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ON THE IWASAWA THEORY OF CM FIELDS
FOR SUPERSINGULAR PRIMES
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ABSTRACT. The goal of this article is two-fold: First, to prove a (two-variable)
main conjecture for a CM field F' without assuming the p-ordinary hypothesis
of Katz, making use of what we call the Rubin-Stark L-restricted Kolyvagin
systems, which is constructed out of the conjectural Rubin-Stark Euler system
of rank g. (We are also able to obtain weaker unconditional results in this
direction.) The second objective is to prove the Park-Shahabi plus/minus
main conjecture for a CM elliptic curve E defined over a general totally real
field again using (a twist of the) Rubin-Stark Kolyvagin system. This latter
result has consequences towards the Birch and Swinnerton-Dyer conjecture for
E.
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1. INTRODUCTION

Let F be a CM field and suppose [F : Q] = 2g. In the particular case when
F' is an imaginary quadratic field, the main conjectures of Iwasawa theory over F
have been settled in [Rub91] using elliptic units. For a general CM field F', all
major work related to Iwasawa’s main conjecture utilized congruences of modular
forms (and have relied on the CM-form method in [HT93/[HT94] or the Eisenstein
ideal technique in [Mai08|[Hsi12]) as the main tool. That approach required that
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the following p-ordinary condition (LI) of Katz holds true. Fix an embedding

Q= Q,.

(1.1)  There exists a CM-type ¥ such that the embeddings ¥, := {¢, 0 0}sex
induce exactly half of the places of F' over p.

Let F. denote the maximal Z,-power extension of F' and set I = Gal(F.)/F. Let

A= W[[f]], where W is the valuation ring of @p. Assuming (1)), the relevant
Iwasawa module Xy is A-torsion, and Katz in [Kat78] has constructed a p-adic L-
function Ly € A. In this case, Hsieh in [Hsil2] proved that the characteristic ideal
of %2 is generated by Ly, under a suitable hypothesis, thereby proving the Iwasawa
main conjecture for F. The author has also obtained results along these lines
in [Biiy14] using the conjectural Rubin-Stark elements. The approach in [Biy14] is
based on a refinement of the rank-g Euler/Kolyvagin system machinery and relies
crucially on the assumption ([I]) for an analysis of the local cohomology groups
above p.

All these techniques towards the proof of main conjectures for a general CM
field F' alluded to above fall apart when the p-ordinary condition () fails. One
difficulty is that in the absence of (I.T]), neither the relevant Iwasawa module is
A-torsion nor do we have a p-adic L-function available in this setup (in any case,
it is not expected to belong to 1~\) Beyond the case ¢ = 1, nothing substantial
along these lines was known; when g = 1 Rubin has proved the two-variable main
conjecture in [Rub91]. Furthermore (still when g = 1), if A/Q is an elliptic curve
that has CM by the ring of integers O of F, Kobayashi in [Kob03] formulated a
pair of conjectures which are both equivalent to the cyclotomic main conjectures
of Perrin-Riou and Kato [PR93|[Kat04] for A. Pollack and Rubin in [PR04] proved
Kobayashi’s conjectures using Rubin’s proof of the two-variable main conjecture
in [Rub91] and incorporating Kobayashi’s theory of plus/minus Selmer groups with
the elliptic unit Euler system.

The goal of this article is to appropriately modify and extend the methods of
[Biiy14] so as to prove (conditional on some standard conjectures):

e a two-variable main conjecture for a general CM field F' in the absence of
the hypothesis (II)) using the (conjectural) Rubin-Stark elements (this is
Theorem A below);

e a divisibility in the (one-variable) cyclotomic main conjecture for a p-
supersingular CM elliptic curve defined over a general totally real field
(this is Theorem B below);

e prove that the divisibility in the previous item may be upgraded to an
equality using the structure of the module of A-adic Kolyvagin systems,
as described in [Biiy16] (we provide a detailed account of this in Section H]
below).

Notation. Before we explain our results in greater detail, we set some notation.
Let E be an elliptic curve defined over a totally real field F'*, which has CM by an
order O of an imaginary quadratic field K. Let g := [t : K] and let F = F*K
be the composite CM field. Fix once and for all an odd prime p that is coprime to
the index [Ok : O] of O inside the maximal order O and which is inert in K/Q.
We denote the unique prime of K above p also by p and we denote the completion
K, by ®. We let © denote the ring of integers of ®.



IWASAWA THEORY OF CM FIELDS FOR SUPERSINGULAR PRIMES 929

Let K., denote the unique Zg—extension of K and K%¢ the cyclotomic Z,-
extension. Let F, = F Ko and F¥° = FK%° Let I' = Gal(F/F) and T¢ye =
Gal(F°/F). We define the two-variable (resp., one-variable) Iwasawa algebra A :=
O[[T]] (resp., Acye := O[[Leye]]). For a Dirichlet character x : Gal(F/F) — 9, let
L denote the extension of F' cut by x and let i denote the inverse limit of the x-
isotypic part of the local units up the tower of finite extensions contained in LF., /L.
Let Q denote a certain quotient of il (see Definition 2I7) and let A -loc,y (e%_)
denote the submodule of A9 Q generated by the image of the tower of Rubin-Stark
clements (defined as in Definition B8). Let X.o be a certain Iwasawa module
(denoted by H}Z‘ (F,T*)V in the main text, which is given as in Definition 2.20]).
Assume the truthtof Rubin-Stark conjectures and Leopoldt’s conjecture for Theorems
A, B and C below. See Remarks [[.T] and below for the portion of the results in
this article that we are able to prove unconditionally.

Statements of the results. The first main result in this article is the (two-
Variable Iwasawa main conjecture for Fo/F. Let char(M) denote the character-
istic ideal of a finitely generated torsion A-module.

Theorem A (See Theorems and B9). The A-module Xoo is torsion and
char(Xo.) divides char (A9 Q/A -locy (6?@)) These two ideals are equal if we

further assume a strong version of the Rubin-Stark Conjecture (Conjecture be-
low).

This statement was proved by Rubin [Rub91] §11] when F = Q, using elliptic
units. To obtain the generalization above we make use of the Rubin-Stark elements.
To do so, the CM rank-g Euler/Kolyvagin system machinery developed by the
author in [Biiy14] (relying crucially on the p-ordinary hypothesis (II])) requires a
non-trivial refinement. This is one of the major tasks we carry out in this article.

For the rest of our results, we assume that the prime p splits completely in
F*/Q. This assumption could be removed (but allowing also only weaker results);
see Remark[[3]below. Thanks to this assumption we may adopt the (local) methods
of Kobayashi [Kob03] and define the signed Selmer groups Selff (E/F%°). In this
situation, we are led to formulate a (conjectural) explicit reciprocity law for the
Rubin-Stark elements; see Conjecture This conjecture on one hand proposes
a natural extension of the Coates-Wiles explicit reciprocity law and, on the other,
it furnishes us with a link between the tower of Rubin-Stark elements and the
Park-Shahabi signed p-adic L-functions L (E/FT).

Theorem B gives a proof of the cyclotomic main conjecture for E for a supersin-
gular prime p under our running assumptions.

Theorem B (Theorem [626]). Assuming the Explicit Reciprocity Conjecture [6.16]
for Rubin-Stark elements, the divisibility

char (Sel™ (E/F%°)Y) | LE(E/F") Acye

in the signed main conjecture holds true, with equality if we assume a strong version
of the Rubin-Stark Conjecture (Conjecture below).

ISince our sights are mainly set on the proof of the cyclotomic main conjecture for CM elliptic
curves over F't (that is, Theorem B below), we content ourselves to prove only a two-variable
supersingular main conjecture over F. However, the methods of this article seem flexible enough
to treat the more general case and prove a more general main conjecture (e.g., over the maximal
Zp-power extension Foo | F).
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We remark that we do not descend from the two-variable main conjecture in order
to deduce Theorem B (as done so in [PR04]), but instead, we rely further on the
author’s results on the structure of the module of A-adic Kolyvagin systems. This
alternative approach has the advantage that we need not worry about pseudo-null
submodules of various Iwasawa modules.

Remark 1.1. Although the existence of the Rubin-Stark elements is highly conjec-
tural, one may prove (Theorem [.I] below) that the Kolyvagin systems that they
descend from do exist unconditionally. Notice also that the Kolyvagin systems
which descend from the conjectural Rubin-Stark elements are non-trivial, since we
assumed Leopoldt’s conjecture (cf. Proposition B9). One may work with these
Kolyvagin systems for the most part to prove statements which lead to Theorems
A and B (Theorem and Proposition £4]). However, the Reciprocity Conjec-
ture that links the Kolyvagin systems we construct with the L-values could be
stated most naturally in terms of the conjectural Rubin-Stark elements.

Theorem B has the following important consequence towards the conjecture of
Birch and Swinnerton-Dyer for the CM elliptic curve E,p+.

Theorem C (Theorem below).

(1) If L(E/F*,1) # 0, then E(F7) is finite.
(2) Assuming the strong form of the Rubin-Stark Conjecture as well as that
L(E/F*,1) =0, then Sel,(E/F™) is infinite.

Remark 1.2. Tt seems very plausible that the methods of this paper would allow
us to deduce Theorems A, B and C above unconditionally under the additional
hypothesis that F™(E[p])/K is abelian. The idea goes roughly as follows (we hope
to provide the details in a future note): Firstly, by the assumption that F+(E[p])/K
is abelian, one may use elliptic units to construct classes in H'(F,T,(E) ® A). We
may use the main theorem of [BiiylI] to lift these classes to a A-adic Kolyvagin
system (for certain modified Selmer structures which are defined in Section 2lbelow)
for the G p-representation T}, (E), so as to view these classes (obtained from elliptic
units) as the initial terms of this A-adic Kolyvagin system. Using this A-adic
Kolyvagin system (whose initial term is explicitly given in terms of elliptic units),
one could deduce Theorems A, B and C unconditionally.

Remark 1.3. The first version of this article was circulated among experts back in
early 2013, and it later became the main motivation and the groundwork for our
forthcoming joint work with Antonio Lei [BL15]. In [BL15], we are able extend some
of the results of this paper to treat a CM abelian variety of arbitrary dimension.
This work in part relies on the techniques developed here, as well as a general theory
of plus/minus Coleman maps we develop in [BL17]. Although in [BL15|, the authors
are able to lift the hypotheses on Theorems B and C that p splits completely in
F*/Q, they are able to deduce only one of the signed main conjectures (whereas we
prove both main conjectures simultaneously here). Note that we could have also
formulated 29 signed main conjectures (as opposed to a single plus/minus main
conjecture) here as well by assigning one of the “plus” or “minus local conditions”
at each prime lying above p (as opposed to assigning the “plus” or “minus local
condition” everywhere above p uniformly) and prove each of them.
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One further advantage of the more explicit approach we take here (namely,
through Kobayashi’s interpretation of signed Coleman maps, which in turn rely
on his explicit local elements) is that it allows us to state our explicit reciprocity
conjectures in a much more concrete form. We hope that this will allow us to
verify the explicit reciprocity conjectures (and therefore deduce our main results
here unconditionally) in the situation of Remark [[2] namely, when F*(E[p])/K
is abelian. For the time being, this does not seem tractable in the rather abstract
setup of [BL15].

Overview of the methods and layout of the paper. We briefly outline the
basic technical ingredients that go into the proofs of Theorems A, B and C.

In order to prove the two-variable main conjecture (Theorem A) we use the
Rubin-Stark element Euler system of rank g. This requires us to refine the rank-g
Euler/Kolyvagin system machinery in the supersingular setting where the assump-
tion (L)) is no longer valid. The first step is to introduce various modified Selmer
structures (Section [2) that produce Selmer groups that compare well with their
classical counterparts. We construct and study in Section [ the Kolyvagin systems
associated to these modified Selmer structures. We in fact do this first uncon-
ditionally, then in Section ] using the Rubin-Stark elements (recalled briefly in
Section B]). These Kolyvagin systems are then used in Section [ (along with the
arguments of Section to compare the modified Selmer groups (that we control
by the Rubin-Stark Kolyvagin systems) to the classical Selmer groups) to prove the
divisibility statement in Theorem A. We then show that this divisibility may be
upgraded to an equality by exploiting our results in Section [ on the structure of
A-adic Kolyvagin systems.

To deduce Theorem B (the cyclotomic main conjecture for a CM elliptic curve
E for a supersingular prime p) we appeal to Kobayashi’s local theory, with which
we directly apply the Kolyvagin system machinery developed in Section [l This is
one of the main differences with the approach in [PR04], which ultimately relies
on various explicit calculations with elliptic units which are not at our disposal.
We get around this issue by systematically utilizing our results on the modules of
Kolyvagin systems. Kobayashi’s plus/minus Selmer groups (and the corresponding
pair of p-adic L-functions of Park-Shahabi) are recalled in Sections and
The Explicit Reciprocity Conjecture we formulate in Section relates the tower
of Rubin-Stark elements (along F) to the special values of (twisted) L-functions
attached to E at s = 1. This conjecture should be thought of as an extension of
Coates-Wiles explicit reciprocity law [CWTTWIil78] for elliptic units, and we believe
that Conjecture should be of independent interest for future investigation.

The proof of Theorem C follows from Theorem B easily. A key ingredient is a
result of [NQD84] on the psuedo-null submodules of a natural Iwasawa module.

1.1. Notation and hypotheses. For any field k, let k denote a fixed separable
closure of k and let G}, = Gal(k/k) denote its absolute Galois group.

Throughout we fix a rational odd prime p and embeddings Q < C and Q — C,
where C,, is the p-adic completion of @p. We normalize the valuation val, and the
absolute value |- |, on C, by assuming val,(p) = 1 and |p|, = p~*. For any positive
integer n, let p,, denote the nth roots of unity and ppe = h_I)n“pm,.

Let F be a CM field and let F'* be its maximal real subfield as in the Introduc-
tion. Let x : G — O be any Dirichlet character whose order is prime to p and
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which has the property that

(1.2) x(p) # 1 for any prime p of F above p
and that
(1.3) X #w,

where w is the Teichmiiller character giving the action of Gr on p,. Later in
Section [6] we will work with a particular character y attached to a CM elliptic

curve F. We let L := errx denote the abelian extension of F' cut out by x.

Let R be the set of primes of F' that does not contain any prime above p nor any
prime at which x is ramified. Define N'(R) to be the square free products of primes
chosen from R. For ¢ € R, let F(¢) be the maximal p-extension inside the ray class
field of F modulo ¢, and for n = ¢;---4; € N(R), set F(n) = F(¢1)--- F({s). We
write L(n) = L - F(n) for the composite field. We consider the following collections
of finite abelian extensions of F' (resp., of L):

() T = {(Fln) 1 € N(R)),
(i) To = {L(n) :n € N(R)},

(iii) €={M-F(n):n € N(R); M C F is a finite extension of F},

(iv) €y ={M - L(n):n € N(R); M C Fy is a finite extension of F}.

Let Ko(X) = lim N and K(X) = lim N for X =T or €. We finally set &(X) =
NeXo NeX

Gal(X/F) and write O[[B(X)]] := @D[@(%)/U}, where the inverse limit is over

the open subgroups U of &(X), for the completed group ring of &(X).

For any non-archimedean prime A of F', fix a decomposition group D, and the
inertia subgroup Zy C Dy. Let (=) = Hom(—,Q,/Z,) denote the Pontryagin
duality functor. Observe that (—)” ® O = Hom(—, ®/9). Bearing this relation
in mind, we will write XV for Hom(X, ®/9) when X is an O-module. We let
X* := Hom(X, ppe= ) denote the Cartier dual of X.

Let F, and F'Y° be as above. Let F,, denote the unique subextension of FV¢/F
which has degree p™ and set I',, = Gal(F,/F).

We let G act on A (resp., Acyc) via the tautological surjection Gp — I' (resp.,
Gr — I'eyc). For an O-module X of finite type which is endowed with a continuous
action of G, we let G act on the A-module X ®o A by acting on both factors.

2. SELMER STRUCTURES AND COMPARING SELMER GROUPS

2.1. Structure of the semi-local cohomology groups. Let M = M, - F(n)
be a member of the collection &, where My is a finite subextension of F.,/F'. Set
A]V[ = Gal(M/F), 6]V[ = |A]V[| and AM = D[AM}

Let X be any O[[GF]]-module which is free of rank d as an O-module. Suppose
in addition that X satisfies the following hypothesis:

(H.pl) H*(F,,X)=0=H?(F,,Homg(X,9(1))), for any prime p of F above p.

Lemma 2.1. Suppose X is as above. Let M € & be an extension of F' and let B
be a prime of M lying above p. Then

H?*(My, X) = 0= H? (Mg, Homo (X, O(1))).
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Proof. Let p be the prime of F' lying below ‘B and set Dy = Gal(My/F,). Then
either Dy is trivial, and in this case Lemma 1] follows from (H.p1), or otherwise
Dy is a non-trivial p-group. Then,

#H° (My, X*[w])=#H" (D, (H*(Myp, X*[w]))) = #H°(F,, X*[w]) =1 mod p
where the last equality holds thanks to (H.p1) and local duality. This shows that

HO(Mgy, X*) = 0 and thus by local duality that H?(Mgy, X) = 0, as desired. The
second assertion is proved in an identical manner. O

Definition 2.2. For j = 0,1, 2 define the semi-local cohomology groups

HY (My, X) = D P H (M, X),
i=1 qlp
and let
loc, : HY(M, X) — H'(M,, X)
denote the localization map.

Proposition 2.3. Suppose (H.pl) holds true.

(i) The corestriction map
cor : HY (M, X) — H'(F,, X)

18 surjective.
(i) The Apr-module H*(M,, X) is free of rank 2g - d.
(iii) The A-module H'(F,, X ® A) is free of rank 2g - d.
(iv) The O[[B(X)]]-module Jim HY(M,, X) is free of rank 2g - d, where the in-
Mee
verse limits are with respect to corestriction maps.

Proof. (iii) and (iv) follow at once from (i) and (ii). Both (i) and (ii) are essentially
proved in [Biyl4] §2.1]. a

Remark 2.4. Observe that for T'= O @ x !, the hypothesis (H.p1) is verified for
X =T since we assumed ([2)) and (3] as well as for X = T(FE), the p-adic Tate
module of an elliptic curve E/F* with supersingular reduction at every prime of
FT above p. In particular, the conclusions of Proposition hold true for both
choices of Gp-representations.

2.2. Modified Selmer structures for G,,. The constructions in this subsection
and the next will be needed only for sharpening the divisibility in the cyclotomic
main conjecture for the CM elliptic curve E, which we shall prove later. The
reader who is content with one divisibility in the main conjecture may skip these
two subsections.

Definition 2.5. Let R be any ring and M be any R-module. For any submodule
N C M, the R-saturation of N in M is the submodule N3 = ¢~1¢(N) C M,
where ¢ : M — M ® Frac(R) is the natural map and Frac(R) is the total ring of
fractions of R.

Lemma 2.6. The O-module O} is free of rank g.

Proof. This follows from [NSWO0S8| §8.6.12], along with our assumption that x is
different from the Teichmiiller character w. O
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Definition 2.7.

(i) Let Vi := loc,(O; X)** be the D-saturation of loc,(O; %) in HY(F,,T).
Note that the O-module Vi is a direct summand of the free module
HY(F,,T). Let the rank of the O-module V{ be g — 0 with ? > 0. Observe
that 0 = 0 if Leopoldt’s conjecture holds true for L.

(ii) Let V; be any free submodule of H'(F,,T) which complements V.

Note that H'(F,T) may be naturally identified by L**X by Kummer theory, and
this is how we make sense of loc,(O; X). Furthermore, if Leopoldt’s conjecture
holds true for L, then V; is the unique direct summand of H'(F),,T) of rank g,
containing loc, (O ).

Definition 2.8.

(i) Let V]i((z be the direct summand of Jim H'(M,, T) which maps onto Vi
MeT
under the natural (surjective) corestriction map. Note that such a direct

summand exists thanks to Proposition 2.3(i) and Nakayama’s lemma. Note
further that we have the direct sum decomposition
lim H'(Mp,T) = Vie(s) & Vi)
Mex
(i) For M € %, let Vi, € H'(M,,T) be the image of Vfi((g) under the natural
projection.

Definition 2.9.
(i) Let £ be any free, rank one O[[& (K (T))]]-direct summand of V. ()"

(ii) For M € T let [rr C Vi, be the image of £ under the natural projection
Hm HY(N,,T) - H'(M,,T). We write [ instead of [p.

We will make use of the following Selmer structures on the G p-representation T’
while proving a Gras-style conjecture in Section [ below.

Definition 2.10. By Kummer theory, we may identify H!(F,T) with L*X and
similarly for any prime q of F, the local cohomology group H 1(Fq,T) with

(L@F Fy)*x = (EBQIq )X.

e The canonical Selmer structure Fea, is given by the choice of local condi-

tions
X

Hy, (Fo,T)= [ 0F, | < H'(F,T)
Qlq
for all primes q of F.

e The L-restricted Selmer structure Fy is given by the local conditions
— H} (Fy,T) = Hy,_(Fy,T) for every prime q 1 p, and
- H}[(FP,T) =Vp®L

e The p-transversal-Selmer structure Fi, is given by the local conditions
— Hy, (Fy,T) = Hy__ (Fy,T) for every prime q{p, and
- H}"(FP,T) =Vq.

We refer the reader to [MR04) §2.1] for the definition of a Selmer structure in its
most general form.
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Definition 2.11. Given a Selmer structure F on T, we define the dual Selmer
structure F* on T* using local Tate duality (as in [MR04], Definition 2.3.1]).

Recall the finite set X of primes of F' which consists of all primes that ramify in
L/F, all archimedean primes of F and all primes of F' above p. Let Fy; denote the
maximal extension of I contained in F which is unramified outside X, and let Gx
denote the Galois group Gal(Fy/F).

Definition 2.12. For F = F,,, Fi, or Fi,, we define the F-Selmer group on the
quotient T" of T by setting

HY(F,T) = ker | H'(Gs, T) — @) H'(Fy, T)/HE(Fy, T)
qgex

Example 2.13. We have Hx (F,T) = O;* and H}. (F,T*)" = CI(L)X. See
[MRO04, §6.1] for details.

2.3. Modified Selmer structures for G,, along F°¥¢ and F,,. We set Ty :=
T® Acye and T =T ® A (with diagonal G p-action). The definitions we give in
this section will be used to prove various forms of CM main conjectures, which will
in turn be used to turn the divisibilities in the cyclotomic (supersingular) main
conjecture for CM elliptic curves into equalities.

Definition 2.14. The canonical Selmer structure Fean on X (where X = Teye, T)
is given by the choice of local conditions Hx (Fy,X) = Hz_(Fy,X), for all

primes q of F'. Note that the associated Selmer group H }Can(F, X) is simply the
module H!(F, X).

Lemma 2.15. Suppose that the weak Leopoldt conjecture holds true for the number
field L. Then the Acyc-module H}mn(F, Teye) is free of rank g.

Proof. A form of weak Leopoldt’s conjecture is that the dual (canonical) Selmer
group H}_-:an (F,T%y.) is Acyc-cotorsion. It follows from the hypothesis (L2) that
the Acyc-module H}_—Cm(F, 'H‘Cyc) is torsion-free and by Poitou-Tate global duality
that it is of rank g. Let v be a topological generator of I'¥¢. To see that the
module H}ca (F,Teye) is in fact free, observe that the augmentation map induces

n

an injective map
H;»‘C,a,, (F7 Tcyc)/('}/ - 1) — H;—‘Cﬁn(Fa T)

by the discussion in §1.6.C, Proposition B.3.3 along with the proof of Proposition
3.2.6 of [Rub00]. Note that in order to compare local conditions at p, we rely
on our assumption (LZ). This and Lemma show by Nakamaya’s lemma that
the Acyc-module Hx (F,Tey) may be generated by at most g elements. If this
set of generators satisfied a non-trivial Agyc-linear relation, it would follow that
the dimension of the Frac(A) vector space Hy  (F,Teyc) ®p,,, Frac(Acyc) (where
Frac(Agyc) is the field of fractions of Acyc) is str'ictly smaller than g, and this would
contradict the fact that H}_—Can (F,Teye) is a Agyc-module of rank g. O

Remark 2.16. One may use Nekovai’s theory of Selmer complexes to give a more
conceptual proof of Lemma 215 (in fact, along the way, to prove also that the A-
module Hx  (F,T)is free of rank g, which is what we explain in what follows). Let

n

RT ¢ 1w(Foo /F, T) be Nekovéi’s Selmer complex associated to T, which is given by
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the Greenberg local conditions determined by the choice U;” = T for every prime
v of F' above p. As we have assumed ([2), it follows from [Nek06, Lemma 9.6.3]
(and [Nek06l Proposition 8.8.6] used in order to pass to limit) that

H}(Fs/Fs,T) ~ Hy._ (F,T)

where ﬁ} denotes the cohomology of the Selmer complex in degree 1. Under the
hypothesis (2), Nekovai proved that the Selmer complex may be represented by
a perfect complex concentrated in degrees 1 and 2. In particular, its cohomology
in degree 1 is a projective (hence free) A-module. The fact that it is of rank g may
also be deduced from Nekovai’s control and duality theorems: We have

(2.1)  coker (fl}(Fg /Foo, T) — H}(Fs/F°, T)) =~ H3(Fy/Fao, T)[y. — 1]
= H}, (R T - 1

where 7, is a topological generator of I'/T'Y® and the first isomorphism follows from
Nekovai’s control theorem [Nek06, 8.10.1]; the second from his duality theorem
[Nek06l 8.9.6.2]. One may identify H}_-:an (F,T*)V with lim Cl(M)X and argue
LCMCLFs
using classical Iwasawa theory that the cokernel (ZII) is Acyc-torsion and the A-
module H]l_-d(F ,T) cannot be generated by less than g elements. On the other
hand, the proof of Lemma shows that it may be generated by at most g
elements as well.

Definition 2.17. Let Vj be as in Definition [Z7] and let V. be any rank-g direct
summand of (the free, rank-2g Acyc-module) H'(F,, Tcyc) which lifts Vi under the
surjection H'(F)p, Teye) = H'(F,, T). Likewise, once Vey is chosen, let V be any
rank-g direct summand of (the free, rank-2g A-module) H'!(F,, T) which lifts Veyc
under the surjection H'(F,,T) — H'(F,, Tey). Such lifts exist by Nakayama’s
lemma. Set Q := H'(F),, T)/V and similarly define Qcy..

Let £ C H'(F,,T) be any rank-one direct summand of H!'(F,,T) such that
LNV =0and L+ is a free rank g + 1 direct summand of H'(F},, T). Let Leyc
be its image in H'(F),, Tcyc). The existence of such a direct summand follows once
again from Nakayama’s lemma. It is also easy to observe that Lcyc N Veye = 0 and
Leye + Veye is a free rank g + 1 direct summand of H'(F), Teye).

Proposition 2.18. The intersection of Veye and the image ofH}-C?m (F,Teye) (under
the localization map at p) is trivial. Likewise, the intersection of V and the image
of Hr. (F,T) is trivial as well.

Proof. Consider the commutative diagram:

Loc,

— Hl(vaTcyc)/chc

l |

Hy. (B T) s H(F,. T) Vi

H: (F, Teye)

Fecan

Suppose for u € Hx (F,Tey) we have Loc,(u) = 0 and let @ denote its image
under the left Vertlcal map The diagram above shows that u = 0, thence

u € ker (H: (F,Teye) = HY(F,T)) = (v = ) HE:__(F, Teye),

can can
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where ~ is any topological generator of I'Y¢. Write u = (y — 1)ug. We therefore
have (y—1)Loc,(ug) = 0 by the choice of u. Since the quotient H'(F}, Teye)/Veye is
Acyc-torsion free, it follows that Locy,(ug) = 0, and repeating the argument above we
conclude that v = (y — 1)u; with uy € H]l_-d (F,Teye). On running this procedure

n

k times, we conclude that u € (y — 1)*H}. (F,Teyc) for every k and thence u = 0

and the map Loc, is injective, proving the first assertion. The proof of the second
follows from the first in a similar manner. |

Definition 2.19.

(i) Let Vk(e) be the direct summand (of rank g) of Jim H'(M,,T) which
Mee
maps onto V under the natural (surjective) corestriction map.
(ii) For M € €, let Vi C H*(M,,T) be the image of Vi (¢) under the natural

projection.
(iii) Let £ be any free, rank-one O[[& (K (€))]]-direct summand of @Hl (M,,T)
Mee
such that

— £ is not contained in Vi (¢),

— £+ Vi (e) is also a direct summand of l&n HY(M,,T),
Mee
— £ maps onto £ under the natural projection .

(Such £ exists thanks to Nakayama’s lemma again.)
(iv) For M € €, let L,y C H'(M,,T) be the image of £ under the natural
projection @Hl(Np, T) - H*(M,,T).
N

We will make use of the following auxiliary Selmer structures on the Gp-
representation T while proving various main conjectures for the field F' in Sections
and [6] below. These results will in turn be utilized in sharpening the divisibility in
the supersingular main conjecture for a CM elliptic curve E.

Definition 2.20.

e The L-restricted Selmer structure Fr on T is given by the local conditions
— H}E (Fy,T) = H}Can (Fy,T) for every prime q{ p, and
— Hy (Fp,T) = Veye ® L.
e The p-transversal-Selmer structure Fi. is given by the local conditions
— H}, (Fy,T) = Hy__(Fy,T) for every prime q{ p, and
- H}-“(Fp,’}l‘) =V.

As in Definition [Z12] all these Selmer structures give rise to a Selmer group (as
well as a dual Selmer group, attached to the dual Selmer structure).

Remark 2.21. Any of the Selmer structures above propagate (see [MR04, Example
2.1.7]) to give rise to Selmer structures on any subquotient of T. The propagated
Selmer structure will still be denoted by the same symbol F.

Remark 2.22. The Selmer structure Fi, on T propagates to recover the Selmer
structure Fi, on T, given as in Definition Likewise, if the rank-1 direct
summand £ is chosen to lift I (which was given in Definition [29]), then the Selmer
structure Fz on T propagates to recover the Selmer structure F; on T
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2.4. Modified Selmer structures for E. Weset T(E) = T(E)®A and Teyo(E) =
T(F)® Acyc. The goal in this section is to define various Selmer structures for these
representations, which we shall study with the aid of the (conjectural) Rubin-Stark
elements. Note that in order to do so, we will exploit the fact that T(E) is closely
related to the representation T for an appropriately chosen Dirichlet character y.

2.4.1. Preliminaries. As above, let E be an elliptic curve defined over F'* which
has CM by K. We shall assume that p is inert in K/Q. We denote the unique
prime of K above p also by p and the completion K, by ®. By slight abuse, we let
£ denote the ring of integers of ® and let

p: Gp — Aut(E[p™]) = O
be the associated p-adic Hecke character. For any G p-module Y, we define its twist
by p by setting Y (p) := Y ® Hom(E[p>°], ®/9). Theory of complex multiplication
allows one to identify T,,(E) with O(p), the free O-module of rank 1 on which Gp

acts via p. We will implicitly identify the Cartier dual T,(E)* with E[p] via the
Weil pairing.

Definition 2.23. Let wg : Ggp — O denote the character which gives the action
of Gr on E[p] and let (p) := p ® wy'. Note then that the character (p) factors
through T'.

Throughout this section we will set the character y = wg so that T' = D(l)@wgl.
Definition 2.24. Let tw : T — T(FE) (the twisting map) denote the compositum
of the maps

T—To () 2 T(E)
where W is induced from Weil pairing. The twisting map induces isomorphisms
tw: H'Y(F,T) = H'(F,T(E)),
and for every place v of F,
tw: H'(F,,T) = H'(F,,T(E)) .

2.4.2. Selmer structures. We set M = tw (loc, (Hy. (F,T))) Cc H(F,, T(E))
and let Meye C HY(F,, Teye(E)) be its projection. Note that M is a free A-module
and My a free Acyc-module, and both have rank g.

Lemma 2.25. If the Acyc-module Hk:. (F,Teyc(E)*)Y is torsion, then so is the
quotient

IOCp (Hl(F, Tcyc(E))) /MCYC :

Remark 2.26. The statement that Hy. (F, Teye(E)*)Y is Acyc-torsion is a form of
the weak Leopoldt conjecture for the gﬁiptic curve E. See Corollary [£3] and The-
orem below, where we verify the weak Leopoldt conjecture for F (at primes p
which split completely in F'™/F) assuming the Explicit Reciprocity Conjecture [6.16]
for the Rubin-Stark elements.

Proof of Lemma 228 Let +, be any lift of a topological generator of I'/T'V°. Proof
follows, as in the discussion of Remark 216 (particularly, using Nekovai’s control
theorem as in (Z])), once we verify that

coker (}T{}(FZ /Fao, T(E)) — H}(Fs /FCYC,T(E))) ~ F%(Fy/Foo, T(E)) e — 1]
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is Acyc-torsion. (This is because the quotient loc, (H'(F, Teye(E))) /Meyc is a
homomorphic image of the quotient

H' (F, Teye( E)) fim (H'(F, T(E))) & H}(Fs [ Feye, T) /im (H} (Fs/Foo, T) ) )
Note that we have
H}(Fy/Fo, T(E)) = H, (F.T(E)")"
by [Nek06), 8.9.6.2]. Furthermore,
\%
Hy. (F,T(E))Y /(v = 1) = (HE, (FT(E) ) —1]) = H, (F, Teye(E)")"

where the second isomorphism is by [MR04, Lemma 3.5.3], and hence we conclude
thanks to our assumption that Hx. (F,T(E)*)Y/(7« — 1) is Acyc-torsion.
We now conclude by [PR84, Lemme 1.3.4(ii)] that

Hy. (FT(E)")Y[y. — 1] 2 H}(Fs/Fuo, T(E))[y, — 1]
is Acyc-torsion as well. O

Definition 2.27. Let VZ° C H'(F,, Teyc(E)) be a free rank-g direct summand
with the property that V2N Mcy. = 0. Note that such a direct summand exists
by rank considerations. Let Vg C H'(F,, T(E)) be any rank-g direct summand
which maps onto V& under the surjection H'(F,, T(E)) = H'(F,, Teyc(E)).

See Remark [6.19 below for a natural choice of V& under the additional hy-
pothesis that p splits completely in F'T/Q, using Kobayashi’s plus/minus Iwasawa
theory. We will use these choices in order to prove the main theorems of this article.

Remark 2.28. The proof of Proposition 2218 may be modified to prove that Vg N
M =0 as well.

Definition 2.29. Let V:=tw~! (Vg) C H*(F,,T). Let L C H*(F,,T) be a rank-
one direct summand of H'(F,, T) such that LNV =0 and L+V is a free rank g+ 1
direct summand of H'(F),, T). As before, the existence of such a direct summand
follows from Nakayama’s lemma. Let Ly C H'(F,,T(E)) denote its isomorphic
image and LY its image under the projection map to H*(F), Teyc(E)).

Note that V N loc, (H},_ (F,T)) =0 by the observation in Remark
Definition 2.30.

e The canonical Selmer structure Fean is given by the choice of local condi-
tions Hy (Fq, T(E)) = H'(Fy, T(E)), for all primes q of F.
e The LL-restricted Selmer structure is given by the local conditions
— Hy (Fy,T(E)) = Hy__(Fy, T(E)) for every prime q { p, and
- H}L(Fp, T(E) =V &®Lg.
e The Kobayashi Selmer structure Fiop is given by the local conditions
— Hy  (Fy,T(E)) = Hy_ (Fy,T(E)) for every prime q { p, and
~ Hh, (F, T(E) = Vi,

Given a Selmer structure F on T(E), we can talk about the dual Selmer structure
F* on T*, the Selmer group attached to it and its propagations to the various
subquotients of T(E) (most important of which are Teyo(E) and T(E) for our
purposes), as we have done so previously. Via the twisting isomorphism tw, we also
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obtain a Selmer structure (by a slight abuse, which we still denote by Fi, or Fkob)
on T (and on its various subquotients).

2.5. Global duality and comparison of Selmer groups. Let R be a complete
local noetherian domain with maximal ideal 9. Let X be an R-module of finite
type. We will write X := X ®pr R/ for its reduction modulo the maximal ideal

of R. Note that o B
T:Tcyc :T:’l'p@X_l

and

T(E) = Teye(E) = T(E) = E[p]
as G p-representations. In particular, when y is chosen to be wgl, it follows thanks

to the Weil pairing that all the six residual representations we consider above agree.
Let & denote the residue field of .

Lemma 2.31. Assume the truth of Leopoldt’s conjecture for the number field L.
We have B -
dimy H:(F,T) = dimy H: (F,T")

for F = Fir, Fie o7 Fkob and

dimy H(F,T) = dimy, H.(F,T) +1
for G = Fi, Fr or Fi,. (Note that when F = Fgob or G = F1, we only consider the
case X = wg.)
Proof. As explained in Example 213 we have H}_—Can (F,T) = O;;X, and hence
Lemma[Z8lshows that the O-module Hx (F,T) is free of rank g under the running

n

assumptions. On the other hand, H:. (F,T*) = CL(L)X is finite, and it follows
from the discussion in Section 5.2 of [MR04] that

dimy H: (F,T)—dim, Hy. (F,T")

(2.2) =rankp Hy  (F,T) - corankp Hx. (F,T*)=g.

Observe that we have by the choices we have made that
dim, Hy  (F,,T) —dim Hp(F,,T) =g

for F = Fir, Fie O Frop and

dim, Hz_ (F,,T) —dim, H5(F,,T)=g—1
for G = Fi, F, or Fr . Proposition 1.6 of [Wil95] shows that
(dimk HY:  (F,T) - dimy, H. (F, T*)) - (dimk HY-(F,T) — dimy, HL. (F, T*))
=dimy Hx_ (F,,T)— dimy Hx(F,,T)
=g.

The first part of the proposition follows from (Z2]), and the second part may also
be deduced by replacing F’s by G’s. |

Remark 2.32. Throughout this paragraph, F will stand for any of F, F, or JFr,
with the convention that if 7 = Fy, the x = wg. Corollary 4.5.2 of [MR04] asserts
that the module of Kolyvagin systems KS(F,T) is a k-vector space of dimension
one, thanks to the second part of Lemma 2371 On the other hand, it follows from
the main theorem of [Biiyl6] that these residual Kolyvagin systems deform to X



IWASAWA THEORY OF CM FIELDS FOR SUPERSINGULAR PRIMES 941

(where X = T, T(E), Teyc or Teye(E)) and that the module KS(F, X) is free of rank
one over the corresponding coefficient ring. The elements of these modules (namely,
Kolyvagin systems) are used to bound the characteristic ideal of Hk.(F, X)Y. The
generators of the module of Kolyvagin systems are characterized by the property
that the bounds they give on the characteristic ideal of HL. (F, X)V are sharp.

We will later use the (conjectural) Rubin-Stark elements to construct these Koly-
vagin systems and exploit facts recalled above in order to verify the sharpness of
the bounds we shall obtain on the Kobayashi Selmer groups for the CM elliptic
curve E.

Proposition 2.33. Assume that Leopoldt’s conjecture holds for L. Then,
Hjl’-‘tr(F7 T)= Hjl"-'u(F> TCYC) = Hjl’-‘“(F> T) =0,
and if H: « (F,Teye(E)*)Y is Aeye-torsion, then
Hy,  (F,Teye(E)) = Hy, (F,T(E)) =0.

Proof. The first group of assertions follows from the definitions. Let Mgy be
as at the start of Section 242l The quotient loc, (H'(F, Teye(E))) /Meye is a
torsion Acyc-module by Lemma 2:25] (under our assumption of the weak Leopoldt

conjecture for T(E)). Since Mcye N VE = 0 by our very choice of V3 and since

HY(F,, Tey)/VE© is torsion free, it follows that loc, (H'(F, Teye(E))) N VE = 0.
This means

HY (F,Teye(E)) := ker (Hl(F, Toye(E)) 2% V;y‘?) ~0.
Let . € T' be any lift of a topological generator of I'/T'*¥¢. The exact sequence

0—TEST— Teye — 0

yields an injection
H.}TKob (F’ T)/(’Y* - 1) — H}'—}(ob (F7 ’]TCYC) = O?

and we conclude by Nakayama’s lemma that Hz _ (F,T) = 0 as well. O

ob
Proposition 2.34. Assume that Leopoldt’s conjecture holds for L and the weak
Leopoldt conjecture for T(E). Let (F,G,D,X) be any of the following quadruples:
{(-Ftrvf[7 [7 T)a (-Fttvfﬁ; LCyC;TCyC)v (‘F’tra‘/—:ﬁv ‘C’vT)a
(-FKob, ]:]L; Hchca Tcyc(E))a (-FKoba -F]La ]L, T)}

Then the following sequence is exact:
0 — HL(F,X) 28 0 HL.(F, X*)¥ — Hb. (F,X*)Y — 0.
Proof. This follows from Poitou-Tate global duality, used with Proposition233 O

3. RUBIN-STARK EULER SYSTEM OF RANK 7

We review Rubin’s [Rub96] integral refinement of Stark’s conjectures, which we
will later use to construct Kolyvagin systems for the modified Selmer structure F,
on T. For the rest of this paper, we assume that the Rubin-Stark Conjecture [Rub96,
Conjecture B'] holds true for the fields which appear in this article.

Let x, fy and L be as above, and recall the definitions of the collections of
extensions €y and ¢ from LIl Fix forever a finite set S of places of F' that does



942 KAZIM BUYUKBODUK

not contain any prime above p, but contains the set of infinite places S, and all
primes A 1 p at which x is ramified. Assume that |S| > g+ 1. For each M € &, let

Sam = {places of M lying above the places in S} U {places of M at which
M/F is ramified }

be a set of places of M. Let O;\(/LSM denote the Spaq-units of M, and Axq (resp.,
drq) denote Gal(M/F) (resp., |Gal(M/F)]).

Definition 3.1. Let G be any finite group and let X be any O[G]-module which
is of finite type over O. Following [Rub96], we define for any integer r > 0 the
submodule A\( X C ® ® A" X by setting

/T\X: {xe@@/r\X:(901/\-~-/\ap,,)(x)€D[G]
0
for every ¢1,-- -, ¢, € Hom(X,O[G])}.

We also let A" X denote the isomorphic image of A" X under the map j : A" X —
PN X.

Example 3.2. If X is a free O[G]-module, then A\j X = A" X. In general, |G| -
No X C A" X.

Rubin in [Rub96l, Conjecture B’] predicts the existence of certain elements
g
Emisn € N\ OXi sy
0

linked via a regulator map to the value of the corresponding Artin L-function at
s=0.

Remark 3.3. Rubin’s conjecture predicts that the elements éxq,s,, should in fact
lie inside the module AJ (’)X,[’ 5,7 Where T is a finite set of primes disjoint from
S, chosen in a way that the group O/T/l, ST of S -units which are congruent

to 1 modulo all the primes in T is torsion-free. As explained in [Biiy09b, Remark
3.1], one can safely ignore 7 as far as we are concerned in this paper.

As further explained in [Buy14] §3.1], the Rubin-Stark elements may be used to
construct an Euler system of rank g for T (in the sense of [PR9§]|, as appropriately
generalized in [Biiy10] so as to allow denominators). We omit the details here and

refer the reader to [Biiyl4]. This Euler system of rank g is a collection Cl({]_)s =

eX} _ where X € A HY(K,T). The collection C% will be called the Rubin-
KSxee K 0 R-S
Stark Euler system of rank g for T.

3.1. Strong Rubin-Stark conjectures. Let F: C Fii, be any Z,-extension of F
disjoint from F¢ over F and let I't = Gal(F}/F) so that we have I = I'y x T'cyec.
Let v; be a topological generator of I'y and let 7.y denote a fixed topological
generator of 'Y€,

Given positive integers m,n we let Fi,. C F,J{ C F, denote the fixed field
of I’fn (so that we have Gal(F)/F) = Teye X I’an) with I‘Sf") = I‘T/I‘?n) and let
F C Fpn C FJ be the fixed field of T2, (so that Gal(Fy, n/F) = Ty x T with

Ly = Teye/Thy.). We write Fi) = Frno C F¥° and F(") = F,,, C F}. Observe
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that F, . is the joint of F,,) and F()_ The following diagram summarizes the
definitions in this subsection:

l—‘cyc *
F’I’L
r{=r; /7

Cyc Feye

m
cyc

Lm)
r(”

F)

K /Pﬂ /1“Cyc

Proposition 3.4. Let m,n be arbitrary positive integers. Then:
(i) coker (H'(F,Teye) = HE, (Fm,T)) is finite.
(i) The O[T (y]-module Hy.  (F(y,),T) is free of rank g.
(iii) The O (my x ' ™]-module Hy (Fn),T) is free of rank g.

Proof. We argue as in Remark .16l By Nekovai’s control theorem

coker (H'(F,Teye) = Hy. (Fin),T)) = Hf(FE/F T) 2. — 1]
and H}(Fy/Fim), T) = Hy. (F,Tk,.)". Since
Hy. (F\Téye)" /(e = 1) = Hz. (Fm), T7)" = CULEF(m))X

is finite, the characteristic ideal of the torsion Acyc-module HF. (F Teye)" is prime
to 7({’; — 1, and by the structure theorem for finitely generated Acyc-modules we
see that H}* (F T )Y [’yf; — 1] is finite, concluding the proof of (i).

cyc

This argument may be used to prove that coker (Hl(F, Teye) — H}m‘ (F, T))
is finite, which in turn implies that coker (HI(F(m),T) RN Hy (F, T)) is fi-
nite as well. Thence the image of the map pr (induced by projection modulo
Yeye — 1) is a free O-module of rank g. It follows by Nakayama’s lemma that
the O[I'(,,,)]-module Hl(F(m), T) may be generated by at most g elements, say by
{v1, -+ ,v5}. On the other hand, it follows from the first part that H' (Fimy, T)
contains a free O[I'(,,)]-module of rank g (isomorphic image of the free module
H(F, ’]I‘Cyc)/('yg’; —1)), say with basis {y1,--- ,yy}. One may easily verify that any
non-trivial O[I"(,,]-linear relation {vy,---,v,} would yield a non-trivial O[I(,)]-
linear relation of {y1,--- ,yy}, which is impossible. This shows that {v1,--- ,v4} is
indeed a basis and (ii) follows.

The proof of (iii) follows similarly. We indicate the main steps. First, we verify
that the O[[[ () x T'¢]]-module Hx. (F(yny, T®A;) is free of rank g. Next, we check
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that the map Hr (F), T ® Ay) = Hz. (Fynp, T) has finite cokernel, thence
H}-Cdn(me, T) contains a free O[T'(,,,) x I'™]-module of rank g (with finite index

in chan (Frmn,T)), say again with basis {y1,--- ,ys}. Furthermore, it follows by
Nakayama’s lemma that H}Can (Fimn, T) may be generated by at most g elements,

say by {v1,---,vy}. It is easy to check as above that a non-trivial linear relation of
{v1,--+ ,v4} would yield a non-trivial relation among {y1,-- , ¥4}, concluding the
proof that {vy,--- vy} is a basis of Hx_ (Fyn,T). O

Remark 3.5. By Proposition B4((iii) it follows that
g

635_‘771 n € /\ H-lrcan (Fm,?’w T) I
since we have \J Hy:  (Fy, T) = N’ Hy. (Fynn, T) by Example

Inspired by [PROS8| Definition 1.2.2], we propose the following strengthening
(along the tower Fi,/F) of the Rubin-Stark conjectures:

Conjecture 3.6 (Strong Rubin-Stark Conjecture). There ezists an element

g
Goo =Guoo1 N NG g€ NH'(FT)

(where the exterior product is evaluated in the category of A-modules) such that
for every subextension F C M = F,, , C Fs as above, the image of G under
the natural projection to \? H}_—Can (M,T) is €, the x-isotypic component of the
Rubin-Stark element.

Assuming the truth of the Strong Rubin-Stark Conjecture, we set

g
6cyc = chc,l ANREEA chc,g € /\Hl(Fv Tcyc)
to denote the image of G

Remark 3.7. 1f we knew that neither the A-module lim _ -~ CI(M)X nor the
Acye-module lim oo Cl(M)X has pseudo-null submodules, the Strong Rubin-
Stark Conjecture would have been trivial. Indeed in that case, it follows that the
maps

Hy,

can

(Fm,nu T) — H}-‘wn (Fm’,n’a T)

(for positive integers m > m’ and n > n’) are surjective and using Proposition [3.4]
that

g g g
l.&n /\ H}'—can (Fm’n’ T) = /\ li%Hlf[}:can (me,; T) = /\ Hl (F’ T) :

4. KOLYVAGIN SYSTEMS FOR G,,, AND E

Until the end of this paper, we assume the truth of Leopoldt’s conjecture for L.
This in particular shows that © = 0. Let P be the set of all primes of F' that
complements the set of primes F' at which T is ramified and the set of primes above
p. Let

E(T,fﬁ,’])) = lim 11%11”1 KS(T&@,.FL,P]C/’B)
ka \ k'>k,
B-a
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denote the module of L-restricted Kolyvagin systems for the triple (T, F, P). Here
we borrowed notation from [Biiyl4, Appendix A]; we note for the convenience of
the reader that

e we have r = 3 in this portion of the current article,

e & and 3 stand for triples of positive integers, and

e our F. corresponds to F__ in [Buyl4].

We similarly define the modules KS(X, F,P) where (X, F) is one of the pairs
(TC}’Cv]:ﬁ)a (Tv }—ﬁ)’ (T(E)v]:lz) or (TCyC(E)v]:L)'

It follows from [MRO04, Theorem 5.1.1] and Lemma 23] that the k-vector space
KS(T, F,P) has dimension one (F = F; or Fi). The following theorem asserts
that these Kolyvagin systems may be lifted to various deformations of T.

Theorem 4.1.

(i) Both A-modules of KS(T,Fz,P) and KS(T(E), Fr,P), as well as the
Acyc-modules KS(T, Fz,P) and KS(Teye(E), Fi,P) and the O-module
KS(T, Fz,P) are free of rank one.

(ii) All five free modules in (i) are generated by a primitive Kolyvagin system
k, namely by a Kolyvagin system whose image & € KS(T,F,P) (where
F = Fr or FL depending on which module of Kolyvagin systems we are
talking about) is non-zero.

Proof. The assertions in (i) and (ii) over O are [MR04, Theorem 5.2.10], and over
A or Ay, they both follow from [Biiy14, Theorem A.14]. O

The following theorem summarizes the main applications of the Kolyvagin sys-
tems, whose existence is guaranteed by the previous theorem. Let (R, X, F) be any
one of the five triples (O, T, F.), (Acyc, Teyes Fr)s (A, T, Fr), (Acye, Teye(E), Fi) or
(A, T(E), FL).

Theorem 4.2. Suppose that & € KS(X, F,P) is a Kolyvagin system whose initial
term k1 € Hx(F, X) is non-zero.
(i) The R-module Hx.(F, X*)Y is R-torsion, and the R-module H3(F, X) has

rank one.
(ii) If R = O, then #H}-* (B, X*)Y | # (H}_—(F,X)/R . m). If R = A or Acye,
then

char (Hy.(F, X*)") | char (Hx(F, X)/R - k1) .
(iii) When R = O or R = Acye, we have equality in the divisibilities of (ii) of
and only if the Kolyvagin system Kk is primitive.
Proof. When R = O all assertions follow from [MR04, §5.2]. The arguments of
[MRO4, §5.3] essentially verify all three assertions when R = Aqy. as well. Here we
provide a sketch of their proof in that case.
For (i), we may choose a height one prime ideal p = (Yeye — 1 4+ pV) of Acye
(where N € Z*) such that
b Acyc/('chc -1 = Acyc/@v
e the image v} € Hx(F, X ® A/p) of k1 is non-zero.

Note that % is the initial term of the Kolyvagin system ¥ € KS(X ® A/B, F,P)
and it follows from (i) applied with R = A/p = O that the A/p-module

Hy. (F, (X ®A/p)")" = Hy. (F,X"[p))" = H}. (F,X*)" [pHF. (F,X*)
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is finite. This shows by the structure theorem for finitely generated Acy.-modules
that the A.yc-module HE. (F, X*)" is torsion. Since the module

H:. (F, (X ®A/p))"

is finite, it follows from Lemma 23] that H% (F, X ® A/p) has A/p-rank one.
Furthermore, as we have a natural injection

Hy (F,X) /pHF (F,X) = Hy (F,X ® Ap) ,

it follows by Nakayama’s lemma that the Acyc-module H% (F,X) is cyclic. On
the other hand, since x; is a non-zero element of the A.y.-torsion free module
HL(F,X), it follows that Hx(F,X) has positive Acyc-rank. This concludes the
proof of (i) when R = Agye.

We next sketch a proof of (ii) when R = Agyc. Fix a pseudo-isomorphism

Hp (F,X7)Y — @D Aeye/F™ © | D Acye/ fiheye
i J

where 9 is any height one prime dividing char (H}. (F, X*)¥) and where each f;
is prime to 8. We are content to prove that

(4.1) Zmi < ordsg char (H}(F,X)/AcyC . Kl) ,

from which (ii) follows. We will assume that p ¢ 8 and therefore 3 is generated by
a distinguished polynomial P € Acyc = O[[Voye —1]]. For a general height one prime
Q of Ay, let Sq denote the integral closure of Agyc/Q. Note that [Sq : Agyc/9Q)] is
finite. Set Pn = (P + 7V), where N is a positive integer (chosen sufficiently large
to ensure that P is a prime ideal). Write Xy = (X ® Acye/P) ® Sg . It follows
from our assumption (2] that we have injections

v HY Gy, X @ Aeye/PBn) — H' (Gx, Xn)
and
by H' (Fp, X @ Acye/Bn) — H'(F,, Xn)
with finite cokernels (whose size depends only on [Sy : Agyc/%]). Define the Selmer
structure F on Xy by setting
Hy(F\, Xn) = ker (H'(Fy, Xn) — HY(FY", Xy ® Q,))
for A f p (this would be the local condition denoted by Hy  (Fx, Xy) in the notation

n

of [MR04]) and by defining Hx(F,, Xn) as the S -saturation of

lp (H}(Fpa X® Acyc/mN)) .

As explained in the proof of Theorem 5.3.10 of [MRO4], for every sufficiently
large positive integer N we have:

(1) ACYC/mN = Acyc/ma

(2) the image "~ € HL(F, Xn) of k1 is non-zero,

(3) coker (H3(F,X)/BnH3(F,X)— H(F, Xy)) is finite with order bounded
by a constant independent of N,

(4) P is prime to f; for every j.
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Only the verification of (3) requires a slight enhancement of [MR04, Proposition
5.3.14] (so as to apply with the Selmer structure F in place of the Selmer structure
Fa in [MRO4]). This shows, proceeding as in the proof of Theorem 5.3.10 of [MR04]
(essentially, by only making use of the Kolyvagin system k¥~ € KS(Xy, F,P) over
the one-dimensional ring Sy, ) that

N> “m;+O(1) = length, Hp.(F,X*)[Bx] = length, H}. (F,(X/PBn)")

<length, HZx.(F,Xy)+O0(1)
< lengthy (H}(F, Xn)/ Sy ,.@‘fw) +0(1)

= lengtth ((H}:(F, X)/Acyc : Kl) 02y Acyc/&pN) + O(l)
= Nrordy char (Hx(F, X)/Acye - k1) + O(1)

where r = rankz, Sy. (1) now follows (for characteristic zero primes ) taking N
sufficiently large in the inequality above. In case p € 3, we proceed by considering
the ideals Py = (T + (Yeye — 1)) and conclude the proof.

When R = A, we may make use of the arguments of Ochiai in [Och05], §3] in order
to reduce the assertions in (i) and (ii) to the case of a dimension-two regular ring.
As details pertaining to this point will soon be available (in much greater generality)
as part of our forthcoming joint work with T. Ochiai, we indicate here only the key
points. We follow the terminology of [Och05l §3]. First of all, our argument above
when R = Acy. shows that for all but finitely many linear elements | € A, we
have (i) and (ii) for the A/(l)-module T ® A/(l). As the second step, one makes
use of this input together with control theorems for the F,-Selmer groups (which
are in fact easier than those relevant to considerations in [Och05], due to the fact
that T =T ® A is a rather simple Galois deformation) as well [Och05l Proposition
3.6] (which characterizes the characteristic ideal of a torsion A-module M in terms
of the characteristic ideals of the quotients M/IM as A/(l)-modules) to finish the
proof. O

Corollary 4.3. Suppose k € E(TCyC(E), JL,P) is a Kolyvagin system with non-
vanishing initial term ry € Hy (F,Teye(E)). Then Hy. (F,Tey(E)*)Y is a tor-
sion Acyc-module, and the weak Leopoldt conjecture for E holds true.

Proof. This follows from Theorem 2](i) and the obvious injection
Hy (F,Teye(E)*) = Hy (F, Teye(E)") .
O

Proposition 4.4. Let & € KS(T, Fi,P) be a Kolyvagin system with initial term
0 # k1 € Hy (F\T) and let K € KS(T(E), FL,P) with initial term tw(k;) €
Hy (F,T(E)). Suppose that
char (H}TL* (F, ’H‘*)V) = char (HL (F,T)/A - k1)
Then,
(i) char (H}E(F,T(E)*)V) — char (HY, (F,T(E))/A - tw (1))

(ii) The Kolyvagin system K& and its image Teyc (K) € KS(Teye(E), Fi, P) are
both primitive.
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(ili) Let &1 € Hy, (F,Teye(E)) be the initial term of the Kolyvagin system
Teye (K). Then

char (H}Tf (F, TCyC(E)*)V> = char (HL (F, Teye(E))/Aeye - R1).

Proof. (i) follows using a formal twisting argument; cf. Lemma VI.1.2 and Theorem
VI1.4.1 of [Rub00].

Let g € KS(T(E), Fi,P) be a generator and let g; be its initial term. Write
K =7r-g (wherer € A) so that tw (k1) = r-g1 . It follows from (i) and Theorem [£.2](ii)
that

char (H}. (F,T(E))/A-rg1) = char (Hx, (F,T(E))/A - tw (k1))
| char (H, (F,T(E)/A - g1)
which shows that » € A*, proving the first assertion in (ii). It now follows from

Theorem AI[(ii) that the image & € KS(T(E), Fi,P) of K is non-zero, and the
second assertion in (ii) holds true by the commutative diagram

PR Teye >

S(T(E), FL,P) KS(T.y.(E), FL,P)

o~

KS(T(E), F.,P)

and by Theorem AIJ(ii). The final portion of the proposition follows now from (ii)
and Theorem [F.2[(iii). O

4.1. Rubin-Stark L-restricted Kolyvagin systems. The purpose of this sec-
tion is to construct the L-restricted Kolyvagin systems T (we proved they exist
unconditionally in the previous section) out of the Rubin-Stark elements. In order
to do so, we will first construct an Euler system of rank one (namely, an Euler
system in the sense of [Rub00]) that enjoys additional local properties at p. We
will then apply Kolyvagin’s descent on this Euler system.

Definition 4.5.
(i) For X =T or T(E), let ES(X) = ES(X, &) denote the collection of Euler
systems for X in the sense of [Rub00l §2].
(ii) Let £ C VIJQ(@) be a O[[B(K(€))]]-direct summand as in Definition 29l An
Euler system ¢ = {cx} € ES(T) is called an £-restricted Euler system if

loc,(cx) € Ve @ Ik

for every K € €. The module of £-restricted Euler systems for 7" is denoted
by ESe(T). We similarly define the module of L-restricted Euler systems
ESL(T(E)) for T(E).

Theorem 4.6 (Mazur-Rubin). For X =T or T(E), there is a canonical map
ES(X) — KS(X ® A, Fean, P),

with the property that if ¢ = {cx}eee € ES(X) maps to & € KS(X ® A, Fean, P),
then
k1= {en} € im HY (M, X) = HY(F, X ® A),
M
where the inverse limit is over the finite subextensions M of Fo /F.
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For any field IC € €&, recall that Ax := Gal(K/F') and write dx = |Ax|. Let & =
{¢x} be any element of lim . _ N Homppa (HY(K,T),D[Ak]) . As explained
in [Rub96l, §1.2], there is a natural map

r—1

/\ HOng[AK] (Hl(K,T),D[AK]) — HomD[AK] (/\Hl(K,T),Hl(IC,T)> .

We denote the image of ¢ under this map still by ¢x. Given a collection @ = {px}
as above, we obtain an element ¢x(ex) € H'(K,T) by the defining (integrality)
property of the elements e§. € i A HY(KC,T). In other words, the denominators
dx disappear once we apply the homomorphisms ¢x.

Theorem 4.7 (Perrin-Riou, Rubin). ¢} := {px(ex)} € ES(T).
Proof. This is proved in [PR98| §1.2.3]; see also [Rub96, §6]. O

Localization followed by projection to V,'é induces a canonical homomorphism
(4.2)

r—1 r—1
Jim /\ Hompa,g (VE, O[AK]) — lim /\ Hompay (H (K, T)),O[Ax]) -
Kee Kee

If @ is an element of the left side of [@2), its image under this homomorphism will
still be denoted by the same symbol.

The following theorem tells us how to obtain L-restricted Euler systems (and
L-restricted Kolyvagin systems) starting with the Rubin-Stark Euler system Cl(ji )S
of rank g.

Theorem 4.8. Recall the quotients Q=H"'(F,,T)/V, Qecye=H"(Fp, Teye)/Veye -
(i) There exists an element U = {¢x} € hm . A Homgp (] (Vi O[Ak])
such that 1 maps N\ Vi isomorphically onto Lx (likewise, N\? Qeye to
Leye and N\? Q to L).
(ii) For W asin (i), cy = {¢x(ex)} € ESe(T).
(iii) Let k%5 € KS(T, Fean, P) be the image of ¢, under the Euler systems to
the Kolyvagin systems map of Theorem BB Then k%5 € KS(T, Fr,P);
i.e., k%S is an L-restricted Kolyvagin system.

Proof. (i) may be proved mimicking the arguments of [Biiy10, §3.3.1]. To prove (ii)
and (iii), one makes use of Proposition [Z3] and adapts (completely formally) the
proof of Theorem 3.25 of [Buy10]. O

Let cfy = ¢r(ef) € Hp (F,T) denote the initial term of the £-restricted

Euler system cj. Similarly, define c}cyc)\l, = {cyu} € @MCFM HY (M, T) =

HY(F,Teye) and ¢}y = {c} g} € lim,, _, H'(M,T) = H'(F,T), where the

inverse limit is over the finite subextensions M of Fi,/F.
Proposition 4.9. ¢}y # 0.

Proof. This follows from the proof of Proposition 6.6 in [Rub96] since we assumed
Leopoldt’s conjecture. |

Remark 4.10. Definition VI.3.1 [Rub00] equips us with a twisting morphism ES(T)
— ES(T'(F)), which then evidently restricts to a map ESp(T) — ESL(T(E)) on
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the L-restricted Euler systems. Let cy(FE) € ESL(T(E)) denote the image of c.
Then the image k%5(E) of cgy(FE) under the map of Theorem (applied with
X = T(E)) lies in KS(T(E), FL,P). The initial term < € H} (F,T(E)) of
the Kolyvagin system k%5(E) may be explicitly described: k¥ = tw (c}m’q,). In
particular, it follows from Proposition that x¥ # 0.

5. GRAS’ CONJECTURE AND CM MAIN CONJECTURES OVER F

Although our sights are set ultimately on the arithmetic of CM elliptic curves
defined over F'*, we present the following results for G,,, first of which may be
thought of as a generalization of Gras’ conjecture and second and third as the one-
and two-variable main conjectures for the CM field F'. We will later use these results
to promote all inequalities we shall obtain using the Rubin-Stark Euler/Kolyvagin
systems for T'(E) of Remark into equalities.

We assume until the end of this article that the following hypothesis on .S holds
true (recall as well that we assume the truth of the Rubin-Stark conjectures and
Leopoldt’s conjecture for L):

(H.S) The set S that appears in the definition of Rubin-Stark elements (see the
start of Section [3)) contains no non-archimedean prime of F that splits in L/F.

Definition 5.1. Let AY,. = lim CI(M)X and similarly AX = lim Cl(M)x.
MCLF.y. MCLFo
We have the identifications (by class field theory)

A e = Hy. (F,Ti)Y and AX = Hy. (F,T*)".

cyc
Theorem 5.2.
(i) #CUL)X =[N\ O " : O-e¥], and the Rubin-Stark L-restricted Kolyvagin
system k%S € KS(T, F, P) is primitive.
If in addition the Strong Rubin-Stark Conjecture holds true, then
(i) char (AX,.) = char (A? Hy. (F,Teye)/Acye - Seye) -
(iii) char (AX) = char (A’ H: (F,T)/A- &) .

Proof. Tt follows from Theorem .2(i) and Proposition that H}_—z (F,T%) is fi-
nite, the Acyc-module H}Z(F, T:,.)" and the A-module H}z (F,T*)V are torsion.

Furthermore, by Theorem [L2(ii) we have
Fitt(H}Tz (F,T*)Y) | Fitt(Hx, (F,T)/O - )

(5.1) char (H}Z(F, T )v) | char (H}_—L (F,Teye)/R - \1/) )

char (H}TZ (F, T*)V) | char (H}Tﬂ (F,T)/A - c;aom@) .

It is these divisibilities we shall upgrade to equalities (and conclude with the proof
of the theorem) with the aid of an analytic class number formula. In order to save
space, we shall do this simultaneously. To that end, let R denote any of the coeffi-
cient rings O, A¢yec or A. Correspondingly, let X stand for one of the representations
T,Teye or T; V for one of the submodules Vji, Veye, or V (of H'(F,, X)); D for
one of the R-lines [, Lcyc or L; c for one of the elements c. cﬁcym\y or ¢,y and

e for €% (when we assume the Strong Rubin-Stark Conjecture, for one of Gy and
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S as well). Let Q = H'(F,,X)/V, a free R-module of rank g. Define the map
loc,y to be the compositum of the maps

loc)y : Hy (F,X) — H'(F,,X) — Q.

Note that this map is injective by our choice of U. By slight abuse, we denote
the isomorphic image of D inside ) also by D. Note with this convention that the
map loc,y induces an injection locy : H}E (F,X) — D . Henceforth, whenever the
element € is used with a coefficient ring R other than O, we implicitly assume the
Strong Rubin-Stark Conjecture. When R = £, we mean by the characteristic ideal
of a torsion R-module its initial Fitting ideal.

As we have indicated in the statement of Theorem .8 ¥ induces an isomorphism
¥ : A? Q@ — D and furthermore verifies that loc, (¢) = ¥(loc,y (¢)) (in fact by its
very choice). We therefore have

(5.2) R-loc,y(c) = Fitt (/\ Q/R - loc/v(s)) D = char </\ Q/R- loc/V(5)> D.

Furthermore, the following sequences are exact:

loc,y

0— Hy, (F,X)— Hy_(F,X) =5 Q/D,

oc®
0 — Hr. (F,X*) — Hx(F,X") 2y Hyy (Fp, X*)/HE. (Fp, X).

Global duality states that the images of loc,y and locjv are orthogonal comple-
ments. Hence
(5.3)
Hi. (F,X*)Y
char | —4*————+
Hf:(m(F,X*)v

Q
D +loc,y (Hy, (F, T))) .

) = char(coker(loc,y)) = char <

Observe further that
Q N Q/loc,y (Hy, (F,T))

D+ loo (HE (F.D) - (D+ Tocyy (HE (B 1)) loc v (A (F.T))
~ Q/loc,y (Hz. (F,T))
= D/(oc)y(H:_(F,T))N D)
N Q/IOC/V(H}_-CM (F,T))
- D/loc)y(Hy, (F,T))

This together with (53]) and (5] proves that

char (D/loc,y (Hx, (F, X)))
char (Q/loc/v(HJ,l_-can (F, X))
char (D/loc,y (Hx, (F, X)))
char (Q/loc,v (Hy. (F,X)))
char (D/R - loc,y(c))

~ char (Q/IOC/V(H}: (va))) ,

can

Char(H}_-:m(F,X*)v) = char(H}_—Z (F, X*)V).

(5.4) ’ char (HY (F,T)/R - c) -
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where the final equality is because loc,y is injective. (5.2]) shows further that
char (A? Q/R -loc,y (¢))

char (Q/loc/V(H}mn(F, X)))

B char (A? Q/R -loc,y (¢))

- char (A’ Q/ N’ loc)v (Hf, (F, X))

can

(5.5) = char ( /g\ Hy (F,X)/R- 5) .

char(Hy. (F,X*)Y)|

This concludes when R = O so that # Cl(L)X = [\ O;* : O -¢e}%]. Choosing
the auxiliary set of primes 7 that appears in the definition of Rubin-Stark ele-
ments carefully (as in [Bliy09a, §2.1]; see also the discussion preceding Theorem
3.11 in [Biiy09a]), one may use the analytic class number formula (together with an
inclusion-exclusion argument) for all fields between L and F to convert the inequal-
ity of Theorem [£.2](i) into an equality, concluding the proof of the first assertion in
(i). See [Rub92, §5], [Rub96l Corollary 5.4] and [Pop04], §4.2] for details. Tracing
back the inequalities above, we see that we in fact have an equality in the divisibility

Fitt(H L, (F,T%)") | Fitt(Hk, (F.T)/9 - ¢, y)

of (5.1)), and it follows from Theorem E2(iii) that the Kolyvagin system k%5(T) €
KS(T, Fz,P) (which is the image of £%-5) is primitive. The second assertion in (i)
now follows from Theorem FTii).
Theorem (i) shows that the image %5 (Teye) € KS(Teye, Fr, P) of £75 is
primitive as well. Hence we have equality in the divisibility
char (H}TZ (F, T )V> | char (H}TE (F, Teye)/R - €% @)

cyc cycs

of (5.I) and therefore also in (5.B) when R = Acyc. This is exactly the statement
of (ii).
When R = A, the divisibility (5.5) reads

(5.6) char(AY,) | char </9\ Hy (F,T)/A- 600> :

Let meye : A — Acye denote the obvious projection. We will check below in
Lemma [5.4] that

Feyelchary (AX)) = chary, (A},) # 0
and in Lemma that

g )
Teye(char ( NHE.., (F,T)/A- 600> ) = char ( N\ Hr,., (F, Teye) /A - chc> .

All this shows (along with (5.8 and (ii)) that there are generators f (resp., g) of
chary (AX,) (vesp., of char (A’ Hx_ (F,T)/A- ey, )) such that f ¢ ker meye, f—g €
ker meye and f divides g. We conclude using Lemma 3] that g/ f € A*, concluding
the proof of (iii). O

Lemma 5.3. Suppose f,g € A are such that f | g, f—g € ker meye and f ¢ ker meye.
Then g/f € A*.
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Proof. Write g = f - h with h € A, so that f —g = f(1 — h) € kermgye. Since
[ ¢ ker meye, it follows that 1 — h € ker meye C ma, where my is the maximal ideal.
Hence h is indeed a unit. O

Lemma 5.4. 7cyc(chary(AY,)) = chary,, (AX.) #0.

Proof. Observe that ker moyc = (7% — 1)A where ~, € T' is any lift of a topological
generator of I'/T'cyc. By the control theorem,

Aé(o/(v* - 1) = H}'—g‘an (Fa T*)v/(’y* - 1) = H}:C*m (Fa T:yc)v = A?yc .

As the Acyc-module AY,. is torsion, it follows from Lemme 4 of [PR84 §1.1.3]
that charp(AY,) is prime to (7. — 1) and meyc (chara (AY,)) = charp, (AX.), as

desired. 0

Lemma 5.5.

g g
Teye(char < NHE,, (F,T)/A- 600> ) = char ( N HE.., (F, Teye)/A - ecyc> :

Proof. 1t suffices to verify that the Acy.-module

coker(H: (F,T) ™S HY: (F,Tey))

can

is pseudo-null. It follows from Nekovai’s control theorem (as used in Remark [2.16])
that coker(meye) = AX [v+ — 1]. This module is pseudo-null by Lemme 4 of [PR84]
§1.1.3]. O

5.1. A two-variable CM main conjecture. The goal in this section is to prove
a somewhat less precise version of Theorem [B.2(iii) assuming only the Rubin-Stark
Conjecture (but not the Strong Rubin-Stark Conjecture). Hypotheses from the
previous section are in effect. Recall the map loc, defined as in the proof of
Theorem (.2

Theorem 5.6. We have
(5.7) char (£/ATocyy (f_ 4 )) € char (Hj, (F,T)Y).

In particular, the module Hlt* (F, T*) is A-cotorsion. Furthermore, the containment

in (BX) may be promoted to an equality if the Strong Rubin-Stark Conjecture holds
true.

Proof. The first part may be deduced from Proposition 2234 (used with F = Fi,
and G = Fr) and Theorem [L.2)(ii) (used with F.). The second assertion follows
from Proposition 9] the fact that loc,y is injective (see the proof of Theorem [(.2))
and the containment (7). Finally, the third portion follows from the proof of
Theorem O

Remark 5.7. Let KC be any field contained in the collection €. The defining prop-
erty of the Rubin-Stark elements and Example show that loc,v (ex) € A7 Qx
where Qx := H*(K,,T)/V, and the exterior product is taken in the category of
O[Gal(K/F)]-modules. We will simply write loc,y (ex) in place of ;! (loc,v (%)) €
N Q.
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Definition 5.8. Recall the free-module Q = H'(F),, T)/V of rank g. Define

g g g
loc,y (ex. ) = {loc,v(e},)} € @ﬂ/\ Qu = /\lgn Qu=/,\2
to be the tower of Rubin-Stark elements along F,,. Here the inverse limit is taken
over all finite subextensions of F,/F', and the second equality holds thanks to the
fact that each module Qs is free as an O[Gal(M/F)]-module and the transition
maps Qu — Qunr (F C M' C M C Fy) are all surjective (because all the maps
Q— Q]\/[ are).

Theorem 5.9. The ideal char (H}_-‘* (F, T*)V> divides char (\? Q/A -loc,y (%)),
with equality if we further assume the Strong Rubin-Stark Conjecture.

Proof. Thanks to our choice of ¥ we have

9
char (ﬁ/A -loc,, (c}mq)) = char (/\ Q/A -locy (‘?)1;00)) ,
and the proof follows from Theorem |

Remark 5.10. The Iwasawa module H}?A (F,T*)V should be compared to the mod-

ule X of [Rub91l, §11] and Theorems 5.2 and 5.9 to Rubin’s main conjecture [Rub91,
Theorem 4.1(ii)], generalized to the setting where the base field F' is now a general
CM field.

6. THE CYCLOTOMIC (SUPERSINGULAR) MAIN CONJECTURE
FOR CM ELLIPTIC CURVES

The goal of this section is to apply results from Section [ to study the cyclotomic
Iwasawa theory of a CM elliptic curve at a supersingular prime.

Recall that 'Y C F denotes the cyclotomic Zy-extension of F' and F}, its nth
layer. Further notation from Section 2.4.1]is also still in effect. In particular, recall
the characters p, (p) and wg. Also until the end, the Dirichlet character x is chosen
to be wg.

Throughout Section [6 we assume that p splits completely in FT/Q. As before,
let T(E) = T,(E) denote the p-adic Tate module of E. Let S, = {p1, -, pq}
denote the set of primes of F'T lying above p. Note that each p; remains inert in
the quadratic extension F/FT. We denote the unique prime of F' above g; by p;.
By a slight abuse, we denote the unique prime of F, (and of F¥¢) above p; by the
same symbol p;.

6.1. Preliminaries. In this subsection we recall some classical results (due mostly
to Coates and Wiles) in the Iwasawa theory of CM elliptic curves. We shall ini-
tially record them being faithful to the original notions and notation, and later in
Remark we explain which objects we have introduced in the previous sections
they correspond to.

Let 9t be the maximal abelian pro-p extension of § := F(E[p™]) unramified
outside primes above p. Set X := Gal(MM/F) and Az := O[[Gal(F/F)]]. For any
extension M of F' (finite or infinite), consider the relazed Selmer group

H' (M., E[p™])

set /o) = e | 01 2157) — [T gyl

vip
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Lemma 6.1 (Rubin). For any infinite extension My, of F' contained in §,
SeI;)(E/MOO) = Sel,(E/M).
Proof. This follows from [Rub85, Lemma 2.2]. O

Definition 6.2. Given a Ag-module Y and a continuous character ¢ : Gal(§/F) —
0%, we define Y(¢)) := Y ® O,-1 where O,-1 is the cyclic O-module on which
Gal(F/F) acts via 1.

Definition 6.3. Given a Ag-module Y, we define Y2 := Y (p~') ®x, A (resp.,
Yo, =Y (p7")®a; Acye), the Fop-coinvariants (resp., F¥°-coinvariants) of Y (p™").
Lemma 6.4.

(i) Sel,(B/§) = Home (%, E[p™]).

(ii) Sel,(E/Fx)¥ = X2, and Sel,(E/FY°)Y = X7

cyc*

Proof. Proof of (i) is essentially due to Coates and Wiles and follows from the
criterion of Néron-Ogg-Shafarevich utilized as in the proof of [CWT7, Theorem 2].
Proposition 1.2 of [Rub85] shows (for Mo, = F¥° or F,,) that

Gal(F/Moo
Sell (E /M) = Sel, (E/F) /M)

(In fact, the case My, = F. is a straightforward consequence of the inflation
restriction sequence, as p{ [§ : Fuol.) It follows from Lemma [6.1] and (i) that

Sel,(E/Mx) = Homg (X, E[p>]) ! (5/Me)
=~ Homg (X(p~ ), ®/0) /M) =~ Homg (X2, 0/9)
where ? = cyc or oo (depending on whether My, = F¥° or F). O
For every prime p; of F' above p, we denote the prime of § above p; also by the
symbol p;. Let 4; = limily, be the inverse limit (with respect to norm maps) of

the local units (at p;), where M varies over finite subextensions of §,,/F,,. The
compositum of the maps

E(8p,) ® Qp/Zp—Hom(G5, , E[p™]) —Hom(4;, E[p™]) S Homp (U;(p~ 1), /9)
(where the first map comes from the identification
H1 (gpl ) E[poo]) = Hom(G%’pi ) E[poo])

and the second map by the inclusion Y; — G, of local class field theory) induces
a non-degenerate (cf. [Rub87, Prop. 5.2]), O-linear Kummer pairing

() (BURT) @ Qp/Zp) x U oye — ©/D.

i,cyC
Remark 6.5. Let Fy, denote the strict Selmer structure on Z (where Z = T or
T(E)) given by the local conditions:
. H}S“_(Fq7 Z) = H}CM(Fq7 Z) for every prime q 1 p,
° H}_—S”(FP,Z) =0.

It follows easily using the inflation-restriction sequence that

(6.1) Hy. (F,T)Y = X(wg') @a; A =1 X2,
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By Lemma [6.4] we conclude that
(6.2) 5Sel,(E/Fy)Y = X, = X(p™ ') ®@a, A

— HE. (F,T)Y @ (p) = H. (F.T(E)"),
and on tensoring with Ay, (and using once again the perfect control theorem)
(63) SelP(E/FCyC) %gyc - %go XA ACyC

~ HL. (F,Teye(E)").

Furthermore, we have
(64) Hl(Fp”T(E))%HI(Fp”T)@<p_1> L[foo )

and on applying &), Acyc to both sides,
H'(Fy,, Teye(E)) <~ 4f

i,cyc *

Here tw : H'(F},,T) — H'(F,,, T(E)) is the twisting morphism which factors
through the A-isomorphism (that we still denote by tw)

Hl(FPz‘>T) ® <p_1> % Hl(Fme(E))‘

6.2. Plus/minus Selmer groups and p-adic L-functions. Following [Kob03]
(see also [IP06]), we define the +-subgroups as follows:

Definition 6.6. For every positive integer n, set
EY(Fpyp,) ={x € E(Fyyp,): Tryym(x) € E(Fp_1,,) for 0 <m <n,m: odd},
E™(Fuy,) ={x € E(Fny,) : Trym(x) € E(Fpo1y,) for 0 <m <n,m: even},
where Try, /p, (2) : E(Fyp,) — E(Fyp,) is the trace map. We also set
B (FY) = lim B*(F ).
Definition 6.7. Let Sel,(E/F),,) denote the classical Selmer group attached to E
and set Sel,(E/F%°) = lim Sel, (E/Fy). Define the £-Selmer groups by setting

._ ! n.pis ™))
Sel (E/F,) := ker (Sel (E/Fy) @ Aum, ;,i)@(@,,/zp))'

Let Sely (E/F®) = lim Sel, (E/Fy).

We note that these two Selmer groups actually correspond to the cases (+, -+, +)
and (—, -+, —)-Selmer groups among 29 possible options.

Definition 6.8. For a fixed topological generator 7 of I'cy. and n > 1, we define
n—1

the element v,, = Zf;ol P € Aeye and set

wlh = H Vi, w, = H V.

1<i<n 1<i<n

i: even i: odd
At the analytic end of things, Park and Shahabi [PS11] have constructed a
pair of signed (bounded) p-adic L-functions L;t (E/F*) € Acye ® Q, whose basic
properties are outlined in the following theorem. For each prime 3 of F'* above p,
we let @ = a(*B) denote a distinguished roof of the Hecke polynomial for F at 8.
As the prime B is inert in F/F7, it follows that a(3)? = —p, and our convention
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is that we always pick the same square root e of —p (other choices would alter the
bounded p-adic L-functions of Park and Shahabi by only +1).

Theorem 6.9 (Park-Shahabi). There ewists a pair of elements L} (E/F*),
L, (E/FY) € Aeyc®Q, which are characterized by the following interpolation prop-
erties: For every non-trivial character x of I'Y¢ of finite order p™,

e for odd n, we have

nTﬂgpnTﬂ(Qfl) T(X) L(EaYa 1)

X (L (B/FH) = (-1) S,

e for even n, we have

g—1) T(X) L(E7Ya 1)
X(wn) Qe(F7)

Furthermore, their value at the trivial character is given by

(L (B/F)) = ur - % (L (E/FY) = us - %

X (L (B/F)) = (—1)7 (3

—x ,
where u1,us € Q° (whose precise values we need not know).

Here, the period Qg(F*) corresponds to the quantity (e, ]”E)D;xlF (vV=1)"9in
[PS11], where fg is the Hilbert modular form of parallel weight two that one as-
sociates (via the Weil-Jacquet-Langlands correspondence) to our CM elliptic curve
E and Dp+ is the discriminant of Ft.

Proof. This is an immediate consequence of the interpolation formula [PS11, The-
orem 2.3] and the factorization [PS11l Theorem 2.7], used together with [Pol03]
Lemma 4.7]. O

The following is the signed-main conjecture that Park and Shahabi posed in this
context.

Conjecture 6.10 (Park-Shahabi).

(i) Both modules Selg' (E/F€) and Sel,, (E/F%°) are Acyc-cotorsion.

(ii) Any generator of the ideal char (SeI;t(E/FC-VC)V) also generates the ideal

Ly (E/F*)(Aeye ® Qp).
Definition 6.11. Let V;* C 47 .y denote the orthogonal complement of EX(FY)®
Qp/Z, under the Kummer pairing defined as above. Via the identifications in Re-
mark B3, we view V= as a submodule of H'(F,,, Teye(E)).
Set &t = @, 4 and Vi . = @I, V;". Define 42, and 42, in a similar

manner. Let o : 4 — X be the Artin map of global class field theory (and likewise
the compositum

a: Uy, — H' (F,, T(E)) — Hp. (F,Teye(E)*)Y

cyc

be the map obtained by the Poitou-Tate global duality). The following properties of
the submodules Vﬁ,cvc may be obtained as in [PR04, Theorem 4.3 and Proposition
4.4] (and using the comparisons of Remark [6.5] wherever necessary).
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Proposition 6.12 (Pollack-Rubin). For every 1 < i < g we have:
(i) the A-module 7 = H'(F,,,T(E)) and the Acyc-module L7 . =
HY(F,,, Teye(E)) are free of rank two,
(ii) the Acye-modules Vi and H'(Fy,, Teye(E))/ViE are both free of rank one,
(iif) there is a (non-canonical) submodule V¥ C H'(F,,, T(E)) whose image
under the natural map

Teye + H (Fy,, T(E)) — H' (Fy,, Teyo(E))

is the module V£ and is such that both VE and H(F,,, T(E))/VE are free
of rank one over A,
(iv) Sely (E/F°)Y = X8, /a(VE

cyc FE,cyc

) = H%:U (F, Tcyc(E)*)v/a(Vg,cyc) :

6.3. An explicit reciprocity conjecture for Rubin-Stark elements. As we
have assumed that the prime p splits completely in F'*/Q, we may identify Fg with
Q,, and the constructions of Kobayashi [Kob03|, §4] for a supersingular elliptic curve
defined over QQ, carry over.

Definition 6.13. Given positive integers n and 1 < i < g, let E1(F,, p,) C E(Fyp,)
denote the kernel of the reduction map modulo p;. Then E;(F, ;,) is the pro-p part
of E(F,,,), and we define the logarithm map Ag to be the compositum

Ap: E(Foyp,) = E(Fpyp,) — E(pi) — Fop,,
where F is the formal group of E/F,,.

We consider Kobayashi’s trace-compatible sequence of points d,; € E (F,‘l“ pi);
we refer the reader to [PR04l §3] for basic properties of these points and their com-
parison with Kobayshi’s original construction. Using the complex multiplication
map E(F ) ®9 — E(F,,,), we define the element 9, ; € E(F, p,) as the image
of d,, ;. Key properties of the elements 9,, ; are outlined in the following proposition.

Proposition 6.14 (Kobayashi). Let I',, := Gal(F,/F). For every positive integer
nandl <i<yg,
(i) dern X(0)Ae(07, ;) = (=27 (x), where T(x) is the Gauss sum,
(ii) if € is the sign of (—1)", then E(F,,) = OL]0n,: and E~(F, ) =
O, ]0n-1,. Moreover, we have E€(F, o,) + E~(Fy,p,) = E(Fp0,).

Proof. This is a restatement of [PR04, Theorem 3.2]. O

Definition 6.15. Let Soc C @MC&C N’ Hx_ (M, T) denote the cyclic A-module

generated by the tower of Rubin-Stark elements {¢},} and let SZ? be the image
of S under the compositum of maps

g g g
lim A Hy,  (M,T)— lim AH'(M,T) = \H'(F,T)
MCFo ' MCFs
g

=5 NHY(F,T(B)).

We write pr; : H*(F,, T) — H'(F,,,T) for the obvious projection map (similarly,
for the map defined on H'(M,,T) for any M as above).
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Conjecture 6.16.

(i) There exists a generator 1 A--- A=, of the cyclic A-module SEP such that
or every n € Z, for every primitive character x : Gal(E, /F) — py~ and
P
for every positive integer k,

det ( > x o), ®pkvum‘>>
ocel’,
"T“](gfl) L(E/FJr’ X5 1)
Qp(Ft)

where u; j := pr;(Z;) € H'(F,,, T(E)) gi,lgo , L(E/F*,x,s) is the L-series
twisted by the character x and € is the sign of (—1)™.
(i) For all but finitely many characters x of Teye, we have L(E/F*,x,1) # 0.

Remark 6.17. The first part of Conjecture is a natural (but partial, in that
it only concerns the plus/minus subgroups of the local cohomology groups) gen-
eralization of Coates and Wiles’ reciprocity law [CWT77,[Wil78|]. The second part
proposes an extension of Rohrlich’s [Roh84] non-vanishing theorem in the special
case FT = Q; see also [Roh89)] for a result in this direction (which proves the weaker
statement that (ii) holds true for infinitely many characters x).

= p M)A () (sl

Recall the lift VI ¢ ilﬁootng(Fpi,T(E)) of V:* and set

g
Vi =@ Vi ¢ H'(F,, T(E)).
i=1
Let V* c H 1(F,,T) be the inverse image of VE under the twisting isomorphism

tw.
Recall the modules M and M.y from Section

Theorem 6.18. If Conjecture holds true, then MCyCﬂvacyc =0=MnNVE.

Proof. Let = denote the A-submodule of H'(F,,T(E)) generated by S =
{Z1,--+,E,} and Egy. its image inside H'(F,, Teyc(E)) generated by Seye =
=P, EQC) where Z7¢ € H'(F), Teye(E)) is the image of Z;. First, notice

that S is linearly independent over A and Scy. is linearly independent over Acye.
Indeed, if aq - Eiyc +---+ay- E;yc = 0 for some aq,- -+, a4 € Acyc, then this would
imply that

ap -coly + - 4@y - coly =0,
where col; denotes the jth column of the matrix [, o x () (07 ; @ p~ %, u; 5)] y
and @ € O is the image of a € Ay under the augmentation map. The explicit
reciprocity conjecture (applied for large enough n) shows that @; = 0 for every 4,
so that a; = (Yeye — 1)b; for some b; € Acyc. As the Agye-module H(F), Teye(E))
is Acyc-torsion free, we conclude that

b1 -E({yc+---+bg-E;yC:O
and in turn that each b; is divisible by ycy.—1. Iterating this argument, we conclude
that each a; is divisible by arbitrarily large powers of ¢y —1, then a; = 0 for every 1.
This completes the verification that Scyc is Acyc-linearly independent. The assertion

that the set S is A-linearly independent is proved similarly. We therefore conclude
that Z is a free A-module, Zcy. is a free Acyc-module and both have rank g.



960 KAZIM BUYUKBODUK

We are now content to prove that Zyc N VE = 0. Suppose that Yoiai B¢

E,cyc i
belongs to Vg . . (where € = + or —) for some a1, -+ ,a45 € Acye. Let n be
a positive integer chosen so that the sign of (—1)" is € and L(E/FT,x,1) # 0
for some primitive character x of I',. If coly,--- ,col, are the column vectors of

Y per, X Ho) (05, @p7F, uivj”i,j as above, we conclude once again that
@y -coly +---+ay-colyg =0

and by the explicit reciprocity conjecture that each a; is divisible by vcyc —1. Write
@; = (Yoye — 1)b; so that we have

chc - Z b Hcyc € VE ,cyc *

But according to Proposition BI2(ii), the Acyc-module H'(EF,, Teye(E))/V cye
torsion-free and therefore ), b;-2°° € V¢, cyc- Repeating the argument s times (for
every positive integer s) we conclude that (veyc —1)°® divides each a;, and therefore
that a; = 0, as desired.

It is not hard to see that there is an r € A with mcyc(r) # 0 and r-Z C M (hence,
we also have meye(7) - Ecye C Meye). The submodule ey (r) - Ecye has Acye-rank g,
and therefore the quotient Mcyc/Teye(r) - Eqye is torsion. This in turn shows that
there is a non-zero element 7 € Acye with FMye C Egye. Using this observation, the
fact that H 1(Fp, Teye(E) is Acyc-torsion free and our conclusion from the previous

paragraph that Z.,c N V% oye = =0, it follows that Mcy. N V% eve =0.
It now follows at once from Nakayama’s lemma that M N V =0 as well. |

Remark 6.19. Theorem [6.18 supplies us with two natural choices for the free A-
module Vg in Definition 2.27] VE or Vy

6.4. Rubin-Stark elements and the plus/minus main conjecture. Through-
out this subsection, we assume the truth of the Explicit Reciprocity Conjecture
(therefore, implicitly the truth of Rubin-Stark conjectures) and of Leopoldt’s con-
jecture for the number field L. Throughout, let € stand for one of + or —.

Definition 6.20.
(i) Let Qc oo := H'(Fp, T(E))/VY and let loc;, denote the compositum

locs : H'(F, T(E)) =% H'(F,, T(E)) — e so.

(The quotient Q.  is related (via the twisting map tw) to the quotients
Q defined as in Section [f] and the map loc), to loc/y.) Observe that Q. o
is a free A-module of rank g by Proposition [E.12(iii) and the map loc;, is
injective by Theorem [G.18

(ii) Let ug-s = wg A--- Auy € /\g .00 denote the image of the tower of
Rubin-Stark elements loc, (e77) € /\g (given as in Definition (.8 with
the choice V = tw™ (V%)) under the twisting map A? @ — A Q¢ o

(iv) Similarly define Q. ¢y and the map

loc, : HY(F, Teye(E)) — Qe cye -

Let ig.g = 1 A---Ally € /\g Qe cyc be the image of ug_g under the projection
map A? Q.o = A Qecye -
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Theorem 6.21. Any generator of the ideal char (A Qe cyc/Acyc - Ur-s) generates
the cyclic (Aeye ® Qp)-module (Acye @ Qp) - L (E/F™T).

The proof we shall present below for this theorem is essentially identical to the
proof of [PR04, Theorem 7.2] after a number of obvious modifications.

Proof. Let ui € Hom(E*(FyY°) ® Qp/Zy, Qp/Z,) be the generator which was es-
sentially constructed by Kobayashi [Kob03, Theorem 6.2], whose properties are
outlined in [PR04, Theorem 7.1]. Let 2 =& A--- A&, € N\ € G4 be as in the
statement of Conjecture [6I6] and let @fj denote the image of &; inside
Hom(E* (F3%) ® Qp/Zy, Qp/Zy). Then

+ _ 3+ *
(6.5) @i = hijh

for some hfj € Acyc and
g
NQEL/Acye - Tires 5 Acye/ det (hE)) |

(6.6) g
char (/\ Qétyf/AcyC . ﬁR-s> = det (hlij) Acye.

Let x : Icye — ppn be any character of order p™ > 1. It follows from (€3]) that for
every k> 1and 1 <i<g,

(6.7) L = > x(0)ei;00, @p ") = x(hi) Y x(o)ui (@], @ p") = RE;.
oel’, oel’,

A computation of Kobayashi (cf. [PR04, Theorem 7.1]) shows that Rii’j =
X(hfj)x(wf)p’k so that we have

n

(6.8) det (Rzij) =prIy (det (hlij)) x(wi)9.

On the other hand, Conjecture [6.16] (which we assume) together with Proposi-
tion [6.14] shows that

ntl +
(69)  det (Lf;) = p (=)Ao () (wg)e pl ](g—l’—L(]?)/E}ZFl?I)’

where e is the sign of (—1)"*1. Tt follows from (6.7)), (6.8) and (6.39) that

n+1 +
N B e e

=y (det (hij)) x(ws)? mod pkd
for every k. The proof follows from Theorem O

Theorem 6.22. The Acye-module Hy  (F,Teye(E)*)Y is torsion.

n

This statement is a reformulation of the weak Leopoldt conjecture for our CM
elliptic curve E and the cyclotomic Zy-extension Fey. of F.

Proof. By Corollary .3} it suffices to prove the existence of a Kolyvagin system
k € KS(Teyc(E), FL, P) with non-vanishing initial term sy € Hy, (F, Teye(E)). A
suitable modification in Theorem (so as to allow the replacement of T with



962 KAZIM BUYUKBODUK

T(E) and £ with Lg, etc.) shows that there is an isomorphism ¥ : A? Q. o, — Lg
and a Kolyvagin system &(R-S) € KS(T(FE), F,, P) with the following properties:
e The initial term 1(R-S) € HE, (F,T(E)) of k(R-S) verifies that
(6.10) loc, (£1(R-S)) = ¥(ur.s) -
o Let kY°(R-S) € KS(Teye(E),Fi,P) be the image of x(R-S) and let
k7 °(R-S) € H, (F, Teyc(E)) be its initial term. Then
(6‘11) IOC;(’%?C(R'S)) = \Ilcyc(ﬁR-S)y

where Weye 1 A? Qe cye = LEC is the isomorphism induced from ¥ by base
change.

The proof now follows from (6.11]), Theorem and the second part of the Explicit
Reciprocity Conjecture6.16] (from which follows that Lg (E/F*1) € Acyc®Q) is non-
zero). O

Definition 6.23. Let F. denote the Selmer structure on T (and on its subquotients,
given by propagation as usual) defined by the local conditions

o Hy (Fy,T(E)) = Hx_ (Fy,T(E)) for every prime q1p,
o HL (F,T(E)) = V5.

Set Veoo = H}_—* (F,T(E)*)Y and Ve cye = H}:* (F, Teye(E)*)Y.

Remark 6.24. Thanks to Theorem [6.I8, the Selmer structure F. agrees with the

Kobayashi Selmer structure Fiob, with the choice Vg = V¢ in Definition

Lemma 6.25. YV cyc = Sel(E/FY°)Y.
Proof. The Poitou-Tate global duality sequence
0 — H},, (F,T(E) — H, (FT(E) <3V
— Hy. (F,T(E)")Y — Voo — 0
reduces to the sequence
0— Vg — Hz. (F,T(E)*)Y — Yeoo — 0

thanks to Proposition 233 and Theorem [6.22] Applying the functor — ®a Acyc and
using the control theorem [MRO04, Lemma 3.5.3], we obtain the exact sequence

(6.12) 00—V - H}-‘S*”(F, TCyC(E)*)V — yEVCyC —0

€
FE,cyc

(where the exactness on the left follows from rank considerations and the fact that
V5 eye 18 free of rank g). This shows, using Proposition [G.12(iv), that

Veaye = Hro (F,Teye(E)*)Y (Vg ye) = Sel* (B/F¥e)Y.

FE,cyc

O

Fix a generator LF™8 € Ay of the ideal char (Seli(E JF¥°)V). We have the
following result towards Conjecture

Theorem 6.26. We have L8 | LE(E/FT) (inside the ring Acye ® Q). This
divisibility is in fact an equality if we assume the Strong Rubin-Stark Conjecture

for €.
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Proof. The proof of Theorem [(.9] applied with the Kolyvagin system
KY(R-S) € KS(Teye(E), Fi, P)

in place of the Rubin-Stark L-restricted Kolyvagin system for T and the Selmer
structure F. in place of Fi, shows that

g
char (H}:(F, T(E)*)V) | char (/\ Qe.cye/Aeye ﬁR-s> .

The first part of the theorem now follows from Theorem [(.21] and Lemma [6.25)]
If the Strong Rubin-Stark Conjecture holds true, Theorem (after twisting)
shows that

char (H}: (F,’JI‘(E)*)V) — char (/\QE,OO/A.uR_S> .

This, however, means using Proposition 2.34] and Theorem that
char (H}TE* (F, ’H‘(E)*)V> = char (HL, (F,T(E))/A - 51(R-S))

and by Proposition 4] that the Kolyvagin system &(R-S) and its image k“¢(R-S)
are both primitive. This shows that

char (H}H} (F, Teye( E)*)v) = char (HY, (F, Teye(E))/Acye - 55 (R-S)) ,

and once again applying Proposition 2.34] we conclude that

g
char (H} (F, TCyC(E)*)V) = char </\ Qe eye/Acye - uR_g) .
The second assertion follows as well. O

Assuming the validity of the Strong Rubin-Stark Conjecture for €, we may there-
fore write

+,alg __ er =+ +
Ly =un®Ly(E/FT)

where m € © is a uniformizer, € € Z and u € Ay is a unit.

6.5. Applications of the supersingular main conjecture. The assumptions
of the previous subsection are in effect until the end. We have the following con-
sequence of Theorem to the Birch and Swinnerton-Dyer conjecture for E/FT,
generalizing parts of [Rub91, Theorem 11.4] (which applies in the case F'T = Q).

Theorem 6.27.
(1) If L(E/F*,1) # 0, then E(F7) is finite.
(2) Assuming the walidity of the Strong Rubin-Stark Conjecture and that
L(E/F*,1) =0, the classical Selmer group Sel,(E/F*) is infinite.

Remark 6.28. Assuming the Strong Rubin-Stark Conjecture and in case L(E/F*,1)
# 0, one may in fact express the cardinality of III(E/F)[p>] in terms of ¢, u; and
the L-value. Since this lacks the desired level of precision, we do not include this
statement as part of Theorem [6.271
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Proof. The proof of this theorem is essentially identical to the proof of [PR04,
Theorem 8.2]. Besides Theorem [6.26] the key points are as follows:

(a) The perfect control theorem for the Selmer group H . (F,T,(E) @ Acye) Y,

which asserts that

Hy. (F,Ty(E) ® Acye)” @hyy © — Hr- (F,T,(E))"

holds true thanks to [MR04, Lemma 3.5.3] (or [Nek06l, Proposition 8.10.1]).

(b) For every n and 1 <14 < g, the maps
E(Fy,) @ ®/9 — H(Doye, EX(Fpp,) @ ©/9)

are surjective. This assertion is proved as part of [PR04, Lemma 8.3].

(¢) Using (a) and (b) above, one may deduce Kobayashi’s control theorem:
Sel (E/F%°)Y @p,,. O — Sel,(E/F)".

(d) The exact sequence ([GI2), [PR04l Lemma 6.5] and the proof of [Rub91l
Theorem 11.16] (applied with [NQD84] Theorem 3.1]) show that
Selff (E/F%°)Y has no finite-submodules. This together with (c) implies

| (Sel (B/FY)Y) ®a,,. O| = [Sel,(E/F)"|.
The proof now follows from the interpolation property of the signed p-adic L-
function L (E/F*) (considered as the identity character on I'eyc) together with

the isomorphism Sel,(E/F*)Y ®z, O — Sel,(E/F)Y induced by the theory of
complex multiplication. O

cyc

Remark 6.29. The analogous statements to Theorem [6.27] may be proved in the
ordinary case using the ordinary CM main conjectures; cf. [Hsil2[Buy14].
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