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AMENABILITY VERSUS PROPERTY (7) FOR NON-LOCALLY
COMPACT TOPOLOGICAL GROUPS

VLADIMIR G. PESTOV

ABSTRACT. For locally compact groups amenability and Kazhdan’s property
(T) are mutually exclusive in the sense that a group having both properties is
compact. This is no longer true for more general Polish groups. However, a
weaker result still holds for SIN groups (topological groups admitting a basis
of conjugation-invariant neighbourhoods of identity): if such a group admits
sufficiently many unitary representations, then it is precompact as soon as it is
amenable and has the strong property (T') (i.e., admits a finite Kazhdan set).
If an amenable topological group with property (7') admits a faithful uniformly
continuous representation, then it is maximally almost periodic. In particu-
lar, an extremely amenable SIN group never has strong property (T'), and an
extremely amenable subgroup of unitary operators in the uniform topology is
never a Kazhdan group. This leads to first examples distinguishing between
property (T') and property (FH) in the class of Polish groups. Disproving
a 2003 conjecture by Bekka, we construct a complete, separable, minimally
almost periodic topological group with property (7') having no finite Kazhdan
set. Finally, as a curiosity, we observe that the class of topological groups with
property (T) is closed under arbitrary infinite products with the usual product
topology.

1. INTRODUCTION

One of the most immediate observations about groups with property (7') is the
following (cf. e.g. Theorem 1.1.6 in [6]).

Theorem 1.1. A locally compact group G with property (T) is amenable if and
only if G is compact.

This is a direct consequence of Reiter’s condition (Pz), which states that a lo-
cally compact group G is amenable if and only if the unitary G-module L?(G) has
almost invariant vectors, and hence by the definition of property (') there must
be an invariant vector of norm one. Clearly, the argument does not extend to non-
locally compact groups, because typically such groups admit even no quasi-invariant
measure. A result of André Weil (cf. Appendix B in [24] for a discussion and ref-
erences) says that a Polish group equipped with a left quasi-invariant sigma-finite
Borel measure is locally compact.

Not only the proof but the result itself is in general invalid for Polish non-locally
compact groups. The group Homeo 4 () of orientation-preserving homeomorphisms
of the unit interval with the compact-open topology is amenable—in fact even
extremely amenable [38]—that is, has a fixed point in every compact space upon
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which it acts continuously yet admits no non-trivial unitary representations [35],
and so has property (T') for trivial reasons.

The situation does not change if we limit ourselves to topological groups ad-
mitting sufficiently many strongly continuous unitary representations. The unitary
group U(¢?) with the strong operator topology is a Polish group having property
(T'), in fact even strong property (7'), meaning it contains a finite, and not just com-
pact, Kazhdan set (Bekka [5]). At the same time, the group U(£?), is amenable;
that is, every continuous action of U(f?), on a compact space admits an invari-
ant regular Borel probability measure (de la Harpe [14]). Moreover, according to
Gromov and Milman [27], this group is extremely amenable.

It turns out that amenability and strong property (T') are still incompatible in
a large class of non-locally compact groups. A topological group G is called a SIN
group (from Small Invariant Neighbourhoods) if neighbourhoods of the identity
invariant under conjugation form a neighbourhood basis or, equivalently, if the left
and the right uniform structures on G coincide.

Using Bekka’s concept of an amenable unitary representation [4] and a result
from [22], we prove the following.

Theorem 1.2. Let G be a SIN group whose continuous unitary representations
separate points and closed sets. If G is amenable and has strong property (T), then
it 18 precompact.

A topological group G is minimally almost periodic if it has no non-trivial con-
tinuous finite-dimensional unitary representations.

Corollary 1.3. Let G be a minimally almost periodic SIN group admitting a non-
trivial unitary representation. If G is amenable, then it does not have strong prop-
erty (T).

This result leads us to conclude that a number of well-known infinite-dimensional
Polish groups do not have strong property (7'). Among them are:

e The group L°((0,1), K) of all measurable maps from the unit interval to a
compact group K with the topology of convergence in measure.

e The full group of the tail equivalence relation with the uniform topology.

e The unitary group U(R) of the hyperfinite factor of type II; with the strong
(equivalently, Hilbert-Schmidt) topology.

The last example is especially interesting in view of Bekka's theorem quoted
above. We do not know whether all of the groups listed above do not have property
(T') either. In a separate section, we establish this for the former group in the
special case where K = T, the circle rotation group.

Let us recall that a topological group is mazimally almost periodic if finite-
dimensional continuous unitary representations separate points. Every topological
subgroup of the unitary group U(H) with the uniform topology is SIN. For such
groups we have the following.

Theorem 1.4. Let G be a topological subgroup of the unitary group U(H) with
the uniform operator topology. If G is amenable and has property (T'), then G is
mazximally almost periodic.

Corollary 1.5. Let G be a minimally almost periodic topological subgroup of the
unitary group U(H) with the uniform operator topology. If G is amenable, then it
does not have property (T).
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For example, the group Uc (£2) of unitary operators of the form I+ K, where K
is compact, with the uniform operator topology does not have property (7).

Two of the above examples allow us, for the first time, to distinguish between
the property (7') and the property (F'H) in the class of Polish groups.

A topological group G has property (F'H) if every continuous action of G by affine
isometries of a Hilbert space has a fixed point. It is always true that (T') = (F H),
and the converse implication holds for sigma-compact locally compact groups (the
Delorme—Guichardet theorem; cf. [6] Thm. 2.12.14]). For more general topolog-
ical groups the two properties have been distinguished: as observed e.g. in [13],
every (necessarily uncountable) discrete group having Bergman’s property [8] has
property (F'H), while it is well-known and easily proved that a discrete group with
property (T) is finitely generated (cf. [6] Thm. 1.3.1]). An even stronger property
than (F H) is the property (OB) studied by Rosendal [44]. A topological group has
property (OB) if every continuous left-invariant pseudometric on G is bounded.
Equivalently, every orbit of each continuous action of G by isometries on a metric
space is bounded. The Polish groups L°((0,1), T) and Uc(¢?) do not have property
(T'), yet both have property (OB).

Next we disprove a 2003 conjecture of Bachir Bekka [5]. The preeminent example
of a Kazhdan group which is not strongly Kazhdan is the circle rotation group
T = U(1), easily shown to have no finite Kazhdan subset. More generally, the
same holds for every compact group which is amenable in the discrete topology
(Bekka, [5]) On the other hand, known examples of minimally almost periodic
locally compact groups with property (T') such as SL3(R) are strongly Kazhdan.
Bekka has proved that this is no coincidence: a locally compact Kazhdan group G is
strongly Kazhdan if and only if the Bohr compactification of G is strongly Kazhdan.
In particular, if a locally compact group G is minimally almost periodic (so its Bohr
compactification bG is trivial) and Kazhdan, then it must be strongly Kazhdan.
Bekka has conjectured that the criterion remains true for arbitrary topological
groups (B, p. 512]).

However, we show that a rather natural example of a complete (non-metrizable)
topological group G which has property (T') is minimally almost periodic yet does
not have the strong property (7'). This group is obtained starting from any infinite
simple Kazhdan group I' as an intermediate subgroup between the direct sum and
direct product of countably infinitely many copies of I', equipped with the chain
topology with regard to a sequence of compact sets of the form Bl (powers of the
balls in the word metric on T").

It is well-known that the product of finitely many topological groups with Kazh-
dan’s property (T) is again Kazhdan. As our concluding result, we show that the
same holds for arbitrary infinite products of Kazhdan groups equipped with the
usual product topology.

2. SOME PROPERTIES OF TOPOLOGICAL GROUPS

Let G be a (Hausdorff) topological group.

2.1. Uniformities. The left uniformity on G is determined by the entourages of
the diagonal

Ve ={(z,9) e GxG: a7y eV},
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where V' runs over a neighbourhood basis of the identity. The right uniformity,
similarly, is given by the entourages of the form

Ve ={(x,y) e Gx G:ay ' €V}

The two-sided uniformity on G is the supremum of the left and the right uniformi-
ties, and its basis of entourages of the diagonal consists of sets

ViNVe={(z,y) €EGxG:x'ycVandazy ' €V}

All three uniformities are compatible with the topology of the group.

2.2. Groups with small invariant neighbourhoods. A topological group G is
called a group with small invariant neighbourhoods, or a SIN group, if the left and
right uniform structures of G coincide. This is the case if and only if conjugation-
invariant neighbourhoods form a basis at identity of G. Equivalently, SIN groups
are those whose topology is determined by the family of all continuous bi-invariant
pseudometrics on G. In particular, is G is a metrizable SIN group, there is always
a compatible bi-invariant metric on G.

Every abelian or compact group has small invariant neighbourhoods, but there
are numerous examples of infinite-dimensional SIN groups of importance outside of
these two classes.

2.3. Completeness. The group G is complete if it is complete with regard to
the two-sided uniformity. An equivalent condition is that G is closed in every
topological group containing G as a topological subgroup. Every topological group
G embeds as a dense topological subgroup in a unique complete group, G, called
the completion of G.

For more on uniform structures and completeness, see [43].

2.4. Polish groups. A topological group G is Polish if it is complete, metrizable,
and separable. The class of Polish groups is, in a sense, the second most natural
class of topological groups beyond the locally compact case; see e.g. [3]. At the
same time, not all concrete infinite-dimensional groups of importance are necessarily
Polish.

2.5. Amenability. Denote by RUCB (G) the collection of all complex-valued
bounded right uniformly continuous functions on G. A topological group G is
amenable if it satisfies one of the following equivalent conditions.

e There is a left-invariant mean on the space RUCB (G).

e Every continuous action of G on a compact space X admits an invariant
Borel probability measure on X.

e Every affine continuous action of G on a compact convex set has a fixed
point.

The following in a general context was observed by de la Harpe [14]; see also [37].
Theorem 2.1. Amenability is preserved under passing to (1) the union of an in-

creasing chain of topological subgroups, (ii) the completion, (iii) an everywhere dense
subgroup.
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2.6. Extreme amenability. The following notion is a peculiarity of the non-
locally compact case. A topological group G is extremely amenable if every con-
tinuous action of G on a compact space admits a fixed point. The book [41] is a
reference to this concept. Note that every extremely amenable topological group is
minimally almost periodic, that is, admits no continuous finite-dimensional unitary
representations (because for every such representation 7: G — U(n) the compo-
sition of 7 and the action by left translations would give an action of G on the
compact space U(n) without fixed points).

2.7. Property (T'). The notion of a Kazhdan group makes perfect sense beyond
the locally compact case. A unitary representation 7 of a topological group G in a
Hilbert space ‘H has almost invariant vectors if for every € > 0 and every compact
K C G thereisa ¢ € H with [[£|| = 1 and [|{ — my&[| < eforall g € K. A topological
group G has property (T') if every strongly continuous unitary representation of G
having almost invariant vectors has an invariant vector (of norm one). In this
case, there is necessarily a compact Kazhdan set, Q@ C G, and a Kazhdan constant,
e > 0, so that if there is a (Q,¢)-almost invariant vector (in an obvious sense) &,
of norm one, then there is an invariant vector of norm one. If a Kazhdan group
admits a finite Kazhdan set @, then it is called strongly Kazhdan (or having strong
property (T)).
The book [0] is an encyclopedic reference to the subject.

2.8. Property (FH). A topological group G has property (F H) if every continuous
action of G by affine isometries on a Hilbert space has a fixed point. An equivalent
condition is: orbits of every continuous action of G by affine isometries on a Hilbert
space are bounded. (Cf. “Lemma of the centre” in [6 Sec. 2.2].)

For second countable locally compact groups G the properties (T') and (F H) are
equivalent, which result is known as the Delorme—Guichardet theorem; see Chapter
2 in [6]. While the implication (T) = (FH) (due to Delorme [16]) holds for every
topological group, the converse implication (F'H) = (T') (established by Guichardet
[28] for sigma-compact locally compact groups) is in general invalid already for
uncountable discrete groups.

A (discrete) group G has Bergman’s property [§] if, whenever G is represented as
a union of an increasing countable chain (W;)2, of subsets, a suitable finite power
of some W; equals G. (For instance, the group S, viewed as a discrete group
has Bergman property [8], and the collection of known such groups is growing
fast, including, in particular, the unitary group U(¢2) [46], and many others.) An
equivalent reformulation of Bergman property is: the orbits of every action of G by
isometries on a metric space are bounded.

As a consequence, noted in particular in [I3], every uncountable discrete group
G with Bergman property has property (F-H) but not property (T'), because a
discrete group with property (T) is finitely generated (cf. [6, Thm. 1.3.1]).

2.9. Property (OB). The following natural extension of the Bergman property to
topological groups was studied by Rosendal [44]. Say that a topological group G has
property (OB) if for every continuous action of G on a metric space by isometries
all orbits are bounded. If a group has the Bergman property as a discrete group
(e.g. So and U(¢?)), it has the property (OB). A topological group G is bounded
in the sense of Hejeman [30] and Atkin [2] if for every neighbourhood of identity V
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in G there are a finite subset F' C G and a natural number n with FV"™ = G. An
example of a bounded group is U (¢?),, [2]. Every bounded group has property (OB).

The property (OB) clearly implies property (F'H). The converse in general fails;
e.g. consider any infinite discrete Kazhdan group such as SL3(Z).

For many Polish groups with property (OB) it remains unknown whether or
not they have property (T'). This is the case e.g. for the unitary group U(¢?)
with the uniform operator topology, the group Aut (X, u) of measure-preserving
transformations of a standard Lebesgue measure space with the weak topology, etc.

In this paper we will distinguish between properties (F-H) and (T) in the class
of Polish groups by proving that two among the most common examples of Polish
groups with property (OB) do not have property (7).

Here is a useful simple lemma to help establish property (OB) of some groups.

Lemma 2.2. Let a topological group G contain an increasing chain of subgroups
K,, whose union is dense. Suppose that G is metrizable with a left-invariant metric
d and that for every e > 0 there exists a finite N with the property that the N-th
power of the e-neighbourhood of identity in K,, formed with regard to d is all of K,,.
Then G is bounded and in particular has property (OB).

Proof. Denote by V. the e-ball around identity in G. By the lemma’s assumptions,
for some N the N-th power of V. will contain the union of K,,, n € N, and thus
the (N + 1)-th power of V. will contain the closure of | J;°, K,, that is, G. O

3. SOME EXAMPLES OF TOPOLOGICAL GROUPS

3.1. Homeo 4 (I). The group Homeo (I) consists of all orientation-preserving (or
endpoint-preserving) homeomorphisms of the closed unit interval I = [0,1] and is
equipped with the compact-open topology. This group is isomorphic, as a topolog-
ical group, to the group Homeo ;(R) with the compact-open topology. The group
is Polish, not SIN, and extremely amenable [38], in particular amenable. As proved
by Megrelishvili [35], the Polish group Homeo 4 (R) admits no non-trivial strongly
continuous representations by isometries in reflexive Banach spaces, in particular,
no non-trivial unitary representations. For this reason, it has property (7) in a
trivial way. The group Homeo 4 (I) is bounded (|2, Rmk. 6.8(b)]).

3.2. U(H)s. The group U(H) of unitary operators on a Hilbert space H, equipped
with the strong operator topology, will be denoted U(#H)s. This group is complete
and amenable for every H (for H infinite-dimensional it follows from Theorem [2.1]
because U(H) is then approximated by unitary subgroups of finite rank; cf. [14]).
If dim A is infinite, then U(H), is extremely amenable [27]. The group is compact
if and only if dim#H < oo, and the same is true of the SIN property. The group
U(H)s has property (OB), which can be easily verified directly. If H = ¢? is
separable infinite-dimensional, then U(¢?) has property (T) (Bekka [5]). For H
finite-dimensional, property (T) follows from compactness.

3.3. U(H)y. The uniform operator topology on the same group U(H) will be
marked with a subscript u. The group U(H), is complete and SIN. If dim H = oo,
the group U(H), is non-separable; nor is it amenable [I4]. The group U(H), is
bounded ([2, (3.5)]), so has property (OB). It remains unknown if U(¢?), has
property (T) [5].
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3.4. Uc(H). The Fredholm unitary group Uqc(H) of all compact perturbations of
the identity, that is, of all unitary operators I + K, where K is a compact operator
in a Hilbert space H, equipped with the uniform operator topology, is a Polish SIN
group. This group is extremely amenable ([27]; see also [41, Cor. 4.1.17]). It is
bounded, so has property (OB) (cf. Remark 6.9 in [I], and Proposition 6.5 and
Remark 6.8 in [2]). In particular, the Polish group Uc () has property (FH),
while we will show that it does not have property (7).

3.5. U(00)z. The group U(co)s consists of all unitary operators on £2 of the form
I+ T, where T is of Schatten class 2. Equipped with the (non-normalized) Hilbert-
Schmidt metric, this is a Polish SIN group. It is extremely amenable (Gromov and
Milman [27]; see also [41], Cor. 4.1.13]) and SIN. As will be shown, this group does
not have property (7'). The Hilbert—Schmidt metric on this group is bi-invariant
and unbounded, and so the group does not have property (OB). We do not know
if this group has property (FH).

3.6. U(M)s. Let M be a von Neumann algebra. The unitary group U(M) of
M will be equipped with the strong operator topology, which coincides with the
weak* topology o(M, M,) with regard to the predual M,. This topology is always
complete and is Polish if and only if M is separable. The group U(M); is amenable
if and only if M is injective [I5L29], in which case U(M ), decomposes into a direct
product of an extremely amenable group and a compact group [22]. In some cases,
U(M); has property (T) (e.g. where M = B(¢?) and U(M)s = U(¢?),, Bekka’s
theorem), in some others, does not (if M = L*°(0,1). We will show that the
corresponding unitary group U(M), = L°(X,u; T) (cf. example B8 below) does
not have property (T)). It is unclear whether property (T') of the topological group
U(M), and the property (T') of the von Neumann algebra M as defined in [I2] are
linked in any way.

3.7. U(M)y. Suppose that M is a von Neumann factor of type II;. Then the
strong operator topology on U (M) coincides with the topology given by the Hilbert-
Schmidt norm

]|, = r(z*z)"/?,
where 7 is the unique normalized trace on M (cf. e.g. Proposition 9.1.1 in [32]). We
will denote the unitary group by U(M)s. This group is SIN; in fact the Hilbert—
Schmidt distance is bi-invariant. (As pointed out to me by Philip Dowerk and
Andreas Thom, and independently by Sven Raum, a von Neumann algebra M is
finite if and only if the group U (M), is SIN.)

In the separable case, amenability of U(M )2 means M = R is the hyperfinite
factor of type Iy, in which case the group U(R) is in fact extremely amenable [22].
We will show that the group U(R)2 does not have strong property (T'); however we
were unable to verify whether it has property (T"). It follows from Lemma 22 that
U(R)2 is a bounded group: a finite power of each neighbourhood of identity is the
entire group.

The tracial ultrapower R“ of the hyperfinite factor R over a non-principal ultra-
filter on the integers has attracted growing attention recently in view of Connes’
embedding conjecture [9[IT]. We do not know whether the unitary group U(RY)3 is
Kazhdan or even strongly Kazhdan. The boundedness property of U(R), as stated
above is preserved by metric ultraproducts, and consequently U(R“ )2 is a bounded

group.
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3.8. L%(X, u; G). Let (X, 1) be a standard Borel space equipped with a probability
measure, and let G be a locally compact Polish group. Denote by L°(X, u;G)
the collection of all (equivalence classes of) Borel measurable maps from X to G
equipped with the pointwise group operations and the topology of convergence in
measure. The group L°(X,u;G) is Polish. It is SIN if and only if G is SIN, in
particular if G is abelian or compact.

If the locally compact group G is amenable and the measure p is diffuse (non-
atomic), then L°(X, u; G) is extremely amenable ([40]; [41], p. 158]). (For compact
G it was proved by Glasner [23] and, independently, by Furstenberg—Weiss, unpub-
lished. The problematics was initiated by Herer—Christensen [31] for G = U(1)
and the so-called pathological diffuse submeasures. For further developments in
the case of submeasures, see [20,[47].) It follows that for every measure p and an
amenable locally compact G, the group L°(X, u;G) is amenable. The case where
G = U(1) is the circle rotation group overlaps with example B.6 because the group
LO(X, u;U(1)) is isomorphic to the unitary group U(L>(0,1))s. We will show that
this group does not have property (T), while it is easy to see that it has property
(OB) and consequently property (FH).

3.9. Aut*(X, u),. The group of measure class-preserving automorphisms of a stan-
dard Borel space with probability measure u is equipped with the uniform distance

(3.1) dy(o,7)=p{z e X: o(z) # 7(x)}.

The group is complete. If the measure p is diffuse, the group is non-separable.
In the case of diffuse measure, it is also unknown whether the group Aut *(X, u).,
is either amenable or even extremely amenable (asked in [22]) or whether it has
property (T'). The group is not SIN. It has the Bergman property [I8], therefore
the property (OB).

3.10. Aut* (X, ). The weak topology on the group Aut *(X, p) is the strong op-
erator topology determined by the quasi-regular representation v of the group in
the space LP(X,u), 1 < p < oo, defined for every 7 € Aut* (X, u) and f € LP(X)
by

dpor1
T

where po77" = 7,(u) is the pushforward measure, and d/dy the Radon-Nikodym
derivative. = 'We mark the weak topology with the subscript w. The group
Aut *(X, )y is Polish. If g is diffuse, then Aut* (X, u), is extremely amenable
[22]. From here it is easy to deduce, with a view of example BI1] that for every
measure p the group Aut *(X, u),, is amenable. In the case of a diffuse measure p,
it is unknown whether Aut *(X, u),, has property (7).

ve(f)(2) = f(r~'2)

1

3.11. Sy. In a case where the measure space (X, ) is purely atomic, the uniform
and the weak topology on the group Aut*(X,u) coincide. If in addition X has
infinitely many atoms, the topological group Aut*(X, ) is isomorphic to the full
symmetric group So, of all bijections of a countably infinite set w equipped with the
topology of simple convergence on the discrete space w. The group S, is Polish,
not SIN, and amenable (as it can be approximated by a chain of finite permutation
groups). This group is not extremely amenable (as first observed in [38]), and
some of its topological dynamical properties are now well understood [25]; see also
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[41, Sec. 6.3]. The same proof as in Bekka’s article [], using the result from [34],
shows that S, (as a Polish group) has property (7). This can now be deduced
from a very general result by Tsankov [49].

3.12. Aut (Q, <). The group of all order-preserving bijections of the rationals with
the topology induced from S, is a Polish group. It is extremely amenable [38] and
has strong property (T') [49]. Just like S, the group Aut (Q, <) has the Bergman
property as a discrete group [I7] and consequently the property (OB).

3.13. Aut (X, p),. The group Aut (X, i) of measure-preserving transformations of
a measure space (X, u) equipped with the uniform metric as in (B3), and the
corresponding topology is a complete SIN group. If u is diffuse, the group is non-
separable, and it is non-amenable [22]. This topological group clearly has property
(OB), in fact even the Bergman property [I8]. We do not know whether it has
property (T) or even strong property (7).

3.14. Aut (X, ). The same group equipped with the weak topology is extremely
amenable [22]. We do not know if it is Kazhdan or strongly Kazhdan.

3.15. [#]. Let Z be a measure class-preserving ergodic countable Borel equivalence
relation on a standard Borel measure space X equipped with a diffuse probability
measure f. Denote by [#] the full group of % in the sense of Dye [19], that
is, a subgroup of Aut*(X,u) formed by all transformations 7 with the property
(z,7(x)) € Z for a.e. * € X. When equipped with the uniform topology as a
subgroup of Aut *(X, u), the group [#] is Polish. The group [#] is amenable if and
only if it is extremely amenable if and only if the relation Z is hyperfinite [22]. If
the relation Z is measure-preserving, the full group [#] is SIN. If % is hyperfinite,
the full group has the Bergman property [18]. We will show that the full group of a
hyperfinite measure-preserving equivalence relation does not have strong property
(T), and we do not know whether it has property (7).

4. AMENABLE REPRESENTATIONS

A unitary representation 7 of a group G in a Hilbert space H is amenable (in
the sense of Bekka [4]) if there exists a state ¢ on the von Neumann algebra B(H)
invariant under the action of G by conjugations: for all T' € B(#) and all g € G,
one has

O(T) = H(m;Tmy).
A useful equivalent reformulation in the language of classical invariant means on
function spaces can be found in [39 Thm. 7.6]. Denote by S, the unit sphere in
the Hilbert space of representation, H,, and by UCB (S,) the Banach space of all
bounded uniformly continuous functions on the sphere made into a G-module in
an obvious way. Then 7 is amenable if and only if there is a G-invariant mean on
UCB (S,).

Every strongly continuous unitary representation of an amenable locally compact
group is amenable [4]. This is no longer true for non-locally compact topological
groups.

Example 4.1. The standard representation 7 of the amenable group U(¢?), in ¢?
is non-amenable for the following reason. If we identify the standard orthonormal
basis in £2 with the underlying set of the group Fs, the left regular representaion of
the latter group, Ar,, determines an embedding Fy < U(¢2). For every f € L>(Fy)



7426 V. G. PESTOV

denote by m; the corresponding multiplication operator on ? = (2(F,). The
correspondence f +— my is a representation of the von Neumann algebra L>(F)
in ((?). If we assume that 7 is amenable, with an invariant state ¢, then the rule
¥(f) = ¢(my) determines an invariant mean on Fy, which is a contradiction. (More
generally, the left regular representation of a locally compact group G is amenable
if and only if G is amenable [4].)

At the same time, as noticed in [22], the result still holds true in the class of SIN
groups.

Theorem 4.2 (Giordano and Pestov [22]). Every strongly continuous unitary rep-
resentation ™ of an amenable SIN topological group G is amenable.

Proof. Choose an arbitrary vector £ in the unit sphere S, of the Hilbert space of
representation. For every bounded uniformly continuous function f: S, — C define
a function v(f): G — C by

V(F)g) = f(mg(E))-

The resulting correspondence 7 is a linear positive operator of norm one commuting
with the action of G from the Banach G-module UCB (S;) to the Banach G-module
LUCB (G) of all left uniformly continuous bounded functions on G. Since G is a
SIN group, LUCB (G) = RUCB (G), and since G is amenable, there exists a left-
invariant mean ¢: RUCB (G) — C. The image ¢ o v: UCB(S;) — C of ¢ under
the dual operator v* is a G-invariant mean on the sphere. O

Example 4.3. Since the unitary group U (¢?),, with the uniform operator topology
is SIN, it cannot be amenable in view of the above Theorem [£.2] since the tautolog-
ical representation is non-amenable. This is an alternative proof of de la Harpe’s
result.

Here is another illustration of the above technique, generalizing a theorem of
Valette [50].

Theorem 4.4. Let G be a topological group with the following properties:
(1) G is SIN, and
(2) G admits an increasing chain of compact subgroups whose union is dense.

Then every unitary representation p of a (discrete) group T' that factors through
a unitary representation of G is amenable.

Proof. Let a homomorphism h: I' — G and a strongly continuous unitary repre-
sentation 7 of G be such that p = m o h. The topological group G is amenable and
SIN, and so 7 is an amenable representation. Clearly, every G-invariant mean on
B(H) is also I'-invariant. O

5. AMENABILITY VERSUS STRONG PROPERTY (7') FOR SIN GROUPS

The following observation goes back to [7].

Lemma 5.1. Let m be an amenable strongly continuous unitary representation of
a topological group G in a Hilbert space of dimension > 1. If G has strong property
(T'), then 7 contains a finite-dimensional subrepresentation.
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Proof. According to Theorem 5.1 in [5], a representation 7 of a group G is amenable
if and only if the representation m ® 7 of the group G viewed as discrete contains
almost invariant vectors. Since this representation is still strongly continuous with
regard to the original topology on G, and due to the assumed strong property (7)
of G, there is an invariant vector for 7 ® 7. This is equivalent to saying that =
contains a finite-dimensional subrepresentation (see e.g. Lemma 2 in [7]), again
applied to G viewed as discrete. (I

Since property (T) is expressed in the language of strongly continuous unitary
representations, it only makes sense to consider groups whose topology is deter-
mined by such representations or, equivalently, groups on which continuous posi-
tive definite functions separate points and closed subsets. Yet another equivalent
description of such groups is that they embed, as topological subgroups, into U(H)
for a suitable Hilbert space H. We will express this property by saying that a topo-
logical group G admits sufficiently many unitary representations or that G admits
a topologically faithful unitary representation.

For instance, every locally compact group admits a topologically faithful uni-
tary representation (cf. Proposition 2 in [42]). With the exception of the group
Homeo 4 (I) 3I)), all topological groups listed in Section B] admit topologically
faithful unitary representations.

Theorem 5.2. Let G be a topological group admitting a topologically faithful uni-
tary representation. Suppose further that G has SIN property. If G is amenable
and has strong property (T), then G is precompact.

Proof. Denote by 7 the universal strongly continuous unitary representation of G,
that is, the direct sum of all non-trivial pairwise inequivalent strongly continuous
unitary representations of GG in Hilbert spaces of a density character not exceeding
that of G. Let my;,, denote the restriction of 7 to the closure of the direct sum of all
finite-dimensional representations of G, and denote 7, = ﬂf;m. By Theorem [4.2]
Too is an amenable representation of G, and so, by Lemma[5.1] it must be trivial, so
T = Tfin. We conclude that every strongly continuous unitary representation of G is
the sum of finite-dimensional representations, and the family of such representations
separates points and closed subsets of G. It follows that G is precompact. O

Remark 5.3. If G is in addition complete (as is the case with most concrete exam-
ples), the conclusion of the theorem becomes “then G is compact”.

Since extreme amenability implies both amenability and minimal almost period-
icity, one deduces Corollary 5.4.

Corollary 5.4. Let G be an extremely amenable topological group with SIN property
admitting a topologically faithful unitary representation. If G is non-trivial, then it
does not have strong property (T'). a

As an immediate application of this corollary, we obtain the following.

Example 5.5. The following Polish groups do not have strong property (T):
e The unitary group U(R)s of the hyperfinite factor of type I1; equipped
with the Hilbert-Schmidt metric (3.
e The full group [#] of a hyperfinite measure-preserving equivalence relation
equipped with the uniform topology (BI3)).
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e The Fredholm group Uc(H) of compact perturbations of identity (B.4]).

e The group L°(X,u;G) of measurable maps from the standard Lebesgue
measure space to the amenable locally compact group G, equipped with
the topology of convergence in measure (3.8]).

In the next two sections we will show that the two latter groups do not even
have property (7). We do not know if it also applies to the two former groups.

6. AMENABILITY VERSUS PROPERTY (T') FOR GROUPS
WITH UNIFORM OPERATOR TOPOLOGY

Lemma 6.1. Let m; and wo be two uniformly continuous unitary representations
of a topological group G. The tensor product my Q@ wo is again uniformly continuous.

Proof. Tt is enough to observe that, given a C*-algebra A, the mapping  — z ® x
from A to the spatial tensor product A ® A is uniformly continuous on the unitary
group U(A), indeed on every norm bounded subset of A:

[rez-yey|<|[lzer-rey|+|lzey—yyl < (=l + yl) [l= -yl -
0

Lemma 6.2. Let G be an amenable topological group with property (T). Then
every non-trivial uniformly continuous representation m of G' contains a non-trivial
finite-dimensional subrepresentation.

Proof. By passing to the orthogonal complement to the module of all G-fixed vec-
tors, we can assume that 7 contains no fixed vectors. The representation 7™ ® 7 is
uniformly continuous. It is equivalent to the representation of G by conjugations on
the space Co(H) of Hilbert—Schmidt operators of H, and the corresponding uniform
operator distance lifts to a bi-invariant continuous pseudometric d on G. The set
N ={z € G: d(e,x) = 0} is a closed normal subgroup, and d factors through the
factor-homomorphism to a bi-invariant continuous metric d on G/N. The metric
group (G/N,d) is amenable and has the property (T'), being a continuous homo-
morphic image of G. Similarly, 7w factors to a unitary representation p of G/N,
which is amenable by Theorem

Let (Q,¢) be a Kazhdan pair for G/N, where @ is compact. Select a finite e/4-
net, I, for the compact set Q with regard to the metric d. By Theorem 5.1 in [5],
p ® p possesses an (F, e/2)-almost invariant vector ¢ of norm one. Such a vector is
(Q, €)-almost invariant: if g € Q, there is g; € F with d(g,g1) < £/4, and so

1€ = g&ll < 1€ = &l + [lg1€ — g€l < e/2+ 2d(g1,9) = &.

Therefore, there is an invariant vector for p ® p and consequently for 7 ® 7. This is
equivalent to the existence of an invariant finite-dimensional subspace of H. Since
7 has no invariant vectors, we conclude. ([l

Theorem 6.3. Let G be a topological group admitting a faithful uniformly contin-
uous unitary representation. Suppose G is amenable and has property (T). Then
G is mazimally almost periodic.

Proof. Let m: G — U(H),, be an injective uniformly continuous unitary represen-
tation. Denote by my;, the direct sum of all finite-dimensional subrepresentations
of G. Lemma implies that the unitary representation Wﬁn is trivial, and so
continuous finite-dimensional unitary representations of G separate points. ([l
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Corollary 6.4. No minimally almost periodic topological group admitting a faithful
uniformly continuous representation is at the same time amenable and Kazhdan.

|
Corollary 6.5. An extremely amenable topological group admitting a faithful uni-
formly continuous representation is not Kazhdan. |

Example 6.6. The Fredholm group Uc(H) of compact perturbations of identity
is extremely amenable and is a topological subgroup of U(¢3) with the uniform
operator topology. Consequently, it does not have property (7).

At the same time, as shown by Atkin [IL[2], the group Uc(H) is bounded (cf.
[B4), and so has property (OB) and property (FH). To our knowledge, this is the
first known example of a Polish group with property (F'H) which is not a Kazhdan
group. Another example, of a different nature, will appear in the following section.

Example 6.7. The group U(oo)y of unitary operators of the form I + T, where
T is of Schatten class 2, equipped with the Hilbert—Schmidt metric (8.5]), does not
have property (T) since it admits a continuous homomorphism to Uc(H) with a
dense image.

7. L°(X, u; T) DOES NOT HAVE PROPERTY (T')

The construction in this section was inspired by the work of Solecki [4§].

We will equip the groups of measurable maps with the L'-metric, which is bi-
invariant and induces the topology of convergence in measure.

Let A be a subset of a standard Lebesgue measure space (X, u) having u-measure
half, and let i: A — X \ A be a measure-preserving map. The map i determines a
continuous group homomorphism h = h;: L°(X, u; T) — L°(A, p|4; T), given by

hi(f) = fla- (flxyaod) ™"
The kernel of this homomorphism consists of all “i-periodic” functions f having the
property f|a = f|x\a ©4. The homomorphism h is 1-Lipschitz with regard to the

metrics L'(p) and L'(u|a). It is enough to verify the property near the identity
function 1, because the distances are translation-invariant. We have

)~ Uy = [ T Flao ™ 1] dulato)

IN

/A | 1= fla+fla—fla-(flxxaed) | dula(z)

IN

/A 11— fla] duA<x)+/X\A |1-715ia | dulxiale)

/X |1- @) | dp(a)

= [If =g -

Denote by p = pa the unitary representation of LO(A, u|a;T) in L?(A, u|a) by
multiplication operators:

(7.1) LA, plasT) 3 f = [pa(f): g = fog] € U(L*(A, pa))-

(Here we interpret T = {z € C: |z| = 1}.) Define a unitary representation = = m;
of the group L°(X, u; T) in L?(A, uu|a) by

ﬂ-i:pthi-
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Notice that for all f € LO(X, u; T),

[7(f)(Xa) = Lallz2 ) S M7 (La) = Lallpay = 1B = Lallpa )
<N =g -

Here 14 is the indicator function of A, a vector of norm v/2/2 in L?(A, u|4).

From now on, we will identify (X, u) with the unit interval [0, 1] equipped with
the Lebesgue measure. Define
=0

(7.2)

; n 2n
and set
() n 1
in(x) =204+ —,
2n

a measure space isomorphism of A, with its complement. Let 7 be a unitary
representation of L'(X, u;T) in the space H = Den, L3(A,, pla,), which is the
orthogonal sum of the countably many representations m; , n =1,2,3,.... Notice
that 7 does not have an invariant unit vector, because none of the subrepresenta-
tions m;, do. We will show that 7 has almost invariant vectors.

Let K be a compact subset of L°(X,u;T), and let ¢ > 0. Approximate K
to within v/2¢/2 with regard to the L!(u)-distance with a finite set F of simple
functions taking constant values on each of the intervals

{ 1 i+ 1

-, ),1_0,1,...,71—1,
n n

where n is sufficiently large.

The functions in F' are invariant under the transformation i,, where n is chosen
as above. Therefore, the representation m# = m; sends the set F' to the identity
operator. For every function f € K at an L'(u)-distance < v/2¢/2 from some
g € F, one has

1)) = Lan e = I7CF)(La) = T Doy < IF = gllis gy < V32/2
2 = V2/2, the vector 1,4, is (K, e)-almost invariant. O

and since |14,

Remark 7.1. Tt is quite easy to see that the group L°(X, u; T) has property (OB),
because it equals a finite power of every neighbourhood of zero. Thus, it provides
the second example of a Polish group with property (OB) and without property
(T"). We do not know if the above construction can be extended to every compact
group K in place of T.

8. MINIMALLY ALMOST PERIODIC TOPOLOGICAL GROUP WITH PROPERTY (7')
WITHOUT A FINITE KAZHDAN SET

8.1. Infinite products of Kazhdan sets in topological groups.

Lemma 8.1. Let I be an index set, and for each i € I, let Q; be a Kazhdan set in
a topological (possibly discrete) group T';, with the same Kazhdan constant € > 0.
Let T' be a subgroup of the direct product [[;c; I'i containing both the direct sum
Dic; Ui and the set Q = [[;c; Qi Suppose I is equipped with a group topology in
which the direct sum @,;c; T is dense. Then Q = [],c; Qi is a Kazhdan set for the
topological group T, with regard to any Kazhdan constant & such that 0 < § < €.
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Proof. Let H be a unitary I'-module, that is, a Hilbert space equipped with a
strongly continuous unitary representation of I'. For each subset J C I, denote by
H; the Hilbert subspace consisting of all vectors invariant under each group I';,
jeJ. Forallie I\J,je J,ge';,hel;,and { € Hy, onehas h(gf) = gh€ = g§,
and so H; is a unitary EBie ; I'i-submodule, hence a I'-submodule.

Identify I with the smallest ordinal 7 of cardinality |I]. In particular, H, =
‘H; is the module of all I'-invariant vectors. For each 0 < [ < 7 denote by
7:15 the orthogonal complement of the unitary module Hg g in Hpg, 5. (Notice that
Hy = H.) The orthogonal projections 7g of H into 7:1[37 B < 7, are I'-equivariant, as
is the orthogonal projection 7, of H onto H,.. The unitary module H decomposes
into a direct sum of submodules 7:[;3, B <T,and H,.

Now let € be a (@, §)-almost invariant vector in H of unit norm, for some § < e.
Set &g = 7p(€), & = 7. (€), and dg = ||€g||. One has dg > 0 for at most a countable
set of ordinals 3, and £ = Zﬁgr ¢s. It remains to show that [|&;] > 0, that is,

HZB<T €s

Let B < 7. If &g = 0, set gg = e € I'g. Else, the action of I'3 on 7:[/3 has no
invariant vectors, and by assumption there is gg € Qg satisfying ||€g — gs€s| > dge.
Set g = (98)s<r € Q. Since the vectors {g — gg€p are pairwise orthogonal, one has

0> [lgs =€l =|lgd &= &sl| e |> 52
B B B

This implies that
dogll= Do <ile<,
B B

as required. O

<1

Remark 8.2. In a non-discrete topological group, a subgroup generated by a Kazh-
dan subset need not be dense, hence the assumptions of the lemma. Also, as is
seen from the proof, if I is uncountable, then already a subset of @) consisting of
all elements with countable supports is a Kazhdan set.

8.2. Groups of bounded maps. For a group I' and an index set I, denote by
b(I,T') the set of all functions from I to I' each having a finite range. This is a
subgroup of I'!, containing the direct sum of I copies of I. Informally, this is a
“little £°° with values in I'”.

We will define a group topology on b(I,T") as follows. For every finite subset
Q C T, equip the product Q! (which is contained in our group) with the compact
product topology. The group b(I,T") is covered by a countable directed family of
compact sets Q7. Define a chain topology with regard to this cover: a subset F of
the group is closed if and only if every intersection F N Q7 is closed in Q! for each
finite Q@ CT.

To verify that the multiplication map m is continuous, in accordance with the
definition of the topology, it is enough to check that the restriction of m to each
Q! x Q¥ is continuous. The image of this set is contained in m(Q1 x Q2)’. Now it is
enough to observe that the map m is continuous with regard to the product topology
on b(I,T') induced from I'’ (the Tychonoff product of I copies of a countable discrete
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space), and this product topology induces the same compact topology on each Q.
The same works for the inversion map.

Finally, since our group topology is finer than the product topology, it is also
Hausdorft.

Such topologies are called k,-topologies [21] or else the weak topologies with re-
gard to a countable cover by compact subsets or the chain topologies. For instance,
this is a standard topology on CW complexes. Some of the k,, spaces are metrizable
(R™), others are not (the LF' space R*). The topological group U(oo) = J,, U(n),
the union of an increasing chain of the finite rank unitary groups with the chain
topology, is a k., group of some importance in representation theory.

If a topological group G is a k,-space, that is, its topology is a k,-topology with
regard to a countable sequence of compact sets K,,, then G is necessarily complete,
already with regard to the left uniformity. We can assume that K, is an increasing
sequence. Given a (decreasing) sequence (V;,) of neighbourhoods of the identity,
one can select recursively a neighbourhood V' with the property that for each m
there is n with VK, C V, K,. If now F is a Cauchy filter, it follows that for each
sequence (V,,) there is n with V,,K,, € F. By the diagonal argument, F intersects
each neighbourhood of some K,, and converges to an element of K,. See [26] for
this argument in the context of free topological groups where it probably appeared
for the first time.

If the index set I is countable, the group b(I,T') is separable, as a countable
union of metrizable compacta (Cantor sets), Q. In particular, for I' non-trivial,
this topology is never discrete.

Proposition 8.3. If T’ is infinite, then the topological group b(I,T) is non-
metrizable.

Proof. Otherwise, being metrizable and complete, it would satisfy the Baire cate-
gory theorem, and one of the Q! would have a non-empty interior, so Q' - Q! =
(Q - Q)! would have been open by a standard argument. But this set is not even
relatively open in Q! where the finite set @; is obtained from @ - Q by adding one
extra point. ([l

Lemma 8.4. If T is a minimally almost periodic discrete group, then b(I,T') is a
minimally almost periodic topological group.

Proof. Every continuous finite-dimensional unitary representation 7: b(I,T") —
U(k) satisfies 7(T';,) = {e} for all n; hence the image of the direct sum group
@D, [ is trivial. But this group is everywhere dense in b(/,T") with regard to our
k.-topology (as it is dense in every set Q7). a

8.3. Kazhdan sets in groups of bounded maps. Lemma Bl implies the fol-
lowing.

Corollary 8.5. IfT' is a discrete Kazhdan group, then b(I,T') with the k,,-topology
is a Kazhdan topological group with a compact Kazhdan set. O

Lemma 8.6. If I is infinite and I is non-trivial, then b(I,I") with the k,-topology
does not admit a finite Kazhdan set (as a topological group).

Proof. Let F be a finite subset of b(I,T"). By the pigeonhole principle and because
of the boundedness of each g € F, for some distinct ¢, j € I one will have g; = g;
for every g € F. Denote ™ = 7(; ;3 the coordinate projection of b(I,I') to I'; x I';;
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clearly, 7 is continuous when the latter group is discrete. The image of F' under
7 is contained in the diagonal A, which is a proper subgroup of I'2. The rest is
standard. The composition of 7 with the left quasi-regular representation of I'? on
£2('?/A) has a vector fixed by F, but no globally fixed vector. O

Remark 8.7. Since the group b(I,T") is uncountable, of course it does not admit a
finite Kazhdan set as a discrete group. But a priori it may admit one as a topological
group, in the same way as U(£?), admits a Kazhdan set with two elements [5].

Example 8.8. Let I be an infinite simple Kazhdan group (cf. [36] and references).
Then the complete, separable topological group b(N,T") has property (T) with a
compact Kazhdan set by Corollary BRIl yet admits no finite Kazhdan set by Lemma
At the same time, it is minimally almost periodic by Lemma [8.4]

This gives a counter-example to the conjecture of Bekka. It would be interesting
to find an example of a Polish group with the same combination of properties. For
instance, the Polish group I'V (with the product topology) is Kazhdan with the
same Kazhdan set @, minimally almost periodic, but this author does not know
whether I' can be so chosen that I'N has no finite Kazhdan set.

8.4. Infinite products of Kazhdan groups. It is well-known that the class of
groups with property (T) is closed under finite products. As another consequence
of Lemma [B1] we have the following curious result.

Theorem 8.9. The class of topological groups with property (T') is closed under
arbitrary (infinite) products, with the usual product topology.

This will follow from Lemma [B.J] once we assure that, given a family I';, ¢ € I, of
Kazhdan topological groups, we can always select compact Kazhdan sets QQ; C I';
with a prescribed Kazhdan constant (for instance, 1).

Lemma 8.10. Let T' be a topological group with property (T). Let (Q,e) be a
Kazhdan pair. Let § > 0. Then for a suitably large natural n, the pair ((Q U
Q~NH", V2 —0) is a Kazhdan pair in the topological group T.

Proof. Assume the contrary; that is, for every n, there is a strongly continuous
unitary representation 7, of I' in a Hilbert space H,, which contains a ((QUQ )",
V2 — §)-almost invariant vector &, of unit norm and yet has no invariant vectors;
in particular, no vector is (Q,¢)-almost invariant. Then I" is unitarily represented
in the metric ultraproduct H of the Hilbert spaces H,, with regard to some non-
principal ultrafilter, ¢, on the natural numbers (for this construction, see e.g. [10]).
The ultraproduct representation 7 is in general no longer strongly continuous, but
this is unimportant. Denote by G a subgroup of I' algebraically generated by Q;
note that for non-discrete topological groups, one generally does not expect G to
be dense in I'. One sees easily that 7 still has no (Q, €)-almost invariant vectors, in
particular no G-invariant vectors since Q C GG. At the same time, there is a vector
of unit norm which is (G, /2 — §)-almost invariant, namely, the equivalence class
[(&n)]u of the sequence (&,) modulo the ultrafilter. This contradicts Proposition
1.1.5 in [6]: for any group G and each 6 > 0, (G, /2 — §) is a Kazhdan pair. O

9. SOME QUESTION MARKS

We still do not know whether every amenable SIN group with property (7") (that
is, having a compact Kazhdan set), whose unitary representations separate points
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TABLE 1

| Topological group

| amenable | f.p.c. | SIN [ m.a.p. [ OB | strong (T) | (T
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b(N,T), I inf.
simple (T)

X

X

-~

X

X

N T inf. simple (7)

X

X

\

X

X

and closed subsets, is necessarily precompact. This would strengthen Theorem

Other questions are summarized in the table above, where f.p.c. stands for the
fixed point on compacta property (extreme amenability), and m.a.p., for minimal

almost periodicity.
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