uy and % <t < 2. Using

the inequalities (T10), (Z12), (C13), (C14), Lemma [[.23 and Lemma [T.24] we get
using T' < 200¢ (cf. Lemma [T 19)) for every X € B(X,T)NF C B(X,200¢) N F:

diam R; ) et

(4.0 £ OV, o) praX.0) + O G = 3

1€Z(q,t)

With Lemma [719 we get (X,T) € S C Syorqr and 20t < T < 200t. Using this, the
previous estimate, the definition of 6 = §(n) on page and (B) from page [[208]
we get

2
(g, t)? < 5T_n/ (g t)Pdu(X)
B(X.,T)
p
1 dlamRZ el
<ot Bun(X,)Pdp(X) + Ce# | 3 !
" JB(%,200t) i€T(q,t) t

Where C = C(N,n,p,Cy). We recall that for every ¢ € Ujg there exists some
X(q) (cf. Lemma[ZI9) such that the previous inequality is valid. This implies

2
(7.22) / / B v(q,t)p%d?’-l"(q) < C(N,n,p,Co) a+C(N,n,p,Co) & b,
Uy J 2L

100

where

dt¢
0= / / / B (X, 7 du(X) Lan" (g),
D) tn B(X(q),200%) t
. A\ ntl
(dlaIle) dthn( )

=,
Uo (q)

To estimate a and b, we need the following lemma.

1€Z(q,t)

Lemma 7.25. Let ¢ € Uy, % <t <2and X € B(X(q),200t) N F, where
X (q) is given by Lemma LI Then d(n(X),q) < 400t and there exists some A =
AN, n,Co)>0 so that, with ko=401, we have oy, (B(X,t)) =SUDycB(X kot) (B(y t)
> X, where SkO(B(X, t)) was defined on page [I90. Furthermore, there holds for all
i €Z(q,t) that

(7.23) d(q, R)) < t, diam R; < 11t,
and there exists some constant C = C(n) with
diam R; \ "' . n
(7.24) | Z ( . ) <C, Z (diam R;)"™ < C.
i€Z(q,t) i€l12

Proof. Let g € Uyg, 29 < ¢ < 2and X € B(X(q),200¢)NF. We have d(X, X(¢)) <
200t and, with (Z8), we get d(m(X(q)),q) < 200t. This implies d(7(X),q) < 400t
by using triangle inequality. With (Z.8), we obtain (X (q),T) € S C Siotar and, by



INTEGRAL MENGER CURVATURE AND RECTIFIABILITY 1235

definition of Sirai, we conclude that §(B(X(q),T)) > ¢. We have B(X(q),T) C
B(X,400t) and hence with (Z8) we get §(B(X,400t)) > %0"' Applying Corol-
lary 3(ii) with A = %on on B(X,400t), we get constants C; = C1(N,n,Ch),

Cy = C3(N,n,Ch) and in particular one ball B(z,s) with s = 48,—?’5 and

(7.25) pu(B(x, s) N B(X,400t)) > YI0°.

We have § < 22 (cf. (), and Lemma H.2 gives us Cy > 400. This yields s < ¢.
From (T.28), we get B(x,s) N B(X,400t) # 0, which implies d(x, X) < 401¢, and
with (Z.25) we get sup,ep(x 4014 0(B(y,1)) > %2" =: \. Let i € Z(q,t). Due to
the definition of Z(q,t) (see page [[228)), we have d(gq, R;) < t and we can choose
some 4 € R; N B(g,t). With Lemma [6I3(i), we obtain 10diam R, < (D(q) +
d(g,u)) < 11t. The intervals R; have disjoint interior (see Lemma [B.I3)ii)) and,
from R; N B(q,t) # 0 for all i € Z(q,t), we get R; C B(q,12t). With Lemma [AZ4]

this implies

diam R; \ """ @2 11 , n
Z < ; > < t—nz (diam R;)
1€Z(q,t) 1€Z(q,t)
11 .
=Y (VA H (R = O)
1€Z(q,t)
Now let i € I15. We have R; N B(0,12) # (. If (Y,r) € S C Siota, We get
Y € F C B(0,5) (cf. (A) on pageI208) and hence we obtain d(7(Y"),0) < 5 as well
as r < 50. With ¥ € R; N B(0,12) and Lemma [6.13((i), we get
1 1
diam R; < —D(?) = — inf
fam Bi < 75D(0) = 35 ot o
Hence, for all i € I12, we have R; C B(0,19), and the cubes R; have disjoint interior
(cf. Lemma BI3(ii)). With Lemma [A4l we deduce that )., (diam R;)" =
C(n). O

(d(x(Y),5)+7) < %(5 +12450) < 7.

To control the terms a and b we will use Fubini’s theorem [7, 1.4, Thm. 1] in the
following abbreviated by (F). Now, using Lemma and Corollary 8 (A = A,
ko = 401), we conclude that

(? °1 dH" X, t)P dtd X

a < /F/O m /Um X{d(m(X),q) <400t} (q) X{SRO(B(X,t))ZS\}Bl;’C( 1) v 1(X)
< C(N,n,K,p,Co, k) Micr(11).

Now we consider the integral b. We use Fatou’s lemma [7, 1.3, Thm. 1] to inter-
change the summation with the integration:

(ravz ravs) 2 diam R; \""'dt
0 T [ Lo E Moz (FFR) S0

100 i€112

() : n+1 * n dt

< C Z (diam R;) /*R/U X{a(a,r) <ty AH"(0) 57s
i€li2 11 10

(o2

< C(n,p).
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Due to Lemma[6.13)(ii) the proof of Theorem [[.I7is completed by applying Lemma

(©)
[TI8, (1) and (C) from page [208 because My (1) < 1 < P (see pages 1208 and
1227). 0

8. Z 1S NOT TOO SMALL

Our aim is to prove Theorem 5.4l In Definition [6.3] we defined a partition of the
support F' of our measure p in four parts, namely Z, Fy, Fy, F3. Then, in section
[6.4, we constructed some function A, the graph I' of which covers the set Z. To
get our main result, we need to know that we covered a major part of F. In this
last part of the proof of Theorem [5.4] we show that the u-measure of Fy, Fy, F3 is
quite small. In particular, we deduce that p(F; U Fo U F3) < ﬁ. As stated at the
beginning of section [6.T], this completes the proof of Theorem [5.4l

8.1. Most of F is close to the graph of A. With K :=2(104-10-6 4 214), we
define the set G by

{zr € F\ Z | Vi € I5 with w(x) € 3R;, we have v ¢ KB;}
U{z e F\Z | n(z) en(Z)}.
At first, we show that the p-measure of G is small.

Lemma 8.1. Let 0 < o < 27:0' There exist some € = E(N,n,Cy,a) so that, if
1 < 28 and k > 4, there exists some constant C = C(N,n, K, p,Co) so that, for all
€ €[3,€), we have

©)
p(@) < CMpr () < Cn,
where the condition (C) was given on page 1208

Proof. Let 0 < o < 535 and € := min{g, &1} where € is given by Lemma [6.11] and
C = C(N,n,(Cy) is a fixed constant defined in this proof on page[I2Z37l Furthermore
let n <26, k>4 and n < 2e < 2¢.

Let x € G. If z € G\ 7 ' (n(Z)) C F C B(0,5), with Lemma [EI3(ii), there
exists some i € I15 with w(z) € R; C 2R;. Let X; be the centre of B; (cf. Lemma

[614). We set

X() X; ifze G\ 7 1(n(2)),
x) =
m(z) + A(r(z)) ifz € GNna Y n(2)).
Claim 1. For all z € G and X = X (z) defined as above, we have
(8.1) d(z,X) < Td(@), d(r(z),7(X)) <42, 9 <iX,0), (X, %)) es.
Proof of Claim 1.

1. Case: z € G\ 7 1(n(Z)). Due to the definition of G and 7 (z) € 2R; C 3R;,
we have z ¢ KB;. By adding some ¢ € R; with the triangle inequality and using
Lemma [6.14] we get d(m(z), m(X;)) < 104diam B;. With Lemma [6.14 we know
(Xi, %) € S and hence we get d(X;) < diam B;. Using z ¢ K B; and Lemma
.11 we get K - 4205 < d(z, X;) < 6d(z)+ 214 diam B;, which yields by definition
of K (cf. the beginning of this subsection) 104 diam B; < %. From the previous
two estimates, we get d(x, X;) < 7d(z); i.e., the first inequality holds in this case.

Furthermore, we have the second one since d(w(z),n(X;)) < 104diam B; < %.
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We have (X;, %) € S, so we get d(x) < d(X;,x) + % < d(X;,x)+ %@7

and hence the third inequality holds in this case. Due to Lemma [69] we have
diam B: d%:) < 8% <50, so that with Lemma[G.2(ii) we deduce that (X, d% )€ S.

2 Case: * € GN7 Y (w(Z)). We have n(z) € n(Z) and hence X = m(z) +
A(m(z)) € Z (cf. Definition [620)). By definition of Z and Lemma[6.2(i), we obtain
(X,0) € S for all ¢ € (0,50) and hence @ < d(X,x) + o, which establishes
the third estimate. Moreover, we have d(w(X),n(z)) = d(n(x),w(x)) = 0. Using
Lemma [610, we obtain d(X) = 0 and hence we get with Lemma d(z,X) <
6d(z). Furthermore, we have with Lemma [6.9] that @ < 6 < 50 so that by

0
definition of Z, we get (X, dﬁg)) € S. Claim 1 is proved.

Let P, := P(X) o)) be the plane associated to B(X, %) (cf. Definition [B.]).
We define

(8.2) T .= {u eB (X, %) ’d(u,Px) < %@g}.

Due to Definition we have 552 (X, #ﬁ)) < 2¢ and hence we get using Cheby-
shev’s inequality

n(B(xA2) V) < 8 () ol (x.49) <5 ()

Since T C B (X7 %) and 5(B(X7 %)) > %5 (cf. Definition [61] of Siotar), we

obtain
d(z) d(z) d(z) s (d@)\"
n(B(x50) nT) 2 (B (x.53)) - u (B (X 58)\T) 2 £ (7))
With Corollary @3 (A = &, ¢t = %), there exist constants C; = C1(N, n, Co) Cy =
C3(N,n,Cy) and an (n, 10n L) )—simplex T = A(zo,...,z,) € FNB (X, 10 )OT

10C,
so that for all j € {0,...,n},
d(z d(z) "
3 (5 (e 82 5 (.52 ) = (42) 0
Let y; € B (:vj, Toc, ) NT for all j € {0,...,n}. By applying Lemma 28] (n + 1)

times, we find that A(yo,...,¥yn) is an (n, 8n flég)l )—simplex.

Claim 2. For all € G, we have d(z,aff(yo, ..., yn)) > @.

Proof of Claim 2. Let P, := aff(yo, ..., Yn) be the plane through yo,...,yn. Ap-

plying Lemma 17 (C = &, ¢ =1, t = X 6 = 8 p = P, P, = P,
S = Ao, Yn), = = X, m = n) ylelds <(Py,P;) < «, where we use that

e <& < & and C is given by Lemma 217 . So, with Definition [l we obtain
<(P,, Py) < 2a. Let P, € P(N,n) be the n-dimensional plane parallel to P, with
X € Py, and Py € P(N,n) be the plane parallel to Py with X € Py. We have

a< 280, and hence

d(rp (2),7p, () = |mp,_x(x=X)—7p _y(z—X)[<d(z,X) (P, R) < S5
Furthermore, with 1), we get d(7p (2), X) = d(7(z),

m(X)) <
triangle inequality, the previous two estimates imply d(m T, (), X) < dz) 4 dfg)
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N>

) we have d(Py,Py) =d(X,P,)) < d(X,y0) < d@)  ond

Since yo € T C B(X, 5 d(z < S5

10
hence

10 2 (2, P,) + d(Py, Py + di, (2),X) < dle, By) + 92

d(ac)

and we gain d(z, Py) > . Claim 2 is proved.

With ®1) and d(y;, X) < d(y;,z;)+d(z;, X) < 1(10%)1 + dl(g), we obtain yg, . . . Yn,
x € B(X,7d(x)), which is a subset of B(X, gﬁ ig)), where we used the explicit
characterisation of C7 given in Lemma [ Due to the second property of a p-
proper integrand (see Definition BI)), there exists some C' = C(N,n,K,p,Cy) > 1
so that we get with Claim 2

- 2)\ et o P
,Cp(y();'u;yn,l') > Cil (@> (d( ’ ff( ( ) 7yn))>

10
- d(I) —n(n+1)
>0 =22 .
(%)
This estimate holds for all y; € B(J?“ ld(%) ) N Y. By restricting the integration to
the balls B(xl, 10(2) ) and using the previous estimate as well as estimate (83]), we
get

/. . ./ICP(ZJO, ey Yn, $)d,U(yo) .. .du(yn) > C’*lc;(ﬂJrl).

We have proven the previous inequality for all z € G, so finally we deduce with (C)
from page [[208 that there exists some constant C' = C(N,n, K, p, Cy) so that

. ©
(@) <0y [ [ [ )dnton) - dutm)dn(o) < O

Lemma 8.2. Let a,e > 0. If n < 2e, we have (20K)™'d(z) < D(n(z)) < d(z) for
all x € F\ G, where K is the constant defined on page at the beginning of this
subsection.

Proof. Let x € F'\ G. We have D(n(x)) = infycr1(r(z))d(y) < d(z). If 2 € Z,
Lemma [6.10] implies d(z) = 0, so the statement is trivial. Now we assume z ¢ Z.
Since x ¢ G U Z, by definition of G, there exists some i € I15 with 7(z) € 3R; and
x € KB;. We have B; = B(X;,t;) where (X;,t;) € S (see Lemma [6.14) and K > 1
(see page[1230]), so we obtain d(z) < d(X;,z) +t; < K diam B;. Now, with Lemma

6.13(i) and 6.1, we deduce that D(m(z)) > 55z d(z). O

Lemma 8.3. Let 0 < a < %. There exists some & = &(N,n,Cy) and some k >4
so that, if n < 2€ and k > k, for all e € [3,€) we have that the following is true.
There exists some constant C = C(n) so that, for all x € F with t > diz)

10 7
/ d(u, m(u) + A(m(u)))dp(u) < Cet™
B(z,t)\G

we have

Proof. Let 0 < a < i. We choose some ¢ with 7 < 2¢ < 2¢ and some k > k=
max{l%,é}, where & and k are given by Lemma B21 and C is a fixed constant
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introduced in step VI of this proof. Let x € F and t > d(x . We define
I(z,t) = {i € I12|(3R; x Py") N B(z,t) N (F\G) # 0}

where 3R; x Pg- := {x € R¥|n(x) € 3R;}. At first, we prove some intermediate
results:
I. Due to the definition of G we have

(Bx,t)nF)\(GUZ)C |J (B3R x PF)NKB..
i€l (x,t)

II. Let u € 3R; x P;-. Using Lemma [6.I3|(iv) implies that djen, i(m(w)) is a
finite sum.

III. Let i € I(x,t) and j € I12. We define ¢; ; to be 0 if 3R; and 3R, are
disjoint and 1 if they are not disjoint. We have ¢;(m(u)) < 1 = ¢;; for all u €
(3R; x P-) N K B;, since if ¢;(m(u)) # 0 the definition of ¢; (see page [215) gives
us m(u) € 3R; and because 7(u) € 3R;, we deduce that 3R; N 3R; # (.

IV. If ¢, ; # 0, we can apply Lemma [6.13|(iii) and Lemma [6.21](i). Hence, using
Lemmal[6.17] the size of B, as well as the distance of B; to B; are comparable to the
size of B;. Consequently, there exists some constant C so that KB; C C~'Bj C kB;.

V. If u € kBj, we have |7+ (u) — A;(7(u))| < 2d(u, P;). We recall that P; is the
graph of the affine map A; (cf. Definition and Lemma [6.T8)).

Proof of T-V. We set Py := Py+ A;(r(u)) and v := 7(u) + A (7 (u)) = mp, (u). We

get

e, () — 0] = |, o — 0) — 7, (1 — )| < Ju— ] (P}, Po).

Using this and <(Pj,Py) < o < 1 (cf Definition [6I7) we obtain |u — v| <

d(u, P;) + 4|u —v| and hence |7+ (u) — Aj(7(u))| = Ju—v| < 2d(u, P}). O
If w € Z, the definition of A (see page [2T5)) yields d(u,m(u) + A(mw(u))) = 0.

Using Lemma [9 and Definition [6.20, we get

/ d(u, () + A(r(u)))dpu(u)
(@,D\G

AT U 7TJ_’LL — AT U u
s/BM(GUZ) S 65(m(w) |7t (w) — A (r(w)] duu)

jEI2

Using I to V we obtain

/B(z,t)\Gd(u’ﬂ-(U)—i_A( m(w)))dp(u) Z Z ¢wtj+ /1ch i dp(u).

i€l(z,t) j€I12

Now we get the statement by using the following five results.

VI. Lemma [6.21] and the definition of Siyq; imply ﬁf:”,'c(Bj) < 2e.

VIL. Let i € I(z,t) and j € Io. If ¢; ; # 0, we conclude that 3R; N 3R; # 0.
Hence, with Lemma [6.13(iii) and Lemma [6:14] we deduce that 2¢t; = diam B; <
1000 diam R;.

VIIL. For i € I(z,t), we have with Lemma G13(iv) that >_. .,  ¢i; < (180)".

IX. For i € I(x,t), there exists some y € B(z,t) N (F \ G) with 7(y) € 3R;. We
obtain with Lemma[G.13] Lemmal8.2]and our assumption ¢ > % that 10diam R; <
d(z) + d(x,y) < 11t.
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X. Let i € I(z,t). With IX we obtain diam R; < 2t and, because (3R; x Pg-) N
B(z,t) # 0, we get R; C B(w(x),t+ diam3R;) N Py C B(w(x), 7t) N Py. Moreover,
with Lemma [6T3(ii), the primitive cells R; have disjoint interior and hence we get
with Lemma [A4] (we recall that w,, denotes the volume of the n-dimensional unit
sphere)

> (diam Ry)™ < V" H"(B(r(x), 7t) N Py) = v/n" wn (7)™ -
1€l(x,t)

Definition 8.4. We define F := {x € F\ G | d(z,7(z) + A(n(2))) < E%d(l‘)}.

Theorem 8.5. Let 0 < o < %. There exist some € = (N, n, Cp) < i and some k >
4 so that if n < 2¢ and k > k, there exists some constant C = Cs5(N,n, K, p,Co)
so that, for all € € [1,€), we have pu(F \ F') < Cse?.

Proof. Let 0 < o < i. We choose some ¢ with 7 < 2e < 2¢ := min{2¢, 2¢, %} and
some k > k where £ is given by Lemma RBI]and & and k are given by Lemma B3]

At first, we prove some intermediate results:

I. We have Z C F because for z € Z the definition of A on Z (see Definition
[620) implies that d(z, 7(z) + A(n(z))) = d(x,z) = 0.

I. If z € F\ (FUQG), we conclude with I that ¢ Z and, with Lemma

610, we deduce that d(z) # 0. So G = {B (3:, ig)) ‘x € F\ (FUG)} is a set
of nondegenerate balls. For z € F C B(0,5), we have d(z) < 60 (see Lemma
[69) so that we can apply Besicovitch’s covering theorem [7, 1.5.2, Thm. 2] to
G and get Ny = NO(N) families B,, € G,m = 1,..., Ny, of disjoint balls with
F\(FUG) cUp, BeB,, B-
III. Since d is 1- Llpschltz (Lemma IZEI) for all u € B(z, %), d(z) —d(u) <
d(z) 10 _1
d(z,u) < 55 and hence d(u) <v@m < (z)
IV. Let 1 <m < Ny and let B, = B(x ,%—g) and B, = B(y, ) be two balls
in B,,. Then we either have
a) 7 (g0 Bx) N7 (g9 By) =0 or
b) if 2d(x) > d(y), then B, C 200B, and diam B, > (40K)~! diam B,,

where K is the constant from page [1230]

Proof of I-IV. Let 7 (357 Be) N7 (502 By) # 0 and 2d(z) > d(y). We deduce with

Lemma 61T d(z, y) < 19d(z), which implies B, C B(z,19d(x) + d%)) = 200B,.

With Lemma B2 we get 252 < D(n(y)) + d(w(z),7(y)) < d(y) + 4((;5) and hence
d(y) > (40K)~!d(z). All in all, we have proven that either case a) or case b) is
true. 0

V. There exists some constant C' = C(n) so that )5, (diam B)" < C for all

Proof of V. Let 1 < m < Ny. We recursively construct for every m some sequence
of numbers, some sequence of balls and some sequence of sets. At first, we define
the initial elements. Let d},, := suppep, diam B. We have d}, < oo because, for
all z € F C B(0,5), we have with Lemma that d(z) < 60. Now we choose
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. . d}
B}, € B, with diam B}, > <2 and define
1. 1 pi 1
Bl = {B € Bu|r (e BL) N (e B) #0}.

. . i+1 ) ) . /
We continue these sequences recursively. We set d;7* = supp, B \Ui_, B diam B’,

. ; . . i+1
choose Bif' € By, \ Uj_, BJ, with diam B} > me and define

Bt = {BeBm\UB ’ (BN (pr );é@}
j=1

If there exists some [ € N so that eventually B,, \Ul Bl =0, we set B, := () for
all i > [ and interrupt the sequences (d?,) and (BY,). We have the following results:

(i) For all I € N and B!, = B(a! d(w’”)), we have with Lemma [6.9 and !, €

Tm> 710
F c B(0,5) that d(xm) < 6. Hence we get B, C B(0,11).
(ii) For all1 <m g Ny, we have | J;2 | B:, = By,.

Proof of (i) and (ii). If there exist only finitely many d',,, the construction implies
B, c U2, B;

Now we assume that there exist infinitely many d!,. Since B,, is a family of disjoint
balls, the set { B, |l € N} is also a family of disjoint balls. Due to (i), all of those balls
are contained in B(0, 11). If there exists some ¢ > 0 with diam B., > cfor all € N,
there cannot be infinitely many such balls. Hence we deduce that diam B!, — 0 if
| — co. Let B € B,,. If B ¢ |J;=, Bi,, we obtain 2diam B!, > d, > diam B for all
[ € N where we used the definition of dl This is in contradiction to diam B, — 0.
So we get B € |J;=, Bi,. All in all, we have proven |J;°, Bi, D B,,. The inverse
inclusion follows by definition of BY,. O

(iii) Let 1 < m < No, € Nand B, = B (y, 42) € B, Bl, = B (a1, “5p)) €

B,. We have 7 (g7 Bl,) N7 (g By) # 0 and 2d(a!,) = 10diam B, > 10% >
10dlamTBy = d(y). Hence IV implies B, C 200B!, and diam B,, > (40K)~! diam B.,,.
The balls in B!, are disjoint, so, with Lemma [AT] (s = diasrgiffn, = 200—5—= dlamB m
we deduce that #B, < (200 - 80K)N

(iv) {30z Bl Hien is a family of disjoint balls, and with (i) we get 7 (57 BL,) C
7(B(0,11)) for all [ € N. Hence we obtain

oo

(diam 7 (53 BL))" <w—7-£"( 7 (B(0,11))) = 22™.
1=1 "

Now we are able to prove V by using (ii), (iii) and (iv):

Z (diamB)"gi Z (@,)" = i diam7 (4 BL,))" < C(n). O
=1

BEB, I=1 BeB!,

Finally, we can finish the proof of Theorem Let pp denote the centre of
some ball B. Using the definition of F' and Lemma[83] there exists some constant
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C = C(n) so that we obtain

SHu(F\(FUG) < [ " e e 0
gl d(u, w(u) + A(r(u)))
du(u
= 2:213%; /\(FUG) d(u) .
1 oo ) diam B\"™ v
- ;B%;m d(pB>CE< 2 ) < O(N,me.

This leads to u(F \ (FUG)) < C(N,n)ez. With n < 2¢ < £2 and Lemma B the
assertion holds. O

8.2. F} is small. Now we are able to estimate p(F7). We recall that n and k are
fixed constants (cf. the first lines of section [6.I]) and that F; depends on the choice
of a,e > 0 (cf. Definition [63).

Theorem 8.6. Let 0 < a < ;. There exist some e* = &*(N,n,Co) and some k>4
so that if n < 2e* and k >k, for all e € [},€*), we have u(Fy) < 1075,

Proof. Let 0 < o < & and let &, C5 and k be the constants given by Theorem
We set €* := min {5

} and choose some k > k and some ¢ € [5,€%). First, we
prove some mtermedlate results:

I. Let G = {B(m, %3)) ze FinN 13‘} This is a set of nondegenerate balls because
ZNF; = ) and, by definition of h(-) (see page[I208), we get h(z) < 50 for all z € F.
With Besicovitch’s covering theorem [7, 1.5.2, Thm. 2], there exist Ny = Ny(N)
families B,, C G, m = 1,..., Ny, containing countably many disjoint balls with
FNnFcUN Upes, B.

II. Let 1 <m < Ny and B = B( , 10)) where 2 € F; N E. Due to the definition
of Fy, there exist some y € F and some 7 € | (53”) M] with d(z,y) < % and
0(B(y, 7)) < 4. For any z € B, we get d(z,y) < h(r) + % < 7. Hence we obtaln
B C B(y,7) and conclude that u(B) < §m" < 3”5(d1am B)

III. For all 1 < m < Ny, we have ZBEBm (diam B)™ < 192™.

Proof of I-I11. We define the function A : Uiy — RN u — u + A(u), where Uyy =
B(0,12)N Py. A is Lipschitz continuous with Lipschitz constant less than 2 because
A is defined on Ujy (see page [[216]), 3a-Lipschitz continuous (see Lemma [6.27])

and o < 5. Let B = B(m,%) € B,,. We have F C B(0,5) (see (A) on
page [[208)), and so 7(F) C Py N B(0,5) because 7 is the orthogonal projection on

Py and 0 € Py. With the definition of £, Lemma [6.10] and e < %, we obtain

d(z, x) < hz(g) where zo := A(n(x)). Let z € m (B (:co, ig))) C Ujz2. Using the

triangle inequality with the point A(7(z¢)) = o and where A is 2-Lipschitz, we get
d(A(z),z) < h(w) . This implies A(7(B(xo, io ))) € BNA(U3), and hence we gain
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P

TF(B(I, hl((:;: )ﬂA(Ulg))

Uiz

FIGURE 2. 7 (B (:co, hig))) cm (B (w, hl(g)) N A(UIZ))

™ (B (mo, %)) cm (B N A(U12)> (see Figure 2). Now we have with [7, 2.4.1,
Thm. 1]

(8.4) % (diam B)" = w,, (%)” =" (x (B (20, 22))) <H" (BN AU2)).

The balls in B, are disjoint, so we conclude using [7, 2.4.1, Thm. 1] for the last
estimate

ED § .
> (dlamB)" < Z H (BN A(Up,)) < —H"(A(Ulg)) < 192"
BeBm w BeB, U

—10

L1 I,
Now we have p(F1NF) < 2717\’1011 > pen, MB) < (5N0 576™. Since § < sy N
(see (BI)) and e2 < 1%—:7, we deduce together with Theorem BH that p(Fy) <
1076. O

8.3. Fy is small. We recall that 0 < n < 2=(n+1) and k > 1 are fixed constants
(cf. the first lines of section [6.1]) and that F» depends on the choice of a,e > 0
(cf. Definition [6.3)).

Theorem 8.7. Let a,e > 0. There exists some constant C' = C(N,n, K, p, Co, k)
so that if n < %10_6, we have u(Fy) <1076,

Proof. Let x € Fy and t € (h(x),2h(x)). It follows that « ¢ Fy U Z, and hence, for

all y € F and for all 7 € [@, @] with d(z,y) < 7, we obtain §(B(y, 7)) > ¢.

So, in particular, we get 5(B(x, @)) > 0 forx =y and 7 = (w). If kg = 1,
this implies oy, (B(z,t)) > 6(B(z,t)) > 2., where we used z) <t < 2h(z). Let
(y,7) be as in the definition of F. Then we have d(z,y) —|— T <21 < h(x) <t
and hence B(y,7) C B(z,t). We conclude that B1.x(z,t) > (%)n—H Brk(y, ) >
tgFr- Now, with Corollary B8 (A = ko = 1), there exists some constant

4717
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C =C(N,n,K,p,Cy, k) so that

dt
Mice (p /F/ B (@, P X (5, (Ba))> 4 }Tdﬂ(@")
2

2h (z) c »dt 1 . )
> — s dai S e .
N /F2 /hm <10"+1) @ =g (10n+1) p(F2) In(2)

Finally, using the previous inequality, condition (C) from page [[208 and n <

%51’10_6, we get the assertion. ]

8.4. Fj is small. We mention for review that F is defined on page [1240] and set

F = {:c eF ’ w(F N B(x,t) > %M(FQB(:& t)) for all t € (0,2)}.

Lemma 8.8. Let 0 < a < i. There exists some € = é(N,n,Cp) < % and some
k> 4 so that ifn <2 andk > k, there exists some constant C = C(N,n,K,p,Ch)
so that, for all € € [3,€), we have W(F\ F) < Ces.

Proof. Let 0 < a < % and choose &, k to be the constants given by Theorem B and
let k> k, n < 2 < 2¢. Due to Theorem B3, we only have to consider pu(F \ 1;)
For all z € F\ F using the definition of F', there exists some t, € (0,2) with
w(FNB(z,t,)) < 99~u((F\F~‘) N B(x,t,)). Hence ﬁ‘\l*g’ is covered by balls B(z,t,)

with centre in F'\ F. So with Besicovitch’s covering theorem [7, 1.5.2, Thm. 2]
there exist Ng = No(N) families B,,, m = 1,..., Ny, of disjoint balls B(x,t,) so
that

w(F\F) < Z > u(FnB) <99Z > w((F\ F)n B) < 99Ny u(F \ F),

m=1 BeB,, m=1 BeB,,
and with Theorem the assertion holds. O

Lemma 8.9. Let 6, > 0. There exist some constant C = C(N,n,Cy,0) > 1 and
some constant g = eo(N,n, Co,0) > 0 so that if n < 29 and k > 4, we have for
all € € [5,¢€0) that the following is true. If (x,t) € S and 100t > 0, then we have
<I(P(w,t),P0) < Ce.

Proof. Let 6,a > 0, k > 4 and n < 2¢ < 2¢y where the constant gy is given by
Lemma Let t > & and (z,t) € S. We get with (A) and (D) (see page

[I208) Bﬁ%(z,t) < (%)wr1 2¢. Furthermore, we have with Definition that

f:(,:”’) (z,t) < 2¢ and with (z,t) € S C Siotar We obtain 6(B(x,t)) > %. Now, with
Lemma @0 (y =z, c =1, =2 (%)nﬂ, ty =t, =1, A = g), there exists some
constant Cz = C3(N,n, Cy,0) so that <(P, 4, Po) < Cze. a

Lemma 8.10. Let 6,a > 0. If k > 400, there exists some constant €* =
e*(N,n,Co,,0) so that if n < 2*, we have for all ¢ € [3,€*) that for all x € F3
we have h(z) < 1.

Proof. Let 6, > 0 and k > 400. We set £* := min{¢, €9, 55 } where & is given by
Lemma and € as well as C are given by Lemma B9l Let n < 2¢ < 2¢* and
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x € F3. With Lemma [6.2(i), we have (z,h(x)) € S and, with Lemma [6.5] we get
Pz n(x)) Po) > 2a. Hence we obtain h( ) < 1840 with Lemma [89 O
Lemma 8.11. Let p = 2. There exist some k > 400, some & = a(n) > 0 and
some 6 = (N,n,Cy) € (0,1) so that for all a« € (0,&] and 6 € (0,6] there exists
some é = &(N,n,Co,,0) so that if k > k and n < €2, we have for all € € [\V/1,€)
that there exist some set Hyg C Ug and some constant C = C(N,n,K,Co, k) with
H"(Us \ Hyg) < C (ﬁ)z and, for all x € F3N F, we have d(w(x), Hg) > h(z).

Proof. Let k and a(n) be the thresholds given by Theorem [ZI7 and let C' =
C(N,n) be the constant given by Theorem [3l Moreover, let ¢ = C1(N,n,Co)
and 02 = (C3(N,n,Cy) be the constants given by Corollary 3] applied with
A = 2 and let § = §(N,n) be the value fixed on page We set =

n -1 ~
A= 18n (10" + 1) ( L) i C’} and choose 6 € (0,0]. Let a € (0,a], and let
&1 = E(Na n, COa Oé), 82 = E(N7 n, 007 Oé), g = 5(Na n, COa Oé), o = 80(]\[7 n, 007 9),
and e* = &*(N,n, Cp, a, 0) be the thresholds given by Lemmas [65] [6.24] Theorem
[[I7 Lemma and Lemma BT0 respectively. Finally, let C' be the constant from
Lemma [0 We set

-1
«

g:=min{ &1,&2,¢,e0," (0904) 400 [4 (10”4‘1) <C41> 2C5 7W

and assume that k > k := rnax{fc, 400} and < &2, Now let ¢ > 0 with n < &% < &2

Until now, we defined the map A only on Uyo = B(0,12) N Py (see page [[216).
Furthermore, we have shown that A is Lipschitz continuous with Lipschitz constant
3a (see Lemma [6.27). With Lemma [AZ5 an application of Kirszbraun’s theorem,
there exists an extension A : Py — RN of A with compact support, the same
Lipschitz constant 3o and A = A on Uj,. If one wants to omit Zorn’s lemma,
used for the proof of Lemma [AH] one can get the same result with a slightly larger
Lipschitz constant (see the remark after Lemma for details). We denote this
extension of A also by A

Using Theorem [[3] with ¢ = A, p = 2 and Theorem [[T7 there exist some
set Hy C Ug and some constant C' = C(N,n,K,Co, k) with H"(Us \ Hy) <

%CE Furthermore, we get for all y € Py some affine map a, : Py — Pg-

so that if 7 < 0 and B(y,r)NHe # 0, we have [[A—ay || L~ (B(y,r)np,pt) < Cr Lip 4.

We recall that Lip, = 3a (cf. Lemma IB:Zﬂ) Forz € FsNF C F3 N F, we have
with the previous lemma that h(z) < 100 Let t € [h( ), 100] If 2/ € B(z,2t) N F,
we obtain with Lemma B.I0] and the definition of F: d(a/,w(2’) + A(n(z'))) <
e (d(z) + d(z,2')) < 3ezt. Let Pr(z) denote the n-dimensional plane, which is the
graph of the affine map ar(,). Now we assume, contrary to the statement of this
lemma, that d(w(z), Hg) < h(xz). This implies 7(B(z,2t)) N Hy # 0, and so we
have d(m(z") + A(7(2')), Pr(z)) < |4 = @)l Lo (B(r(2),20nP0, Py < 6C0at for all
x’ € B(x,2t) N F. We combine those estimates and obtain, using 3e3 < 3CHa,

(8.5) d(2', Pr(ay) < d(a',m(a’) + A(m(2'))) + d(m(2') + A(m(2)), Pr(a)) < 9COart.
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Since h(z) < t, we get (2,t) € S C Siotar With Lemma [6.2(i) so that we have
8(B(z,t)) > 2. Ifz € F, this estimate and the definition of F imply §(FNB(z,t)) >
15

29 .

Now we apply Corollary 3] (T = F, A = g), and so there exist constants
C1(N,n,Cy), C2(N,n,Cp) and an (n, 1OnCL1)-simpleX T = A(zg,...,mn) € FN
B(x,t) N F so that u(B;) > tc_Q for all i € {0,...,n} where B; := B (ml, o ) N
B(x,t) N F. With (x,t) € S C Siotal, we get for all i € {0,...,n},

1
—~/ d(z, Play)du(z) < CatBy )] P (z,t) < 2Cqte.
2 Bz) B;
This implies for all i € {0,...,n} the existence of y; € B; with d(yi, Pz,1)) < 2Cote.
With Lemma 2.8 we deduce that S := A(yp, ... ,yn) C B(z,t) is an (n,8nci1)—
simplex. Next7 we apply Lemma 217 (m =n, C = 8n, C =1, 0 =2C5¢) and get

UP,t)s Pyo,...yn) < 155 We have y; € B; C B(ac 2t) N F, and hence we get with
®3) and Lemma 217 (C :%,é—l o =9C0a) <(P,,. ,yn, Pr)) < 155- We
combine those two angle estimates and conclude that <(P ), Pr(x)) < 555, which
is true for all z € F3 N F with d(n(z), Hp) < h(z) and all ¢ € [h( ), 155]. Now we

: _ _ 0
use this result for ¢ = h(x) and for ¢t = 155 and obtain <((P p(a)) P(m’m)) < 155
Together with Lemma we get U Pz n(a)), Fo) < 5. This is in contradiction
to Lemma [6.5) hence our assumption that d(m(z), Hg) < h(z) is invalid for all

reF;NF. O

Theorem 8.12. Let p = 2. There exist some constants k> 4, 0<a=an)< %
and 0 < 8 = O(N,n,Cy) so that, for all o € (0,8 and all O € (0,0), there emists
some 0 < € = E&(N,n,Cy,,0) < % so that if k > k and n < &2, we obtain for all
€€ [Vn,8):

w(Fs) <107°.

Proof. Let k be the maximum and & < % be the minimum of all thresholds for
k and « given by Lemmas [6.27, B8, BI0 and BIIl Furthermore, we set 6 := 9:,
where 6 = 9(N,n, Cp) is given by LemmaBIIl Let 0 < a < @ and 0 < 6 < .
We define € = E(N, n, Cy, o, 0) as the minimum of 116, a small constant depending
on N,n,K,Cy,a,0 given by the last lines of this proof, and of all upper bounds

for ¢ stated in Lemmas [6.27 B.8 B.I0 and BITl Let £ > k and n<e? <& We
have p(F3) < p(F3 N F) + u(F3 \ F). With Lemma B8 (p = 2), there exists some
constant C = C(N,n, K, Cy) so that p(F3 \15“) < u(F\ ﬁ') < Cez. Hence we only
have to consider u(Fs ﬂ}:?) We set G := {B(az, 2h(z))|z € (F3N ﬁ’)} This is a set

of nondegenerate balls because z € F3 C F'\ Z. Furthermore, we have h(z) < 50
for all x € F (see the definition of h on page [[208)). With Besicovitch’s covering
theorem [7], 1.5.2, Thm. 2] there exist Ny families B; C G, = 1,..., Ny, of disjoint
balls such that we conclude with property (B) from page that

= Mo =z (B) Mo
p(FsNEF) <> u(BNF) < Gy > (diam B)".

=1 BeB, =1 BeB,;
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Let 1 S l S NO and let Bl = B(i[,'l, Qh(l'l)), BQ = B(ZL’Q, 2h(x2)) € Bl with Bl # B2.
Since the balls in B; are disjoint, we deduce 2h(x1) + 2h(z2) < d(x1,z2) and,
because of the definition of F and Lemma BI0, we get d(z;, 7(z;) + A(m(z:))) <
e2d(z;) < erh(z;) for i = 1,2, Since £2 < 1, a <  and A is 3a Lipschitz
continuous, the former two estimates imply h(z1) + h(z2) < d(7(z1), 7(z2)). Thus

m(1B) and 7(3B,) are disjoint. We have z; € (}%ﬂFg) C F c B(0,5) for
i = 1,2. With Lemma BI0, we conclude that h(z;) < & < %. This implies
m(5B;) C Us. Using Lemma[8.TIl there exists some set Hy C Us and some constant
C = C(N,n,K,Co, k) with H"(Us \ Hy) < C (g75r=)” so that d(x(z), Hy) > h(x)

for all z € F3 N F, in particular for z = z;. We conclude that W(%Bi) N Hy = 0,

and hence
Y (diam B)" =4" " ( diam= (3B))"
BeB; BeB;
1 4n
=4" —H" 1B)) < —H™(Us \ Hy).
2 5 (B)) < o\ o

Now we obtain
n

= 4 € 2
FyN E) < CoNo—H"(Ug \ H <C(—>,
w(F3 ) < Co OwnH (Us \ Hp) < EESPN
and we have already shown that u(Fj \ P ) < Ce:z. Using € < &, we finally get
pu(Fy) < 1075, O

APPENDIX A

A.1. Measure theoretical statements. The following lemmas are stated with-
out proof.

Lemma A.1. Let £ be a set of disjoint balls (open or closed) in RN with radius

equal or larger than s € (0,00) and B C B(z,r) for all B € £. Then & is a finite
N

set with #& < (g) .
Lemma A.2. Let s > 0 and B(x,r) be an open or closed ball in R™ with s < r.
There exists some family € of disjoint closed balls with diam B = 2s for all B € £,
B(z,7) C Upee 5B and #E < (%)m

Lemma A.3. Let A C RY be a closed set with v(A) > 0, where v is some outer
measure on R™. There exists some x € A so that v(B(x,h)) >0 for all h > 0.

Lemma A.4. Let R be an n-dimensional cube in RY. Then (diam R)" =
(Vn)"H"(R).
Lemma A.5. Let K C R™ be a bounded set and let f : K — RY™ be a Lipschitz

function. Then f has a Lipschitz extension g : R™ — RN with compact support
and the same Lipschitz constant.

A.2. Differentiation and Fourier transform on a linear subspace. Let P, €
G(N,n) be an n-dimensional linear subspace of RY and let f : Py — R be some
function, where R € {R,R¥}. In this section, we explain what we mean by differ-
entiating this function. Furthermore, we define the Fourier transform of f and give
some basic properties. Let ¢ : R™ — Py be a fixed isometric isomorphism. We set

f:R" = R, f(z) = f(¢(x)) = (f 0 §)(x).
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Definition A.6. Let [ € NU {0}. We say f € C'(Py,R) iff f € C{R"
(I-times continuously differentiable). If [ > 1 for all ¢ € {1,...,n}, we set azf

II\_/

Dif o ¢ = Di(fod)oo¢™t, Af := Y7, 0;0;f, Df := (01f,...,0nf), and if
k = (K1,Ka,...,Kn) Is a multi-index, we set 9% f := 977052 ...0f f and |k| =
K1+ -+ Kp.

Now we define the Fourier transform for some function f € .#(Py), where .%(F)
is the Schwartz space of rapidly decreasing functions f : Py — C; cf. [II} 2.2.1.
The class of Schwartz functions]. We will get the same results as for some function

fesR).
Definition A.7 (Fourier transform). Let y € Py and f € 7 (Fy). We set

Jw) = (Tod)o W) = | So(=)e > 02dLn(z).

If f: Py — CN with f; € .7 (P,), i.e., every component of f is a Schwartz function,
then we write f € .% (PO,(CN ). We define the Fourier transform of some function

f € .Z(Py,CN) by f (fl, ceey fN) and if f,g € S (Py) we define the convolution
of f and g by (g* f)(w) = [5, g(w = v)f(v)dH" (v).

A.3. Littlewood-Paley theorem.

Lemma A.8 (Continuous version of the Littlewood-Paley theorem). Let ¢ be an
integrable C*(R™;R) function with mean value zero fulfilling |¢(x)| + |Vé(x)| <

C(L+z))™ " and 0 < [ |(¢e)(x)[*% < oo, where ¢y(x) = Ep(%). For allq €
(1,00), there exists some constam‘ C’ C(n,q, ¢) such that, for all f € L4(R™; RY),

we have )
o de\ 2
’(/ oo 1P

0

< C| fllpamnmyy-

L4 (R";R)
Proof. The proof is analogous to the proof of the Littlewood-Paley theorem [IT],
Thm. 5.1.2]. |
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