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ABSTRACT. We prove some new continuity results for the Julia sets J and J*
of the complex Hénon map He q(x,y) = (x2 + ¢ + ay, ax), where a and c are
complex parameters. We look at the parameter space of dissipative Hénon
maps which have a fixed point with one eigenvalue (1 + t)A, where X is a
root of unity and ¢ is real and small in absolute value. These maps have a
semi-parabolic fixed point when t is 0, and we use the techniques that we
have developed in a prior work for the semi-parabolic case to describe nearby
perturbations. We show that for small nonzero |t|, the Hénon map is hyperbolic
and has connected Julia set. We prove that the Julia sets J and J* depend
continuously on the parameters as ¢ — 0, which is a two-dimensional analogue
of radial convergence from one-dimensional dynamics. Moreover, we prove
that this family of Hénon maps is stable on J and J* when ¢ is non-negative.
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1. INTRODUCTION

Complex analytic maps with a parabolic fixed point or cycle have generated
much interest in dynamics in one complex variable as they play a fundamental role
in understanding the parameter space of rational maps. Moreover, they provide
important models for understanding non-hyperbolic behavior.

In [RT] we studied the family of Hénon maps with a semi-parabolic fixed point
or cycle, and showed that the family has nice stability properties. In this paper
we want to unravel the mystery about how these semi-parabolic maps sit in the
parameter space of Hénon maps and describe the Julia sets of nearby perturbations.

Chapter [ provides a useful digression to dynamics in one complex variable.
Consider a quadratic polynomial p(z) = 22 + ¢ with a parabolic fixed point and
denote by J, its Julia set. The parameter c lies in the boundary of the Mandelbrot
set. It is well-known from the work of P. Lavaurs [L] and A. Douady [D] that on a
neighborhood of the parameter ¢ in C the Julia set does not vary continuously in
the Hausdorff topology. Parabolic implosion represents the source of discontinuity
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and of obtaining limit Julia sets with enriched dynamics. Using quasiconformal
techniques, C. McMullen [Mc| (and also P. Haissinsky [Hal]) showed that J,, con-
verges to J, when p,, converges to p horocyclically or radially (i.e. non-tangentially
with respect to the boundary of a Mandelbrot set in the quadratic case). These
tools are harder, if not impossible, to apply to several complex variables, where
an analogue of the Uniformization Theorem does not exist. We first set out to
give a topological proof of the continuity result for polynomial Julia sets under a
stronger radial convergence assumption. The proof involves recovering the Julia set
as the image of the unique fixed point f* of a (weakly) contracting operator in an
appropriate function space. In Section we prove that f* depends continuously
on the parameter, and thus the corresponding Julia sets converge to the Julia set of
the parabolic polynomial, in the Hausdorff topology. After gaining some valuable
insight from the study of the one-dimensional problem, notably from Lemma 2.14]
we pursue the two-dimensional problem and prove some new continuity results in
Chapter Bl for the Julia sets J and JT of a complex Hénon map.

We consider the family of complex Hénon maps H..(z,y) = (p(z) + ay, ax),
where p is a quadratic polynomial, p(z) = 22 + ¢, and a is a complex parameter.
When a # 0, this is a polynomial automorphism of C2. The dynamics of Hénon
maps bears some resemblance to the dynamics of 1-D polynomials, however ex-
tending results from one to several variables requires envisioning new techniques
and approaches, and in many cases the emerging picture is substantially differ-
ent and contains new and thrilling phenomena not present in the one-dimensional
world. In order to describe the dynamics of the Hénon map, one studies the sets
Kt and K~ of points which do not escape to infinity under forward and respec-
tively backward iterations. The topological complements of K+ in C? are denoted
by U* and called the escaping sets. The most interesting dynamics occur on the
boundary of the sets K* and U* where chaotic behavior is present. The sets
Jt = 90K* = 9U®* and J = JT N J~ are called the Julia sets of the Hénon map.
The sets J and K = Kt N K~ are compact, while the sets J* are closed, connected
and unbounded [BS1].

A quadratic Hénon map is uniquely determined by the eigenvalues A and v at a
fixed point so we will sometimes write H , in place of H. , to mark this dependence.
The precise formula for H) , is given at the beginning of Chapter Bl We say that a
Hénon map is semi-parabolic if it has a fixed point (or cycle) with one eigenvalue
A, a root of unity, and one eigenvalue smaller than one in absolute value. Unlike
hyperbolic Hénon maps, semi-parabolic ones are not stable under perturbations.
E. Bedford, J. Smillie and T. Ueda have described some semi-parabolic bifurcations
in C? for A = 1 in [BSUI7]. In particular, they show that at a parameter value
with a semi-parabolic fixed point with the eigenvalues A = 1 and |v| < 1, the sets
J, JT, K and KT vary discontinuously with the parameters, while J~ and K~
vary continuously with the parameters. The phenomenon described in [BSU1L7] is a
two-dimensional analogue of parabolic implosion that occurs in complex dimension
one.

In order to state our main results, consider a primitive root of unity \ = e2?/4
and let \y = (1 + ¢)A. For ¢ real and small in absolute value, we look at the
parameter space Py, of complex Hénon maps which have a fixed point with one
eigenvalue A\;. The equation of the curve Py, is given in Proposition When
t = 0 these maps are semi-parabolic; when t # 0, we regard the maps corresponding
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to parameters from P,, as perturbations of the semi-parabolic ones. We show in
Section B8 that there exists § > 0 such that for (c,a) € Py, and 0 < [a]| < 0,
the Julia sets J and J¥ depend continuously on the parameters as ¢ approaches
0. An equivalent formulation is given in the theorem below. These results can be
regarded as a natural extension of the concept of radial convergence of Julia sets
[Mc] to higher dimensions, in the context of polynomial automorphisms of C2.

Theorem 1.1 (Continuity). There exists & > 0 such that if |v;] < 6 and vy — v
ast — 0, then the Julia sets J and J* depend continuously on the parameters, i.e.,

‘](—;t,w) — J(';W) and J(kt%) — J()W)
in the Hausdorff topology.

For the set J* we are taking the Hausdorff topology on the one-point compacti-
fication of C2. What we prove in Theorem [[1lis the continuity of Julia sets .J and
JT as we approach a semi-parabolic parameter from the interior of a hyperbolic
component of the Hénon connectedness locus, similar to radial convergence from
1-D dynamics. Our next theorem describes the dynamical nature of the perturbed
semi-parabolic maps.

Theorem 1.2 (Hyperbolicity). There exist 6,6 > 0 such that in the parametric
Tegion

HRss ={(c,a) €EPy, : 0<]a| < and —& <t <y, t#0}
the Julia set J. q is connected and the Hénon map H,. , is hyperbolic.

By definition, the connectedness locus for the Hénon family is the set of param-
eters (c,a) € C? such that the Julia set J., is connected. Theorem shows that
the parametric region {(c,a) € Py : |a| < 6} of semi-parabolic Hénon maps lies
in the boundary of a hyperbolic component of the Hénon connectedness locus. In
fact, when X\ # 1, it lies in the boundary of two such hyperbolic components. A
mechanism for loss of hyperbolicty at the boundary of the horseshoe region through
the development of tangencies between stable and unstable manifolds is described
by E. Bedford and J. Smillie in [BS], and more recently by Z. Arai and Y. Ishii in
[AT]. In Theorem we describe a different mechanism for loss of hyperbolicity,
through the creation of a semi-parabolic fixed point. We first do a local analy-
sis in Sections [3.1] and [3.3] and show how to deform the local semi-parabolic
structure into a hyperbolic structure; these sections are applicable to holomorphic
germs of diffeomorphisms of (C2,0) with a semi-parabolic fixed point, and their
perturbations. We complete the proof of Theorem in Section

Theorem proves the existence of a larger region of hyperbolicity for complex
Hénon maps than what was previously known. It is in general very hard to exhibit
regions of hyperbolicity for Hénon maps. Z. Arai developed a computer program for
detecting hyperbolicity, that relies on heavy numerical computations. Otherwise,
the only Hénon maps proven to be hyperbolic using only theoretical arguments
correspond to the horseshoe region and to perturbations of 1-D hyperbolic maps.
It is also known from early works of J. E. Fornsess and N. Sibony [FS], and J.
Hubbard and R. Oberste-Vorth [HOV1,[HOV?2], that Hénon maps that come from
perturbations of hyperbolic polynomials with connected Julia sets inherit both of
these properties. However, the proof gave no control on the admissible size of
perturbations as we approach the boundary of the Mandelbrot set, i.e., it was not
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known that the size of the region HRs s does not decrease to 0 as ¢t — 0. Z. Arai
[A] gave a computer-assisted proof for the existence of hyperbolic plateaus for the
family of complex Hénon maps H., with both parameters ¢ and a real. In our
language, these regions correspond to strips on the right/left side of the real curves
P, NR2, where P7, is the set of parameters (c,a) € C? for which the Hénon map
H,. . has a cycle of order n with one eigenvalue +1. The existence of these regions
is established in Theorem

Corollary 1.2.1. There exists an € > 0 such that the real parametric region

1 2 1 2
{(c,a)eRx(—e,e) a#0, %—e<c< %}
is a region of hyperbolicity for the Hénon family H. .(x,y) = (2? + ¢ — ay,x). The
Hénon map is written in the standard parametrization and has Jacobian a.

To compare our results with [B] and [BSU1L7|, suppose A is 1. Theorems [[.T] and
answer Questions 3 and 4 of E. Bedford, from [B]. Corollary [[21]is formulated
as a specific answer to Question 3 and the set ¢ = (a + 1)?/4 from the corollary is
simply the defining equation of parabola P;. When (¢, a) € P;, the Hénon map has
a double fixed point with one eigenvalue 1. From the “right” of the real parabola
P1 NR? we have semi-parabolic implosion described in [BSUL7]. More specifically,
in [BSUIY] it is shown that there exists a sequence €, — 0 which converges to 0
tangentially to the positive real axis (Re(e,) > 0 and I'm(e,) < const. |e,|?) such
that the Julia set J., , corresponding to the sequence ¢, = (a+1)?/4+ ¢, does not
converge to the Julia set J,, in the Hausdorff topology. By comparison, Theorem
[[ I shows that we have continuity of J and J* from the “left” of the real parabola
P1 NR2. When (c¢,a) € Py NR? and 0 < |a] < & we get that J.—c, — Joq and
Jt .o — JI, as € - 07, Note that Theorem [[1] gives no information on what
happens to the “right” of parabola P;; indeed, when A = 1, both curves P11, and
P1_: are to the left of P;. This can be seen from the fact that for a = 0 and t # 0,
the polynomial p; has two distinct fixed points, with multipliers 1 + ¢; therefore
regardless of whether ¢ is positive or negative, p; has an attracting fixed point, and
belongs to the interior of the main cardioid of the Mandelbrot set.

This paper is built on previous work done by the authors in [R] and [T]. We use
the tools that we have developed for the study of semi-parabolic germs/Hénon maps
in [RT] to extend the results from [RT] to nearby perturbations of semi-parabolic
germs/Hénon maps. We can actually say more about the stability properties of our
family of Hénon maps when the parameter t is non-negative:

Theorem 1.3 (Stability). The family of complex Hénon maps Py, 3 (¢c,a) — Heq
is a structurally stable family on J and J* for 0 <|a| <& and 0 <t < §'.

We say that the family of Hénon maps Py, 3 (¢, a) — H, 4 is structurally stable
on J when t € [0,6") and |a| < ¢ if for any two pairs (¢;,a;) € Py,,, with |a;| <
and t; € [0,0") for i = 1,2, we have (Hc, q,,Jc,,q,) conjugate to (He, ay, Jey.as)-
Consequently, the Julia sets J;, 4, and J., 4, are homeomorphic. We explain struc-
tural stability on JT in a similar way, by replacing J with J*. We complete the
proof of Theorem in Section 3.8

Another notion of stability (called weak stability) was introduced by R. Dujardin
and M. Lyubich [DL] for holomorphic families (f.).ca of moderately dissipative
polynomial automorphisms of C2?, where A is a connected complex manifold. Weak
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FIGURE 1. The curves Py, Py, P2,, P*, are examples of para-
metric curves containing semi-parabolic Hénon maps. There exist
regions of hyperbolicity between P; and P_; and P_; and P?,
which belong to hyperbolic components of the Hénon connected-
ness locus.

stability is defined in terms of branched holomorphic motions of the set J* (the
closure of the saddle periodic points), but an equivalent easier definition is the
following: the family is weakly stable if periodic orbits do not bifurcate. The
equivalence between weak stability and continuity of J* is discussed in [DL], and
the relation between weak stability and uniform hyperbolicity on J* is analyzed by
P. Berger and R. Dujardin in [BD]. These results do not apply to our context, but
they are of independent interest.

2. CONTINUITY OF POLYNOMIAL JULIA SETS

In this section we focus only on one-dimensional dynamics. We first discuss con-
tinuity of polynomial Julia sets, which will prove useful in understanding continuity
of Julia sets for Hénon maps. This will be treated in Section [Bl

Assume that p is a quadratic polynomial. The filled Julia set of the polynomial
p is

K,={2€C : |p°(z)| bounded as n — oo},
and the Julia set of p is J, = 0K,,. The filled Julia set K, is connected iff the orbit
of the unique critical point is bounded. If K, is connected (or equivalently J, is
connected), then there exists a unique analytic isomorphism

(1) V,:C-D—C-K,

such that ¥, (2%) = p(¥,(2)) and ¥,,(2)/z — 1 as z — oco. If J,, is locally connected,
then ¥, extends to the boundary S! and defines a continuous surjection (see [Mi])
(2) Yp i St — T,

The Julia set of a hyperbolic or parabolic polynomial is connected and locally
connected (see [DH]). The map W' is the Béttcher coordinate of the polynomial
p, while the map ¥, is called the inverse Bdttcher isomorphism (or the Bdttcher
chart [H]). The boundary map =, is called the Carathéodory loop of p.
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The continuous map G, : C — R, defined by G, (z) = log |¥,'(z)| for z € C— K,
and G,(z) = 0 for z € K, is called the Green function of the polynomial p. Each
level set of the Green function {z : G,(z) = log(R)} with R > 1 is called an
equipotential for the polynomial p. This is the image of the circle of radius R under
v,.

2.1. Horocyclic and radial convergence. The topic of convergence of Julia sets
in the Hausdorff topology (of compact sets in P!) is very vast and has been covered
by many authors (A. Douady [D], P. Lavaurs [L], C. McMullen [Mc], P. Haissinsky
[Hai], etc.). We only recall here a theorem from [Mc] about horocyclic and ra-
dial convergence of rational maps, and give the simplified form of the theorem for
quadratic polynomials.

Definition 2.1 (Hausdorff topology). The compact sets K, converge to the com-
pact set K in the Hausdorff topology if the following conditions hold:

(a) Every neighborhood of a point € K meets all but finitely many K,,.

(b) If every neighborhood of = meets infinitely many K, then z € K.

Theorem 2.2 ([Mcl). Let f be a geometrically finite rational map and suppose that
fn = [ horocyclically (or radially), preserving critical relations. Then Jy, — J¢ in
the Hausdorff topology.

Theorem can be expressed in a simplified form when we restrict to the fam-
ily of quadratic polynomials. Let p be a quadratic polynomial. The sequence of
polynomials p,, converges to p algebraically if deg(p,) = deg(p) for all n, and the
coefficients of p,, converge to the coefficients of p.

Definition 2.3 (Horocyclic/radial convergence of multipliers). Let A\, — 1 in C*,
Ap = efnti¥n and 6, — 0.

The sequence ), converges to 1 horocyclically if #2 /L, — 0. The sequence A,
converges to 1 radially if 6, = O(|Ly,]|), that is, there exists M > 0 such that
16,| < ML, for n > 0.

Theorem 2.4. Let p be a quadratic polynomial with a parabolic fized point cg with
multiplier €2™®/49. Let p,, be a sequence of quadratic polynomials, such that p, — p
algebraically. Assume that each pl has a fived point «,, such that o, — oo and
such that the sequence of multipliers Ay, = (p2)'(an) converges to 1 horocyclically
(or radially). Then
Ipn = JIp

in the Hausdorff topology.

The proof of Theorem [2.2]is quite involved and uses quasiconformal theory and it

is not very clear how one could extend it to higher dimensions. We would therefore
like to first outline a more topological proof of continuity in one dimension.

2.2. A topological proof of continuity in dimension one. Let A = €27%?/4 be
a primitive root of unity of order ¢q. Set

At = (L4 6)A,
for ¢ real and sufficiently small. Consider the family of quadratic polynomials
A 22
(3) Pt(.’b):x2+ct, where ¢; = Et_Zt
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For ¢t > 0 the polynomial p, is hyperbolic and has a repelling fixed point a; = \;/2
of multiplier A\; and a g-periodic attractive orbit. For t = 0 the polynomial py has
a parabolic fixed point o of multiplier A. The multiplicity of the fixed point «yq
as a solution of the equation pg?(z) =  is ¢ + 1. Finally, when ¢ < 0, p; has an
attracting fixed point a; of multiplier A\; and a g-periodic repelling orbit.

We have p; — po uniformly as ¢ — 0. The continuity of the corresponding Julia
sets (that we state below as Theorem 2.5]) is an easy consequence of McMullen’s
Theorem The sequence of multipliers A} = (1 4 ¢)? has no imaginary part,
therefore it converges horocyclically and radially to 1.

Theorem 2.5. The Julia set Jp, of the polynomial p; depends continuously on the
parameter t, that is, J,, = Jp, in the Hausdorff topology.

We give a new proof of the continuity result for the family p; which does not use
quasiconformal theory. The proof relies on the techniques developed by Douady and
Hubbard in [DH] for proving the local connectivity of Julia sets of polynomials where
all critical points are attracted to attracting or parabolic cycles. An adaptation of
this technique was also used in [Kw] to build semi-conjugacies between Julia sets
of geometrically finite rational maps.

We build a continuous family of bounded metrics p; on the neighborhood of the
Julia set J,,, with respect to which the polynomial p; is weakly expanding. Then
we will recover the Julia set J,, as the image of the unique fixed point f; of a
weakly contracting operator F; in an appropriate function space. We will show
that the fixed point f; is continuous with respect to ¢, and conclude that the Julia
sets J,, converge in the Hausdorff topology as t —+ 0 to the Julia set of the parabolic
polynomial.

We will illustrate the technique for ¢ > 0. The case when ¢ is negative is almost
identical, but it requires a small technical adjustment, which we will discuss in a
more general setting in Chapter Bl where we adapt the construction to a family of
polynomial automorphisms of C2.

2.3. Normalizing coordinates at a repelling fixed point. When ¢ > 0, the
polynomial p; is hyperbolic and expanding with respect to the Poincaré metric on
a suitable neighborhood of J,,. In order to make the choice of metrics continuous
with respect to the parameter ¢ when ¢t — 0, we need to correct the metric py,
near the repelling fixed point «;, which becomes parabolic when ¢ = 0. A naive
idea would be to take a small disk D; around the repelling point a; on which the
polynomial p; is analytically conjugated to its linear part z — Az, |A¢| > 1, hence
naturally expanding with respect to the Euclidean metric. This is not very helpful
however, because the radius of D, converges to 0 as t converges to 0. This issue can
be dealt with by constructing “normalizing coordinates” around o4, similar to the
parabolic case ¢t = 0. We will build a larger neighborhood ID,,, with p independent of
t, around a4, on which the polynomial is not fully linearized, but rather conjugated
to a “normal form”.

Let eo = tan(27/9) and ¢ = €y/y/€2 + 1. The meaning of these constants is
fully explained by equation ([B0) and the discussion following it.

Proposition 2.6. There exist &' > 0 and p > 0 such that for all t with |t| < § there
exists a coordinate transformation ¢y : Dy (o) — D,(0) defined in a neighborhood
of the repelling fixed point oy such that in the new coordinates the polynomial py
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can be written as py(z) = \(z + 297 + Cyz2T + O(2292)). Suppose t € [0,5'].
In the region

A= = {Jal < p: Re(a?) > eol Fm(x")]}
the derivative p;’ is expanding, with a factor of

Ael (14 (g +3/2)er]z]) > [Me] > 1.

The compact region

A+ = {Ja] < p: Re(a?) < eolIm(x?)]}
satisfies A1 C int(Kp,) U{0} and p(A™) C int(AT) U {0}.

Proof. One performs for the family p; the same sequence of coordinate transfor-
mations as the ones done in [BH| or [DH] in the parabolic case. After a global
coordinate change that brings the fixed point oy to the origin, we can assume that
pi(x) = Mz + 2%, Suppose by induction that for k > 2 the maps p; have the form

1 = Nz + apzt + O(zF )

where a; # 0 for |t| < ¢’
Consider the coordinate transformation

X =z+ba* withinverse z=X-buXF+....
In the new coordinate system, we get
X = 11+ btx]f =Mz + (ar + bt)\f)a:k + ...
(X = b XP 40 )+ (@ + b A (X = b X+ )P 4
= MX 4 (a + b= ) XF 4+

When t # 0, we have |\;| # 1, so A\ # A for all k with 2 < k < ¢. If k is not
congruent to 1 modulo ¢, then \§ # )\q as well, so we can set

at

by = ——
VY.

k. The transformations x + ba* are injective on a

and eliminate the term a;x
uniform neighborhood of 0.

This proves that by successive coordinate transformations of the form X; =
x + b,z® we can eliminate terms with powers that are not congruent to 1 modulo
q, so the first term that cannot be eliminated in this way will have a power of the
form a;z¥9t!, for some integer v > 1. The parabolic multiplicity of the fixed point
apis1l,sov=1.

Thus the map takes the form

(4) r1 = M2 + apz?t 4 O(291?)).

Of course, when ¢ # 0, we could use the same map X; = x + b,z?! to eliminate

the term a;x971, however this would require shrinking the domain of injectivity of

X to 0 as t — 0, as well as losing the continuity of X; with respect to t at ¢ = 0.
We can further reduce equation (@) to

(5) z1 = M(z + 277 + O(2712))

by considering a linear map X = A;x, where A; is a constant chosen such that
Ag = Q¢.
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In equation (B) we can eliminate all terms of the form a;a*, with ¢ +1 < k <
2¢ + 1, using the same coordinate transformation as before, X; = x + bz, where

by = A“—t)\k We thus arrive at the normal form
t— Nt

i) = M 2771 4 G4 O,

When ¢ = 0 the regions AT and A~ represent attracting and respectively re-
pelling sectors for the (normalized) parabolic polynomial py. The attractive sector
A" belongs to the interior of the filled-in Julia set int(Kp,) U {0} and all points
in AT converge under forward iterations to the parabolic fixed point 0, which lies
in the Julia set. When ¢t < 0, the sector AT belongs to the basin of attraction of
the attracting fixed point 0. When ¢ > 0, the sector AT belongs to int(K3,) U {0},
because AT (with 0 removed) is a trapping region for a g-periodic attractive orbit
[BH]. We prove these facts directly for Hénon maps in Propositions and 3.7,
and the proofs apply also to the family of polynomials considered in this lemma.

To show that the derivative p;’ is expanding on A~ when t > 0, we perform the
same computations as in the parabolic case [DH]. The choice of €y and €; guarantees
that if Re(z9) > e¢gIm(x9), then Re(z9) > €1]|z|?. Consider a constant m so that
5’ (#) — Ae(1+ (g + 1)27)| < m|z|*? on D,. Using the normal form for p;, we get

B (@) = A1+ (g + D2+ O@@®)| = el (|1 + (g + 12| — m|z[*7)
> (14+t) (1+ (g+ Der|z|? — m[z]*) > (1+t) (1 + (¢ + 3/2)er|z]?)
for |z| sufficiently small. Hence |p;’(z)| > |\;| throughout A~ for all ¢ € [0,6]. O

Let Af = ¢, (A1) and A; = ¢; ' (A™). Recall that oy = ¢; *(0). By Propo-
sition 2.6] the set A — {a;} belongs to the interior of the filled-in Julia set K,,.
Moreover, when ¢t > 0, the g-periodic attractive orbit of the polynomial p; is con-
tained in the sector A;". The Julia set J,, near oy is completely contained in the
repelling sectors:

th O]D)p/ (Ozt) = th N At_

When t € [—4’,4'], the polynomial p; has connected Julia set; the critical point
0 of p; is attracted to the g-periodic orbit when ¢ > 0, respectively to the parabolic
fixed point when ¢ = 0, and to the attracting fixed point when ¢ < 0. So there
exists a first iterate n, € N such that pf(nt+l)(0) € A}, otherwise said, there exists
a first iterate for which p{™ (c;) € A and p;™(0) ¢ Af. The function ¢ — n
is locally constant and we can assume without loss of generality that when ¢’ is
small, the number n; is the same for all ¢t € [—d’,6’]. Therefore we can remove the
dependence on t and denote n; by N. Denote further by p; °(A[) the connected
component of the N*" preimage of the set A} that contains the fixed point a.

2.4. A continuous family of bounded metrics. For each value of the param-
eter ¢t we construct a neighborhood Uy of the Julia set J,, and a metric p; on Uy
with respect to which the polynomial p, is expanding. The family (Uy, ut) will be
continuous with respect to the parameter ¢.

The outer boundary of the set U; is an equipotential of the Julia set Jp,,. The
inner boundary is dp; ° (A]"), where N is defined above. Formally, choose R > 2
and set
(6) Uy =C—p;M(Af) = { € C— K, : [¥,'(2)| = R}

Pt —
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FIGURE 2. The polynomial p; has a fixed point at a;. The corre-
sponding neighborhoods U; and U are also shown.

Let U/ = p; *(U;). The set U} is contained in Uy by construction (see Figure2), and
we can put on U/ the Poincaré metric of U;. The map p; : U] — Uy, is a covering
map, hence expanding;:

(2, )lv, < (2 O)lu; = |(p(2),p'(2)8)|v, for z € U] and € € T.Uj.

However U] is not relatively compact in U, because OU; NOU; = {a }, so there is no
constant of uniform expansion. On the repelling sectors A; , one can define a metric
fp- as the pull-back of the Euclidean metric from the normalizing coordinates A~.

‘(Z7§)|A; = |¢;(Z)§| fOI' z e At_ and g € TZAt_7
where the latter length is the modulus of the complex number ¢} (z)¢.
Definition 2.7. Let u; = inf(uUt,M,uAt— ), where M is a positive real number and

2,uUt (Za E)
I AEREs

M>sup{ czep i HAY), 2 ¢ A anth[O,(S']}.

By choosing M sufficiently large, one can assure that on the boundary of V; the
infimum is attained by the Poincaré metric py,. So the metric u; is continuous on
U/. Note also that the Poincaré metric is infinite at oy while the Euclidean metric
is bounded; therefore there exists a neighborhood of «;, uniform with respect to ¢,
for which the infimum in Definition 2.7]is attained by the Euclidean metric M Ar

Lemma 2.8. The family of metrics p; depends continuously on the parameter t
and it is dominated above and below by the Fuclidean metric. There exist my > 0
and mg > 0 such that

ma|z —y| < d,, (z,y) < me|z —y| for any x,y € Uj.

Proof. By construction, the neighborhood U, and the repelling sectors A; depend
continuously on t. Let p; denote the density function of the Poincaré metric on Uy,
pu, (z,dz) = pi(2)|dz|. The map p; is positive, C*°-smooth on U and continuous
with respect to ¢. Hence uy, is bounded below by the Euclidean metric on U;. The
metric gy, on this set is also bounded above on U], except on a small neighborhood
of the fixed point ay € 9U;.

The metric p A7 is the pull-back of the Euclidean metric by a holomorphic injec-
tive map ¢, continuous with respect to t. We have pu-(z,dz) = |} (2)||dz|, where

|¢i(2)| > 0 is bounded above and below on A; . Therefore the infimum metric p,
is bounded above and below with respect to the Euclidean metric. ([l
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Lemma 2.9. The polynomial py is strictly expanding with respect to the metric
on the set U] when t > 0.

Proof. Let z,2' € U] and £ € T,U/, ¢ € T..U/ such that 2’ = p;(2) and &' = p}(2)¢.
We will show that for each ¢ > 0 there exists a constant k; > 1 such that
pe(2,8") > ke - (2, 6).
There are four cases to consider:
(a) Mt('za g) = KU, (Za g) and Mt(zlv 5/) = MHUu, (Zlv 5/)
This happens only if both z and 2z’ are outside a small neighborhood of
the point ;. Outside this neighborhood, the set U] is compactly contained

in Uy, so p; expands strongly with respect to the Poincaré metric. For all
t € [0, '] there exists k; > 1 such that

(7) Hu, (Zl7§/) > Kt - pu, (Z7§)

The constant k; depends only on the distance between the boundaries U,
and OU/ outside a disk of fixed size around the fixed point ay, therefore

inf Ky > 1.
t€[0,67]

(b) pe(2,8) = Mpp-(2,€) and (2, &) = Mpy-(2',€).
The normalized polynomial p; expands with respect to the Euclidean met-
ric, so by Proposition we have

Far (3/75/) > (1 + t) “Har (Zaf)

Notice that the constant of expansion is 1 if and only if t — 0 and ¢;(z) — 0
(that is, z approaches the parabolic fixed point ayg).

(c) pe(z,8) = Mpup-(z,8) and pe(2', &) = pu, (7', €).
Similar to case (a), the point 2’ cannot be too close to the fixed point ay,
SO

MUt(ZI7§/) > Ky ./'LUt(Z7§) > K- MMA; (276)

(d) /’Lt(za E) = MU, (Za 5) and /'[/t(zl7 g/) = MMA; (Z/’ 5/)
There are two sub-cases to consider
(i) If z € p, "(A;) N A, , then

Mpup-(2',6) > (1+1) - Mpp-(2,6) > (1+1) - pu, (2,€).

(i) If 2 € p; '(A;) but z ¢ A;, then the conclusion follows from the
choice of the constant M, as shown below:

2 z
2, (216) = P (16 < Mg (1)

Set k; := min (1 + ¢, k). From estimates (a), (b), (c) and (d) we can easily see that
p(2',€') > ki - pu(2,6).

We get uniform expansion when ¢ > 0 because k; is strictly greater than 1. ]

The metric u; induces a natural path metric on U/. If n : [0,1] — U] is a
rectifiable path, then its length with respect to the metric y; is given by the formula

(8) f () = / e (n(s). 77 (5)) ds.
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The distance between two points z and y from U] with respect to the metric u; is

(9) dll«t (l‘, y) = inf But (77)7
where the infimum is taken after all rectifiable paths 7 : [0,1] — U] with n(0) = z
and n(1) = y.

2.5. Contraction in the space of functions. For each value of the parameter ¢,
we will construct a sequence of equipotentials in the complement of the filled Julia
set K, and show that they converge to the Julia set J,,, uniformly with respect to
t. In our setting, the filled Julia set K, is connected. Let ¥,, : C—D — C—K,, be
the inverse Béttcher isomorphism of the polynomial p; as in () and let y; : S* — J,,,
be the Carathéodory loop of p; as in () (i.e., the continuous extension of ¥, to
the boundary). We write 7, instead of ~,, to simplify notation. By the definition
of the isomorphism ¥, we have ¥, (22) = p;(¥,,(2)), for z € C — D.

Let R > 2 be a fixed constant, chosen as in equation (@). For each t € [0,4],
consider the space of functions

Fe = {’yt,n (St — U ven(s) =0, (Rl/QnJrlezms) , e N} )

For each t, the space F; is just a sequence of parametrized equipotentials
{Vt,n }n>0, corresponding to the polynomial p;. The Green function G,, of the poly-
nomial p; is continuous with respect to t and z. Therefore each map (¢, ) — V., ($)
is continuous with respect to ¢t and s. The polynomial p; maps each equipotential
ve,n to the equipotential 7;,_1 by a two-to-one covering map. We can select a
branch of p, ! by using the inverse Bottcher isomorphism and setting

it (\I’m (Rl/zne%i (25))) =T, (R1/2"+162ms) for s € St and n > 1.
Therefore, the space F; comes with a natural operator p;, L. Fy = F,, given by the
rule
(10) P (n-1(25)) = Yen(s), s €S, n> 1.

Endow the function space F; with the supremum metric

Ay, (Vens Vi) = SUS]% Ay (Ve (8)5 72,k(8))
sE

and let F; be the completion of F; with respect to the supremum metric d,,. Notice
also that the metric d,, is bounded, by Lemma [2.§

Theorem 2.10 (Browder [Bil,[KS]). Let (X,d) be a complete metric space and
suppose f : X — X satisfies

d(f(z), f(y)) < h(d(z,y)) forall z,y€X,
where h : [0,00) — [0, 00) is increasing, continuous from the right, and h(s) < s for

all s > 0. Then f has a unique fized point * and f™(x) — x* for each v € X.

Definition 2.11. We will call a function h that verifies the hypothesis of Theorem
210 a Browder function.

Remark 2.12. Assume that the space X from Theorem 2.10]is bounded. The rate of
convergence to the fixed point is controlled by the function h, namely if we choose
L > 0 such that L — h(L) > diam(X), then the following estimate holds:

d(f°™(z),z*) < h°™(L) for any z € X, n € N.
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We apply Browder’s theorem to the complete metric space (Fy, d,,,) with the op-
erator p; ! to show that for each ¢ > 0, the sequence {Vt,n }n>0 converges uniformly
as n — oo to a continuous function ~;. As a consequence of the same Theorem 2.10I
and Remark [Z12] we obtain the continuity of the map ¢ — ~; with respect to the
parameter t.

For each t € [0,4'], consider the function h; : [0,00) — [0, 00) given by

hi(s) :=sup {dy, (z,y) :z,y € p; ' (U}) and d,,, (p:(z), pe(y)) < s} .

Clearly the function h; is increasing (i.e., 51 < s2 = hi(s1) < hi(s2)) and satisfies
the inequality

dﬂt (”Yt,n+17”Yt,k+1) < ht(dut (’Yt,na’Yt,k))a k,n € N.

The family of metrics y; is continuous with respect to ¢, so the map ¢t — h; is
continuous with respect to ¢ € [0, §’]. Moreover, by Lemma[2.9, when ¢ > 0 we have

(11) hi(s) < ki for s > 0.
t

Inequality (I implies that p, s strictly contracting with respect to the metric
d,, when ¢t > 0. Banach Fixed Point Theorem assures that for each ¢t > 0, the
operator p; ! has a unique fixed point 7; : S! — ﬁt’, and the sequence v, ,, converges
to v as n — oo.

In [DH] (and also in [H]) it is shown that the function hg verifies the hypothesis
of Theorem .10} hence the sequence vy ,, converges to the unique fixed point of the
operator pal : Fo — Fo, that is, to a continuous function g : S' — 76. The image
of 7y is invariant under the parabolic polynomial py and it parametrizes its Julia
set Jp,.

Notice that the constant k; goes to 1 when t goes to 0, so we haven’t obtained
any information yet about the continuity of the map ¢t — +; with respect to ¢ when
t=0.

To provide a unified approach to the hyperbolic and parabolic cases, we define
a new map h : [0,00) — [0,00), h(s) := sup h(s).

te[0,6']
Lemma 2.13. The map h is increasing and h(s) < s for all s > 0.

Proof. When t = 0, it is proven in [DH] and [H] that ho(s) < s for all s > 0. When
t > 0, inequality (II]) yields that h¢(s) < s for all s > 0. For a fixed s € R, the
map t — h:(s) is continuous with respect to ¢, thus it attains its supremum on
[0,4"], so h(s) < s. For each t, the function h; is increasing, by definition. It is
obvious then that the function h is also increasing. O

The function h is increasing, so h(s+) = lim_,o+ h(s + €) is well defined. The
function h* : s — h(s+) is right continuous and the following lemma holds:

Lemma 2.14. The function h™ : [0,00) — [0,00) is a Browder function, i.e., it is
right continuous, increasing, and h*(s) < s for all s > 0. Moreover

Ay (Vens1, Ve kt1) < h+(duz (Yt,nsYek))  for allt € 10,8"] and k,n € N.

Proof. The only non-trivial property to check is the fact that h(s+) < s for all
s > 0. By Lemma 213 we know that h(s) < s for all s > 0, so h(s+) < s for all
s> 0.
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Suppose that h(s+) = s for some s > 0. Let €, \, 0 be a decreasing sequence
of positive numbers such that h(s+) = lim¢, 0 h(s + €,). From the definition of h
we have

h(s+e€,) = sup hi(s+ey).
te[0,0']
From the definition of the supremum, for every n > 0 there exists ¢,, € [0, '] such
that

(12) he, (s+€n) > sup hi(s+e€,) — €, = h(s+€,) — €n.
t€[0,6]

The function h;, satisfies
1

(13) hy, (s +€n) < (s+en)-k— <5+ €n.
t

The sequence t,, is bounded, so after passing to a convergent subsequence, we may
assume that t, — 7 for some 7 € [0,d’]. Let us show that 7 = 0. Assume that
T # 0. From inequalities (I2)) and (I3])) we know that

n

1
h(s+en) —en <hy (s+e€,) < T (s+€n).
tn

Taking the limit as n — oo, we get

1
s=h(s+) < —-
ki
Since s > 0 we get k, < 1. Then 7 = 0, otherwise we would have k, > 1.
Pick m an integer, and let n be any integer n > m. The sequence €, is decreasing,
SO €y, < €. The function hy, is increasing, so

(14) hi, (s +€,) < h, (s+ €m) for any n > m.
From the inequalities (I2]) and (I4]) we obtain
h(s+ €n) — €n < hy, (s + €y) for any n > m.

After passing to the limit as n — oo and using the continuity of h; with respect to
t, we get
s = h(s+) < ho(s+ €p) for every m € N.

Letting m — oo we get s < ho(s+). In the parabolic case ho(s+) < s for every
s > 0. This yields s = 0, which is a contradiction. (Il

Remark 2.15. Lemma 2.14] is very important, because it provides a reduction of
the hyperbolic case to the parabolic case, hence allowing a uniform treatment of
both cases. Lemma 2.4 uses only minimum information about the parabolic case,
that is, the fact that ho(s+) < s for all s > 0. Another remark is that in the
one-dimensional setting, one could presumably prove that the maps h; are already
right continuous, so h(s) = hi(s+). However, we will apply this lemma in higher
dimensions (where the maps h; will not necessarily be right continuous), so the
existence of the Browder function h™ from Lemma 2.14] bypasses this problem and
is central for the application of Browder’s Fixed Point Theorem.

Theorem 2.16. For eacht, the sequence ;. converges to a fived point -y, : St — ﬁt/
of the operator p; . The rate of convergence to the fived point is uniform in t.
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Proof. By Lemmal2Z.14] we can use the same Browder function h™ for any parameter
t € [0,6'] and apply Theorem 2I0] to show the existence of a unique fixed point ~;
for the operator p, ! Each map 7; : S' — Ft’ is continuous.

We show that ~., converges to 7; uniformly with respect to ¢t € [0,d’]. By
Lemmas 2T4] and and Remark there exists L > 0 such that

ma e — vell < du, (Vens ) < (RF)°"(L) \( 0 for any t € [0, 6],

so the rate of convergence of v;, to the fixed point <, is bounded by the rate at
which the sequence (h*)°"(L) decreases to 0. Therefore the sequence of functions
t — ¢, converges as n — 00 to 7y, uniformly with respect to ¢. ]

In Theorem [2.16] we have constructed a sequence of functions ~y; ,, continuous
with respect to t, and proved that it converges uniformly as n — oo to ;. Hence
the limit function v; is continuous with respect to ¢ on [0, §]. The continuity of the
Julia sets Jp, from Theorem follows immediately as Jp, = Im(y;).

3. CONTINUITY AND STABILITY OF JULIA SETS FOR HENON MAPS

Inspired by the one-dimensional setting from Chapter 2] we now turn back to
dynamics in two complex variables and prove a continuity result in Theorem [IT] for
Hénon maps with a semi-parabolic fixed point. We will consider the Hénon map
written in the form

H.,(z,y) = (p(x) + ay,az), where p(x)=2>+c.
When a # 0, this map is a biholomorphism of constant Jacobian —a?, whose inverse
is
H o (z,y) = (y/a, (z — p(y/a))/a).

As in [HOVI], for » > 0 large enough, the dynamical space C? can be divided
into three regions: the bidisk D, x D, = {(z,y) : |z| < r,|y| < r},

(15) V' ={(z,y): x| = max(jy|,r)} and V™ ={(z,y): |y| = max(|z|,r)}.
The escaping sets U* can be described in terms of V* as follows:

Ut =JH VT
k>0

and U~ = Jpso H*(V 7). By taking their complements in C? we obtain K =
C? — U™, the set of points that do not escape to infinity in forward time, and
K~ = C? — U~ the set of points that do not escape to infinity in backward time.
The Julia set J* is the common boundary of K™ and U™. Similarly J~ is the
common boundary of K~ and U~. In fact, in the dissipative case, J= = K~ (see
[EM]). The sets J = Jt NJ~ and K = Kt N K~ are contained in D,. X D,..

Definition 3.1. Let q be a fixed point of H and A and v be the two eigenvalues
of DHy. The fixed point q is called:

(a) hyperbolic if |v] < 1 and |A| > 1;

(b) semi-parabolic if |v| < 1 and \ = e>™?/4;

(c) attracting if |v| < 1 and || < 1.
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Let A = >™P/4 be a root of unity of order ¢ and set \; := (1 + t)A\. In Section
we considered the family p; of polynomials, p;(z) = 2% + ¢;, with a fixed point
ap = A¢/2 of multiplier A;. The exact formula for the coefficient ¢; is given by
Proposition below. In Theorem we showed that the Julia sets Jp,, converge
to the Julia set Jp,, as ¢t — 0.

In 1-D, the multiplier of a fixed point of a quadratic polynomial uniquely iden-
tifies the polynomial. The following proposition provides a description of the pa-
rameter space of Hénon maps for which one eigenvalue of the fixed point is known.

Proposition 3.2. The set Py, of parameters (c,a) € C? for which the Hénon map
H. o has a fized point with one eigenvalue A is a curve of equation

Notation and conventions. The curve Py, has degree 4 in the variable a, and
degree 2 as a function of the Jacobian, which is —a?. For this reason, we will
sometimes call the curves P,, complex parabolas. When ¢ = 0, the curve Py
contains the Hénon maps that have a semi-parabolic fixed point with one eigenvalue
A, a root of unity.

For the rest of the paper, we denote by c¢;(a) the right hand side of equation
([@6). The Hénon map is completely determined by the choice of a and ¢, so we will

use H, 4 in place of H,(4),o When there is no danger of confusion. We write
(17) Hyy(z,y) = (a:2 + ¢i(a) + ay, ax) = (ac2 + ¢ + a’w + ay, ax) ,

where the residual term w is bounded and depends only on a and A,

o 2+ 2t 22 )

The Hénon map is also determined by the eigenvalues A and v at a fixed point
and we will sometimes write H) , in place of H., to stress this dependency. The
formula for H} , is the following:

Hy(z,y) = (:::2 F A2+ 20— A—v)/4+ zx/A_Vyj:z\/)\—Vx) .

It may seem that there are two choices, but they are in fact conjugated by the affine
change of variables (z,y) — (x, —y).

A simple analysis shows that any constant r > 3 works in the definition of
sets V* from (I5) for the whole family of Hénon maps H,; for |a| and [t small.
From now on, we assume that r > 3 is a fixed constant. Moreover, we assume
that |t| < 1/(2¢) and |a| < 1/2 as minimal requirements and we will specify other
restrictions when necessary.

Let qq,+ denote the fixed point of H,; which has one eigenvalue \;. Suppose |a|
and |¢| are sufficiently small. We will see that the following bifurcation occurs:

(a) if t = 0, then H, ¢ has a semi-parabolic fixed point q, o of multiplicity g+1;

(b) if ¢ > 0, then H,, has a hyperbolic fixed point q,; and a g-periodic attrac-
tive orbit;

(c) if t < 0, then H,, has an attracting fixed point q,; and a g¢-periodic
hyperbolic cycle.

In the degenerate case a = 0, the fixed point qq ¢ is (o, 0), where o is the fixed
point of the polynomial p;. The Hénon maps become Hy, (x,y) = (pi(z),0). The
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Julia set of the Hénon map Hy; is just the Julia set of the polynomial p;, so we
write Jo = Jp,. Moreover Jgft = Jp, x C.

3.1. Local dynamics — perturbed normal forms. In this section we give a
normal form for perturbations of semi-parabolic germs with semi-parabolic mul-
tiplicity 1. This provides an analogue of Proposition for the two-dimensional
setting. Proposition [B.4] is more general. Theorem is specialized to the case
of Hénon maps H,; that come from perturbations of the family of polynomials p;
discussed in the previous chapter.

Definition 3.3. Let H be a holomorphic germ of (C2,q) whose eigenvalues at the
fixed point q are A and v, with 0 < |v| < 1 and |v| < |A|. The strong stable
manifold of the fixed point q corresponding to the eigenvalue v is

(18) W(q)={2€C?: li_)m |v|"dist(H°"(z), q) = const.}.

We refer to [S] and [MNTU] for a consistent treatment of strong stable manifolds.
For the Hénon map H, , the strong stable manifold W#°(q, ;) contains points that
get attracted to the fixed point qq; at an exponential rate |v,¢|". When qq
is hyperbolic or semi-parabolic, W*%(q,¢) lives in J*. When the fixed point is
attracting, or semi-Siegel, W*%(q, ) belongs to the interior of K+. Note also that
when a =0, W**(qp,;) = qo, x C.

We will denote by W% (q,.) the local strong stable manifold of g, relative to
the polydisk D, x D, that is, the connected component of W*#¥(qq ) ND,. x D, that
contains the point qg ;.

Let H be a semi-parabolic germ of transformation of (C2,0), with an isolated
fixed point at 0 with eigenvalues |v| < 1 and A = €2>7%/9. The multiplicity of 0 as a
solution of the equation H°?(x) = x is a number congruent to 1 modulo ¢g. Suppose
therefore that x = 0 is a fixed point of H°? of multiplicity mq + 1; we call m the
semi-parabolic multiplicity of H.

Proposition 3.4. Let {H;} ;<5 be an analytic family of germs of diffeomorphisms
of (C2,0) whose eigenvalues at 0 are Ay = (1 + t)\ and vy, with 1] < min(1, |A\])
and |v||M\]?? < 1. If the semi-parabolic multiplicity of Hy is 1, then there exist
local coordinates (x,y) in which Hy has the form Hy(x,y) = (x1,y1), with

(19) { w1 = M(z + 2T+ Ca?T +agqia(y)a? 2 + ..,
y1 = vy + xh(z,y),

where C' is a constant depending ont, and a;(-) and h(-,-) are germs of holomorphic
functions from (C,0) to C, respectively from (C2,0) to C, such that a1(0) = \; and
h(0,0) = 0. The coordinate transformations depend smoothly on t.

Proof. The case A = 1 and ¢t = 0 was proved by Ueda [U] and Hakim [Ha]. In
[RT, Proposition 3.3], this was stated for any primitive root of unity A\ = ¢>7%/4
and t = 0.

By straightening the local strong stable manifold of the fixed point 0 we can
assume that H; is written in the form:

(20) { o= a(y)e + as(y)e® +...
Y1 = vy + wh(z,y),

where a;(-) and h(-,-) are holomorphic functions with a;(0) = A; and h(0,0) = 0.
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One can make a holomorphic change of coordinates to make the first 2¢g 4+ 1
coefficients of the power series in the first coordinate constants. We proceed in
three steps. In the first two steps we show that there exist local coordinates (z,y)
in which the map H; has the form:

(21) 1 =Mx+agz?+ ...+ a2q+1x2q+1 + a2q+2(y)x2q+2 + ...,
y1 =ny +zh(z,y),
where as, ..., a2441 are constants. In the third step we show how to eliminate the

terms apx” for 2 < k < 2¢+ 1, k not congruent to 1 modulo ¢, and obtain equation

@).

(1) Reduction to a1(y) = A+. Consider as in [Ha] and [U] a coordinate transforma-
tion
X =u(y)x s x=X/u(Y),
{ Y =y with inverse { Y=Y,

where u is a germ of analytic functions from (C,0) to C with w(0) = ;. We need
to find w such that

Xi = uly)en = uvey + 2h(z,9) (a1 (0)2 + ax(y)a +..)
= umY + X/u(Y)h(X/u(Y),Y)) (a1 (Y)X/u(Y) + as(Y)(X/u(Y))? + .. )
u(Y)ar(Y)

= ——————X+0(X?) =MX+0(X?).
Let b1(Y) = a1(Y)/A+. The map u satisfies the equation u(Y) = u(14Y)b1(Y). We
successively substitute 11Y instead of Y in this equation and obtain the unique
solution

u(Y) =] bs(vpY).
n=0

This product converges in a neighborhood of 0 since |v;| < 1 and b1 (Y) = 1+ O(Y).

(2) Reduction to ay(y) constants for 2 < k < 2¢ + 1. We proceed by induction on
k. The base case k = 1 was discussed above. Suppose that & > 2 and that there
exist local coordinates (x,y) in which H; has the form

T =MT+ar? + . a2 ag(y)zt 4+
Y1 =y + xh(x7y)a

with ag, ..., ar—1 constant. We would like to find local coordinates so that ay(y) is
also constant. Consider the transformation

X =2+ v(y)a”
Y=y

r=X—-v(Y)XF+. ..,

with inverse { Y=Y,

where v is a germ of analytic functions from (C,0) to C with v(0) = 0. Using the
coordinates given by this transformation we get
X1 = z4ou(y))

= Mz +az®+ .. a2+ (an(y) + Ao(ny)) 28 + O(2F )

= MX 4. a1 X+ (an(Y) + Au(Y) = Mo(Y)) XF 4+ O(X .

We need v such that the coefficient of X* is constant. This gives the functional
equation \o(Y) — Mo(1,Y) = ar(Y) — ax(0). We successively substitute 1Y
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instead of Y in this equation and obtain

oo

Mo(Y) = (ar (7Y) — ar(0) Ay ¢,

n=0
The series converges in a neighborhood of 0 if |v4||\|*™1 < 1. This is clearly
achieved when |\;| < 1 since |14 < 1. If [A;| > 1, then |vg||\¢|* =1 < we||\e]?? < 1
and the latter inequality is true by hypothesis. Therefore H; can be written as in
equation (ZII).
(3) Suppose 2 < k < 2¢g + 1 is not congruent to 1 modulo ¢q. Assume by induction
on k that H; can be written as

T1 = M2+ apx® + . 4 agg 1227+ agg o (y) Pt 4L
y1 = vy +zh(z,y).

Let b= )\t“_’“/\k and consider the coordinate transformation
t
X =+ bz® A r=X—-bXF4. . .|
(22) { Y =y with inverse { Y=Y,
In the new coordinate system, we get
X, = xp+bah =N+ apa® + ) b+ apa® + )P

= Mz + (ap 0N+

= MX =bXF )+ (ap FOAD(X —bXF 4 )L

= MX 4 (ap DO =) XF 4+
By this procedure, the term containing X* has been eliminated. The first monomial
that cannot be eliminated in this way will be @041 X ™" for some integer m. If
we assume that the parabolic multiplicity of the semi-parabolic germ is 1, then
ag+1 # 0 for t = 0 (hence also for small t) and a1 X9™! will be the first term that
we cannot eliminate by the above procedure. We can further reduce the normal form
to ag+1 = 1 by considering a linear transformation of the form X = Az, Y = y,
where A is a constant such that A = ag41. We can therefore assume that the
Hénon map can be written as

{ o1 = M(@ + 29T+ apxh + L+ g 1229 + aggpa(y) 2?2 L),
y1 = py + zh(z,y).

By repeating the coordinate transformations (22)), we can eliminate all monomials
apz® with ¢ +1 < k < 2¢ + 1. By abuse of notation we still denote by aj, the term
Atag. In the new coordinate system, we get
X, = xp bk = Nz 4+ 29 apa® + ) F 0O (z + 2T +agat 4. )F
= Mz 429 + (ap + DA 2F +
= MX —bXF 4 (X —bXF) 4 )+ (ap + DAY (X —bXF 4. )+
= MX + XY 4 (ap +bOF = X)) XF+ ...

therefore the term containing X* has been eliminated. |

This following theorem is a generalization of [RT) Theorem 6.2].
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Theorem 3.5. Let r > 3 be a fized constant. There exist 8,8’ > 0 such that for any
(c,a) € Py, with |a| < § and |t| < ¢ there exists a coordinate transformation ¢,
from a tubular neighborhood B = D, (o) x D, of the local strong stable manifold
of the fized point qq

¢at B =Dy X Dryoa)

in which H, has the form ﬁa’t(x,y) = (x1,y1), with

(23) r1 = Ap(x 4 20T + Cp gt + aggra(y)a®t? + ..,
Y1 = Va,ty + xh(l,t(za y)7

and Cqy is a constant (depending on a and t) and xhe(x,y) = O(a). Moreover
the transformations ¢4 are analytic in a and t, and

iii)r%) ¢a7t - (¢t(x)7y)a

uniformly with respect tot. The map ¢, : D,y (ay) — D, is the change of coordinates
from Proposition 2.8 for the polynomial p; with a fized point ay of multiplier \; and

¢t op;o ¢t—l(x) — At(l‘ _'_xq+1 + CtJ?Zqul + O(x2q+2)).

Proof. We choose § small enough so that the local strong stable manifold W2 (qq,:)
has no foldings inside D, x I, and it can therefore be straightened using a holo-
morphic change of coordinates. The first part of the proof follows directly from
Proposition B4l We need to verify the conditions imposed on the eigenvalues at
the fixed point. We have [\;| € (1—8",1+¢) and |v,4| = |al*/|\e] € [0,82/(1—5")).
The bounds § and §’ are chosen small enough so that § < 1 — §’. It follows that
[Vat| < M| and |ve4] < 1. Then |A||vae]?? < (14 6")6%(1 — 6')724 < 1. This
inequality is not so restrictive. For example, it is verified for & < 1/(2¢) and
0 < 1/2. The convergence of the coordinate transformation ¢, as a — 0 follows
immediately by comparing the coordinate transformations done in Proposition [3.4]
to those done in Proposition |

It is also worth mentioning that the change of coordinates function ¢, from
Theorem maps horizontal curves to horizontal curves, that is,

(24) Gat(Dpy (o) x {y1}) € C x {y2},

which will be useful later on.

3.2. Attracting and repelling sectors. In this section we continue the analysis
of the local dynamics of holomorphic germs of diffeomorphisms of (C2,0) with a
semi-parabolic fixed point and their nearby perturbations. Consider the set

in the complex plane. There are ¢ connected components of Ag, which we denote
AR, for 1 < j < q. Define P, = Ar x D, and let Pr,; = Ar; x D, be the
connected components of Pr.r-

Proposition 3.6. For R large enough and r small enough there exists a positive
number 0" such that for all t € (—4',0")

Ha,t(ﬁR,nj) C 'Pij_;,_p U {0} xD, forl1<j<gq.
In particular H,(Pr.) C PryrU{0} x D,.
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Proof. Assume that R is large enough and r is small enough so that the map H, ;
is well defined and has the expansion from Theorem
z1 = M(x + 27 + Cp 22 + aggia(y) 2?2 4.0,
{ Y1 = Vauy + zh(z, ).
Define the region U :={X € C | R/q — Re(X) < |Im(X)|} and set
WRﬂ« = UR X Dr.

Suppose (z,y) € Pr,r,;. The transformation X = —1/(¢gz?), Y = y maps each
petal Pg.,; to Wg,. Thus X € Ug and |Y| < r. Let H(X,Y) = (X1,Y1) be the
corresponding map in the new coordinates:

1 X

X = e
! qr] AN (14 29+ Cy 1229 + aggro(y)z2at!t +...)1
X 1
S R oA N Y. (C ) bR
A ’ 2
1 A 1 1 /qg+1
- E(X+1+y+oy<m)>,Wher€A—6<T—Oa7t),
1
Yi = vauy+ zh(z,y) = VoY + Oy (W) .

The notation Oy (| X|*) represents a holomorphic function of (X,Y) in Wg , which
is bounded by K|X|* for some constant K.

One can check that |X| > q% throughout the region Ug. Clearly |A;]? > 1/2

for small |t|. There exist constants K’, K" and K; =2K'qv/2, Ky = K" (qv/2)"/1
such that

1 K’ K

X, - —(X+1)] < —~ -8
1 )’ < WX SR
K" Ky

Y, — Va,tY| < m < Ri/a

Choose R large enough and r small enough so that

LS
R 4’
(25) s
m < (1 - |I/a1t|)T' .

The second condition immediately gives

Ko
Vil < V1 = va Y|+ el Y] < 5r7g + vaelr <
The first condition of (25) implies that

1

1
_ )\_g(
In our case \f = (1+¢)? is a real positive number. Hence inequality (26) yields the
following estimates:

1 1 1
RE(Xl) > 7(1 it)qRe(X) + —(1 :tt)q - Z,
()] > gm0 - g
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Using these estimates and the fact that X € Ug, we get

R/g+1 1
Im(X ———— — — —Re(X R/q— Re(X
provided that |¢| is small enough so that
R+q

27 — > (1£1t)4.
(21) o> 0D
The constant/\é’ > 0 is chosen so that this inequality holds for all 0 < ¢t < ¢'. It
follows that H(Wg,.) C Wg,.. O

Since the dynamics are different, we will treat the cases ¢t < 0 and ¢ > 0 sepa-
rately. We begin with the latter case, so suppose R, r and t > 0 are as in Proposition
We show that points in Pg, are attracted by an attractive orbit of period ¢
under iterations by H,¢. Each region Pg, ; contains a point of this orbit. The
fixed point 0 is hyperbolic.

Suppose p; > 0 is a small enough radius such that p; < {/t/(2g). The number
p¢ is just a local variable which will be used in the proposition below. Define

DR,r,t :PR,T’_ {(xvy) E(CQ : |x‘q Sph'y‘ <7’}
and let D ,;; with 1 < j < g, be the connected components of Dg .+ (see Figure
B).

Proposition 3.7 (Trapping regions — ¢ positive). For R large enough and r
small enough there exists a positive number 0’ such that for all t € (0,9")

Hat(DRryrtj) C Drortjrp for1<j<gq

In particular Ha)t(ﬁRmt) C Dgryt and all points of Dgr: are attracted to an
attractive orbit of period q under iterations by H, ;.

Proof. We make a change of variables X = —1/(gx?), Y = y and analyze the
situation at infinity. This transformation maps each component Dg ¢ ; to a region
Wgrt := Ury x D, where

1
Ugpyt = {X €C : R/q— Re(X) < |[Im(X)] and | X| < W}

t
From equation (26]) from the proof of the previous proposition we have

1 1 1 1
Xq| - X| - < X1 ——— (X +1 -
T T e T L G P )‘<4
which gives
1 1 1 1
‘X1|< + +_<—q

q(L+t)1pf ~ (1+1)7 4 qpf
The last inequality holds because

gt (1+t)9-1
Wiy S U 1niar1
based on our assumption on ¢ and our choice of p;. With this choice we showed
that I;T(WR,M) C Wg,r+ and all points of Wg .+ are attracted to an attractive
orbit under iterations by H. The existence of this orbit follows immediately since
we have a nested intersection of compact sets. ([l
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Im(x9)
0.3

: Re(x%)

0.3

FIGURE 3. (caset > 0) The image of Dg ., under the map = — x?
at a height y = const. A small disk of radius p; is removed around
the origin.

By choosing a smaller p; as necessary we can show that all points in Pg, are
attracted by the g-periodic attractive orbit under forward iterations by H, . More-
over, every point that is attracted to this orbit must eventually land in the interior
of one of the regions Pg . ; for 1 <j <gq.

Let €9 = tan(27/9). To simplify notation, define p such that p? := RL’—;_;Q.
€0

The number p measures the distance between the origin and one of the points of
intersection of the lines Re(x?) = ¢p|Im(x?)| with the boundary of Ag.
Define the attractive sectors

(28) AT :={zx € C : Re(2?) < eg|Im(z9)| and |z9| < p?},
and the repelling sectors
(29) A7 :={x e C : Re(x?) > eo|Im(z?)| and |z] < p?}.

Let Wt := A" xD, C Pr, and W~ := A~ x D,.

We will call W~ repelling because as we will see, the Hénon map expands hor-
izontally when the Jacobian is small enough. We will call W attractive because
points in W are attracted to the g-periodic attractive orbit as we have shown
above. There are ¢ components of W which we denote I/VjjE for 1 <j<gq.

In the regions A~ and W~ we have

€0 3
o
V1i+e 9

The constants €y and €; are chosen such that the image of A~ under x — z? has
an angle opening of 57/9 (see Figure HI).

The definition of the sectors W+ for ¢ > 0 is the same as in the case t = 0
[RT], Section 4]. However, when ¢ < 0, we need to modify the definition of the
repelling sector W~ so that we have a good horizontal expansion for the Hénon
map. Suppose therefore that ¢ < 0.

(30) Re(z?) > e1]z|?, where ¢ :=

Remark 3.8. When A = 1 the parametric paths described by A\; = 1+t are in fact
the same, so we can assume that g > 2.

Assumption on t. Suppose t is sufficiently small so that |¢| < m. A restriction

on t of this form is needed for the local dynamics, but the choice for this bound
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Re(x%)

FIGURE 4. (case t > 0) Repelling and attractive sectors near the
semi-parabolic/hyperbolic fixed point. The attracting sector AT
is shown in red and the repelling sector A~ is shown in green. The
angle of the green sector is 57 /9.

will become clear later on. Let
2]
(¢+1/3)ex
be fixed from now on. The constant e; > 3/5 is the same as in equation (30).
Suppose further that |¢| is small enough so that R, < 1/(9R), where R is as in

Proposition
Define

(31) Rt =

Dy ={(z,y) €C® : 2|9 < Ry, |yl <r}.

Proposition 3.9 (Attracting region — ¢t negative). For R large enough and r

small enough there ezists a positive number ¢' such that Hy 4(Dy;) C Dyy and all
points of Dy, are attracted to the origin under iterations by Hy, for allt € (—=¢',0).

Proof. We make the change of variables X = —1/(gz?), Y = y and analyze the
situation at infinity. Let H be the map written in these coordinates. This trans-
formation maps D, to the region

1
Wyt = {XE(C : X > —} x D,..
qRy

Let (X1,Yy) = H(X,Y) for (X,Y) € W+ Note that Ay =1 — [t], as t is negative.
Similar to equation (20) we have that
1

Z.

1
X, - 7X’ <
(1 —J¢f)e
This gives
1 1 1
| X — e
(1 —t])a (1—1t])a (1 —1t])a
and, after rearranging the terms, we want to obtain the following estimate:

1 1 1 1
X S |X[ 4 —.
aoqe a1 X

1
—|X1|s‘xl— (X +1)| <3

|X1| >
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The last inequality is equivalent to

1 1 11
X1 ((1— o 1) TR TR}

Note that m — 1 > glt| for small |¢|. Using the fact that |X| > (¢R;)~! and
the particular choice of R; we get that

1 11

| X| <ﬁ—1> >(q+1/3)€12%>m+5,

1 — Jt]

which is true whenever (1 — [¢[)? > 8/9. This condition is satisfied because, based
on our assumption on ¢, we have

' L)L (9) .8

(1= e)*> <1 20q 1 12> = <60> s
Note that the function z — (1—1/(242+12))? is increasing on [2, co) and that is why
we can use the middle inequality. We have therefore shown that | X;| > | X|+ 1/40.
Let (X,,Y,) = I?(Xn,l, Y,,—1) for some (Xo,Yy) € W,.;. By induction we get that
| X | > | Xo| +n/40. It follows that all points in W,., are attracted to (c0,0). In
order to prove that indeed Y,, — 0 as n — oo we need to do a similar analysis as

in [RT]; we leave the details to the reader. O

When t < 0, we define the repelling sectors as follows:
(32) Ag ={z €C : Re(z?) > eo[Im(x?)] and Ry < |29] < p?},
where Ry is given in ([BI)). The excluded region belongs to the basin of attraction
of 0 (see Figure [). Set as before Wy = AL x D, . The definition of the set
W™ is the same as in the case when t is positive, i.e., WT = A" x D,., where AT
is given in equation (2§]). Also, A%, is a subset of A7, defined in equation 29).
When ¢t — 07, the sets A converge to A7, so the definition of W~ when ¢ =0 is
the same as in [RT].

By choosing ¢ small enough so that R; < ﬁ < p? we made sure that the excluded
region {z € C | |z]|? < R} N Ag is contained in AT,

Let B =D, (ay) x D, be the polydisk from Theorem and ¢, ; the coordinate

transformation defined on B. We define attractive and repelling sectors relative to
B.

Definition 3.10. Let W := ¢, ; (W) for t > 0 and W} := ¢, ;(D, x D, — W, )
for ¢ < 0 be the attractive sectors inside B. Similarly, let W5 := d);%(W*) for
t>0and Wy := qb;%(Wgt) for t < 0 be the repelling sectors inside B.

Proposition 3.11 (Local dynamics).
a) Ift > 0, then the compact region Wg satisfies

Ho (WE) Cint(K, ) UWi(da,).
b) Ift <0, then the compact region W4 lies in the interior of K:',t.

Proof. Using Definition B.I0] the proof follows directly from Propositions and
9.9 O
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Re(x%)

FIGURE 5. (case t < 0) The repelling sector A;it is shown in green.
The angle of the green sector is 57/9. The red region belongs to
the basin of attraction of 0.

3.3. Deforming the local semi-parabolic structure into a hyperbolic struc-
ture. In the parabolic case we have shown in [RT), Propositions 6.8, 9.2] that in the
repelling sectors W™~ near a semi-parabolic fixed point, the Hénon map is weakly
expanding in horizontal cones and strongly contracting in vertical cones, with re-
spect to the Euclidean metric. We will reuse these cones and show that when ¢ is
non-zero, the Hénon map is strongly expanding in horizontal cones and strongly
contracting in vertical cones, and therefore has a local hyperbolic structure. In this
section we only use the local normal form of the map, so all results are applicable to
holomorphic germs of diffeomorphisms of (C?,0) with a semi-parabolic fixed point
at 0.

Definition 3.12. Define the vertical cone at a point (z,y) from the set D, x D,
as

Cg)m,y) = {(5577) € T(ac,y)Dp x Dy, |£| < |x|2q|77|} .
Define the horizontal cone at a point (x,y) from the set D, x D, to be

Clyy = {(€&n) € TiayyDp x Dy, €] > ]}

We consider the interior of a cone to be its topological interior together with the
origin.

Consider the Hénon map fNIa’t D, x D, — C? written in the normal form given
in equation (23)). We write H,; whenever we want to stress the dependency on the
parameters a and t, but otherwise we simply write H. We have

Haﬂf (xv y) = ()‘t (‘T + $q+1 + Ya,t (JJ, y))v Va,tYy + iL‘hth(il?, y)) ’
where
ga,t($7 y) = Ca,tx2q+l + a2q+2(y)x2q+2 +.o
hat(z,y) = bily) +...+bp(y)a® +...,

and gq.¢(2,y) = go,t(x) + O(a) and hyt(z,y) = O(a). Here the term O(a) is in fact
a holomorphic function in both a and ¢.
When a =0, Ho,i(z,y) = (pi(x),0), where p(x) = Mi(z + 29" + go4(x)) and

2¢+1 2q+2
go.t(z) = Co 42T + agg 1z atz
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The function go,; depends only on x and ¢, hence dygo,0(z,y) = 0. For |a| < § and
|t| < ¢ we can assume that there exists a constant M, ; with 0 < M, , < 1 such
that

(33) |0y Gat(z,y)| < Mg ¢|z>H2.

When a = 0 we also know that xhg,(x,y) = 0. Moreover, by the construction of
the normalizing coordinates, we have zh, . (z,y) = O(a). There exists a constant
Na.t, depending on a, with 0 < N,; < 1 such that when |a|] < ¢ the following
bounds hold:

(34) |0 (zhat)(@,y)| < Nay and |0y (xha)(2,y)| < Nas.

Let 0:9at(z,y) = 2298, 4(x,y), for some function f,;. As usual, 8, denotes
the partial derivative with respect to the variable z. Denote by m the supremum
of |Bat(z,y)| on the set W, where the supremum is taken after all |a| < § and
[t| < ¢’. Thus

(35) m = sup |Bai (2, 9)|
(z,y)eEW ™, |a|<d, |t|<8’
and so }8zga7t(:c,y)| < mlx|?? for all (z,y) € W~. The repelling sectors A~ and
W~ = A~ x D, are defined in equation (29)).
By eventually reducing the radius p > 0 from the definition of the set A~ we
can assume that

(36) 11+ (q+ D —m|z?| > 14 (g +2/3)e|z|9 > 1 forall z € A™,

where € is given in equation ([B0). Consider the polynomial p; as in Proposition
with its corresponding repelling sector A}, (see equations (29) and (32)). The
estimate above allows us to show that |p{(z)| > |A|(1 + (¢ + 2/3)e1|z|?) for all
x € Ag . The polynomial p/ is clearly expanding if ¢ is non-negative since |\;| =

1+t > 1, but Lemma[3.15 shows that it is also expanding on Ay for negative ¢.
Proposition 3.13 (Vertical cones). Consider (z,y) and (x1,y1) in the repelling

sectors W= C D, x D, (respectively in Wy, fort <0) such that H(z,y) = (21, 1)
Then

r7—1
DH(w17y1) (C&hyl)) C Int C&vy)
and |DH (€ 0)|| 2 (Vael +3/2Nae) “HIE 0| for (€'07) € CF

x1,Y1) z1,y1)”

Proof. Let (¢',1) € Cf,, ,,,) with (¢/,7') # (0,0), and set (¢,1) = DH, (€',1).
We need to show that (£,n) € C? A direct computation gives

(zy)
Dﬁ[ _ >\t(]— + (q + 1)xq + 8rga,t(xa y)) )\tayga,t ((E, y)
(Ly) az (xha,t) (117, y) Va,t + :anha,t (:I;7 y)

and so
(37) ¢ = M+ (g+ 127+ 02gat(2,9)) € + \eOygat(z, y)n,
(38) n = Ou(@hae)(@,9)§ + (Var + Oy(zha)(x,y)) 1-
Using the bounds from equations ([34) and (B3) we get
(39) €1 = el (114 (g + 1)t = m|z*7) [€] = [Ae| Ma,e|2[*7F2]n],
(40) 'l < Nalél + (vael + Nag) [nl-
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Since (¢',n') belongs to the vertical cone at (z1,y;), we also know that

€1 < o PO | < NP+ 27 + gae(@,y) /2|

< PP

where M; is the supremum of |1+ x?+ g, ¢(z, y)/x| on the repelling sectors W~ of
the tubular neighborhood D, x D,., that is,

Ml = sup ‘1+$q+ga,t(x’y)/x"
(z,y)eW™,
lal <5, 111 <&

Since Re(z?) > e1|x|? on W~ we can take M; > 1, but any constant M; > 0 would
suffice. We have assumed that [t| < 1/(2q), so |\¢]?? < 3|\¢| and

(41) €] < 3|l l I Mo .
By combining estimates (89), {0), and {I)) we get
el (11 + (g + 1)a?| = mlal?) [€] = [Ne|Maela*T2n] < €]

<3l PIM | < BIAM Naye | *41€] 4+ 3[Ae| MY ([va | + Nao) |-

After regrouping the terms, we write

€l < Z2lel
where A; and Ay are defined as follows:
A = (14 (g4 Da%| — (m+ 3MPIN, )22,
Ay = 3MPU(|Vay| + Nay) + Myylz|®.

Since x is chosen from the repelling sectors we have |1 + (¢ + 1)z — m|z|?? > 1.
The quantities Ny ¢, My and v, = —a?/)\; depend on a and on ¢, and they tend
to 0 as @ — 0, uniformly with respect to ¢. For |a| and |¢| small we can therefore
assume that A, > 2/3 and Ay <1/3. Hence (£,7) € Cf,, ), so

r7—1 v v
DH(11,y1) (C(flyyl)) C Int C(Ivy)

We now show that inside the vertical cones the derivative DH ! is expanding
with respect to the Euclidean metric. We have

W| < Na,t

Az
€+ (va,i| + Nat) Il < Na,tA—llx\qunl + ([Vael + Nat) 1l

1
= (_Na7t|$|2q + [Va,t

3
: # 8 ) i < (I + 50502 )

provided that |z| < 1 (which is already assumed since p < 1). By definition, as
both (£,n) and (£',n’) are taken from the vertical cones, we have

1€ m)ll = max([¢], In) = [n] and  [[(€",n")]| = max(|¢]", [0]) = |n'|.
We obtain [|(§,n)l| > (|va.e| +3/2Na.e) M (0] U

For |a| and [t| sufficiently small the expansion factor (|vg.+| +3/2N,+) ! can be

easily made larger than 1. Hence DH™! expands in the vertical cones with a factor
strictly greater than 1.
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Proposition 3.14 (Horizontal cones). Consider two points (x,y) and (x1,y1)
in the repelling sectors W~ C D, x D, (respectively in Wy, fort < 0) such that

H(z,y) = (z1,y1). Then
DHey (Cliyy) € Int €L,

T1,y1)

and | DH (&) = el (14 (g + 1/2)er|2|9) [[(€,m] for (&,m) €C, .

Proof. Consider (&¢,n) € C(hm’y)7 (&,m) #(0,0), and let (¢',7) = Dﬁ(m’y) (&,m). We

first need to show that (¢',n’) € C&l yp)- Consider & and 7’ written as in equations

B7) and (B8)), from the proof of the previous proposition. Since (§,7) belongs to
the horizontal cone at (x,y), we know that |{| > |n|. As before, by using equations

B3), 34), and [BI), we get the following estimates:

€ > Il (11 + (g + V)] = mla*T) [€] = | Ne| Mol 2 )1
(42) > el (114 (g + D] = mfa*T — Mo |2[>7F2) [¢],

M < Naglél + ([Vael + Nag) Il < (2Na,e + [vae])IE]-
In the final analysis we obtain

By
| < 22¢
In'| < B, €',
where By and By are defined in the obvious way
B2 = 2N(L,t + ‘Va,t|a

B = il (IL+ (g + D] = mla* — Mogla]*?).

The bounds N, ¢, M, and |v,| tend to 0 as @ — 0, uniformly with respect to ¢,
so one can assume that for |a| and |¢| small enough we have By < 1/2. Moreover,
using the bound from equation (B8], we can assume that
Clearly, B; is bounded below by |A\:| > 1 —1/(2¢). In conclusion, we get
"< q 1,

] < 5 1€
which implies that (¢/,7') € Int C(hx, y- The norm of the two vectors from the
horizontal cones are ||(¢',n)|| = max(|'|, |7'|) = |£| and ||(&,n)|| = max(|¢], |n]) =
|€]. We have already shown in equation {#2) that |¢'| > Bi|¢]. Together with the
lower bound on B; from equation (@3] this yields

1€ > Al (L + (g + 1/2)en)|2]) €] = [Ael (1 + (g + 1/2)e) | 1€, )l

which is what we needed to prove. O

We now analyze the expansion factor |\;| (1 + (¢ + 1/2)e1]z|?) in the horizontal
cones from Proposition BI4l If ¢ = 0, then |\ = 1 and the expansion factor
reduces to 14 (¢ + 1/2)e|z|?. In this case DH expands strictly, but not strongly
in the horizontal cones. The expansion factor goes to 1 when = — 0, i.e., when we
approach the local strong stable manifold of the semi-parabolic fixed point.

If ¢ is positive, then |A¢| > 1 and DH expands strongly in the horizontal cones,
by a factor of (1+¢t) (1 + (¢ + 1/2)e1|z|?) > (1+t¢). If ¢ is negative, then |A¢| < 1 and
we need to use the definition of the repelling sector W5 to get a good expansion.
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The repelling sectors were carefully defined in equation ([B2), from the previous
section. We use the fact that |z|? > R; for the choice of R; from equation (3] to
make the product |A¢|- (1 + (g + 1/2)e1|z[?) strictly greater than 1 throughout AZ .
So we use the particular choice of R; to make the second term dominate |\;|, which
is in fact smaller than 1. The following technical lemma deals with this situation.

Lemma 3.15 (Expansion estimate). Ift € (—d',0), then
Ml (1+ (@ +1/Defel?) > (1 + eaftl) (1+ Tlel7)

for all x € Ay , where €3 1= The inequality is also true for t € [0,0") and

reA.

1
16(q+1)

Proof. The proof is straightforward if ¢ is non-negative. Suppose that ¢ is negative.
Note that [A;| =1 — [t|. We first show that for all z € A

el (14 (g +1/2)efz]?) = (1= [t]) (1 + (¢ + 1/2)er|2]?) > 1 + %\l‘lq,

which is equivalent to showing that [z|? ((1 — [¢[)(¢ + 1/2)e1 — €1/8) > [t[. On AR

we have that |z|? > R; for R, = %,

SO

I

(¢ +1/3)

This is verified for |t| < m, which is one of the bounds already imposed on t.
We then show by direct computation that

2" (1= [th(g+1/2)er — e1/8) > (L= [th(g+1/2) = 1/8) > Jt].

€1 €1
14+ 227 > (1+ et (1 ‘ ‘1),
+ 8|a:| > (1+ et]) +16|x|

for all z € AI_?,t and some constant €. We take e; = m, but the choice is not
optimal. The computational details are left to the reader. ([l

3.4. Global analysis of the Julia set. We would first like to show that the
corresponding Hénon map is hyperbolic on its Julia set J, ;. We must show that
the derivative of the Hénon map has appropriate contraction and expansion in a
family of vertical, respectively horizontal cones. We have already shown this to be
true locally around the fixed point q,  in Section 33

If we look at the form of the Hénon map, H,:(2,y) = (pi(z) + a*w + ay, ax)
given in equation (I7), we notice that the presence of the multiplicative factor a
in the second coordinate implies that the derivative of the Hénon map is strongly
contracting in the “vertical direction”, or equivalently, DH ! is expanding in the
“vertical direction”. If we analyze the first coordinate, we notice that the expanding
properties of DH in the horizontal direction are closely related to the expanding
properties of the polynomial p; on a neighborhood of its Julia set. We will construct
a neighborhood V' of J;ft for the Hénon map H, ; inside a polydisk D, xD,, and put
a metric on it with respect to which the derivative of the Hénon map is expanding
in the “horizontal direction”.

For the Hénon map H, ;, the construction of the neighborhood V' will be similar
to the construction of the neighborhood U] in the polynomial case in Section[Z4] (see
also |[RTY, Section 7] for the construction of the neighborhood in the semi-parabolic
case).
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Let o be a fixed point for the polynomial p;. For |a| < ¢ consider the normalizing
coordinates of the Hénon map H, ; on the tubular neighborhood B = DD, (o) x D, as
defined in Theorem Let qq,¢ denote the hyperbolic/semi-parabolic/attracting
fixed point. Let Wg and W be the attractive, respectively repelling sectors inside
B from Definition BI0 By Proposition BI1] the set W} belongs to int(K, ) U
Wis (da,t). The set H;tl (B) "D, x D, has two connected components, so let us
denote by

(44) B' = (H,}(B)— B)ND, x D,

a,t

the component disjoint from B. Let Wg, be the preimage of the attractive sectors
Wi in B/, that is, Wi, :== H, (W) N B’

We start by defining a box neighborhood U x D,., where U] is constructed as in
the one-dimensional case (see equation ([@)). Recall that the set U] was defined as
Ul = p; (Uy), where

Us = C = p; "V (Sarr) = {z € C— K, : |9, (2)| = R}.

We choose R > 2 large enough so that the outer boundary of U; is in the set VT
defined in (I5) (and implicitly in the escaping set UT).

The only difference will be that instead of removing the attractive sectors
p; °N(A), we want to remove a bit less. Construct attractive sectors Sgy C A;
associated with the polynomial p; in D,/ (), thin enough along the attractive azes
so that

(p;°<N+1>(satt) n A) x D, C W,

We denoted by A the annulus between the disk of radius p’ and the disk of radius
p" < p'/2 centered at o, s0 A =D, () =D, (ay). Otherwise said, in the annular
region A, we want the small attractive sectors p, O(NH)(Satt) of the polynomial p;
to be compactly contained in the attractive sectors Wg,r of the Hénon map. As in
Section 24, when writing p; °™ (Sq¢) we do not take into account all preimages of
Satt, but rather only the preimage of S, that is contained in the immediate Fatou
components of the fixed point «; and has a; in the boundary.

Inside the tubes B and B’, we forget all together about the polynomial dynamics.
So we take out the tubes completely and put back in only the repelling sectors W5

and Wg,. We can now finally define the set V' as
(45) V= (U xD,— (BUB))U Wz UWg).

Remark 3.16. Note that the set B’ (and consequently Wy, ) is contained in the
larger set Uy x D,. and its projection on the first coordinate is compactly contained
in U; and bounded away from the critical point 0 of the polynomial p;. Denote by
B" the polydisk D, (a;) x D,.. When |a| is small, the set B” should be thought of
as a small neighborhood of the local stable manifold W’ (qqe,+) of the fixed point
Qa,+- By the construction above, the set difference W5 — B” is contained in U/ x D,..

Hence V — B” is a subset of U; x D,.

For t > 0, let V denote the set V together with the local stable manifold
WS (Qa,t) and together with H 1 (W35 (qqe+)) N B’. When ¢ < 0 there is no need

loc

to add the two stable manifolds as they belong to the interior of K ; .. However, to
preserve notation, we set V =V in this case.
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Lemma 3.17. J;ft NV = J;ft ND, xD,. Moreover, the Julia set J,+ is contained
inV and
Jax= [ H"(J},nV).

n>0

Proof. The outer boundary of the set V' is an equipotential of the polynomial p;
cross D,., which belongs to the escaping set U, j ;- From the tubular neighborhood B
of the local stable manifold we have removed only the attractive sectors Wg , which
are contained in the interior of K ;r . when ¢t < 0 and in the interior of K ;r ; union
the local stable manifold W;(q,,¢) when ¢t > 0. From B’ we only removed the
attractive sectors W, which are contained in the interior of K, ;r . when t < 0, and
respectively in the interior of K ;‘ ; union a preimage of the local stable manifold

H=Y (W5 (qqt)) N B" when t > 0. Outside of B U B’, we have removed a vertical

loc
tube p, O(NH)(Satt) x D, which belongs to the interior of K ,. Therefore, when
t < 0, the set J;t N (D, x D,.) is contained in the set V. When ¢t > 0, in our
construction process of the neighborhood V', we have lost from J(; . N (D xD,)
only two local stable manifolds. These local stable manifolds are no longer in V,

but they lie in the larger set V/,
JH N0, xD,) CV whent>0.

Any point in J;f , NV remains in V under forward iterates of the Hénon map, so
the Julia set J,+ is contained in V. O

3.5. Vertical and horizontal cones in the product metric. We construct an
invariant family of horizontal and vertical cones on the set V' defined in ({5]), such
that the derivative of the Hénon map expands in the horizontal cones, and contracts
in the vertical cones.

In Section B3] we have already constructed such an invariant family of cones
in the repelling sectors of the fixed point q,;. These cones live only in a small
neighborhood of q, ¢, where the map is conjugate to the normal form (B7).

In this section we define a family of cones on the set V away from a small
neighborhood of qg ;. At the end of this section, we show how to patch together
these two types of cones, from Sections B.3] and B35l to get an invariant family on
the entire set V.

The set U; xD,. comes equipped with the product metric py, X p g of the Poincaré
metric py, of the set Uy and the regular Euclidean metric ;15 on the vertical disk D,
Tangent vectors (£,n) from T(mvy)(C2 will be measured with respect to the product
metric

1€, )| := max(uv, (z,€), n]),
where |n| is the absolute value of the complex number 7.

By Remark[3.10], the set V — B’ is a subset of U; x D,., and we can endow V — B”
with the product metric that we have just constructed on the set U; x D,.. Denote
by U/ the projection of V' on the first coordinate, which is equal to U] Upri(Wy,).
The set U/’ — D, (o) is compactly contained in Uy, so the Poicaré metric py, is
bounded above and below by the Euclidean metric on the set U; — D, (a;), that
is, there exist two positive constants m; and mso such that

(46) m1 < pu,(x) < ma,
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for any t € [—4’,0'] and any € U/’ — D, (cy). Therefore, the product metric is
bounded on the set V' — B”. If we let py, be the density function of the metric uy,,
po, (7, 8) = pu, (2)[€],
then py, is positive and C*°-smooth on U}’ — D, (o).
The sets U/, |t| < ', avoid a neighborhood of fixed size of the critical point of
the polynomial p;. Hence there exists a lower bound r; > 0 such that

(47) r1 < |pi(z)| for any x € U/

Definition 3.18. Let 7 < 1. Let the vertical cone at a point (z,y) from V — B”
be

Cg}x,y) = {(5377) € T(gc,y)(cz, /’LU{,(x’g) <7 ‘77|} .
Define the horizontal cone at a point (x,y) from the set U] x D,. to be

Cloyy = {(&m) € T ) C?, po, (2,6) > 0|} .

We will show that the vertical cones are invariant under DH, + and that the
horizontal cones are invariant under DH, ;.

Proposition 3.19 (Vertical cones). Consider (z,y) and (z,y’) in V — B” such
that H(z',y') = (z,y). Then

—1 v v
DH(}, (C(w)) C Int Cly

and |[DH, (6,m)]| > lal =M (€ m)]l for (€.m) €CF, -

Proof. Let (&,n) € Cl., and &) = DH(;ly)(g,n). From the formula of the

inverse of the Hénon map

(') = <y7 z —pi(y/a) - a2w>

a a
we find £ = %77 and ' = % (f — 27’”/77) Assume (£,7) # (0,0), otherwise the proof
is trivial. The vector (£, n) belongs to the vertical cone, so uy, (z,€) = py, (z)|€] <
7|n|. This implies that

.
48 < —|nl.

(15) €l < I

We can evaluate

(49) wmmwwmw%s%m

Next, by using inequality (@8]), we compute

1 2z 1 2z
(50) = Lo 2y s LBy,
Al \ Tl ~m

la| a
The point 2’ belongs to U}’, so |22'| > r1 by equation ({T). Choose |a| small so that
- — T > max (222, 1). Combining equations @J) and (B0) gives py, (2/,¢') <

la] my

%W Therefore DH(;)ly) (C&;’y)

Inequality (50) shows that DH~! expands in the vertical cone as |n’| > |a|~|n|.
By definition, since both (£,7) and (¢/,7’) belong to vertical cones, we have

(€, m)|| = max (uo, (2,€),n]) = [n] and (", 7")|| = max (uv, (2, €"), |9']) = [7'].

) C Int C&, y) which proves the cone invariance.
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We therefore obtain [|(£,7n)|| > |a|~t[|(¢/,7')]), as claimed. O

Remark 3.20. When dealing with vertical cones, it is not really necessary to measure
the horizontal component of vectors with respect to the Poincaré metric. Any
bounded metric in the horizontal direction would work, because we can always
choose |a| small to get the invariance of the vertical cone field and the strong
expansion of DH ™! in the vertical cones. The choice of the Poincaré metric is
essential however to show expansion of DH in the horizontal cones.

The scalar 0 < 7 < 1 in the definition of the vertical cone will typically be
chosen less than (p/2)*?, so that on a neighborhood of the boundary of B, the
vertical cones C” ) from Definition [3.I8] are contained in the pull-back by D(ba ¢ of
the vertical Cones from Definition 3 defined in the normalized coordinates.

Proposition 3.21 (Horizontal cones). Let (x,y) and (z',y’) in V — B” such
that H(z,y) = (2',y'). Then we have

Proof. Let (f,n) € Cg’r ,) With (§,n) # (0,0) and let (§',n") = DH ;) (&,m). We
first need to show that (¢,n) € Int C(m, - Since DH(, ) (€,n) = (22€ + an, af),
we find ¢ = 22€ + an and 7' = a€. The vector (£, n) belongs to the horizontal cone
at (x,y), so

(51) nl < pw, (2, €) = pu, () |§] < malg].
Using (2/,y') = (pe(x) + a®w + ay, ax) we evaluate
(52) o, (2, €) = pu, (pe(@) + a*w + ay) [22€ + an].

Since py, is C*°-smooth, its derivative p; is also bounded on U’ =D, (ay). There
exists a constant ¢ > 0 (which is just a local variable) such that

o, (pe(x) + a*w + ay) — pu, (pi(2))]
|al

pu, (pe(x))
inf py,

IN

|aw + y| - sup pyy, -

(53) ¢ pu, (pe(x)) -
The polynomial p; is expanding with respect to the Poincaré metric pg,. As in

Lemma (29) part (a), there exists k; > 1 with [i%f 5 k¢ > 1 such that
te[—5",0"

A

(54) pu. (pe(x)) Ip()€] > ke - pu, (2)[€],
whenever z,pi(z) € U/ — D, (o). We now turn back to relation (52). Using (G3)),
G4), &I) and ( 7) one gets

) > (L= clal) - pu, (o) f2og] - 25T
> (1= clal) i ool (1ol )
(59 > ke da) (1= 1022 -l

The constant &, is larger than 1 for all ¢ € [—¢',']. We write the dependence on ¢
to preserve notation from equation (), but we could drop the dependence on t by
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working with [ir}sf " k¢ which is also strictly larger than 1. The factors 1 — c|a|
te[— /7 ’

and 1 — |a| T—f are independent of ¢, and they can be made arbitrarily close to 1 by
reducing |a|. In conclusion, for |a| sufficiently small we can assume that

(56) ki ke - (1—cla]) - (1— a|T:—12> > 1.

= inf
te[—d',6']
From relation (B5), we obtain

/’LUt(xl7§/) > k- PUt($)|§| =k- uUt(:I;ug)?

which shows that DH expands in the horizontal cones. Also from (B3] we infer
that

lal - p, (2, €') > k- pu, (x)|ag| > k- ma - ],

which proves that DH, ) (C&,y)) C Int C@/,y/)a so the horizontal cones are in-

variant. O

h
(z,y)
Clsy)» defined in Definition On W, we have another family of horizon-

tal/vertical cones

Dyl puntw)(Ch, (o)) a0 Dgtls, own)(Co, (o)

defined in Definition [B.12] with respect to the Euclidean metric in the normalized
coordinates given by ¢, . For those points (z,y) € W where both types of cones
are defined, we take the horizontal/vertical cone to be their intersection.

On the set V — B” we have one family of horizontal/vertical cones, C and

3.6. Combining infinitesimal metrics. On the neighborhood V defined in (@3]
we have given two infinitesimal metrics. On the set V — B”, where B” C B was
defined in Remark 316 we put the product of the Poincaré metric py, with the
Euclidean metric on D,

(57) we((x,y), (§,n)) = max (uv, (z,€), nl),

where (z,y) € V — B" and (£,7) € T(5,,)V — B".
In the repelling sectors W of the tubular neighborhood B of the local strong
stable manifold of the hyperbolic/semi-parabolic/attractive fixed point (see Defini-

tion[3.10), we have the pull-back Euclidean metric from the normalizing coordinates
Gat: Wy =W~ CD, xD,. Let

(@), (¢.m)) = max (1€], i)

where (£,7) = D¢a,t|(w » (&,n) and ¢4, : B — D, x D, is the change of coordinate
function from Theorem

Just like in the polynomial case, we can define an infinitesimal pseudo-norm on
the set V,

(58) p = inf (Mpp, pp),

where M is a positive real number, chosen so that the derivative of the Hénon map
is still expanding in the horizontal cones when we map from the repelling sectors
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Wy, of B’ (see (@) into the repelling sectors W of B. We take M so that

2pp ((z,y), (&n)
(59) M > sup .
(zy)EW, “B (H(x’y)vDH(m,y)(gan))
(&mect,,,,—{(0,0)}

The supremum from equation (£9) is bounded, because pp((x,y), (§,7)) =pu, (x,§)
for (z,y) € Wg,, ({,n) € C&,’y), and the Poincaré metric on B’ is bounded.

Let (z,y) be any point in V. Let (§,7), (¢/,7') be any vectors from the two
dimensional tangent space T(, V.

Notice that p is homogeneous, that is, u((x,y),a(&,n)) = |aju((z,y), (§,n)),
for all complex numbers «, as both up and pup are homogeneous metrics. It also
satisfies the relation u((z,y), (£,7)) > 0, with equality if and only if (£,7) = (0,0).
However, p does not necessarily satisfy the triangle inequality

1((2,y), (E+& n+n") < p((2,y), (§,n) + p((z,y), (')

Nonetheless, u induces a regular path metric on horizontal curves between points
in V (see @®) and (@) by integration. If g : [0,1] — V is a horizontal rectifiable
path g(s) = (g1(s),y), then its length with respect to u is given by the formula

l,(g) = fol 1 (g(s), (g1 (s),0)) ds. The distance between two points (z,y) and (2, y)
from V with respect to the induced metric pu is

(60) dy ((z,y), (z',y)) = inf £,,(g),

where the infimum is taken after all horizontal rectifiable paths ¢ : [0, 1] — V with
pra(9) =y, 9(0) = (2,y) and g(1) = (2', y).

Another way to combine the two metrics is by defining a true product metric,
where the second coordinate is measured with respect with the Euclidean metric,
and the first coordinate is an infimum of two metrics. Choose (z,y) € U; x D, N
Wp and non-zero (&,m) € Ty, Uf x D, N W5 as before. Using relation (24), let

(€,0) = Déagl,,, (£ 0) and define
(o), (6} = s (inf (o, (€0, M1€]) )

The constant M is greater than sup (Q,uUt (z,€) /§1|), where

(517 771) = DH(z,y) (67 77)

and the supremum is taken after all points (z,y) € Wpg, and non-zero vectors
(5’77) € Cglxvy)'

If we let (ba,t = (¢17 ¢2)7 then g: a:r:¢1 (.’L’, y)g Also KU, (:676) = pu, ($)€7 where
pu, is the density function of the Poincaré metric of U;. In conclusion, if we define

m(z,y) = inf(py, (z), M[0z¢1(z,y)]) we get
w ((x,y), (§,n)) := max (m(z,y)[¢], n]) -

With this definition it is easy to see that the triangle inequality is satisfied and
i/ is an infinitesimal metric, i.e., a norm. Notice also that u and y’ coincide when
restricted to horizontal curves, and they induce the same horizontal path metric.
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Lemma 3.22. Lett € [—¢',0'] and |a| < 8. Let k be chosen as in Proposition [3.21]
and the constant €5 as in Lemma BI85l There exists a constant
ky > min(1 + eolt], k) > 1,
independent of a, such that

(61) 1 (Haa(2,9), DHagl ) (€1) > Fu - p((2.9), (€:0))
for any (xz,y) € V and any non-zero tangent vector (£,m) in the horizontal cone at
(z,y).
Ift =0 and |a| < 6, there exists ko(x,y) > 1 such that
62 p(Horlw,y), DHaely, ) (€m)) > kolw,y) - n((z.9), (),

and ko(x,y) goes to 1 precisely when (xz,y) tends to the local stable manifold
WS (da,0) of the semi-parabolic fized point.
Moreover, the inequalities ([61) and ([62)) hold true for u' instead of p.

Proof. The proof is identical to the proof of Lemma We use the estimates in
the horizontal cones from Propositions B.14] and B.2Il The choice of the constant
M in (B9) is useful when dealing with the analogue of case (d)(i), from Lemma [Z0]
The case t = 0 is given by [RT| Theorem 8.7]. O

A larger region of hyperbolicity. The following theorem is a classical result on
dominated splitting.

Theorem 3.23 ([KH]). A compact f-invariant set A is hyperbolic if there exists
Bo < 1 < By such that for every x € A there is a decomposition T,M = S, @ T,,
a family of horizontal cones C* > S,, and a family of vertical cones C2 D> T,
associated with that decomposition such that

Df.Ch C Int C}(py, Dfy'Cipy C Int CY,

IDfs €l = Buligll for & € C2 and |Df;* €Nl = B3 IEl| for € € C2.
We now have all the ingredients to prove the hyperbolicity part of Theorem

Theorem 3.24 (Hyperbolicity). There exist §,6’ > 0 such that in the parametric
region

HRss ={(c,a) €Py, : 0<la|<d and —§ <t <, t+#0}
the Julia set J. o is connected and the Hénon map H. . is hyperbolic.

Proof. In Section 3.5 we built a family of horizontal and vertical cones, invariant
under DH, respectively under DH !, such that DH expands with a factor of
B1 > 1 inside the horizontal cones, and DH ! expands with a factor of 1/3y > 1
inside the vertical cones. The expansion is measured with respect to the metric p/
from Lemma The proof follows from Propositions B.13] [3.14] and [3.27]
and Lemma [3T5] by taking 8y = max(|a|, |Va| +3/2N,e) < 1 and B =k > 1
for t # 0. The constant k; is given in Lemma We then apply Theorem [B.23]
for the set A := V, which includes J* N D, x D,, by Lemma 317 The set V was
constructed in Section 3.4

The fact that this hyperbolic region is inside a component of the connectedness
locus follows from Corollary B.31.11 O
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It is worth mentioning that J = J* (the closure of the saddle periodic points)
throughout the parametric region defined by (c,a) € Py,, |a| < d and =’ <t < .
This follows from Theorem and [BS1] for ¢ # 0 and [RT] for ¢ = 0.

Period doubling. Let P27 be the set of parameters (c,a) € C? for which the
Hénon map H,., has a cycle of period 2" with one multiplier A = —1. Theorem
[3.24] can be generalized to show that there are regions of hyperbolicity to the left

and to the right of the real curve P2} NR? (see Figure ). Moreover, for each n,
2'!L+1

there is a region of hyperbolicity connecting P} NR? to P2} NR? of “vertical”
size (the size of the parameter a) §,, > 0. Presumably d,, — 0 as we approach the
Feigenbaum parameter.

3.7. The function space F. We will do the same construction as in Section
Let R be fixed as in equation (@). Recall that

Yo : St = U, yro(s) = ¥, (R1/2627ris)

is the equipotential of p; that defines the outer boundary of the neighborhood U}
constructed in Section 24l Define fy : S! x D, — V as

fol(s,2) = (v0(8), 2).
The image of fj is thus a solid torus contained in the escaping set U™ that represents
the outer boundary of the set V.

Definition 3.25. Consider the space of functions:
-Fa,t - {fn : Sl X D’I" — V : fO(S,Z) = (’yt,O(S)aZ)v fn(S,Z) = Fa,t o fnfl(saz)
for n > 1},

Where the graph transform F, ; : Fy; — Fq, is defined as F, (f) = f, where the
map [ is continuous with respect to s, holomorphic with respect to z, and f ’

sxD,
is the reparametrization f(s,z) = (ps(2),2) of one of the two vertical-like disk
components of

Hyy (f(2sxD,))NV
as a graph of a function over the second coordinate, via the Inverse Function The-
orem.

Remark 3.26. The maps f,, are essentially reparametrizations of the backward
iterates of fy (inside V') under the Hénon map. The picture to keep in mind is
the following: The image of the map f,, € Fo, n > 0, is a solid torus 7}, contained
in the escaping set UT. In the s-coordinate, the Hénon map behaves like angle
doubling, whereas in the vertical z-coordinate, it behaves like a strong contraction.
Therefore, the Hénon map maps 7}, 11 to another solid torus, wrapped around two
times inside T,.

We say that a complex disk is vertical-like if any tangent vector to it belongs
to the vertical cones (Definitions B.I8 and BI2)) if both of them are defined, or to
the one that is defined. The invariance of vertical cones (Propositions BI9] and
BI3) and the fact that the Hénon map has degree 2 imply that the preimage of a
vertical-like complex disk contained in the set V N U™ consists of two vertical-like
complex disks. Assume by induction on n > 0, that we have f,(s, z) = (¢2(2), 2),
where f,, is injective, continuous with respect to s and holomorphic with respect to
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z, and for any s € S, L = f,,(2s xD,.) is a vertical-like disk in the escaping set U™.
Let us show how to construct f,,+1. The projection A of L on the first coordinate is
almost constant and bounded away from 0, the critical point of p;, so the preimage
H, +(L) NV is a disjoint union of two vertical-like disks that we would like to first
label as s and s+ 1/2 and then parametrize as graphs over the second coordinate.
As in the polynomial case, there are exactly two possible choices of labelings that
would make the function f,,1 continuous with respect to s € St. There are two
holomorphic branches of the backward iterate of the polynomial p; defined on A.
Let now (¢5,(2), z) be any point of L such that H;tl(apgs(z), z) € V. In particular,
by analyzing the second coordinate of H, H(@h.(2), 2), we see that the condition
|(p5,(2) — p(z/a) — a®>w)/a| < r must be satisfied, which means exactly that the
first coordinate z/a is O(a) close to one of the two preimages of ¢ (z) under the
polynomial p;. The curves f,11(s X D) and f,,11((s + 1/2) x D,.) correspond to
different choices of the branch of p; ! (see also Section 25 equation (I0)). The
Inverse Function Theorem can be used to write the two vertical-like disks as graphs
of functions over the second coordinate. Thus f,,11(s, 2) = (p7T1(2), 2) where @111
is a holomorphic function, continuous with respect to s. The map f,+1 is injective.

Remark 3.27. This procedure can be used to define external rays for the Hénon
map. External rays are very useful tools, because they give combinatorial models
for the Julia set. In [BS6] and [BST] it was shown that external rays for polynomial
diffeomorphisms of C2 can be defined when J is connected. A priori we do not
know that our family has connected .J, but this will be shown to be true as a result
of our construction, in Corollary B:3T.Jl1 The construction of the space F and of
the operator F for ¢t = 0 is given in [RT] Section 11] and is identical for ¢ real and
small.

On the set V' we use the modified metric d,, from (G8). On the function space
Fa,r we consider the metric
(63) d(f,g) = sup sup d,, (f(s,2), g(s,2)),
seS zeD,
where d, (f(s,2), g(s,2)) is defined in (@0) as the infimum of the length of hori-
zontal rectifiable paths v : [0,1] — V with v(0) = f(s,2) and v(1) = g(s,2). The
length is measured with respect to the metric p.

Theorem 3.28. Suppose that t € [—0',0'] and |a| < §. Ift # 0, then the operator
Fot: Fatr = Far s a strong contraction, i.e., there exists a constant Ky > 1, which
depends on t, such that

d(Fa,t(f)vFa,t(g)) < Kitd(fag) fOT any fag € fa,t-

Proof. We can use the expanding properties of the infinitesimal pseudo-metric u
constructed in (G8)) to show that the operator Fy, contracts distances between
vertical-like disks with respect to the induced metric d,,. We show that there exists
K; > 1 such that

(64) d(Fy10f(sxDy),Farog(sxD,)) < Kid (f(2s x D), g(2s x D,.))

for all f,g € F,; and s € S,
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We first discuss the strategy in the semi-parabolic case t = 0, which is harder and
treated in [RT]. When ¢ = 0 we showed a similar inequality in [RT] Proposition 11.9]:
for f,g € Fapo and s € S! there exists a constant 0 < C(f,g,s) < 1 such that

d(Faoo f(s x D), Fapog(s x D)) < C(f,g,8)d (f(2s x Dy), g(2s x Dy)).

The contraction factor C(f,g,s) depends only on the distance from the fibers
f(2s x D), g(2s x D) to W2 (qq,0) and goes to 1 precisely when these fibers

loc

approach W2 (qq,0), the local stable manifold of the semi-parabolic fixed point
Ya,0-

We briefly explain how the factor C(f, g, s) is obtained when ¢t = 0. When the
disks f(2sxD,), g(2sxD,.) are close to W;%,(dq.,0), they become almost vertical (the
vertical cones have angle opening of ~ |z|??, where |z| measures the distance to the
stable manifold W;3}.(qq,0) and is close to 0). Meanwhile, by [RT) Proposition 6.8],
the expansion factor of the derivative of the Hénon map in the horizontal direction is
at least (1+%%[x|9) > 1. By using the fact that |2|? dominates |2[*? when || is small,
we showed in [RT], Theorem 10.2] that the factor C(f, g, s) is strictly smaller than 1
and goes to 1 precisely when @ — 0. When the disks f(2s xD,.), g(2s x D,.) do not
belong to a small neighborhood of W;32(qq,0) we proved in [RT) Proposition 11.9]
that in fact we have a strong contraction factor C(f,g,s) < 1/(k + O(Ja|)) < 1.
The constant & > 1 is defined in equation (GG]).

We now return to the proof of inequality ([64). When ¢ # 0, the same proof
as outlined above works, but the computations are greatly simplified, because the
expansion factor from LemmaB22]is at least min (1 + e2|t], k), hence strictly greater
than 1.

In a small neighborhood of W (qq,), the disks f(2s x D), g(2s x D,.) are
almost vertical. Indeed, by Definition and the invariance of vertical cones
from Proposition B.I3] the vertical cones in the repelling sectors W5 have a narrow
angle opening ~ |z|?¢ when z is close to 0. By Proposition B.I4] and Lemma [3.15]
the derivative DH,; expands horizontally by a factor of (1 + eo]t]) (14 &|x|?),
so the operator Fj; contracts the distance between vertical-like disks by a factor
of (1+ e2|t|)C(f,g,s). Away from the local stable manifold W;(qq.:), we have
the same strong contraction factor 1/(k + O(|al)) as in the case t = 0. Let K; be
min (1 + et], & + O(|al)). In conclusion, when t # 0, we have a strong contraction
factor 1/ K, strictly less than 1. O

As in the polynomial case, we can reduce the hyperbolic case ¢t € [—d’, '] to the
semi-parabolic case by considering

h: [Oa OO) - [Oa OO), h,(S) = sup ht(s)7
te[—d’,0']
where
hi(s) = sup sup{d(F,¢o f(0xD,),F,109(0xD,)) : f,g€ F,yand § € S
la]<d
and d(f(20 xD,),g(20 xD,)) < s}.

By definition, for each ¢, the function h; : [0,00) — [0,00) is increasing and

satisfies
d(Fai(f), Fau(g)) < he(d(f,g)) for any f,g € Fop.

By Theorem we know that for ¢ # 0, h(s) < K%s < s for all s > 0. When
t =0, we know a bit more: by [RI], Theorem 11.10], ho(s+) < s for all s > 0. We
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can therefore apply Lemma 2.4 and conclude that the function A : s +— h(s+) is a
Browder function that works for all ¢ € [—¢,d’]. This proves that the construction
can be done uniformly with respect to ¢t and a. Uniformity with respect to |a| < §
was already shown in the semi-parabolic case t = 0 [RT]. Now Browder’s Theorem
210 proves the existence of a unique fixed point f; , : S' x D, — V of the operator
Fot. We summarize below some basic properties of the fixed point f; ;, which are
direct consequences of our construction.

Proposition 3.29. The operator Fy,; has a unique fized point
:,t : St x Dy — J;r,t nv, f;,t(s,z) = (pt,5(2), 2).

The map fq ; is surjective, continuous with respect tot and s, and holomorphic with
respect to a and z.

3.8. Stability and continuity of J and J*. The Julia sets J and J* depend
lower-semicontinuously on the parameters, and discontinuities can occur at a pa-
rameter for which the Hénon map has a semi-parabolic fixed point [BSUL7|. In
Theorem we prove that in our family of complex Hénon maps H, ; the sets J
and JT depend continuously on the parameters as ¢t — 0.

We begin by analyzing the properties of the fixed point f;, in more detail.
The analysis is similar to [RT) Section 12], but the role of the parameter ¢ is
different. By Proposition B.29 f; (s, 2) = (¢1,s(2), 2), where ¢ ;(2) is continuous
with respect to s € S! and analytic with respect to z € D,.. The map ¢; s depends
analytically on the parameter a as well, but we choose to disregard this to simplify
notation. We will point out the dependency on a when needed. For each ¢, let
00t St x D, — S x D,. be defined by

(65) 0at($,2) = (25, a,5(2)) .

By Proposition B30 below, for sufficiently small |¢| and |a| # 0, the map o4, is
well-defined, open, and injective.
As in [RT, Lemma 12.2], for each ¢, the map ¢; s has the following expansion:

az
279¢(s)

where v, : S' — J,, is the Carathéodory loop associated to the polynomial p;.
Recall that 7, is continuous, surjective, and does not vanish on S* since the critical
point of the polynomial p; does not belong to the Julia set Jp,. The tail §,(s, 2, a)
is bounded with respect to a and t.

(66) o1,5(2) = ni(s) + a®Bi(s, z,a),

Proposition 3.30. For sufficiently small [t| < §' and 0 < |a|] < 0 the map o4, is
open and injective. Moreover o, +(S' x D) C S' x D)q|pr, for some r' <.

Proof. Since the critical point of p; is far away from the Julia set .J,,, there exists
€ > 0 such that |y;(s)—v:(s+1/2)| > efor all s € S* and t € [-¢’,§]. The expansion
from (G6]) shows that there exist constants M; > 0 such that |p; s(2) —7:(s)| < |a| M,
for all s € S' and z € D,. The constant M := sup|y <5 My does not depend on
t. Then for |a| < 5% the map o, is injective. It is open because locally it is a

I oM
homeomorphism. ([l
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The following theorem is a direct consequence of our construction so far.

Theorem 3.31. Let A = €™/ and \; = (1+t)\. There exists 6,0’ > 0 such that

o forall =§ <t < ¢ and
o for all parameters (c,a) € Py, with 0 <|a|] < ¢
the diagram commutes:

S! x D, e, JtND, x D,

Ua,tJ/ lHC,a

S! x D, SELEIN JtND, x D,

Proof. The existence of the fixed point f;, has already been established in the
previous Section B.7l By construction, we have that H o f; (s x D,.) is compactly
contained in f; ;(2s x D;.). Thus we can write

Hofsi(s,2) = (peles(2) + 0w + az, apys(2))

(r2s(aprs(2)), aprs(2)) = fa 1 © 0ar(s, 2).
The last equality follows from the fact that

fan©0a(5:2) = [34(28,a1,5(2)) = (pr25(apr,5(2)), apr,s(2)) -

Therefore f; , semi-conjugates H on JtNV to o, on St x Dy, as claimed. The
fact that JT NV = Jt N D, x D, follows from Lemma B.17 O

Corollary 3.31.1. The Julia set J is connected.
Proof. By Theorem 33Tl and Lemma 317, we get

(67) J=fre| (oo (s" xDy)
n>0

By Proposition 3.30 the intersection above is a nested intersection of connected,
relatively compact sets, hence connected. Then J is connected, since f; , is contin-
uous. See Figure [f] for parameter space pictures of the connectivity region. O

The Hénon map H,; has a fixed point q,; with eigenvalues A; and v;. The
product of the eigenvalues equals the Jacobian of the map, so |\||v| = |a|?. We
write J(y,,.,) and J(t\tth) to denote the dependency of the Julia sets J and J™ on
the eigenvalues, rather than on the parameters a and t¢.

Theorem 3.32 (Continuity). There exists § > 0 such that if |vy| < 0 and vy — v
ast — 0, then the Julia sets J and J* depend continuously on the parameters, i.e.,

+
i)

in the Hausdorff topology.

Proof. By Theorem B.31] Lemma [BI7] and Proposition we know that
(68) I8y D x Dy = fo, (ST x D)

and fy, is continuous with respect to ¢ and holomorphic in a. Therefore

+ +
J(/\Wt) NnD, x D, — J(/\,v) ND, x D,

— .](J';\’V) and J()\t’,jt) — .]()\’,,)
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(e) t = —0.025 (f) t=-0.1

FIGURE 6. Parameter plots inside the curves P )y for A = —1
and several values of ¢t. In each picture, the large region in the
center contains the disk |a| < 4. The black region represents a
rough approximation of the set of parameters (c,a) € P44 for
which the Julia set J., is connected. Here the Hénon map is
written in the standard form H.,(z,y) = (2% + ¢ — ay,x). The
pictures were generated using FractalStream.

in the Hausdorff topology, as ¢ — 0. Let H = H(,, ,,) be the Hénon map corre-
sponding to a pair of eigenvalues (\¢, ;). Clearly H~! is continuous with respect
to t. Let n be a positive integer. Taking H~°" in equation (68)) gives

H=" (J5, 0 NDr X By ) = H-f; (S x D),

which converge in the Hausdorff topology, as ¢ — 0. We have accounted for all of
J*, because globally the set J* is |J,~o H °"(JT N D, x D).

The Julia set J,,,,,) can be written as in equation 7). The maps fa+ and
04, are continuous in a and t, so Jiy,,,) converges to J(,,) in the Hausdorff
topology. a

Remark 3.33. We have established a continuity result for real values of ¢, but the
situation is much more general, similar to the one-dimensional case. If ¢ is real,
then the local attractive/repelling sectors from Section B2 are “straight”, as in the
semi-parabolic case t = 0. If we allow ¢ to be complex, then we need to adapt
the computations from Sections and to construct “spiralling petals” for the
Hénon map.
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Suppose t is fixed. For each s € S, f ,(sxDy) is a vertical-like holomorphic disk.
Any two such disks corresponding to distinct angles s; and sy are either disjoint or
coincide (since they were obtained as a uniform limit of disjoint holomorphic disks
fn(s1xD,) and f,,(s2 xD;)). In the latter case, their parametrizing maps coincide,
ie.,

fai(51,2) = (95,(2), 2) = (#s,(2), 2) = f1(52,2)
for all z € D,.. The fixed point f,; is holomorphic with respect to a, so we can
determine the equivalence classes of f, by letting a — 0. When a = 0, we have
JT NV = J, x D, so all the identifications are given by the polynomial p;. An
application of Hurwitz’s theorem (see [RT, Propositions 12.4-12.6]) gives

fai(s1,21) = fo (52, 22) if and only if v;(s1) = 7:(s2) and 21 = 2,.
Definition 3.34. We define an equivalence relation ~ on S! x D, as follows:
(s1,2) ~ (s2,2) whenever ~;(s1) = 7v:(s2).

We obtain ¢ ¢, (2) = @15, (2) i v (s1) = 7:(s2). By equation (66) this also gives
Bi(s1,2,a,t) = Bi(s2,2,a,t) whenever v;(s1) = Y:(s2). The relation ~ is clearly
closed. Moreover, since all polynomials p; have the same Thurston lamination for
t € [0,0") hence the same combinatorial model (see [Th|), the equivalence relation
~ does not depend on t when ¢ € [0,4"). Thus, in 1-D, the polynomial p; acting on
Jp, is conjugate to the parabolic polynomial py on J,, for all ¢ € [0,4"). Note that
this is not true for all t € (—¢',¢"). For example, if A = —1, the Julia set of py_; is
a quasicircle and the associated Thurston lamination is empty. However, the Julia
set of piy; is homeomorphic to the Julia set of z — 22 — 3/4 (the “fat Basilica”)
and the corresponding lamination is non-empty. The same situation is true in 2-D
as we will show below.

Theorem 3.35 (Stability). The family of complex Hénon maps P, 3 (c,a) —
H., is a structurally stable family on J and J* for 0 < |a| <6 and 0 <t < ¢'.

Proof. In view of equation (B6), the map o, : S x D, — S* x D, has the form
2

(69) Oat(s,2) = (25, avye(s) — #(ZS) + O(a3)> .

By Theorem B.31] the map H,; on J;t N D, x D, is semi-conjugate to o4+ on
St x D,.. For 0 < |a| < § and ¢ € [0,4") small enough, the maps o, ; are conjugate
to each other. The proof of this fact is the same as that of [RT], Lemmas 12.7, 12.8]
stated below.

Lemma 3.36 ([RT]). Suppose 0 < |a| < § and t = 0.
a) The map 0,0 : S' x D, — S x D, is conjugate to T St x D, — St xD,,

2
defined by oy, o(s,2) = (2$,a’yo(s) - %)
b) The maps o, are conjugate to o, for some ¢ > 0 independent of a.

It is important to note that in each fiber {s} x D, the image of o, consists of
two disjoint disks. This follows from Proposition as v¢(s) and (s + 1/2) are
at least e-apart, for some ¢ > 0 independent of a and t.

Suppose 0 < |a| < ¢ and ¢ € [0,d"). The equivalence classes of f;, are exactly
the ones given by the equivalence relation ~, in the sense that (s1,z) ~ (s2, z) iff
fai(s1,2) = fa,(s2,2). Moreover, by Definition 334 and the discussion following

a
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it, if (s1,2) ~ (s2,2), then 04¢(s1,2) ~ 04,t(51,2). Hence, f;, and o4, are well
defined on the quotient S* xD,./ and f7, : S x D,/ — J;,ND, x D, is bijective.
The equivalence relation does not depend on the parameters’t or a. We obtain that
(Hy J;t ND, x D,) is conjugate to (04, S! x D,./~), which are conjugate to each
other and to (07 o,S' x D,/ ), for all 0 < |a|] < § and t € [0,"). Stability on J and
JT follows from these observations. |

Using the same arguments as in the previous theorem, we also have that the
family Py, 3 (¢,a) = H,., is a structurally stable family on J and J* for 0 < |a| < §
and t € (—¢’,0). However, this is not so surprising: by Theorem this family of
maps is hyperbolic and has connected Julia set J, so the family belongs to the same
hyperbolic component of the Hénon connectedness locus. As in the polynomial case
presented earlier, stability does not hold for all parameters t € (—d’,0").

Using the equivalence relation from Definition B:34] we can identify the quotient
space S x D,/ with Jp, x D, and the map o4, : St x D, — S x D, defined in
equation (G3)) with a similar map v, : Jp, X D, — Jp, x D, of the form

CLQZ

(10) bar(C,2) = (mo, oc- S+ 0<a3>) |

The following theorem is a direct consequence of the construction above and pro-
vides concrete model maps for the Hénon family. The corollaries following the
theorem are immediate consequences.

Theorem 3.37. Let A\ = e2™/9 qnd \; = (1 +t)\. Suppose pi(z) = 22 + ¢4 is a
polynomial with a fized point of multiplier N;. There exists 6,8 > 0 such that

o forallt e (—d',0") and

o for all parameters (c,a) € Py, with 0 <|a|] < ¢
there exists a homeomorphism ®q; : Jp, x D — Jt ND, x D, which makes the

diagram

Iy, x Dy —24s J+AD, x D,

th/ J/Hc,a

Dat
Jp, x D, —— JtND, x D,
commute, where

(71) Bl 7) = (pt@),e@ - ;-5)

for some € > 0 independent of a and t.

Proof. Most of the work has already been done. The idea of the proof is the same as
in [RT] Theorem 1.1]. As in [RT| Lemma 12.7] we can construct a homeomorphism
hat + Jp, X D — Jp, X D, conjugating the map 1, ; from equation (70) to the map
iy from equation (1)), for some € > 0, independent of a and ¢. The map @, is just
a composition between the homeomorphism h,; and the map f;, from Theorem

B.31 O

Corollary 3.37.1. The Julia set J is homeomorphic to (5o ¢¢" (Jp, x Dy).
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Corollary 3.37.2. Passing to the inductive limit we obtain a global model for the
Julia set J*. The map &, extends naturally to a homeomorphism P, which
makes the following diagram:

limg(Jy, x Dy, thy) — s T

ling(Jy, X Dy, ) — s T+

commute.
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