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TOPOLOGICAL PROPERTIES OF A CLASS
OF SELF-AFFINE TILES IN R?

GUOTAI DENG, CHUNTAI LIU, AND SZE-MAN NGAI

ABSTRACT. We construct a class of connected self-affine tiles in R3 and prove
that it contains a subclass of tiles that are homeomorphic to a unit ball in
R3. Our construction is obtained by generalizing a two-dimensional one by
Deng and Lau. The proof of ball-likeness is inspired by the construction of a
homeomorphism from Alexander’s horned ball to a 3-ball.

1. INTRODUCTION

The main purpose of this paper is to construct a class of self-affine tiles in R3
that are homeomorphic to a unit ball in R?.

Let d > 1 be an integer and let A be a d x d expanding matrix (i.e., all of its
eigenvalues have moduli greater than 1). It is well known (see [1ILI6]) that for any
finite set D C R? there exists a unique nonempty compact set T = T(A, D) such
that

_ -1 _
T = UdiED ATNT + dy).
The above set equation can be rewritten as AT =T + D, and T can be expressed
as

(1.1) T= {Zw ARdy : dy € D}.

We call D a digit set, (A, D) a self-affine pair, and T a self-affine set. If #D =
| det(A)| is an integer and the interior of 7" is nonempty, then T actually tiles R? in
the following sense: there exists a discrete set £ C R? which satisfies (i) T+ £ = R?
and (i) (T°4¢1)N(T°+12) = O for all distinct ¢1, 2 € L. We call such T a self-affine
tile.

Extensive studies of self-affine tiles began in the late 1980s by Thurston, Kenyon,
Bandt, Lagarias, Wang, and others (see [3,[I3/16,21] and the references therein).
Since then, analytic, number theoretic, as well as topological properties of tiles have
been studied by many authors.

This paper concerns topological properties of self-affine tiles. Connectedness of
self-affine tiles has been studied by Kirat and Lau [14], Kirat et al. [I5], Akiyama and
Gjini [1], Leung and Luo [18], and others. Disk-likeness of self-affine tiles in R? has
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been investigated by authors including Bandt and Wang [5], Luo et al. [I9], Ngai and
Tang [20], Leung and Lau [I7], and Deng and Lau [§]. Topological properties of self-
affine tiles related to number systems have been studied by Akiyama, Thuswaldner,
and other authors (see [2] and the references therein).

The main motivation for this paper is the construction of ball-like tiles. Gel-
brich [9] asked whether or not a lattice self-affine tile with two pieces in R? (d > 3)
is homeomorphic to the d-dimensional ball (this is true for d = 2). We refer the
reader to Bandt [4] for some related conjectures on this question. Many tiles in
R? are disk-like. However, in R? (d > 3), except for some trivial tiles such as a
hypercube, the Cartesian product of a disk-like tile, and some interval, not much
was known. Recently, by making use of deep theorems from geometric topology,
Conner and Thuswaldner [7] formulated an algorithm which allowed them to prove
that some nontrivial self-affine tiles in R? are ball-like. Unlike the method in [7], our
proof is direct analytic and topological in nature. After this work was completed,
the authors were informed by Jun Luo that Kamae, Luo, and Tan [I2] constructed
a family of n-dimensional self-affine tiles that are homeomorphic to the unit cube
[0, 1]™.

This paper considers tiles generated by digit sets that are noncollinear. More
precisely, we consider the following family:

p 0 0 (i i ) - ;

(12) A=[0 ¢ o0 and D'{%%k+m%%yogl<@L
0<j<lgl,0<k<]rl},

where a;,b; are in R. Note that T(A2,D) = T(A,D) if D = D + AD. So, by

considering (AQ,IS) instead of (A, D) if necessary, we will assume p,q,r > 2. To

study the set T, we consider the following iterated function system (IFS) that

generates T":

(1.3)

{Si’j,k(x,y,z) = A_l((x,y,z)—i—(i,j,k—&—ai—l—bj)) :0<i<p, 0<j<q, 0<k< r}.

By using this IF'S, we partition 7" in three different ways as follows. Let
r—1 qg—1 p—1

(1.4) Gij=JSun@, E=JG; F=Gy
k=0 j=0 i=0

p—1 q—1
(1.5) r=Jc;=JE=F
ij i=0 j=0

We call each G; ; a cylinder. We say that two cylinders G j, G j are adjacent if
max{|i —i'|,|j — 7|} <1 and are diagonal if |i —i'| = |j — j'| = 1 (see Figure[).
We will use Lemma 2.3 from [I0] to investigate the connectedness of T'. For this
purpose, we define 1, d2, I3 as follows:
(1.6)
(51 (Z) :
d2(7) :
63 (la j) :

inf {[|p1(0)] = 7 "p2(i)|| : 0<j<q—-1n>1}, 0<i<p-—1,
inf {[|p2(j)| =7 "p1 ()] : 0<i<p—-1n>1}, 0<j<q-—1,
pr ()] = 1p2(5)];
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o

FIGURE 1. The projections on the plane z = 0 of T', G;, E;, Fj,
drawn with p = 2 and ¢ = 3. Two adjacent cylinders marked in
gray are diagonal.

Git1,4+1

FIGURE 2. Geometric interpretation of 41,43, and p;. The figure
is the vertical cross-section of T' on the plane @ = (i + 1)/p. The
set with a dotted boundary is the cross-section of F;, and the rest
is the cross-section of E; ;. It is drawn with p =2, ¢ =3, r =4,
S:t:]., (IOZO, a1:13.7, bgzo, ande:—blzlo.

where

(L.7) pa(i) ==

ap—1 — Qo +1t A; — Qi1 N bq—l — bo +s bj - bj+1
r(r—1) + ro p2(i) = r(r—1) A

We comment on these quantities. Let Wf,Wijrl be the restrictions of E;, F; 1
to the plane = (i + 1)/p, respectively (see Figure [2]). Then p;(i) is the amount
of translation from W' to W11, and §;(4) is the vertical distance between the
bottoms of WiJr and W; ;. The quantities p2 and J2 have analogous geometric
meanings (with respect to the sets F}). The quantity d3(i, ) is the distance of the
bottom of two diagonal cylinders restricted on the vertical line (see Figure [2):
m=l+1, y:m, z =1, teR.
b q

Our first main result concerns the connectedness of T' and its interior.
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Theorem 1.1. Let (A,D) be given as in ([L2) with p,q,v > 2 and let T be the
corresponding self-affine set. Assume pi,ps are defined as in (1) and 61, 92,03
are given as in (6.
(a) T is connected if (i) or (ii) below holds:
(i) for all i, 61(3) < 1, and for all j either d2(j) < 1 or there exists i
(depending only on j) such that 63(i,j) < 1;
(i) for all j, 62(j) < 1, and for all i, either 61(i) < 1 or there exists j
(depending only on i) such that d3(i,5) < 1.
Moreover, if a;,b; are zero for all i,j, then each of the above sufficient
conditions is necessary; i.e., if T is connected, then (i) or (ii) holds.
(b) T° is connected if and only if |p1(2)] < 1 and |p2(4)] < 1 for all i,j.

We remark that the condition in Theorem [[T(a) is sufficient but not necessary
(see Example B.4]).

Next, we consider the question whether 7" is homeomorphic to a 3-ball. It is easy
to get a necessary condition for T to be homeomorphic to a ball by considering the
genus. However, it is not easy to obtain a sufficient condition. We do this by
directly constructing a homeomorphism from 7T onto a 3-ball. This approach is
inspired by the construction of a homeomorphism from the Alexander horned ball
onto a 3-ball (see Bing [6]). The key to the construction is to decompose T' in a
way that allows us to define the homeomorphism inductively. Roughly speaking, we
write T" as a union of infinitely many levels (each level is a disjoint union of finitely
many polyhedra) such that two levels intersect if and only if they are adjacent (for
more details, see Section 4). The following is the main result of the paper.

Theorem 1.2. Let (A, D) be given as in ([L2)) with p,q,7 > 2 and let T be the
corresponding self-affine set. Assume p1,pa are defined as in (). If T is home-
omorphic to a ball, then |p1(2)| + |p2(5)| < 1 for all i,j. The converse holds if all
a;,b; are zero and st > 0.

The rest of this paper is organized as follows. In Section Bl we establish some
preliminary results that are needed in the proof of Theorem [Tl Section[lis devoted
to the proof of Theorem [[LIl Ball-likeness (Theorem [[2)) is proved in Section [
Finally, we state an open question in Section

2. PREPARATION FOR THE PROOF OF THEOREM [L.1]

In this section, we establish some results that will be used in the proofs of
Theorems [[.T] and For a set E C R", let E°, OF, and E denote the interior,
boundary, and closure of E respectively.

2.1. The symbolic space. For an integer m > 2, denote ¥ :={0,1,...,m—1}*,
i = Upso 28, and X2 :={0,1,...,m — 1}°°, where X9 := {0} (0 is the empty
word). We equip the symbolic space 27 with the lexicographic order.

We call i € X% an m-adic word of length k, and denote its length by |i|. For i =
ir--ip € 3, and j = jija - € X5, USew, let ij = iy - iggria- -, jln = g1 g,
and it =iy ---ip_1(ip £ 1) if i, £ 1 € B} . For i€ ¥¥,, we denote the infinite word
ii--- byi.

The map ¢, : X5 — [0,1] defined as

in . ..
2.1 om(i) = —, i=dyig -,
(2.1) (i) 2
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is surjective. We say i € X% is an m-adic expansion (or simply expansion) of
xz €10,1] if x = ¢ (i). A real number z can have one or two m-adic expansions. x
has two expansions if and only if z = Z‘ _1ipm~" for some i € ¥}, with i # 0;
in this case the two expansions are
zle(m— 1) and le|1\—1(l\l| +1)6,

where 0 <3 < m — 1. We also define ¢,,(i) := ZE‘:l m~ i, for ie 3.

Denote X7 | := X7 x X and 5%, 1= X5 x ¥2°. We also say (i,j) € X5, is an
ezpansion of (z,y) if (z,y) = (¢p(i), ().
2.2. Notation concerning tiles. Let T' = T(A, D) be given as in Theorem [[11

We introduce some notation that will simplify the proof of Theorem [[LIl First, by
a simple calculation, the inverse of the expanding matrix A™ can be written as

p~™ 0 0
(2.2) A" = 0O ¢™ 0],
tn Sp T "
where
p—n —r )¢ —n _ p=n)g
o -t )7 7P, " =r)s . T#G,
(2.3)  t,:= ; r—p Sni= A r—q
n
m7 r = p’ m, r = q

Using the expression for T' (see (LI))) and the above expression for A" we may
rewrite 1" as

T = {(Z;)_Zy .;_777;7 Z(f +Znt + i, +]n8n+lj;];;))0§ln<p,

n>1 n>1 n>1

0<jn<q, 0Kk, <m, nZl}.

To simplify this expression for T', we define
lil L lil bl g
(24)  t(d) = intn, ai):=) T—n $(3) = jnsn, b(E) = 7j—n
n=1 n=1 n=1 n=1
and we denote
d(i,j) = t(i) + a(i) + s(3) + 0(),
for i€ ¥y (JX5° and j € X7 |JX5°. Geometrically, d(i,j) is on the bottom surface

of T. For convenience, we set t(@) 5(0) = a(0) = b(®) := 0. Now T can be
expressed as

25) T ={(pp)0a0). did) + 20 () : (1) € B35, ke v< ).

Consider the IFS {S; ; 1} in (I.3) that generates T. Fori =1y ---i,, j = j1- - jn,
and k = ky - - - k,,, define

Sijk = Sisjiks 00 Si gk, and Giji= [ Siju(T).

kesn
It is easy to check that
(2.6)
Siin(T) = {(pp(ii"), g (), d(il',ji') + r(kK) = (1,J) € 255, k' € X2},

® d
Gij = {(pp(ii"), 9 (3i"), d(it’, ji') + or(K)) = (1,§) € Ezﬁp k' e x>}
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Let E; and F; be defined as in (I4)). We get from (L3]) and ([2.6) that
T= U E;, = U F; = U Gij foralln > 1.

0<i<p 0<j<q (ijesr,

The components F;, F;, and G j of T' will be used to study the connectedness of T’
in Section [Bl

2.3. Some properties of the tile 7. In this subsection, we list some useful prop-
erties of the self-affine pair (A,D) and T. Lemma [2]] presents some formulas
concerning t,, sp,t(i), s(j), a(i), b(j). Proposition states some properties of the
tile, where (a) and (b) are analogs of [8, Proposition 2.2], and (c) follows from
24). Theorem [Z3] due to Hata [I0], is used to prove connectedness. Lemma [24]
is a direct consequence of Theorem 23] and Proposition Z2(b). Finally, Lemma 23]
gives a complete description of the interior of T. We point out here that most of
the computations in Sections Bl and @l depend on (Z8) and (29).

Lemma 2.1. Let t,, sp,t(i), s(j), a(i),b(j) be defined with respect to the self-affine
pair (A, D), and p1(2), p2(j) be as in [LA). Then the following equalities hold:

(2.7) Plogr — tn = tr "1, qSn+1— S =sr "1

(=1 —r"(p-1))t
_ (-1 —-p(r-1)
2= (Ll Dy -

¢ " r=1) —r (g —1))s
Szl @ Do—aG-n 17"
(I+n(r—1)r"s g=r
(r—1)2 ’ '

0<i<p—1land0<j<qg—1,

, DFET,

k>n

k>n

Moreover, for (i,j) € X

(2.9) "

AP =T,§) — d(i(i + 1)0,]) = £ =T) — £(i(i + 1)0) + a(ifp =T) — a(i(i + 1)0)
=7r""p1(3),

d(i,jjqg—1) —d(i,j(j +1)0) = s(jjg — 1) — s(§(5 + 1)0) + b(jjq — 1) — b(3(j + 1)0)
=71"p2(j).

Proof. Since ([228)) follows from ([23]), we show (Z7)) and [29). Using symmetry, we
only prove the equalities for p.
Using (2.3]), we see that
e e N e e
- = n+1’ p # T
r—p r—op r
p(n+ 1)t nt t
— = s p=r.
2 L pntl

ptn+1 - tn -

Note that in both cases, pt,+1 > t,.

As for ([Z9]), we first compute o := (p — 1) ZanJrQ ti — tpt1 by using (Z3)) and
E3). When p =r,
(1+Mn+2)(r=1)r "2t (n41)t o™

2.10 = =
( ) 7 r—1 rnt2 r(r—1)
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and when p # r,

(pfnfl(r _ 1) _ ,rfnfl(p _ 1))t B (pfnfl _ ,rfnfl)t B ron
(r—p)(r—1) r—p r(r—1)°

Second, fix i =iy ---i, € ¥} and 0 <4 < p— 1. From the definition of #(-), (Z.10)

and (211]), we get

(211) o=

t(ii(p— 1)) —t(i(i+1)0) = ity +(p—1) Z te — (i + D)tntr
k>n+2
(2.12) r
. = g =
r(r—1)
From the definition of a(-), we have
. [ = a; 1 i1 1
a(ii(p—1)) —a(i(i +1)0) = o Tt Z i Tnil —ag Z F
k>n+2 k>n+2
—nf @i — Qi1 ap—1 — Ao
2.13 R ).
(2.13) " r * r(r—1)
Finally, combining (2I2), (ZI3]) and the expression for p;(i) completes the proof.

a
To state the next lemma, we let
lyy i ={(z,y)} xR and Toy =T Ny

be, respectively, the vertical line passing through (x,y,0) and the restriction of T
to Ly y.

Proposition 2.2. Let (A, D) be given as in Theorem [L1]; i.e.,

p 0 O
A= 0 ¢ O and D={i,j,k+a;+b; : 0<i<p,0<j<q0<k<r}
-s =t r

where p,q,r > 2. Then the following statements hold.

(a) The setT =T(A,D) is a tile with Lebesgue measure 1, and for any sequence
of real numbers {c ; : (i,7) € Z*}, T :={(i,j, k+a, ;) : (i,j) € Z* k € Z}
is a tiling set for T in R3.

(b) For any (i,7) € {0,...,p— 1} x {0,...,¢q — 1} and k € {0,...,r — 1},
Si,j’k(T) n Si’j’kJ’»l(T) nTe + 0.

(c) Tyy can be written as a union of vertical unit intervals as

Ty = U {(@,9)} x ([0,1] + d(i.j))-

(Lh)e(er (e xeq  (yN)Nsgs,

Proof. (a) Let D; = {0,...,j — 1}; then T'(j,D;) = [0,1] for j > 2. Fix (z,y,2) €
R3. We choose (i,j) € Z? such that (z,y) — (i,j) € [0,1], and hence there is
(1,j) € X35, such that (z,y) — (i,7) = (¢p(i), ¢qe()). Since T'(r,D,) = [0, 1], there
exists an integer k such that z — d(i,j) — k — a;; € [0,1]. This implies that
z =d(i,j)+or(k)+k+a; ; for some k € X2°. Therefore, (z,y, 2) € T+(4, j, k+a; ),
implying T + J = R3.

It remains to show that {T'+t : t € J} are essentially disjoint. In fact, for
almost all (x,y) € R?, there is a unique pair (i,7) € Z* and (i,j) € X5°, such that

(x,y) — (4,5) = (¢p(i), 94(j)). When (7,7) and (i,]) are fixed, for almost all z € R,
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the above k and k are unique. Hence the Lebesgue measure of (T + t1) N (T + t2)
is zero if t1,ty € J with t; # to. If we let all a5 ; be zero, then J = 73 is a lattice
tiling set, completing the proof of (a).

(b) Let e; = (0,0,1) be a unit vector in R3. Now we show that TN (T + e;)
contains an interior point of (7'U (T + e1))°, which implies the result since S; j{k o
Sijk+1(my,2) = (z,y,2) + e1. Take (z,y) € (0,1)? with a unique expansion
(i,j) € 55, Let
(2.14) t= (x,y,d(i,j)) +ey.

Then (Z3) implies t € TN (T + e1).

Next we show that t is a desired interior point of T U (T + e;). By (a), Z3 is
a tiling set of 7. Since (z,y) is an interior point of [0,1]*> and T C [0,1]? x R,
that t € T + (i,7,k) for some (i,7, k) implies ¢ = j = 0. On the other hand, if
t € T+ (0,0, k), then the last coordinate of t must be of the form

d(i,j) + ¢r(k) + k
for some k € X9°. Considering (2.14) and (Z.5), we have ¢, (k) + k = 1 and hence
k =0 or 1 since ¢,.(k) € [0,1]. Therefore t is contained only in T'U (T + e;) and
not in other translates of T. Hence t does not lie in the boundary of TU (T + ey).

The conclusion follows.
(c) This is a consequence of the expression (2.5) for T, since ¢, (£°) = [0,1]. O

Theorem 2.3 (Hata [10]). Let {¢;}}, be a family of contractions on R* and let
K be its attractor. Then K is connected if and only if for any i # j € {1,...,N},
there exists a finite sequence of indices j1,...,Jn in {1,..., N}, with j1 = i and
Jn = J, such that ¥j, (K) Ny, (K) #0 for all 1 <k <n.

Applying the above lemma to the IFS {S; ; x}, we obtain the following lemma.

Lemma 2.4. Assume the sequence {(i1,j1),- -, (in,jn)} satisfies Up_,{(ix, jr)} =
{0,....,p—=1} x{0,...,¢—1}. IfG;, ;, NG #0 for 1 <k <n, then T is
connected.

Tkt 1,Jk+1

For z,y € (0,1), let
dmin (z,y) := min {d(i,§) : (i) =z, ¢,(3) =y, (,§) € £},
dmax (2, y) := max {d(i,j) op(i) =2, p(G)=vy, (1)) € D

Intuitively, dmin(x,y) and dmax(x, y)+1 are the lowest and highest points of TN¢, ,,
respectively.

Lemma 2.5. Let z,y € (0,1). A point P = (z,y,z) € T belongs to T® if and only
if
(2.15) Anax (2, y) < 2 < dpin(z,y) + 1.

Proof. Using Proposition Z.2(a), we let £ = Z? be a tiling set for 7. Assume (2.15)
holds. If P € T' 4+t for some t = (t1,t2,t3) € L, then t; = to = 0. In this case,
PeT,,+ts, ie., z—t3 € [dnin(®, V), dmax(x,y) + 1]. Comparing this with 21,
we get t3 = 0. Hence P does not lie in any neighbor of 7" in the tiling and is
hence an interior point of 7. If ([2I%) fails, then z € [0,1] + dyax(®,y) — k or
z € [0,1] + dmin(z,y) + k for some integer k # 0, implying P € T'+ (0,0, k). Hence
PeTnN(T+(0,0,k)) and thus P ¢ T°. The proof is complete. O
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3. PrROOF oF THEOREM [I.1]

In this section, we study the self-affine set T = T'(A, D) in R? and prove Theorem
LIl To do this, we first establish some properties of the intersections of the G; ;
(Lemma 3.1) and of the G ;NT° (Lemma 3.3) by using p1, p2, 01, 62 and J3, which
are defined as in Section[I] Then by using these properties and Lemma 2.4, we give
a detailed proof of Theorem [[LJl Finally, we present an example to show that the
condition in Theorem 1.1(a) is not necessary.

We first observe by definition that d1(i) < |p1(i)| and d2(j) < |p2(j)]. Also, if

p1(%) # 0, then, since r~"|p2(j)| — 0 as n — oo, we have
(3.1) ou(i) = _ min__|[pa(d)] =" [p2(5)I].

0<j<g¢g—1,n>1

Similarly, if p2(j) # 0, then

(3.2) i) =, min_lpa(i)] = " lpa(0):

Lemma 3.1. If G;; N Gy ;0 # 0, then G;; and Gy j are adjacent, i.e.,
max{|i —i'|,|j — 7|} < 1. Moreover,
(@) G;; NGit1,; #0 for any j if and only if 61 (i) <1
(b) GijNGijt1 #0 for any i if and only if 62(j) <1
(¢) GijNGiy141 # 0 if and only if |p1 (i) — p2(5)] < 1 and Giy1jNGijy1 # 0
if and only if |p1(0)+p2(5)| < 1. In particular, if ez’ther of the inequalities is
indeed an equality, then the corresponding intersection contains no interior
points of T.
Proof. The first part of the conclusion holds since G ; is contained in the region
[z’ i+1} y [j j+1
pp a q
To show (a), assume G; jNG,11,; # 0. Take any point P = (x,y, z) contained in
the intersection. Note that G; ;G415 lies on the plane x = (i+1)/p, and so x has
two p-adic expansions i; = i(p — 1) and iy = (i + 1)0. Suppose y € [j/q, ( +1)/q]
for some j. Recall that 7} ,, which contains P, is a union of vertical unit intervals
(see Proposition [Z2](c)).
If y has only one expansion j, then by the definition of T3 ,, the last coordinates
of Tx,y form a union of two unit intervals Iy U Iz, where I, = [0,1] + d(is,j) for
=1,2 (see Figure[3(al)). Clearly, {(z,y)} xI1 C G, and {(z,y)} x Io C Git1,5.
That is, Ty 4 is a line segment, and so is Iy UI,. Noting that I and I are two unit
intervals and putting n = 0 in 29)), we get

|p1(9)] = |d(i1,j) — d(iz,§)| < 1.
If y has two expansions j; = jj’(¢— 1), jo = j(j’ + 1)0, where j € ¥y, then

]XR.

the last coordinates of T}, , form a union of four unit intervals Ulm:1 Il’m, where
I = [0,1] 4+ d(is, jm) (see Figure B(a2)). Clearly, {(z,y)} x (111 UI1i2) C G,
{(l’,y)} X (1211 U Igyg) - GH*LJ" Since (x,y,z) € TLy n Gi,j n Gi+1,j 7é @, either
LaN(lipULg)#0or InoN (g UILs) # 0. Hence either one of the following
holds:

min {|d(i27j1) - d(i17j1)|, |d(i27j1) - d(i17j2)|} S 1 or

min {|d(iz, j2) — d(i1,j1)], |d(iz, j2) — d(i1,j2)|} < 1.
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Eiq

FIGURE 3. Figures for Lemma B This is on the plane x =
(i+1)/p.

This implies, in view of (Z9) and the definition of d(i, j),

@<t o 8100) < [l = oG] < 1

Thus the necessity follows from the fact d1(¢) < [p1(4)].

To show the sufficiency, we notice that p; (i) = 0 implies d(iy, j) = d(iz, j) for all
j. That is, Gi j N Giy1,; O {(ep(in), ¢q())} x ([0,1] +d(i1,])). So pi(i) = 0 implies
Gi,; NGit1,; # 0. Now we suppose p1(2) # 0. By B, we let n, j' be chosen such
that d1(i) = [|p1 ()] —r~"|p2(5")|]. Set j1 = jO" '5'(¢ — 1) and j» = jO"~}(j’ + 1)0.
Then either |d(i1,j1) — d(iz,j2)| or |d(i1,j2) — d(i2,j1)| is the minimum 7 (7). It
follows that I; ; U Iy 2 intersects Ip 1 U I5 9, where I} ,,,, I,m = 1,2, are defined as
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above with respect to i1, i2,j1,j2. The argument above shows that G; ; N G415 is
nonempty.

Similar reasoning yields (b). To prove (c), we only consider the set G; ;NGit1,5+1
(see Figure BIb)), the other case being similar. The real number x = (i + 1)/p
has two p-adic expansions i; = i(p — 1), iy = (i + 1)0, and the real number y =
(4 + 1)/q has two g-adic expansions j; = j(¢ — 1), jo = (j + 1)0. The intersection
G; jNGiy1 41 is asubset of T}, , and the restrictions of G; ; and G41,j1+1 on Ty are
the line segments ¢1 = {(x, y) } x ([0, 1]+d(i1,j1)) and £2 = {(x, y) } x ([0, 1]+d(iz, j2))
respectively. Hence the intersection is not empty if and only if £ N ¢y # () and the
intersection contains exactly one point if and only if ¢; N ¢y contains exactly one
point. Note that ¢; and ¢ are unit intervals. Hence £ N {5 # () if and only if

(3.3) |d(i1,31) — d(ig, jo)| < 1.

Moreover, ([B3) is an equality if and only if ¢; N ¢ contains a unique point, denoted
by P = (x,y,2). Because the last coordinate z does not satisfy the inequality in
@I3), we know P ¢ T° by Lemma Now, it follows from (23] and a direct
calculation that the left side of (B3) is equal to |p1(i) — p2(j)], and the conclusion
follows. O

Notice that the expressions for 41 (¢) and d2(j) are independent of j and i respec-
tively. Hence we obtain the following result from Lemma 311

Corollary 3.2. If G;; N Git1,; # 0 holds for some j, then it holds for all j; if
Gi,; NGijt1 # 0 holds for some i, then it holds for all i.

Lemma 3.3. Letn,m >0, (i,j) € ¥y, and (i',j') € B3t Then Gijip—1ym 3N
Gi(i+1yom, j intersects T° if |p1(i)| < 1 and Gy j5q—1y= NGy j(j+1)0m intersects T°

if |p2(7)] < 1. When n = m = 0, the necessity is also sufficient; i.e., (G;; N
Git1,5)NT° # 0 only if [p1(3)| <1 and (Gi; NGy j11) NT° # 0 only if [p2(5)| < 1.

Proof. Using the symmetry of i,j, we only check the value of p;(i). Recall that
Jy = q(§’) +10,g~"~™1]. Take an irrational number yo € Jj, which has a unique
g-adic expansion (denoted by j”), and let i; = ii(p — 1) and iz = i(i + 1)0 be the
two p-adic expansions of g = ¢,(i(i + 1)). Suppose |p1(i)] < 1. From the first
equation in (29), we see that

|d(i1,§") — d(iz, j")| = |t(i1) + a(ir) — t(i2) — a(iz)| = r"|p:(d)| < 1.
Then
dmin(IOa yO) + 1- dmax(xO; yO) =1- 7‘7”‘,01(1” > O

So, we can take zg € (dmax(€0,Y0); dmin(Zo, yo) + 1). Therefore, Lemma shows
that P = (xo,yo, Zo) € Gii(p—l)m,j/ n Gi(i+1)0m7j/ eTe.

Now suppose n = m =0 and |p1(i)| = 1. Let S = U, c(;/4,(j+1)/g1n@e Lo,y Which
is dense in G; ; NGi41,;. Note that for any P = (xo, Yo, 20) € S, the second coordi-
nate has exactly one g-adic expansion, which implies dpax (%0, Y0) — dmin(Z0,Y0) =

lp1(i)] > 1. So ([ZIH) cannot hold. This implies S N T° = @ by Lemma
Therefore, the intersection G; ; N G;11,; contains no interior points of 7. O

Now we prove Theorem [I.1l

Proof of Theorem [[1l. (a) First, notice that d5(¢,j) < 1 implies either G, ; N
Gi+1’j+1 #* 0 or Gi’j+1 N Gi+1’j #+ (. That is, Fj n Fj+1 % 0. If 52(]) <1



1332 G.T. DENG, C.T. LIU, AND S.-M. NGAI

holds for some j, then F; N Fjy; # (). The assertion (a)(i) implies F; N Fj11 # 0
for 0 < j < ¢ — 1; consequently, there exist {(i,,,m)}% 2, and {(i,,m + 1)}%2,
such that G € Fn, Gy o € Fpy1, and G NGy g # 0. Notice that the

assertion 07 () < 1 implies that any two sets G; ; and G;41,; contained in F; have
a nonempty intersection. So the sequence of indices

{(0,0),(1,0),...,(p—2,0),(p—1,0),(p — 2,0),...,(ip + 1,0), (40, 0), Fy
(ié)a]-)v(ié)_171)a~~'7(0a1)7(1a1)7~~~v(p_ 131)’(p_2a1)7""(i131)’ Fy
(#),2), (i1 — 1,2),...,(0,2),(1,2),...,(p—1,2),(p— 2,2), ..., (i2,2), Fy

tmyJm tm>yJm

(i;—2,q_1)7(i;—2_1aq_]—)a"'7(0aq_1);(17q_1)7"',(p_1,q_1)}, Fq—l

satisfies G; ; NGy j» # 0 if (i, 7), (i, ') are two consecutive terms of the sequence.
Thus, the connectedness of T follows from Lemma 24 The proof for (a)(ii) is
similar.

To show that the sufficient condition is also necessary when a; = b; = 0 for all
i, j, we suppose, without loss of generality, that |¢| > |s|. The conditions d; (i) < 1,
02(7) <1, and d3(%,5) < 1 are equivalent, respectively, to
(3.4) [t = ls/r| <r(r—1);

(3.5) i {]Js] = 6]} < r(r = 1)

(3.6)

We point out here that (a)(i) is equivalent to (B:4) and (B0) and (a)(ii) is equivalent
to (B.3) and (B.6]).

We prove by contradiction. Assume (a)(i) and (a)(ii) fail. Then at least two
of BA)—@30) fail. First we notice that (B4) must fail, for otherwise [B8) would
hold because |t| — |s| < |t| — |s/r|, which implies that (a)(i) is satisfied. If (B3]
fails (in this case, 81,02 > 1), Lemma [B1] says that if G;; N Gy ;v # 0, then
li —i'| = |7 —j'| = 1. In other words, G; ; NGy j» # () implies that ¢ + j and ¢’ + ;'
have the same parity and thus ((J{G;; : i+j is odd})N(U{G,,; : i+ is even}) = 0.
Therefore T is disconnected. If [B.6) fails, we can conclude (note that 4] fails)
that Go; N Gy, = 0 for any j,j’. This implies Eg N Ey = 0. So T is also
disconnected. The necessity follows.

(b) Suppose |p1(¢)] > 1 for some i. By Lemma B3] G;; N G;41,; contains no
interior points of T for all j. Hence all interior points in F; N F;;1 belong to

[t —ls| <r(r—1).

((U(Gi,j N Gi+1,j+1)) U (qU (GigN Gi+1,j—1)>-
Jj=0 1

Jj=

However, the set stated above, consisting of finitely many line segments and finitely
many points, contains no interior points of T. This implies E; N E; 1 NT° = 0.
So, we divide T into two parts, namely, Ty = (J;_, E; and T = Ulp;lﬂ E; so that
Ty NTy, = E; N E;4; contains no interior points of 7. The disconnectedness of T
follows. Similarly, that [p2(j)] > 1 for some j forces T° to be disconnected.

To show the sufficiency, we choose n large enough so that

Pl +a Y Il +e Y < g,

k>n k>n k>n
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FIGURE 4. Figure for the proof of Theorem [[LT(b).

pP,q
(i1,J1) = Gngrtng2 - s dngrdng2 ), (2,32) = (U1t o s Jng1dnea )

|d(iir, i) — d(iiz, jio)|

where ¢ = 225’;01 la;| + 22?;3 |bj|. So, for each (i,j) € £ and any two pairs

Ca b — b
<> (|(ik_i§c)tk|+‘(jk—jl/c)sk|+ %rkalk +’ - k = )
k>n
1
§p2|tk|+QZ|3k|+CZT_k<Z
k>n k>n k>n

Hence, for any two pairs (z,y), (z/,y') € I{ x J7,

max {|dmin(xa Y) = duwin (2", Y') s |dmax (2, y) — dmax (2, y/)l}
(3.7)

1
§|dmax(xay) - dmin(x/’y/” < Z

Now we claim that if Py € T° N 0G;; and P = (21,41,21) € Gij, then there
exists a piecewise linear curve £ C T° connecting Py and P;.

We show the claim by constructing such a curve ¢ (see Figure ). Since Py € Gy j
is an interior point of 7', there exists Py € Gij such that the line segment Py Ps is
contained in T°. Set

Piyo = (Tiyo, Yit2, 2ip2) = (xiayi7271(dmin(xiayi) + dmax (T4, yi) + 1)>, i=1,2,

and let £ = PyP,P,P3P; be a piecewise linear curve. To show ¢ C T°, we need
only check that the line segment Ps;Pj is contained in T°, since P, Py and P3P; are
contained in T° by Lemma Without loss of generality, suppose z4 > z3. For
each P = (z,y, z) on the line segment P3P, by applying (B20) twice, we see that

zZ— dmax(xa y) Z Z3 — dmax(x?)v y3) - (dmax('ra y) - dmax(x37 yB))
271 (dmin(ISa y3) + 1- dmax(xii; y3)) - 471
> 87'>0.

Similarly, z — dmin(z,y) — 1 < 0. Lemma 23] says that P € T°. Hence, the claim
follows.

Now we suppose |p1(i)] < 1 and [p2(j)] < 1 for all 4,5. Let P € Gu o be
fixed. We will use the claim to show that for any P’ € T° there exists a piecewise
linear curve £ C T° connecting P and P’. This also shows the connectedness of T°.
Suppose P’ € Gj j, where (i,j) € X7 . Recall that X7 and X} are equipped with the

Y]
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lexicographic order. List the elements in {i’ € ¥ : i’ <i} and {j’ € X} : j < j}
in the following order:

i05i17~-~;in17 jo,jl,...,j»,u7 Wlth iozon, in1 :i, jO:O”7 jn2 :j
Now, from Lemma [3.3] the intersection of any two consecutive sets in

s . . s . = ., ., \tnedl
{Glodo’ G11,J07 G Glnldl’ AR GJnIVJnQ} = {Glindin }mzl

inlij’
contains a point P, € T°. Let P, € G} ; form =1,...,n1 + n2 + 1, where
Pl =Pand P, |, ., =P if P" € G;. Denote Py, n,2 =P if P’ € 0G;; and
P tnyt2 = Poytny41 if P ¢ 0Gyj. Let £, and ], be two piecewise linear curves
as in the claim above such that ¢,, connects P} , P, and /;, connects P, P, ..
Now the piecewise linear curves

001 0oly Loy oy 1l g1 CT°

connects P and P’. The connectedness of T° is proved.

We remark that the condition in Theorem [[[I(a) is sufficient but not necessary.
We give a counterexample below.

Example 34. Lett=s= 5, bo = 0, b1 = —5, b2 = —97 b3 = —14,

2 0 0
A=(0 4 0| and D={(i,4,k+b;): 0<i,k<1,0<j<3}.
—t —-s 2

Then T = T(A, D) is connected, but condition (a) in Theorem [[T] fails.

Proof. We will use Lemma 3] to check whether or not G; ; N Gy ; is empty for
neighbors (4, ) and (¢, j') by estimating 6; (i) and d2(j). By assumption, we know
that p =7 = 2, ¢ = 4, and ag = a; = 0. Thus p;(0) = 27 > 0. Note that
p—1=r—1=1. We have the following:

20p1(0) =2 "o ()I| = [t =27 (b = bo + 8) + (b — byi1)|

= [5—27"9— (b — by)||
> 5-2715>2

Qpr1ﬂ«—2*"pﬂ0)|:’}wg—-mr+s)+(b1—lm)|—2*”t::5-2*”5;32*15>>2

We conclude that both §;(0) and d2(1) are larger than one. Lemma B and Corol-
lary B2 yield Gy, N G1,; = 0 for all j and G;1 NG, 2 = 0 for all i. Thus E; and F;
are disconnected for all 4, j. Hence condition (a) in Theorem [[] fails.

Since p2(0) =2 # 0,

26,(0) = gﬂ“(@ —bo+8) + (b — by)| — 27

}:4—Tﬁ5<2

As by — by = by — bs, the above inequality shows that d2(2) = d2(0) < 1. Lemma 31
implies G 0NGo1 # 0 and Gy 2NGo 3 # 0, while Corollary B2 yields G1 oNG1 1 # 0
and GLQ N G173 # @ Notice that 2|p1(0) + p2(])| = |t + (bg — bo + s+ bj — bj+1)|
equals zero if j = 1 and equals 1 if j = 0 or 2. It follows from Lemma [3.1] that
Goj+1 NGy, # 0 for 0 < j < 2. The above nonempty intersections imply that any
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Go,o
Go,1
Go
Gio Gos
G
G
Gi3
(a) The tile (b) The cross section at z = 2 !
Gl,]
i /
(c) The cross section at y = 47! ) The cross section at y = 271

FIGURE 5. The figure for Example B4l

two consecutive sets in the following finite sequence have nonempty intersection
(see Figure [):

Goo, Goa, Gio, Gi1, Goz, Gogs, Gi,2, Gi1,3.

It now follows from Lemma [2.4] that T is connected. O

4. A THEOREM ON HOMEOMORPHISM

This section is devoted to the proof of Theorem 1.2. The difficult part is to show
the necessity, i.e., to find, under the given conditions, a homeomorphism between T’
and a 3-ball. The idea comes from the construction of a homeomorphism between
an Alexander horned sphere and a 2-sphere [0, Chapter IV.3]: divide each of these
spheres into infinitely many parts in such a way that two corresponding parts are
homeomorphic, which leads to a homeomorphism between them. However, this
result is not needed in our proofs; we only use a similar idea to construct a required
homeomorphism.

In view of the complexity of the proof, we give a sketch here. First, we prove
some elementary properties of T' such as symmetry, which allows us to focus on
the case where s, ¢ are positive (Proposition []). We also use planes 7¢ to divide
T into infinitely many parts (Lemma [4.0]), each of which is homeomorphic to a
3-ball (Lemma [4.3]). We also prove some basic geometric properties of these parts
(Lemma 4] and Proposition ). Second, we introduce the definition of path
separation and prove a property of such separation (Lemma [8]). Third, we use
a cut-and-paste technique to give another construction of T. We give the details
of the construction of the desired homeomorphism when s <t < rs (Lemma [L10)
and sketch the proof for the case t > rs (Lemma [£I1]). Finally, we complete the
proof of Theorem
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4.1. Preparation. We begin this subsection with some properties of T. We first
point out that when a;,b; are all zero, the inequality |p1(i) + p2(j)| < 1 can be
rewritten as

[t + s| < r(r—1),

and d(i,j) is equal to (i) + s(j).
Proposition 4.1. Assume all of a;,b; are zero. Then the following assertions hold.

(a) T is symmetric with respect to the point t = (1/2)(1,1,1+ (¢t + s)/(r — 1)),
i.e.,

T=2t-T={2t—(z,y,2) : (z,y,2) € T}.

(b) Replace t,s by —s,—t in A and denote the resulting matriz by A’. Then the

new tile T' = T(A’, D) is a reflection of T with respect to the plane z = 1/2.

Proof. (a) Note from (2:8)) that
t+s
r—1 Z(p—l)ztn—i—(q—l)an.

n>1 n>1

As 1=, (m — 1), using the above equation, we get

2 -7 = {(1- 6y 1= pali) 1= 0 (1) + 3 () — s(3)) :
(i.) € o5, ke uF )
= (o), 00(0), 00 () + 1) +5())  (1,3) € 555, K € 5%

= T

where i’ = (p—1—-41)(p—1—4d2)--+,jJ = (@—1—=4)(¢g—1—jg)---, and
K=(r—-1-k)(r—-1—Fk)---.
(b) Define d'(i,j) = 32,51 in(—tn) + 2,51 Jn(—8n). Then T" can be rewritten
as
T = {(¢p(i), q(3), d'(1,3) + ¢, (k) : (1,§) € ¥, k € B}
The reflection of T with respect to the plane z = 1/2 has the form

{(#p(1), pq(i)s 1 = d(i,3) — @r(K)) = (1,]) € 5%, k € 7).

These two sets are in fact the same, since d'(i,j) = —d(i,j) and both 1 — ¢,.(k) and
©r(k) fill the unit interval when k runs over X.2°. O

Remark 4.2. Using Proposition {1l we may assume the parameters 7, s,¢ in (2]
satisfy

(4.1) 5,t>0 and t+s<r(r—1).

In the following, we will give another construction of 7" which allows us to con-
struct the desired homeomorphism. Let 7\, be the plane

n+1

—p" M — " sy 2 —14+c=0.

Let 2¢ = 2¢(z,y) = p" v+ ¢" sy +1—c. Then (x,vy, 25 (x,y)) lies in .
When ¢ = 0, we also denote 7§, and z{, by 7, and z, respectively. The next lemma
shows some properties of 7¢ and the relationship between ¢ and 7. Recall that

T = {(p(i), 0q(3). or (k) + (i) + 5(3)) : (i.4) € oo, k € B
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Lemma 4.3. (a) For each n, the plane ©f, | lies above the plane =, in the first
quadrant. Consequently, {2z} is increasing.

(b) Let ¢ = 1/2 — (t + s)/(2r(r — 1)). Then the plane «§ divides T into two
symmetric parts.

(c) For each pair (i,j) € X1, all pg points (@p(ii), q(3j), 1 + (i) + s(jj)),
(i,§) € B, , lie in the plane wgr, where

(4.2) cn = cn(1,3) = P " tag19p(1) + ¢ snia0q(3) — £(0) — s() + 1.

Proof. (a) Fix a point (z,y) in the first quadrant. Let (z,y,&,), (z,y, 1) be two
points belonging to 7, and 7, , 1, respectively. We draw the conclusion by showing
that &,41 > &,. In fact

b1 — & = P Ptugoz + ¢ sy — p" T — ¢ sy

P a(ptne — tas1) + " y(gSni2 — Sni1) > 0.

The last inequality follows from (Z7) and the fact that x,y > 0. Hence 7y, ,; lies
above 7, in the first quadrant and thus z;, | > 2.

(b) We show the conclusion by checking that the plane 7§ passes through the
point of symmetry t of T'. In fact,

—ptl-%—qsl-%—l—(%ﬁ-ﬁ)—1—1—62%—%—1—%—%:0,
which implies that t lies on the plane .
(c) For each 0 <i <p—1,
(= p" M1y (id) + t(i0)) + (p" T tpgrop(i) — t(3)) = —itpqq + itny1 = 0.
Similarly, for each 0 < j < q—1,
(= q" M sni10q(d) + 53G5)) + (" sns104() — () = —Jsn+1 + Jsns1 = 0.
So the point (¢, (i1), ©q(j7), 1 + t(i¢) + s(jj)) lies in the plane <. O

For convenience, we set co = ¢o((),0) = 0. For (i,j) € ¥, define

Li=[0,p7" +0p(D), J5i= (0,477 + 94 (d)-

Lemma 4.4. Suppose (i,j) = (i1 in,j1- - Jjn) € ¥y, and (z,y) € (I x J;)°. Let
({,§") = (iny1 - s Jny1 ) € X595, such that (ii',3j’) is an expansion of (x,y).

(a) 2zt can be expressed as ztr (z,y) = 1+ d(il',jj’) — ent1, where

t
(4.3) En41 = Z(inJrk (thrk - pnk_tll) + Jn+tk (Sn+k - Z:fi))
k>1

decreases (not necessarily strictly) to zero as n — co. Consequently, z&r <
1+ d(t, jj).
(b) Let ¢ be given as in Lemma 3. Then d(ii’, jj') < z§(x,y).
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Proof. (a) Combining (23] (formulas for t,,s,) and {2) (expression for ¢,) and
using the definition of z{", we obtain

z(zyy) = 1 +p" M 1w + " sy — e
= Hm“%wd%mv—%w)
+¢" 541 (0q(33) (3)) + s(j)

= 14 ptapipp(i )+qsn+1s0q(J’) () 5(3)
= 1+t(ii") + s(Gj') — (t(0™) = pturrop(i’) + s(0"§') — gsnr1904("))-

Hence enq1 = (£(0"1) — ptniaop(i) + (5(0")') — gsnt194(J)) =t B1 + Ba. The
definitions of ¢(-), s(-), ¢p(+), and ¢, (-) yield

tnt1 . Sn41
(44) Z In+k ( n+k — n+ ) y By = Z In+k (Sn-‘rk - Zjl ) .
k=1 P k21 1

Now (3)) is a direct consequence of ([@.A]).
Notice that i,y < p for each k > 1. By the first equality in (£4) and the first

equality in (23],

p =) -r"p-1)

<p "r4r"p, p#Fm

r—p)(r—1
0<B <Y (p—tuyp={ 2D
k=21 1+ @+ =1 < 2nr—", p=r.
r—1
In both cases, we get lim,, o, B1 = 0. Similarly, lim, ,,, B = 0. Hence

lim,, o €n+1 = 0. To show the remaining part of (a), we notice that pt,,11 —t, =
t-r~""1 > 0 from [271) and hence t, 1 — p' ¥t 1 > 0 for all k£ > 2. Similarly,
Spak —q " Fs, >0 for all k > 2. Now applying ([E3J)) yields

. t 41 t Sn+1 S

in+k jnJrk
= (pta+r —tn) Z Ptk +(8n+1 — 5n) gF 2 0.
E>1 k>1
This implies {41} is a nonincreasing sequence.
(b) Notice that part (a) also holds when n = 0 since ¢(f)) = s()) = 0. Using the
expressions for Y ¢, and Y s, in (28], we know
tq S1 t+ s
4.5 < ( t - — -1 - — ) = —.
(4.5) €1 kZ>1 k+1 o )+(q )(5k+1 qk) "= 1)
Hence the second assumption in (£1]) implies that e1+¢ < 1/2+(t+s)/(2r(r—1)) <
1. Now it follows from (a) that z§ = zo —¢ = 1+t(i') +s(j') —e1 — & > t(i’) + s(§’),
proving (b). O
We use T5,(i,j) to denote the part of I; x I; x R lying between the planes T
and 7., ie.,
(4.6) T.(4,j) = {(x,y,z) cx €I,y € Jj,z:;":ll <z< sz}
We call T,,(1,j) an nth order basic block. Clearly, each basic block is homeomorphic
to a 3-ball. We remark that each T,,(1,j) is a subset of T, which will be shown later.

The following proposition follows from the definition of basic block in (6] and the
formulas for ¢,, s, in (Z3)); we omit the proof.
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(a) mn

FI1GURE 6. Figure for 7w, and T,,. The coordinates of A, B,C, D
are (0,0,1), (p7",0,1), (p~",¢~", 1), and (0,¢™", 1), respectively.
The figure is drawn with p =2, =3,r =2, t = 8/15, s = 2/5.

Proposition 4.5. Suppose T,, is defined as in [@0). Then:

(a) Each T,(i,]j) is a translate of the set T,,(0™,0™), and for each pair (i,j) €
E})’q, the bottom of T, 41(it,jj) s on the top of T, (i,]).
(b) Let up, vy, wy, be the lengths of the three vertical sides of an nth order basic

block, as shown in Figure B{b). Then
(47) Up = tr_n_la Un = 57'_"—17 Wy = Up + Up = (t + 3)7"_”_1.

(¢) Suppose 0 < rN1s <t < rMFls for some integer Ny > 0. Then there exists
N > 0 such that

Ni+N+n N+n
(4.8) Z U,k—zvk>0, ka_ Z ug > 0.
k=Ni+n k>n k=n k>Ni+n

Moreover, if t = rNis > 0, the second inequality in ([ES) still holds when
we set N = 1.

Now we divide T' as follows. Let 7§ be the plane passing through the point of
symmetry t = 1/2(1,1,1+ (¢t + s)/(r — 1)). Define a sequence of sets {X,,} >0 as
follows:

Xy = {(x,y,z) c0<z,y<1,25(z,y) <2< zo(x,y)},
(4.9) X, = X,_1U ( U Tn(i,j)>, n>1,
(jesn,
and let
X = U X,
n>0

Roughly speaking, the set X, is obtained from X,,_; by stacking (pq)™ small basic
blocks T,(i,j), (i,j) € ¥} ,, onto the top of X, (see Figure [7). The following
lemma describes the relation between X and T.

Lemma 4.6. Let ¢, 7§, X and X,, be defined as above. Then T = X U (2t — X).
Furthermore, X N (2t — X) is a parallelogram lying on the plane 7§.

Proof. The fact that T is the closure of its interior (see, e.g., [16]) will be used twice
in the proof, i.e.,

(4.10) To =T,
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z
< Q @
XO Xl
X2 X3 X4
F1GURE 7. The first five steps of the construction of X,,. This is

drawn with the same parameters as Figure [6] but with a different
viewpoint.

Let Y = XU(2t — X). We prove the conclusion by showing that Y C Tand T C Y.
Let B denote the part of T lying between the planes 7 and 7§, i.e.,

B={(z,y,2) €T: 5(x,y) <z < 20(x,y), 0<z,y < 1},

Since ¢ > 0, we see that B is not empty.

We claim that B = X. First, the definition of Xy yields B C Xy. On the other
hand, for any P = (z,y, z) € X§, using Lemma [£4|a,b) (with n = 0) we have

46,3) < 2§(r9) < 2 < 20 S o) + 1

where (i,j) is an expansion of (z,y). Hence there exists k € £2° such that z =
d(i,j) + ¢r(k). This implies P € T. So Xo C T by [@I0). We get B = X; as
claimed.

For any n > 1, any pair (i,j) € X"

P.a’
A(a) yields

1+ d(iila.]j/) —&n = Z:L”—711 (:Evy) <z< Z'rCLn =1+ d(lila.]jl) — &n+1,

and any P = (x,y,2) € (T,(1,j))°, Lemma

where (if’, jj’) is any expansion of (z,y). Since g, < &1 < 1/2, there exists k € X2°
such that z = d(ii’,jj’) + ¢r(k) € T. So, we conclude that X C T. Notice that
T = 2t — T by Proposition @Il We see that X U (t — X) CT U (t —T) =T. This
yields Y C T.

Now we show 7' C Y. By the symmetry of 7', we only show that the part of T
lying above 7§ is a subset of X. Using the claim B = X, above, we only need to
check that all points in T lying above 7y belong to X. Then, by (£I0) again, the
conclusion follows if we can prove that each interior point of T' lying above 7 is in
X.

Assume P = (z,y,z) € T° lies above mg. Then z > zo(x,y) = 1 + d(i,j) — 1,
where (i, j) € X5°, is any expansion of (z,y). On the other hand, Lemma 3] yields
z < dmin(z,y) + 1. So z < d(i,j) + 1. Notice that {e,} decreases to zero (Lemma
[A(a)). There is n > 0 such that 1+ d(i,j) — e, < 2 <1+ d(i,j) — €nt1, namely,

Cn—1

Zp—1 (m,y) <z< z’an (x7y)'
Therefore P € T,,(i|n, j|n), proving that T C Y.
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E
C [}
F
a S b

FIGURE 8. (a) Two bridges F, F and their path separation C. (b)
Figure for the proof of Lemma L8 The biggest disk is [E]s, whose
boundary is C’. E and F are path separated by C, the widened
curve.

The last part of the assertion is a direct consequence of Proposition [£1j(a). O

By induction, we see that each X, is homeomorphic to the 3-ball. We will show
that X is homeomorphic to a 3-ball. To this end, we introduce the definition of
path separation as well as some notation.

For two sets E, F C R?, denote their distance by

d(E,F):=inf{[le—f[|: ec B, f € F},

where | - || is the usual Euclidian norm in R¢. For convenience, define d(e, F) :=
d({e}, F). The closed d-neighborhood of a set F is defined by [F]s := {e € RY :
d(e,F) < 6}. Let B°(x,r) and B(x,r) be, respectively, the open and closed balls
in R? with radius r and center z.

Definition 4.7. For a < b, let S = [a,b] X R be an infinite band. A connected
subset of S is called a bridge (of S) if it has nonempty intersections with both lines
z =aand x =b. Let E,F C S be two bridges. We say a curve C' C S with
min{d(E, C),d(F,C)} > 0 path separates E and F if any curve in S intersecting
both E and F must also intersect C' (see Figure [Bl(a)).

Lemma 4.8. Let E, F be two compact bridges of S = [a,b] x R with E lying above
F. Ifd(E,F) > 0, then for any € > 0, there exists a piecewise linear curve C C S,
with d(E,C) < e, that path separates E and F.

Proof. Take § = 4~ ' min{d(E, F),e}. Consider [E]s, the closed §-neighborhood of
E. Define the exterior boundary of [E)s, denoted by d[E]s, to be the boundary of
the unbounded component of R?\ [E]s. Note that d[E]s is compact and is not a
subset of S. Let {B°(P,68) : P € d[E]s} be an open cover of d[E]; by d-balls. Then
there exists a finite subcover which can be rearranged as {B°(P, d)}7_, such that
d(Pg, Pxy1) < 0 for 1 < k <n and P,y; = P;. The closed piecewise linear curve
connecting the centers of the balls, C/ = PP, --- P, Py, satisfies 0 < d(E,C") < ¢
and d(F,C") > 0. Note that C' NS consists of finitely many piecewise linear curves.
The conclusion holds by letting C' be the bottom piecewise linear curve. (Il
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FIGURE 9. Boundaries and surfaces. The left one shows the
four boundaries M, Mg, Mp, M of Fr(i,j) (the top surface of
U,(i,j)) and the right boundary My, = Mg(i,j~) of Fr(i,j~) (the
top surface of Uy, (i,j)). The right one shows the three surfaces of
R, (i,j) and U,(i,j). This figure is drawn with the same parame-
ters as those for Figure 2 (hence N =1).

4.2. Construction of homeomoprhism. In this subsection, we will use Lemma
to give another partition of 7', which allows us to define a homeomorphism
between T and a 3-ball in a natural way. Let i*, j* be defined as in Section [

For (i,j) € X, divide the closure of |J;~, U(i, i)esk T, 11 (ii’, jj’) into two parts.
’ = ” P,q

One is U} (i, j), which contains all basic blocks with order no more than N + n; the
other is R,(i,j), the remaining portion. More precisely, we define

(4.11) Lok(d) = |J  Tass(i i),
(i/’j/)ezqu
N - @@
(412) Urlz(lu]) = U LnJrk:(ivj)a Rn(ia.]) = U LnJrk:(ivj)'
k=1 k>N

In particular, Ly4n41(1,j) is the union of all basic blocks lying at the bottom of
R, (i,j) with order N + n 4+ 1. From the equations [@I1]) and ([@I2]), we see that
R, (i,j) is on the top of U,(i,j) and

(4.13) X=X, U ( U (®.Giu U,{(i,j))) for all n > 1.
(ijexy,

Keeping this in mind, one can better understand our setting in the rest of this
section.

The top exterior surface of UL(i,j), including the vertical polygons inside the
interior of I; x J; x R, is denoted by Fr(i,j). We denote the left, right, back, and
front exterior boundaries of Fr(i,j) by M.(i,j), Mr(i,j), Mg(i,j) and Mp(i,j)
respectively.

Let Fp(i,j) be the union of My (i,j) and the left exterior vertical surface of
R, (i,j). The sets Fr(i,j), Fp(i,j) and Fr(i,j) are defined similarly. For an illus-
tration of these sets, we refer the reader to Figure @l We point out that all the
surfaces and curves Frr, Fr,, Fr, Fg, Fp, My, Mg, Mg, Mg depend on U,, and R,, —
or, more precisely, on the number N.
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FiGUure 10. Figure for Lemma Here P, is the junction of
M (i,j) and Mp(i,j), Mp = Mg(i,j~) and Mp = Mp(i~,j7).
This figure is drawn using the same parameters as those for Fig-
ure P and (i,j) = (1,2).

Clearly, the construction stated above yields:

(1) R,(i,j) is a translate of R, (0™,0");

(2) Run(i',J') © Ro(i,5) if (3,) is & prefix of (')

(3) Fr(i,j) and Fgr(i,j~) lie in the same vertical plane, as do Fp(i,j) and
Fr(i™,j) (see Figure Q). This fact is useful in proving the following sepa-
ration lemma.

Recall that £, , := {(z,y)} x R.

Lemma 4.9. Assume that s <t < rs. Let (i,j) € X}, with i = iy---i, and
j=J1- " Jn, and let N be determined by Proposition LD for Ny = 0. The following
statements hold.

(a) If j, > 0, then there exists a piecewise linear curve v* = ~v*(i,j) C I x
{¢;()} x R path separating Fr(i,j~) and Fr(i,j).
(b) Ifi, > 0, then there exists a piecewise linear curve v2 = v2(i,j) C {pi(i)} x
Jj x R path separating Fr(i~,j) and Fp(i,j).
(c) We can require that the piecewise linear curves in (a) and (b) satisfy:
() if injn > 0, then v1(1,j) U~2(i,j) is connected;
(i) if s =t, then v2(i,j) U~y (i™,jT) is connected;
(iii) if s # t, then the right end-point of ¥2(i,j) lies below Fr(i~,j*) for
.jn <q-— 1.

Proof. We apply Lemma .8 Denote yo = ¢,4(j). Since each complex T),(i,j) is a
translate of 7,,(0™,0™), and the bottom of T;,(0™,0") is a parallelogram, M (i,j) is
a piecewise linear curve which is a vertical translate of Mg(i,j~) (see Figure [I0]).
In fact,

N+n

Mg(i,j~) = Mp(i.j) + (o,o, 3 vk).

k=n
So there exist i, 0 < i < p, and two points P; € Mr(i,j—), P> € FL(i,j), both
lying in £y, i),y Such that the distance between Mz(i,j~) and F(i,j) is equal to
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Cd(Py, Py), where C' is a positive constant depending only on Mj,(i,j). Since (see
Figure [T0])
N+n

(4.14) d(Py, Py) = Z vk — Y ug >0,

k>n

d(Fr(i,j7), Fr(i,j)) > 0. Notice that Fr(i,j~) and Fr(i,j) are connected. This,
together with (@I4), implies the existence of 4! by Lemma 8 This proves part
(a).
A similar discussion yields (b). As for (c), we see that
(1) injn > 0 implies that My (i,j) and Mp(i,]) are joined at the left end-point
of Mg(i,j) (independent of the relation of s,t);
(2) in(q —1—jn) > 0 implies that Mp(i,j) and Mp(i~,jT) are joined at the
right end-point of Mp(i,j) when s = ¢, as u,, = v,, in this case.
Using these facts, together with the arbitrariness of € as given in Lemma4.8 we can
change the end-points of those piecewise linear curves, with the required separation
properties such that (c)(i) and (c)(ii) hold. Now we show (c)(iii). Suppose j, <
—land s <t Let £ =/{, @), j+)- Denote the unique point in Mp(i=,j7)N{ by
P3 and the top point in FB (1 j) N £ by Py. The difference of the last coordinates of
P3, P, is equal to
N+n

2 w2
k>n
which is positive by Proposition This implies that P, lies below P3; and the
conclusion holds when we set ¢ < 27d(Ps, P;) in Lemma L8 O

Lemma 4.10. If s <t <rs, then X is ball-like.

Proof. In the following proof, we first present another construction of X by a cut-
and-paste technique that reveals a similarity between the structure of X and that
of a horned ball. The new construction establishes a homeomorphism between X
and the 3-ball B(0,1). We divide the proof into three steps.

Step 1. The definition of U,(i,j). Let N be given as in Proposition 5 and let
Uri,j), Rn(i,j), Lnsns1(i,j) be defined as in (@I1) and [@I2). Also, let 41,2 be
given as in Lemma [l for the pair (i,j) € X} . If j, > 0, connect the end-points of
vt and M (i,j) with two vertical line segments, and denote the resulting polygon
by Hy = H(i,j). If i, > 0, connect the end-points of v and Mp(i,j) with two
vertical line segments and denote the resulting polygon by Hs = Ha(i,j). We set
Hy=0if j, =0 and Hy = 0 if i,, = 0. Let

Q(i,j) == [HiUHaUFPr(i,j)], s N XNtn,

where § will be given in the next step (see Figure [IT]).
Remove all polyhedra Q(i, j) from X1, and denote the closure of the resulting
set by Up(0,0) := Uy, i.e.,

UO:XN—H\( U Q(imj))'

P i 1
(1,7)€%} 4
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FIGURE 11. Figures for Hy, Hy, Fr and Hi, Fr. The set Q(i,])
is the closed 27 "§-neighborhood of the shaded area H; U Ho U Frp
restricted to Xyyn.

For n > 1, we define U, (i,j) as follows. We put Q(i,j), which is removed in the
(n—1)th step, back to the set L, n+1(i,j), and remove all the polyhedra Q(ii, jj),

(i,5) € Eé’q, from the union. Finally, denote the closure of the resulting set by
Un(iaj)a i-e-a
(4.15) Un(i§) = L () QAN U Q53A)).
(4,5)€EX] 4
Step 2. The new construction of X. Fix n. For (i,j) € ¥} , let
[,3)] = {(,§)exr,: thereexist (ir,j1) = (i,d),. .., (i, i) = (1, )

such that U, (in,jm) N Un(im41,dms1) # 0,1 <m < k},

and denote [Un(i,J)] == Uy jyepy Un(i',3'). We choose § > 0 small enough such
that, when s = t, U,(i,j) N U,(1,j’) # 0 if and only if (i",j’) = (i~,j") or (I",j) =
(i*,j7) and, when s < ¢, [U,(i,])] contains only U, (i,j). The choice of § yields:
(1) the sets [Uy(i,])], where (i,j) € X7 ,
phic to the 3-ball;
(2) if (1,3) € X7, is a prefix of (,§') € X, then Uy (i,3) N Up(i',3) # 0 if
and only if m =n + 1.

Denote Xy, = Up and for n > 1 define

are pairwise disjoint and homeomor-

XNint1 = Xnjn U ( U Un(i,j))
(iL,)exy,

Notice that the difference of Xn, and Xy, is in the set U(ij)eE" Q(i,j), and
% pP,q
moreover, the thickness of each Q(i,j), (i,j) € ¥}, tends to zero as n — oo.

So Up>n41 Xn and U, > y41 Xn have the same closure. Hence X coincides with
Unzsn i1 Xn-
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FI1GURE 12. The homeomorphism h for s < t. The figures are
drawn with p =2 and ¢ = 3.

Step 3. A desired homeomorphism. We let Vi(i,j), (i,j) € X, ., be pg spher-
ical caps of the 3-ball B(0,1) such that the simply connected sets [Vi(4,J)] =
U(i’,j’)e[(i,j)] Vi(i',j") are pairwise disjoint, with the equivalence relation being de-
fined in Step 2 (see Figure[I2{(a) for s < ¢). A homeomorphism h can be constructed
by specifying that h sends B(0,1) \ U(i,j)ez;,,q Vi(i,5) to Xny1. Let Va(id', jj'),
(¢',5') € ¥} ,, be pg smaller spherical caps of B(0,1) in V;(4,j) such that the sim-
ply connected sets [Va(i1', jj")] = U jeqir,j5) V2(i,J) are pairwise disjoint (see
Figure [[2(b) for s < t). We also assume that none of the V5(i#’, jj’) intersects the
bottom of V4 (4, j). Extend h to Xn42. This procedure can be continued ad infini-
tum by using the properties (1) and (2) of {U,(i,j)} in Step 2. Now one obtains a
homeomorphism h from the major part of B(0, 1) to the union of Un21 Xnyn. Itis
not yet defined on the set 1,5, U(Lj)eE;ﬂq Vi (i,j), which is either a Cantor set (s < ¢
or p # ¢; see Figure [[3[a)) or a union of infinitely many curves (s —t =p — g = 0;
see Figure [I3|b)), but this set is sent by h onto

N U (RGHuei).
n>1(ijexy,

This finishes the construction of the homeomorphism A and completes the proof. [

Lemma 4.11. Ift > rs, then X is ball-like.

Proof. The proof is similar to that of Lemma .10} we provide only an outline. Let
Ny € Z satisfy rV1s < t < rNi+ls and let N be determined by Proposition
First, we let U}(i,j) and R, (i,j) be defined as in (@I) and ([@I2) with respect to
the integer N + N;. Then partition them into p™t parts as follows (see Figures [4]

and [TH):
Ubi(i, j) U U U Ty Ny +x (11117, 1),

Jlele k=1 (i",j")exk |

R (1,)) U U U TNy k(11117 j1d"),

j1exy N1 k>N (i7,j") EE"
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n=2
(a)
z Y
n=1
x Y
o Y n=3
n=2

FIGURE 13. Bird’s-eye views of U, (i,7) for n = 1,2,3 and s = ¢.
(a) is for p # ¢ and (b) is for p = g. Each cube stands for a U,,.
Two diagonal (from left to right) cubes can be connected only if
they have the same color.

(a) Xn4n,+1 and some surfaces of Rl (i, ) (b) Three polygons

FIGURE 14. The figures of X,,4 v, +~ and the polygons Hy, Hs, Frr,
determined by U} (i,j). The figures are drawn with p = r = 2,
g=3and s =0.3,t =rs (and hence N = Ny = 1).
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(a) Xn4n,+1 and some surfaces of Ri(i, j) (b) Five polygons

Ficure 15. Figures of X,in,+n and the five polygons

H,,H,, Fr,H{,F}. The first three polygons Hy, H>, Fr are de-

termined by U#ONI (i,j), while the last two polygons Hf, F. are
. _1\V

induced by Ué’(p n™ (i,jT). The figures are drawn withp = r = 2,

g=3,s=0.1, and t = 1.5rs (and hence N = N; = 1).

where i; € 1. The set L2+N1+N+1(i,j) is the union of all basic blocks in R (i, j)
with order n + N1 + N + 1, i.e.,

L},L+N1+N+1 U U Tn+N1+N+1(ii1i/7jjlj/)'
jresit (ri)esyyt
Second, applying Proposition for such Ni, and using Lemma (we replace
U,(i,j), Ra(i,j) by Urti(i, ), R (i, j) respectively), we get piecewise linear curves
y*i1(i,j), k = 1,2. For these piecewise linear curves and the sets L2+N1+1, we
define Q" (i,j) as Q(i,j). Then we let

Up =Ug0,0) = Xnowvn\ U @4G.7)

i ex)t (L)EX 4

and

UTiLl (i) = L;;+N1+N+1(i7.l) QM (i,j) ( U U Qi/l(iiyjj))
iext (hi)ex ,
Their definitions are similar to those of the sets U, (i,j). Third, we define subsets
Vit of the 3-ball as V,, in Step 3 of the proof of Lemma FI0 such that the interiors
of Vii(i,j) and Vi1 (i',§') are disjoint if and only if Ul (i,j) NUM (i’,j) = (). Finally,
for the sets {Ul1} and {Vi1}, we construct a homeomorphism & from the 3-ball to
X, as described in Lemma [.T0 The proof is complete. O

Theorem 4.12. Assume that s,t > 0 satisfy s +t < r(r —1). Then T is ball-like.

Proof. Without loss of generality, we assume s < ¢t. Combining Lemmas and
11 we see X is ball-like. Now Lemma says T = X U (2t — X)) is also ball-
like. O

Proof of Theorem 1.2. Suppose |p1(i) + p2(j)] > 1 for some ¢ and j. Let z =
(i+1)/pand y = (j+1)/q. Then x has two expansions i; = ip — 1 and iy = (i+1)0,
while y has two expansions j; = jq — 1 and jo = (5 + 1)0. Now, from (23] and the
definitions of dy.x and dyin, we have

dmax(x7y) - dmin($7y> > |d(i17j1) - d(127j2)| = |Pl(l> + pQ(J)l > 17
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which implies, by Lemma 2.5 that T}, , is a subset of OT. Therefore, either T° is
disconnected or the genus of 0T is at least one. Hence T is not homeomorphic to
a ball.

For the sufficiency, we assume that a; = b; = 0 for all 4, j, and that |t + s| <
r(r —1) with ts > 0. When ¢t =0 or s = 0, T is the Cartesian product of a unit
interval and a disk-like self-affine tile in R2. For example, when ¢ = 0,

T ={pr(i):1€ 37} x {(g(3); or(k) +5() - j € 2%, ke ZF .
Thus, T' is homeomorphic to a 3-ball.
Next, we assume st # 0. Theorem shows that T' is ball-like when s,t are
positive. Proposition [LIlb), together with Theorem .12] shows that the reflection

of T with respect to the plane z = 1/2 is ball-like when s,¢ are negative, and thus
T is also ball-like. This completes the proof. |

5. A QUESTION

Theorem 1.2 gives a necessary and sufficient condition for T" to be ball-like, under
the assumption that st > 0 and a; = b; = 0 for all ¢,7. When st < 0, our cut-and-
paste technique fails, as T cannot be expressed as a limit of the union of Xy and
all nth basic blocks. Our proof in the case st > 0 requires the added “horns” to be
homeomorphic to a 3-ball and that there are no gaps between the horns and X,,.
If a; = b; = 0, an added horn is a basic block with the bottom and some face of
X, lying in the same plane, and so the gap is zero. However, if a;,b; are not zero,
it might still be possible to find new horns and new X,,, all being homeomorphic
to a 3-ball, to make the gap zero. The bottom of the horns will be a surface in R3,
not contained in a plane. So we have

Conjecture 5.1. Condition |p1(i)| + |p2(j)| < 1 is sufficient for T to be ball-like.
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