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LOCAL HARDY-TYPE SPACES ON SPACES
OF HOMOGENEOUS TYPE
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ABSTRACT. Let X be a space of homogeneous type and let £ be a nonnegative
self-adjoint operator on L?(X) enjoying Gaussian estimates. The main aim
of this paper is twofold. Firstly, we prove (local) nontangential and radial
maximal function characterizations for the local Hardy spaces associated to £.
This gives the maximal function characterization for local Hardy spaces in the
sense of Coifman and Weiss provided that £ satisfies certain extra conditions.
Secondly we introduce local Hardy spaces associated with a critical function p
which are motivated by the theory of Hardy spaces related to Schrédinger op-
erators and of which include the local Hardy spaces of Coifman and Weiss as a
special case. We then prove that these local Hardy spaces can be characterized
by (local) nontangential and radial maximal functions related to £ and p, and
by global maximal functions associated to ‘perturbations’ of £. We apply our
theory to obtain a number of new results on maximal characterizations for the
local Hardy type spaces in various settings ranging from Schrodinger opera-
tors on manifolds to Schrodinger operators on connected and simply connected
nilpotent Lie groups.
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1. INTRODUCTION

The main aim of this article is to obtain maximal function characterizations of
various local Hardy-type spaces beyond the classical local Hardy spaces on a space
of homogeneous type.

Hardy spaces, which originated in the study of boundary values of holomorphic
functions, have since proven to be highly useful in many problems in analysis and
partial differential equations. See for example [2L[T91[34] and the references therein.
Part of their usefulness arises from their many characterizations. We shall highlight
the ones most pertinent to our article, which are maximal and atomic character-
izations. For 0 < p < 1, a distribution f € .#/(R™) belongs to the Hardy space
HP(R™) if any of the following occurs:

(i) sup [e7"2f(x)] € LP(R™).
0<t<

(i) sup sup |e UAf(y)| e LP(R™).
0<t<oo |z—y|<t

(ili) f has a decomposition f = 37 Nja;, with 3 [\j[P < oo, and each
a; is an “atom” in the following sense: a; is supported in some ball B,
la;| < |B|7Y/?, and the cancellation [ za;(x)dx = 0 holds whenever 3 is
a multi-index of order |5] < Ln(% —1)]. When 5 < p <1 then one can
use atoms with [ a;(z)dz = 0.

The objects in (i) and (ii) are typically referred to as the radial (or vertical) and
the non-tangential maximal functions, respectively. If we denote the spaces arising
from (i), (i), and (iii) by HR ,.q(R"), HX ,.(R"), and H,(R"), then we can
describe the above characterization more succinctly as

(1) Hg,rad(Rn) = H}, (R™) = Hy,(R™)

A, max

forall0 < p < 1.

We are interested in generalizations of (IJ) to metric spaces other than R™ and to
operators other than the Laplacian —A. In the first direction Coifman and Weiss
[6] introduced HE,(X) on a space X of homogeneous type (see (§) below) and gave
versions of (Il) under further geometric conditions on X. Whether something like
(@ holds without any extra condition on X is still open, but the case when X has
“reverse doubling” has been solved in [B841] for p € (po, 1] with certain pg € (0,1).

For the second direction (in generalizing the Laplacian to some other operator
£) we cite the body of work in [TOHI4[17,[23H25]. The starting point here is to
replace the semigroup e~*"2 in (i) and (ii) by some other semigroup e=’%, but one
can define an adaptation of (iii) by encoding the cancellation of atoms using £ in
a certain way (see [23] and also Definition [Z1] below). One may ask to what extent
(@ can hold in these settings. That is, when do we have

(2) Hg,rad(X) = Hp (X) = Hﬁpl,at(X)

£,max
for 0 < p < 17 It turns out this can be achieved if £ is a non-negative and
self-adjoint on L?(X) with Gaussian upper bounds on the kernel of e e (see

assumptions (A1) and (A2) in Section[ZT]). This was proved in full only recently in
[36] (see also [37]). Prior to [36] the direction Hy ,4(X) 2 He .. (X) 2 H ,,(X)

£,max
can be found in [10,23,25], but the reverse direction was only known for special

cases of £ [172324].
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We would like to point out in passing that one can add the atomic space of
Coifman and Weiss H”,(X), to the picture in () if the semigroup e < has Hélder
regularity and is conservative (see assumptions (A3) and (A4) in Section 22/ below)
for —*= < p <1 where ¢ is the Holder regularity exponent. We refer the reader to
Lemma 9.1 in [23] and the proof of Theorem 2.7in the present article. This yields
one answer to the question of Coifman and Weiss when X may not have reverse
doubling but admits the existence of an operator £ with the appropriate properties.

Our paper is concerned with local versions of the above theory. Local Hardy
spaces h?(R™) were introduced by Goldberg [20] to address certain shortcomings
of their global counterparts (a good account of this is in [20]) and have proven to
be more useful for certain problems in partial differential equations. They can be
defined by restricting ¢ to less than 1 in the maximal functions of (i) and (ii) above,
or by restricting the cancellation requirement in (iii) to only balls whose radii are

less than 1. Then the following local version of (II):
(3) hg,rad(Rn) = hi} (Rn) = hzt(Rn)

A,max
holds for 0 < p <1 (see [20]).
In the first part of our article we consider an operator £ satisfying (A1) and (A2)
and by an appropriate modfication of (i)-(iii) we can define the local Hardy spaces
P rad(X)s 1 oy (X), and G, (X) (see Section2]). We then prove a generalization

£,max

of @) and @) to
(4) hi,rad (X) = hg

L,max(X) = hiinl,at (X)

for 0 < p < 1, which is the content of Theorem -4l This can be viewed as a local
version of those in [36]. If one further assumes (A3) and (A4), then one can add
hy:(X) to picture for s < p < 1, which is the content of Theorem 271 We remark
that the ideas in the proof of Theorem 2.4 rely on the innovations in [36], although
some significant modifications are needed, not least of which is the development of
an inhomogeneous Calder6n reproducing formula (Proposition B.6]).

In the second part of our article we consider local Hardy-type spaces where the
notion of “localness” may vary spatially. More precisely we replace the role of 1
in the definitions of the spaces in [B) and (@) by a positive function p(z) (which
we call a “critical radius function”) that does not fluctuate too quickly in a certain
sense (see ([I2)). Spaces induced by such a function p arise as spaces related to
lower order perturbations of £. A model case is the Schrédinger operator —A + V
where one has

(5) HfA.H/, rad(X) = h’gt,p(X)

for certain potentials V' and with p related to V. We wish to point out that the
atomic space in (@) is a modification of the atomic spaces of Coifman and Weiss
— see Definition The spaces in (B) and their identification were originally
studied in [I3}[I4L17] for X = R™, while variations have since been considered in
say [15]16,128,40].

With these examples in mind, we are interested in developing a general frame-
work for (Bl on a space X of homogeneous type. This was done in [40] for p = 1
assuming that X has reverse doubling (there the term “admissible function” is used
for p); however, we found we could not extend their approach to p below 1. Thus
a key motivation for our work is to find a way to address the scale p < 1. We
emphasize that we do not assume the reverse doubling condition in the theory.
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We first obtain a generalization of [B) and (@) in Theorem 2.12

(6) h%,rad,p(X) = hg,max,p(X) = hgt,p(X)
for ni 5 <P < 1. Next we extend () to an operator L that can be considered

a perturbation of £ in a sense (encapsulated in assumptions (B1)-(B3) in Section

23) and obtain
(X) = hgt ,(X)

at,p

(7) Hz,rad(X) = Hz,max
for a suitable range of p. This is contained in Theorem 215 It is worth noting that
the proof () relies on the theory of local Hardy spaces that we develop for ().

We conclude this introduction with some comments on our results. First, we give
a list of examples of our setting in Section [6l Although the list is not exhaustive,
this is intended to show the variety of possible applications and the generality of
our assumptions. Second, we remark that our setting provides a unifying way to
study the maximal function chracterization for local Hardy-type spaces related to
Schrédinger-type operators with non-negative potentials satisfying a reverse Holder
inequality. Note that these conditions are technical conditions which exclude poten-
tials with small negative parts. We believe that our approach is flexible enough to
give maximal function chracterizations for local Hardy-type spaces with weights or
local Musielak-Orlicz Hardy-type spaces. We shall leave these for a future project.
Third, our approach can be adapted to settings with reverse doubling to give maxi-
mal function characterizations in terms of certain “approximations of the identity”,
extending the results in [40] for p =1 to 0 < p < 1. See Remark 5.8

The rest of the article is organized in the following manner. Section [ gives
the statement of our main results. In Section [}l we give some preliminary material
including a covering lemma, an inhomogeneous Calderén reproducing formula, and
some estimates for critical functions and functional calculus kernels. We prove (B8]
and (@) in Section M, and ([B) and () in Section Bl Section [l contains examples of
situations for which our setting applies, and a few of the more technical proofs are
relegated to the appendix in Section [7

Throughout the paper, we always use C' and ¢ to denote positive constants that
are independent of the main parameters involved but whose values may differ from
line to line. We will write A < B if there is a universal constant C' so that A < CB
and A~ Bif A< Band B S A. We denote a A b = min{a,b},a Vb= max{a,b}.
We will repeatedly apply the inequality e™ "z < C’(a)e_“”/2 forzx >0 and o > 0
without mention. We write B(xz,r) to denote the ball centred at x with radius r.
By a “ball B” we mean the ball B(zp,r5) with some fixed centre 25 and radius 7.

2. STATEMENT OF MAIN RESULTS

Throughout the rest of this article X will be a space of homogeneous type. That
is, (X,d, p) is a metric space endowed with a non-negative Borel measure p with
the following “doubling” condition: there exists a constant C7 > 0 such that

(8) p(B(z,2r)) < Crp(B(x, 1))

for all x € X and r > 0, and all balls B(z,r) := {y € X : d(z,y) < r}. In this
paper, we assume that pu(X) = oco.
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It is not difficult to see that the condition (]) implies that there exists a constant
n > 0 so that
(9) p(B(z, Ar)) < CoX"u(B(z, 1))
forall z € X,r >0, and A > 1, and

(10) w(B(z,r)) < Osﬂ(B(y,T))(l i d(zr, y))n

for all xz,y € X,r > 0.
Note that the doubling condition (@) implies that

1 d(z, )2 1 d(z, )2
e ) S o ()
and
1 d(z,y)? 1 d(z,y)?
u(B(x,\/i))eXp(_ = )NmB(x,d(x,y)))eXp(‘ )

for any ¢ > ¢. These two inequalities will be used frequently without mentioning.
In this paper, unless otherwise specified, for a ball B we shall mean B =
B(IB, T‘B).

2.1. Local Hardy spaces associated to operators. Let £ be a non-negative
self-adjoint operator on L?(X) which generates semigroups {e~**};s0. Denote by
pi(x,y) and G (w,y) the kernels associated with e~* and tLe~**, respectively.

We assume that £ satisfies the following conditions:

(A1) £ is a non-negative self-adjoint operator on L?(X).
(A2) The kernel p;(z,y) of e ** admits a Gaussian upper bound. That is, there
exist two positive constants C' and ¢ so that for all z,y € X and ¢t > 0,

(_d(x,y) )

(GE) o) < =

C
———————ex
u(B(z, V1))

We now give a definition of the (local) atomic Hardy spaces associated to oper-
ators for 0 < p < 1. Note that the particular case p = 1 was investigated in [21].

Definition 2.1. Let p € (0,1], ¢ € [1,00] N (p,o0], and M € N. A function a
supported in a ball B is called a (local) (p, ¢, M)e-atom if [|a||rq(x) < p(B)Y/9=1/P
and either
(a) g > 1; or
(b) rp < 1 and if there exists a function b € D(£M) such that
(i) a = £Mp;
(ii) suppL£*b C B, k=0,1,...,M;
(iii) [|(r2L)"b]l Loy < TEMu(B)a "7, k=0,1,..., M.

It is obvious that the atoms in (a) do not depend on £ and M but for the sake
of convenience we shall abuse notation and use (p, g, M) ¢ to refer to atoms in both
(a) and (b) of Definition 211

Next we define the atomic Hardy space hiy?, ;,(X).

Definition 2.2. Given p € (;;47,1], ¢ € [1,00] N (p,oc], and M € N, we say that

f=2>_Aja; is a (local) atomic (p, g, M) g-representation if {\;}32, € (7, each a; is
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a (local) (p,q, M)g-atom, and the sum converges in L?(X). The space R (X)
is then defined as the completion of

{f € L*(X) : f has an atomic (p, g, M)g—representation} ,

with the norm given by

/]

R (X)
1/p
= inf { (Z |/\j|p) Cf = Z)\jaj is an atomic (p, g, M)g—representation} .

For f € L?(X), we define the localized non-tangential maximal function as

42
fi(z) = sup  sup e Ff(y)]
0<t<ld(z,y)<t

and the localized radial maximal function as
_2a
fi(@) = sup |e”"“f()].
0<t<1
The maximal Hardy space associated to £ is defined as follows.

Definition 2.3. Given p € (0,1], the Hardy space h% .. (X) is defined as the
completion of

{fel*X): fi e LP(X)},

with the norm given by

(RalrsA

£,max

x) = Ifellzr(x)-
Similarly, the Hardy space hgmd(X ) is defined as the completion of
(F e I3(X) : ff € LX)},
with the norm given by

1fllne, .0 = 1 llLecx)-

It is obvious that A% . (X) C R q(X) for 0 < p < 1. Moreover, by the
similar argument to Step I in the proof of Theorem 3.5 in [II], we obtain that
P& ar(X) C hY oy (X) provided p € (0,1], g € [1,00]N(p, o0], and M > %(% -1).
Hence, the following conclusion holds true:

(11) P& (X)) Ch%

£,max

(X) C hly

£,rad

(X).

So it is both natural and interesting to raise the question of whether the reverse
inclusion of (Il still holds true. Our first main result is to give an affirmative
answer to this question.

Theorem 2.4. Let £ satisfy (Al) and (A2). Let p € (0,1]
and M > %(% —1). Then the Hardy spaces W39, ,,(X), b
coincide with equivalent norms.

, q € [1,00] N (p,00],
ax(X), and hg)md(X)

Due to this coincidence, we shall write h%(X) for any A%, \/(X), PG .. (X)),

£,max
and hgrad(X) with p € (0,1], ¢ € [1,00] N (p, ], and M > %(% —1).
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2.2. Local Hardy spaces. The second main result is to give a maximal function
characterization for the local Hardy spaces on a space of homogeneous type. Note
that this was proved by Goldberg [20] in the Euclidean setting; however, in spaces
of homogeneous type this problem is much more difficult. This was solved by
Uchiyama [38] for the Hardy spaces HP, but the range of p seems not to be optimal.
The complete solution can be found in [41] under the extra condition of the reverse
doubling condition imposed in the underlying spaces. The second main aim of
this paper is to deliver a new result on maximal function characterizations of local
Hardy spaces associated to an operator.
For convenience we recall the notion of (local) atomic Hardy spaces [620,40].

Definition 2.5. Let p € (nL-‘rl’ 1] and ¢ € [1,00] N (p,00]. A function a is called a
(p, ¢)-atom associated to the ball B if
(i) suppa C B;
(i) [lallpex) < p(B)a=1/P;
(iii) /a(x)d,u(x) =0ifrp <1.

We now define the atomic Hardy space on X.

Definition 2.6. Given p € (%7, 1] and g € [1, 00]N(p, oc], we say that f = Aja;
is an atomic (p, g)-representation if {);}72, € P, each a; is a (p, ¢)-atom, and the

sum converges in L?(X). The space hY,?(X) is then defined as the completion of
{f € L*(X) : f has an atomic (p, q)—representation} ,

with the norm given by
1/p
| fll 2, (x) =inf { (Z \)\j|p> : f:Z Aja; is an atomic (p, q)—representation} .

Assume now that the operator £ satisfies the following two additional conditions:
(A3) There is a positive constant d; > 0 so that

C d(x,T)70 d(z,y)?
M(B(x,\/l?))[ Vit } eXp(_c—ty)’

whenever d(z,7) < [Vt + d(z,y)]/2 and ¢ > 0.
(A4) For every z € X,

(C) /X pe(z, y)du(z) = 1.

Then we have the following.
Theorem 2.7. Let £ satisfy (Al), (A2), (A3), and (Ad). Let p € (;15.1] and
q € [1,00] N (p,00]. Then the Hardy spaces hi'(X), b .. (X), and b 4 (X)
coincide with equivalent norms. Hence, in this case, we shall write hP(X) for any

hPA(X), W, (X), and b, ,.4(X) with p € (35, 1] and q € [1,00] N (p, oc].

£, max

(H) |5t ('Ta y) - ﬁt (j7 y)l <

As mentioned earlier, the maximal function chracterization result for local Hardy
spaces was proved in [4I] under the presence of the reverse doubling condition.
Hence, the main contribution of Theorem 7] is to remove the reverse doubling
condition. This allows us to apply the theorem to more general settings.

As a direct consequence of Theorem 2.4l and Theorem 2.7, we obtain the follow-
ing.
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Corollary 2.8. Let £ satisfy (Al), (A2), (A3), and (A4). Let p € (75, 1]
g € [1,00]N(p, ], and M > %(% —1). Then the Hardy spaces hy'(X) and hGY%,
coincide with equivalent norms.

We note that apart from examples given in Section 6, our results can be applied
to certain operators defined on an open subset of R?. More precisely, when X =
is an unbounded domain of R™ with smooth boundary and L = —Ap is the Laplace
operator on {2 with Dirichlet boundary condition, then L satisfies (A1) and (A2). If
instead we take L = —Ap to be the Laplace operator on € with Neumann boundary
condition, then L satisfies (A1)—(A4). The bounded case needs new ideas and a
new approach.

2.3. Local Hardy spaces associated to critical functions. A functionp: X —
(0, 00) is called a critical function if there exist positive constants C' and kg so that

kq
d(z, y)) Fott
12 < 14+ ——=
(12) plo) < Cote) 1+ 20
for all z,y € X.

Note that the concept of critical functions was introduced in the setting of
Schrodinger operators on R™ in [I8] (see also [33]) and then was extended to the
spaces of homogeneous type in [40].

A simple example of a critical function is p = 1. Moreover, one of the most
important classes of the critical functions is the one involving the weights satisfying
the reverse Holder’s inequality. Recall that a non-negative locally integrable func-
tion w is said to be in the reverse Holder class RH,(X) with ¢ > 1 if there exists
a constant C' > 0 so that

(éwmwmﬂw<éwmww

for all balls B C X. Note that if w € RH,(X), then w is a Muckenhoupt weight.
See [35].
Now suppose V € RH,(X) for some ¢ > 1 and, following [33//40], set

r2

(13) p(z) = sup {r >0: m /B(LT) V(y)du(y) < 1}.

Then it was proved in [33,40] that p is a critical function provided n > 1 and
q > max{1,n/2}.
We now introduce new local Hardy spaces associated to critical functions p.

Definition 2.9. Let p be a critical function on X. Let p € (nL_H, 1], ¢ € [1,00] N

(p, o], and € € (0,1]. A function a is called a (p, g, p, €)-atom associated to the ball
B(xg,r) if

(i) suppa C B(wo,7);
(i) [lallpacx) < p(B(zg, )/ 1-1/P;

(iii) /a(ac)du(m) =0if r < ep(zo)/4.

For the sake of convenience, when € = 1 we shall write (p, ¢, p)-atom instead of
(p; q, P, 6)—atom.
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Definition 2.10. Let p be a critical function on X. Let p € (557, 1], ¢ € [1,00] N
(p, 0], and € € (0,1]. Wesay that f = > Aja; is an atomic (p, g, p, €)-representation
if {A;}32 €17, each a; is a (p, ¢, p, €)-atom, and the sum converges in L*(X). The

space hi,!, (X) is then defined as the completion of

{f € L*(X) : f has an atomic (p, q, p, e)—representation} ,

with the norm given by

1/ Iz

at,p,e
1/p
= inf { ( Z |)\j|p) f = Z Aja; is an atomic (p, g, p, e)—representation}.

In the particular case € = 1 we write h{,/,(X) instead of A}, (X). Tt is clear

when p =1 (or any fixed positive constant) we have hl,’,(X) = h%(X).

Assume that the operator £ satisfies (A1)-(A4). Let p be a critical function on
X. For f € L*(X) we define

(X)

« 2

fe, ()= sup  sup |e " Ef(y)|

0<t<p(z)? d(z,y)<t
and
2
fE, (@)= sup [e7"Ff ()
0<t<p(x)?

for all z € X.

The maximal Hardy spaces associated to £ and p are defined as follows.

Definition 2.11. Let £ satisfy (A1)-(A4) and let p be a critical function on X.
Given p € (0, 1], the Hardy space h% (X) is defined as the completion of

£,max,p
{feL*(X): fi, € LP(X)}
under the norm given by

1/ 11nz

£, max,p

x) = 12 pllrcx)-

Similarly, the Hardy space hgrad’ p(X ) is defined as a completion of
{feL*(X): f, e L"(X)}

under the norm given by

1 1ln,

— +
2orad,p(X) T ||f£7p||Lp(X).

We have the following result.

Theorem 2.12. Let £ satisfy (A1), (A2), (A3), and (A4) and let p be a critical

function on X. Let p € (;5-,1] and q € [1,00] N (p, 0] Then we have

oA (X) = WY,

at,p £,max,p

(X) = hb

£,rad,p

(X).

We now consider another non-negative self-adjoint operator L on L?(X) which
acts as a perturbation of the operator £. Denote by p.(z,y) the kernels associated
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tL (29

with e™*, and q(x,y) = pi(x,y) — pr(x,y), where pi(z,y) is the kernel of e~
We assume the following conditions:

(B1) For all N > 0, there exist positive constants ¢ and C so that

z,y)? Vi Vi
(_d(cty))(l_‘_Fxt) r;)) i

)] < ———exp
(T Y S ————F#=<
1(B(z, V1))
for all z,y € X and t > 0.
(B2) There is a positive constant d2 > 0 so that
Vi N\ C d(z,y)?
x, S ex -
e < () e o )

ct
for all z,y € X and t > 0.
(B3) There is a positive constant d3 > 0 so that

gt (z,y) — (T, y)|

) d(x,7)7% [d(xz,T)q% C d(z,y)?
Smm{{ p(y)] [ NG } }M(B(xv\/i))eXp(_ cty )

whenever d(z,Z) < min{d(z,y)/4, p(x)} and t > 0.
Remark 2.13. The assumptions (A3) and (B3) imply that
d 7)103A1 d 2
(fc,x)} c exp ( _d(z,y) )
Vi uB V) ct

whenever d(x,7) < min{d(z,y)/4, p(x)} and t > 0, where d3 A 6; = min{d1, d3}.

149 ey -p@E )l < |

Let p be a critical function on X. For f € L*(X) we define

2
Muax,.f(x) =sup sup [e”"Ff(y)l
t>0 d(z,y)<t

and

Miaaf() = sup =L f ()|

t>
for all x € X.
The maximal Hardy spaces associated to L are defined as follows.

Definition 2.14. Given p € (0,1], the Hardy space H]’:” (X) is defined as a

completion of

max

{f € L*(X): Muax.nf € LP(X)},
under the norm

(Al

L,max

(X) is defined as a completion of

X) = HMmaX,LHLP(X)~

Similarly, the Hardy space H}

rad
{feL*(X): Myaa,rf € LP(X)},

under the norm

1122y

L,rad
Theorem 2.15. Let £ and L satisfy (Al)-(A4) and (B1)-(B3), respectively. Let
p € (—=-,1] and q € [1,00] N (p, 0], where §o = min{dy, d2,05}. Then we have

n+do ?
B (X) = HE L (X) = HE A (X).

at,p L,max

(X)) = HMrad,LfHLp(X).
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3. A COVERING LEMMA, CRITICAL FUNCTIONS, A CALDERON REPRODUCING
FORMULA AND SOME KERNEL ESTIMATES

For a measurable subset £ C X and f € LY(E) we denote

][E fu = / fd.

We denote by M the Hardy-Littlewood maxnnal function defined by

— sup f \Fldp,

B>x
where the supremum is taken over all balls B containing x.
We will now recall an important covering lemma from [5]. The open sets de-
scribed in the lemma play the role of dyadic cubes in our setting.

Lemma 3.1. There exists a collection of open sets {Q¥ € X : k € Z,7 € I},
where Iy, denotes a certain (possibly finite) index set depending on k, and constants
€ (0,1),a0 € (0,1], and C; € (0,00) such that

(i) p(X\U, Q%) =0 for all k € Z;

(i) if i > k, then either QL C QE or QL N Qg =0;

(iii) for (k,7) and each i < k, there exists a unique 7' such that Q¥ C Q%,;

(iv) the diameter diam (Q¥) < C1p*;
(v) each QF contains a certain ball B(:chi,aopk),

The following elementary estimate will be used frequently. Its proof is simple
and we omit it.

Lemma 3.2. Let € > 0. We have

/x u(B(z,s)) i 1(B(y,5)) (1+ d(;ES’ y))inié\f(y)ldu(y) < Mf(x)

forallx € X and s > 0.

1. Critical functions. For 2 € X, we call the ball B(x, p(x)) a critical ball. We
now give some basic properties for the critical functions and critical balls.

Lemma 3.3. Let p be a critical function on X.
(a) For A >0 and z € X, we have

(140 %p(@) S ply) S (L+ N p(x) for all y € Bla, Ao()).
(b) For all z,y € X, we have p(z) + d(z,y) =~ p(y) + d(z,y).
(c) There exists a constant C' so that
p(y) = Clo(a)]* [p(y) + d(z, y)) "

forallxz,y € X.
(d) Lete€ (0,1] and a > 0. For any N > 0 we have

(15) exp (- %) < cla, N )(czE(px(,yy)QN
and
d(zx, 2 cla,N) ¢ ep(y) \N
(16) e - a[ipé;]?)p(ly) <~ )

forallxz,y € X.
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L
Proof. (a) By ([I2), we have p(y) < (1 4+ A\)Fo+Tp(x) for all y € B(x, Ap(z)). It
remains to prove the first inequality. Indeed, if p(y) > p(x), there is nothing to
prove. If p(y) < p(x), by [@2), we write
1 kg ko _ 1 ko _
p(x) S [p)] 50 [p(y) + d(z,y)]FotT < (14 A) R+ [p(y)] 7o [p(x)] Fo+T.
It implies that p(y) > (14 A)~*0p(z). This completes the proof of (a).
For the proofs of (b) and (c), we refer to [40, Lemma 2.1].
(d) We only provide the proof of (L6, since the proof of (6] is similar and
easier.
We consider two cases.

Case 1 (d(z,y) < p(y)). From (c) we have p(z) < p(y). This, along with the fact
that e~ < 27V, yields (I6).

Case 2 (d(z,y) > p(y)). From ([[2) we have

T

p(x) < Cp(y) (

This, in combination with inequality e=*" < z=Nko+D—ko implies

d(z,y)?\ 1
(= ZfeptaP)

ko 1 N(kot+1)+ko

which implies (I6]). O

A direct consequence of Lemma B3] is that whenever B := B(z, p(x)) is a
critical ball, then p(xg) ~ p(z) for all z € B.

The following result will be useful in what follows. See Lemma 2.3 and Lemma
2.4 in [40].

Lemma 3.4. Let p be a critical function on X. Then there exists a sequence of
points {Tatacz C X and a family of functions {1 }acz satisfying for some C' >0

(i) U B(xoup(xa)) =X.

a€cl
(ii) For every A > 1 there exist constants C' and Ny such that

Y XBaaw(ea) < CAM.

a€l
(iii) supp? C B(Za, p(2a)/2) and 0 < ¢y (z) <1 for all x € X.
(iv) [Ya(2) = Yaly)l < Cd(z,y)/p(za).
(V) YDacz¥alx) =1 forallz € X.
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3.2. Calderdén reproducing formula and some kernel estimates. In this sub-
section, we assume that £ satisfies (A1) and (A2) only.

Denote by Eg¢(A) a spectral decomposition of £. Then by spectral theory, for
any bounded Borel function F : [0,00) — C we can define

F©) = [ FO)aEO)

as a bounded operator on L?(X). It is well known that the kernel K osivz) Of
cos(tV/£) satisfies

(17) supp Koz C {(2,y) € X x X 1 d(z,y) < t}.
See for example [7]. We have the following useful lemma.

Lemma 3.5 ([23]). Let p € C§°(R) be an even function with supp ¢ C (—1,1) and
[ ¢ =2m. Denote by ® the Fourier transform of p. For every { € N, set oW (¢) :=

(f—;@({). Then for every k,f € N and k + ¢ € 2N, the kernel K(t\/E)k':I)(Z)(t\/E) of
(tV2)* D) (1\/ L) satisfies

(18) supp K(t\/ﬁ)kq,(z)(t\/g) C{(z,y) € X x X : d(x,y) <t}
and
C
19 K, = = < — .
( ) | (t\/z)ké(e)(t\/Z) (ﬂ?,y)| = [L(B(I,t))

The following inhomogeneous Calderdn reproducing formula related to £ will be
crucial for the development of our paper.

Proposition 3.6. Let ¢ be as in Lemma BE. Let ¢ € C5°(R) be an even function
with suppy C (—=1,1) and [ = 27. For every k,j € N, set &, ;(&) := 70M)(¢)
and Uy, ;(&) == VR (&), where ® and U are the Fourier transforms of ¢ and v,
respectively. Then for each M € N and f € L*(X) there exist numbers c(M, k) and
(M, k,j) so that

M+1

1/2 dt
F= 3 ) [0 R sV DU D) T
k=0 0

1/2 dt
o(M, k) / ()M B 11 (VD) Worr 01 (WD) T
0

M -

(20) -
k=0

2M+2 k
+ ZC(M7k’j)¢j’j(2_1\/E)\Ijkfj,kjfj(2_l\/£_:)f

1 j=0

S

bl
Il
<.

in L*(X).
Proof. By Lebnitz’s rule we have for any k € N

k k
(21) L5 () = S0 CHO (5w ().
=0
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On the other hand, by integration by parts and a straightforward calculation we
obtain

1/2 dt
/ (tZ)2M+2((I)\I/)(2M+2)(tZ)?
0

2M+1

-3 <—1>’H%<s>’“<w>w<z> @42
k=0 ’

2M+1 k

S et B () () + a2

k=0 j5=0

This, along with the spectral theory, implies

1/2
g GOPREDEE DT

2M+1 k

+ YD (M k)2 (27 V) Uk (27VE) F

k=0 j=0
Moreover, from (2I) we can find that

1/2 dt
/ (t\/§)2M+2((b\I’)(2M+2) (t\/E)?
0

1/2 dt
— Z C£M+2/ (tQS)M+2(I)(k)(t\/E)\I,(2M7k+2)(t\/E)f_
0
1/2
_ c(M, k)/ (t2£)M<I>2k72(t\/E)\IfQM’%”)(t\/E)fﬂ
0

M 1/2 dt
Z Mk‘/ t2£) @2k+1,1(t\/5)\1’2M,2k+171(t\/i_:)f—

Taking these two estimates we obtain (20). O
We record the following result in [9].

Lemma 3.7. Let ¢ € L (R) be an even function with ¢(0) = 1 and let N > 0.
Then there exist even functions ¢, € Z(R) with $(0) = 1 and ™) (0) = 0,v =
0,1,...,N so that for every f € L*(X) and every j € Z we have

f =027V VO f + ) (2 VE)p(2TVE) —p(2 M IVE) S in LP(X).
k>j

The following results give some kernel estimates which play an important role in
the proof of the main results.

Lemma 3.8.
(a) Let ¢ € L (R) be an even function. Then for any N > 0 there exists C

such that
C d(z,y)\ =N
(22) (K ooy (@, 9)] < w(B(z,t)) + u(B(y,t)) (1 T )

forallt >0 and z,y € X.
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(b) Let v1,92 € L (R) be even functions. Then for any N > 0 there exists C
such that

1 d(z,y)\ N
(23) IKw@ﬁ)m(sm(w’y)'SCM(B(x,t))+u(B(y,t))(1+ t )

forallt<s <2t and z,y € X.
(c) Let p1,p2 € L (R) be even functions with <pg’)(0) =0 forv=0,1,...,2¢
for some £ € ZT. Then for any N > 0 there exists C such that

5\ 2¢ 1 d x, —n—N
) 1K i@ < €(5) Sy am O =)

forallt>s>0and z,y € X.

Proof. (a) The estimate ([22]) was proved in [3, Lemma 2.3] in the particular case
X = R" but the proof is still valid in the spaces of homogeneous type.
(b) We have

K (tvE)pa(sve) (@:4) = /XKtm(t\/z)(m’Z)K«pz(t\/E)(z’y)dz'
This along with (a) implies that

Ky 1V (sv) (9]

d(x,z)\ —2n—N d(z,y)\ —3n—N-1
: /x u(B(lw,t» +75) M<B<1y,s>> (1+=5%) dz
< 14 d(x, 2) (1 N d(z7y))73an71dZ
t

L+ d(l; d ) o u(B(ly, ) (1+ d(zt, d ) R

d(x,y)\—2n—N
S ,u(B(lx,t)) (1 t ’ ) ’

where in the second inequality we used the fact that s ~ ¢ and in the last inequality
we used Lemma

This, in combination with (@), gives (b).

(c) Set b1 (A) = A1 (\) and 1o (A) = A"2py(N). Tt is obvious that vy, are
even functions and ¢y € .¥(R). Moreover, since gogy)(()) =0forv=0,1,...,2¢,
one has 92 € .7(R). Moreover,

s\ 2¢
K v Bypn(svm) (8 Y) = (;) Ky (/2 (svE) (5 )-

At this stage, arguing similarly to (b) we obtain (c). O

4. MAXIMAL FUNCTION CHARACTERIZATIONS FOR LOCAL HARDY SPACES
RELATED TO £

The bulk of this section will be devoted to the proof of Theorem 2.4 Theorem
27 will then be deduced from Theorem 2.4] at the end of the section.
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4.1. Proof of Theorem [2.4l Due to (), to prove Theorem 2.4 it suffices to
prove that

(25) hz;) rad (X) C h% max(X)
and
(26) hz;) Inax(X) - h%zzt,M(X)

for all p € (0,1], ¢ € [1,00] N (p,oc], and M > §(5 — 1).
In order to prove (25) we need the following auxiliary results.
Let F' be a measurable function on X x (0,00). For a > 0 we set

Fy(z)= sup sup |F(y,t)l.
0<t<l d(z,y)<at

In the particular case a = 1, we write F™* instead of F.
We have the following result whose proof is similar to that of [4, Theorem 2.3].

Lemma 4.1. For any p >0 and 0 < ay < ai, there exists C' depending on n and
p so that

. 20 \"/P .
I Fa e x) < C(l + —1> | Eo, Nl 2 (x)

From the lemma above we immediately imply the following result.

Lemma 4.2. For any p € (0,1] and A > n/p, there exists C' depending on n and
p so that

d Zz, —A *
H sup supF(y,t)(l—i—M) ‘ < Ol F||Lr(x)-

0<t<l y t

Lz (X)

Proof. The proof is standard but we provide it for the sake of completeness.
We have

d -\
sup sup F'(y,t) (1 + M)
0<t<l y t

d -2
< F*(z +§ sup sup F(y,t)(1—|— (x’w)
P 00<t<12kt<d(x y)<2k+it t

SF* +22 kX 2k:+1

For p € (0, 1], we then imply

oo

Z kaF;k”ip(X)

H sup sup F(y,t )(1+d( y)) ’

o<t<l wy

This, in combination with Lemma 1] yields that

e}
S Cn,p Z 2kn2—kp)\||F* HI[),P(X)

S IF

[ sup s (1 220)

LE(X)

||LP(X

as long as A > n/p. O
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For any even function ¢ € .#(R), a > 0, and f € L?(X) we define
Poalf)@) = sup  sup  |p(tVE)f(y)]

0<t<ld(z,y)<at

and

Pea(Hx) = sup |p(tVE)f(x).

0<t<1

As usual, we drop the index o as o = 1.
We now are in position to prove the following estimate.

Proposition 4.3. Let p € (0,1]. Let ¢1,p2 € R be even functions with p1(0) =1
and p2(0) = 0 and a1, a > 0. Then for every f € L*(X) we have

(27) [1(02) 8 an fllrx) S (1) 8 0, fllLrx)-

As a consequence, for every even function ¢ with ©(0) =1 and o > 0 we have

(28) ||90*2,af||LP(X) ~ ||f5,zoc||LP(X)-

Proof. From Lemma [£.1] it suffices to prove the proposition with a; = as = 1.

Fix t € (0,1) and let jo € Z* so that 2770F1 < ¢ < 2790+2 According to
Lemma [3.7] there exist even functions ¢, € R with ¢(0) = 1 and ®*)(0) = 0 for
v=20,1,...,2¢ (£ will be determined later) so that

f=0Q27VE)p1(27VE) f + Z P27V (27FVE) — 1 (27 HVE)]
which implies 7
P2(tVE)f = o2 (tVE) P27V L)1 27V E) f
+ Z P2 (tVE) Y2V )1 (27FVE) — 1 2F V) f.

k>jo
Hence,
sup o2 (V) f(y)] < sup  [@a(tVE)H(270VE) o1 (270VE) f(y))|
d(z,y)<t d(z,y)<t

+ Y s [ea(tVEYRTIVE) e (27FVE) f(y)]

k>0 d(z,y)<t

+ Y s [ea(tVORE T VE) e 2TVE) f(y)]

k>0 d(z,y)<t
=11+ 1+ Is.

Fix A > n/p and N > 0. Using (23)) we have

ns osw [ o (e ) e S aute)

d(z,y)<t Y, 2—]'0) 2—do

Since d(z,y) <t < 2790F2 we have

(1 + d(y’z))_A ~ (1 + d(x—’.z))_k.

2—Jo 2—Jo
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As a consequence, we have
(29)

I <sup (1+ d(, )) lp1(2770V2) f |/ Tl y,2 ) d(y’.z))iniNdu(z)

27 27
Ssgp(u%) o127 VE)(2)
< sup sup (14 22 o vy o)
0<t<l =z

Note that ¢ > 27% as k > j;. Hence, applying (24) we obtain

2k 1
bey e [(EY L
;Od(x,y)<t X 3 /'L(B(yat))

(14 T T e 0 ) )
1

S sup /Z*QZ(k*jO)—
lg{)d(m,y)<t X M(B(:%t))

x (1 + @)_n_N_AIsol(?"“\/?l)f(Z)ldu(Z)a

where in the last inequality we used ¢ ~ 2770,
On the other hand, we have

(0 480) 7 (- 50) " 1 452) s

Hence, by Lemma we have

IPBS kgj:o/ 9—2¢(k—jo) (1y’t)) (1+ d(yt, Z))*an
( d(x,z ) /\|<,01 k\/E)f(Zﬂdu(z)

2=
—(26=2)(k—jo) 1 n—
: k;o/ #(B(y, t ))( )
S L (”M)_ o2V ().

92—k
k>jo

We now choose £ > A/2. Then from the inequality above we arrive at

(30) 5% sup sup (14 222) i, vy (o))
o<t<1l =z

Similarly,

(31) 15 sup sup (14 222) i, vy (o))
o<t<1l =z

Taking these three estimates ([29), (BQ), and (BI]) into account and then applying
Lemma L2 we get ([21) as desired.
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To prove (28)), we apply 7)) for p1(N\) = @(A) — e, w2 (A) = e, o = a,
and oy = 1 to obtain

H sup  sup |tV E) f(y) — e_tzgf(y)w

0<t<ld(z,y)<at

This, along with Lemma .1 yields

LX) Sfellerx)-

||80*):,af||Lv(X) < HfEHLv(X)-
Similarly, we obtain
I fellerx) S HSO;*:,afHLP(X).
This proves (28]). O

For each N > 0 and each even function ¢ € .7 (R) we define

ME,Lp,Nf('r) = Ssup Ssup M
0<t<lyeX (1+ M)
t

for each f € L*(X).

Obviously, we have ¢ f(x) < Mg, nf(z) for all z € X,N > 0, and even
functions ¢ € ./ (R).

The inclusion ([25]) follows immediately from the following result.

Proposition 4.4. Letp € (0,1]. Let ¢ € L (R) be an even function with ¢(0) = 1.
Then we have, for every f € L*(X),

(32) R

provided N > n/p.
As a consequence, we have

sOEfH

Proof. We fix 0 < § < p and ¢ € N so that N > n/6 and ¢ > N/2. Fix ¢t € (0,1)
and let jo € Z1 so that 27Jo+! < ¢ < 27902 According to Lemma [B.7] there exist
even functions ¢,v € R with ¢(0) = 1 and *)(0) = 0 for v = 0,1,...,2¢ so that

P(tVE)f = p(tVL)p(27VE)p(27°VE) f
+ Z etV (27FVE)[p(27VE) — p(2 KTV L)) £

k>jo

N ||80£f||LP(X),

L (X)

< t P .
Lo(x) ™ ”SDLf”L (X)

Hence, for any y € X we have

(1+ 22 ovE) si)

< (14 822 B p( V2 VE) ()

t

(33) £ 3 (14 22 v Ve O 1)

+> o (1+ d(x’y))7N|@(t\/E)w(T’“\/E)w(f'““\/z)f(y)|

= J1 + Jo + J3.
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We now estimate the term J;. Using (23) and the fact that ¢ ~ 2770 we obtain

VS /X M(Bl (1+ d(y’z))_N(l + M)_le(t\/ﬁ)ﬂ@ldu@)

(Z7t)) 3 t
I e (e IO G

S @ [ s (14 M) v ) )
S Mg o S MU 1)),

where we used Lemma in the last inequality due to N6 > n.
Since t > 2% as k > jo, using (24) we find that
(35)

—k P _
553 /X (QT)MM(B(Z,t)) (1+ d(yt’ )) :

< (14 0N o) flan(z)

< Z /)(272£(k7j0)V(Z71 (1 n d(x’Z))_N|¢(2*k\/£_3)f(z)\dp(z),

92—Jo ) 92—Jo
k>jo

where in the last inequality we used ¢ ~ 2770,
Note that
d(‘T?Z) N (k—jo)N d(w,z) N
(1+557) =T
Inserting this into ([B5]), we get that
(20 N (ki 1 d(x,z)\—N _
g Y e [ (14 22 o) o (o).

“ 2
k>jo

Arguing similarly to (34]) we obtain
Ty S D2 BN )] M E 1) ()
(36) k> jo
S Mg, f@)] O Mg fI) ().
Similarly,
(37) I3 S Mg o n (@) P Mo E F1°) ().

Plugging the estimates Jy, J2, and J3 into (B3] and then taking the supremum over
y € X and 0 <t < 1 we obtain

Mg o nf (@) S [Mg o n f(@)] P Mg fI°) ()
Hence,
1
Mg, v () S Mg f1°)(@)]” -
Using the L%-boundedness of the maximal function M we get ([B2)) as desired. [

To complete the proof of Theorem 2:4] we need only to show (26]). To do this,
we need the following covering lemma in [6] (see also [9]).
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Lemma 4.5. Let E C X be an open subset with finite measure. Then there exists a
collection of balls {By := B(xp,,TB,) : *B, € E,rp, =d(xp,,E)/2,k=0,1,...}
so that

i) E= UB(ka’TBk);
k
(ii) {B(zB,,7B,/5)} iy are disjoint.

Proof of (28). Since g7, 3, (X) C W%, 1,(X) for all p € (0,1], g € [1,00] N (p, o0],
and M > 2 (— — 1), it suffices to prove that h . N L*(X) C A, M(X)
Fix f € hfnax ¢ N L?*(X). Let ® and ¥ be functions in Proposition 3.6l From

Proposition 3.6, for M € N, M > %(% — 1) we have

M+1

f=2 O / () By (1V/E) WM -2042) (/2 y &

M 1/2
dt
-I-E CM,@/ tzg)MCI)ngrLl(t\/E)\IIQM,QZJrLl(t\/E)f—
=0

(38) 2M+2 ¢
+ )0 oM 4,)2; (27 V)27 VE)f
=1 35=0
M+1 M 2M+2 ¢
Z f Z 0,2 + Z ZQZJ
=0 £=0 (=1 ;=0
in L2(X).

We will prove that functions fo1, fe,2, and g ; admit atomic (p, co)-representa-
tions.

We now take care of go,;. Note that from Lemma B we can pick up a dis-
joint family of open sets {Q}72, and {x}72, so that X = U, Qk, Qx C By :=
B(xy,1/2) and p(Qk) ~ u(By) for all k. For each m, ¢, j we decompose

geg =Y c(M,£,5)®; ;27'VE) [We_ 0 ;(27'VE) fxq, | -

k

We now set
Ae = p(Qi)M? sup Wy jo—i(27'VE) f(2)]
rEQR

and

dM#,@%J@*VE) {\PZ—L@—J‘(TI‘/E)JC'XQ’C} '

We then have g ; = ", Arax, and

ap =

AP < (Qr) inf  sup W, ;(27VE) f(y)IP
TEQR d(z,y)<1

< u(Qg) inf [sup sup \Ifzj,Ej(t\/E)f(y)]

2€Qk | 0<t<1 d(w,y)<2t

< /Q W )P,
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where

Uy o f(@) = sup  sup ¥y, (tVE)f(y)l-
0<t<1 d(z,y)<2t

This implies
SO < 1 iy S I
k

where in the last inequality we used Lemma [T]
It remains to show that aj is a multiple of a (p, 0o, M)e-atom with a harmless
constant for each k. Indeed, from (I9]) we imply

supp ax, C B(zg, 1).

Moreover, we have

c(M, 2,5 _
on) = LD [ Ry )WV ()
Ak N 4. ( )
This, along with (I8) and the expression of A, yields
(@) < Q) /Q Ky iy @ n)lduly) S u(@) 7.

k

This shows ay, is a multiple of a (p, 00, M) e¢-atom.
We now take care of fy 1. For a fixed £ € {0,1,...,M + 1} we define

1
77[(1'):/ (t2£L'2)M(P2(’2(t:L‘)\I/(QM_%J'_Q)(tl‘)?
0

x
:/ 12MALDy, o (1) WM =242 (1) 4.
0

Then n, € .(R) and 7,(0) = 0 for each .
Moreover, we have, for any a,b > 0,

ne(bVE) — me(avV'e) = /b(f2£)Mq’2é,2(t\/£_3)‘1’(2M_%+2) (t\/i_))%.

Define
Mef(z) = sup  sup [ne(tVE)f(y)| + W24 (V) f(y)]

0<t<1 d(x,y)<5t

This along with Proposition yields
(39) IMe fllre(x) S I1f 1z

max, L

(X)-

The remainder of the proof is similar to that of [36, Theorem 1.3]; hence we
just sketch it here. For each i € Z we set O; := {z € X : Mg f(z) > 2!} and set
0; = (z,t) € X x (0,1) : B(z,4t) C O. Then we have

X (O, 1) = U@A@ZH =: UT’Z

For each O; let {B¥}2°, be a family of balls covering O; as in Lemma For
1€ Zand k=0,1,... we define

R(BY):=0 and R(BF):={(z,t) € X x(0,1):d(z,BF) <t}, k=1,2,....
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Hence, O; C Up—, R(BF). We now define, for i € Z and k =0,1,.. .,

k—1
TF =10 | RBO\ | R(B)
§=0

It is obvious that TP N T} = () either i # j or k # [; moreover,
xx 1=
i€Z keN

We can write

1/2
fé’l B C(M’ 6) Z / (t2£)M(I)2Z’2(t\/E) |:\II(2M_2£+2) (t\/E)fXle} %

i€z, ken 0
We now define \F = 2¢u(BF)1/? and af = £Mb with

1/2
e = c(];\i, ¢) / Mo, o (124/2) |:\Ij(2M_2Z+2)(t\/E)f-XTik:| %
i Jo ,

Hence, f =3 ,cs ven Mrak and it is not difficult to see that this series converges
in L2(X).
On the other hand, from the definition of the level set O; we obtain

Z p‘ﬂp = Z 2ipN(le‘€) N ZTPM(Oi) S ||M£f‘|ip(x) N HfHZ;Iﬁ,mx(X)'
i€Z,keN i€Z,keN i€Z

It remains to prove that each a¥ is a multiple of a (p, 00, M)e-atom with a
universal constant. To see this, we observe that for (y,t) € TF we then have
(y,t) € O; and hence B(y,4t) C O;. This implies d(y,0f) > 4t. On the other
hand, (y,t) € R(BF) and hence d(y, B¥) < 2t. This leads to d(y,zgr) < t + 7.
As a consequence, we have ' '

4t < d(y,0f) < d(y,zpr) +d(zgr,0F) <t+rpr+2rgk,

where in the last inequality we used the fact that d(zgr, Of) = 2rgx.
This gives t < rgr. This along with (I8) implies that

supp £™bF € 3BF, m =0,1,..., M.

Applying the argument in the proof of [36l Theorem 1.3] mutatis mutandis we
conclude that

||(T23f£)mbf“[/oc(x) S T%]?ﬂ(Bf)_;, m = 0, 1, .. .,M.

Similarly, we can prove that each f;2 admits a (p, oo, M) ¢-atom decomposition.
This completes our proof of ([20) and hence the proof of Theorem [24] is complete.
O
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4.2. Proof of Theorem[2.7l Since the proof of the inclusion g (X) C hf .. (X)
forp € (nf—(sl, 1] and ¢ € [1, 00] N (p, 0] is standard we will leave it to the interested
reader. It remains to show that hf . (X) C hpy?(X). Indeed, for f € hf . (X)N
L?(X), from Theorem 2.4 we can decompose f = Ej Aja; as an atomic (p, ¢, M) e-
representation with M > %(% — 1), where q; is a (p,q, M)¢-atom associated to a
ball B; for j > 1. If rp, > 1, it is obvious that the (p,co, M)¢-atom a; is also a

(local) (p, q)-atom. Otherwise, if rp; <1, the argument used in Lemma 9.1 in [23]

shows that
/ajd,u =0.

Hence, in this case a (p, ¢, M) ¢-atom q; is a (local) (p, g)-atom. As a consequence,
f = >2;Aja; is an atomic (p,q)-representation, and hence f € hg?(X). This
completes the proof of Theorem 2.7

As a byproduct, by a careful examination of the proof of Theorem [2.4] we obtain
the following result.

Proposition 4.6. Let £ satisfy (Al) and (A2). Let p € (0,1], ¢ € [1, 00] N (p, 0],
and M > %(% —1). If f € K(X) N L3*(X) and supp f C B(zo,r), then f has an
atomic (p,q, M) g-representation f = Z;’il Aja; with suppa; C B(zo,r + 1) for
all j.

In the proof of Theorem 27 we have proved that if £ satisfies (A1)-(A4), then
each (p,q, M)g-atom is also a (p, ¢)-atom. Hence, this along with the proposition
above implies the following.

Proposition 4.7. Let £ satisfy (A1)-(Ad). Letp € (f5, 1. If f € hP(X)NL*(X)
and supp f C B(xq,r), then f has an atomic (p,c0)-representation f = Z;}il Aja;
with supp a; C B(xg,r + 1) for all j.

5. MAXIMAL FUNCTION CHARACTERIZATIONS FOR LOCAL HARDY SPACES
ASSOCIATED TO CRITICAL FUNCTIONS

This section is dedicated to the proof of Theorem and Theorem
We fix a family of balls {B, }aecz and functions {14 tacz from Lemma B4 We
then set, for each «,

(40) I, ={j €T:B;NB, #0}.

Then it follows from Lemma 3.4l and the doubling property that there exists C > 0
so that

(41) iZ, < C forall a € T.

From Lemma [3.3] we can see that there exists C, so that if y € B(z, p(x)), then
C,'p(x) < ply) < Cpp(x). We shall fix the constant C, and for any ball B C we
denote B* = 4C,B.

Lemma 5.1. Let p be a critical function on X. Letp € (nL_H, 1], ¢ € [1, 00]N(p, <],
and € € (0,1]. Assume that T is a bounded sublinear operator on L?(X). If there
exists C so that

[Tallr(x) < C
for all (p,q, p, €)-atom a, then T can be extended to be bounded from hyy!, (X) to
LP(X).
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Proof. The proof of the lemma is quite standard. See for example Lemma 4.1 in
[24]. Hence, we omit the details. O

We first concentrate on some localized maximal function estimates which will be
useful in the proof of the main results.

Lemma 5.2. Let .75~ <p <1 and q € (p,o0] N [L,00]. Then there exists k > 0

so that for any 0 < e < 1, we have
| s et @)
0<t<[ep(za)]?

forall f € hyy!, . and each function o from Lemma B4l

" < elfIE
Lr(X\Bz) ™ hailp,e(X)

Proof. Tt is obvious that
sup [e” " (fva) () S Mf(2).

0<t<[ep(za)]?

Hence, from Lemma [5.]it suffices to prove that

| s e (@) @)l
0<t<lep(za)]?

< ef
Lr(X\By) ™

for all (p, p, q, €)-atoms associated to balls B(zq,r) so that B(xg,r) N B, # 0.
To do this, we consider two cases.

Case 1 (ep(xp)/4 < r < ep(xp)). Using the Gaussian upper bound of p;(z,y) and
the fact that d(z,y) ~ d(x,x,) for x € X\B}, and y € B,, we have, for z € X\B,

T 2
@) S [ - A2 ) duy)

B
5. n(Bz VD) ¥ ct

L d(w, v0)>
Su(B(:v7<i(:c7xa)))e"p(‘T)/Bla(y)ldu(y)

. o ( d@za®y o
S w(B(z,d(x,z4))) p( C[ep(xa)]2)'u(8( 0:7)) .

This implies that

< 676/6( /L(Ba) )l/p—l'
Lr(X\Bg) ~ #(B(zo,7))

Note that since B(zg,7) N By # 0 and r < p(x¢), applying Lemma B3 (i) we have
p(xo) ~ p(xo). Hence, u(By) ~ p(B(zo,p(x0))). This together with {A2) yields
that

() || s e (@) @)
0<t<[ep(za)]?

< *C/€<M)l/iﬂ—l
Lr(X\Bg5) ™ 1(B(zo,1))

< e*“/E(M)n(l/p_l) < eele,

~ ~
r

| swp e (ava) @)

0<t<[ep(za)l?

Case 2 (r < ep(xzo)/4). Using the cancellation property of a we obtain

™ (ava) (2)| £ / pe(z,y) — pe(2, 2o) la(y)|du(y)

B(xo,r)

+/ [pe(, 20)| [vba (y) = tbalwo)| la(y)|duly) =11 (x)+I2(x).
B(zo,r)
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By () and a similar argument used in Case 1, we obtain that

Li(z) < (\%)51m exp ( — ‘1(37;—?‘3)2>M(B(x07r))1—1/p
" ! x, x0)> 1/
& (d($7$0))6 N(B(xo,:l(x,xo))) exp ( - %)U(B(IOJ‘)) 1

T 01 1 _
: (d(x,xo)) N(B(:Eo,d(w,xo)))'u(B(xOvT))

which together with the doubling property implies that

u(B(zo, d(x,x0)))' /"

r N\ Sin—n/p 1
Ii(z) S

@) S (d(x,xo)) w(B(xo, d(z, 20)))

r d1+n—n/p
S [ -1/p
< (iea) (B, d(x, 74)) /7.
Similarly, by using the fact that |9, (y) — e (x0)| < d(y, o)/ p(z4) we also obtain

that

I(z) S <d(wfxa)>51+n_n/pﬂ(3(%,d(x,fa)))1/p~

From these two estimates and the fact that p > #61 we deduce the desired estimate.
O
From Lemma 5.2, we deduce the following estimate.
Corollary 5.3. Let 5~ <p <1 andq € (p,o0] N [1,00]. Then there exists r so
that for any 0 < e <1, we have

‘ sup e (f1pa) (x |‘ Lo (X\Bx ) Z Hfl/}aHhM e

0<t<[ep(q)]? JE€ETo
for all f € W%, (X) and each function v from Lemma B4, where L, is defined

as in ({@0).

Proof. We first note that

foa =Y balf).

J€La
Therefore,

| s e @l |

0<t<[ep(xa)]? Lr(X\B3)

<Y | s et watre@l |

€T 0<t<[ep(za)]? LP(X\Bg)
which together with Lemma implies that
—tg
sup e (fya) ()] | PO 0
H0<t§[ep(za)]2‘ ( ) LP(X\B: ) Z I ]Hh’)t‘,’p,e

For each € € (0,1] we define a sublinear operator T, by setting

Tf(x):=)  swp |Ya(@)e ™ f(z) — e " (fiha)(@)].

acT 0<t<[ep(x)]?

We first prove the L2-boundedness of T,. More precisely, we have the following
result.
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Lemma 5.4. For each € € (0,1], T, is bounded on LP(X) for all1 < p < oco.
Proof. Observe that

T.f(z) = sup
C;,o«g{ep(z)]?

| @) = )l )t

From Lemma [3.4] we obtain
ITef I x

<Z/

BeT Bg aeIO<t< 6,0(:8)]2

<Z/ sup

BET Bg €T, 0<t§[5P(1’)]2
LY sw
BET Bg = 0<t§[ep(w)]2
= Il + IQ;

| (@) = a0l ) ()| (o)

| (Wala) —a)PeCe, ) )y ] ()

| (0 (2) vl ) )nty)|| ()

where
Isy={a€T:B,NB;#0} and Igy ={a€l:B,NB;=0}
For each oo € Z we have
(V) = ba )i, ) F0)u0)| < 250 [ Gl ) F(0) (o)
>0 Jx

S Mf(a).
This, in combination with the fact that g1 < 1, implies

sup
0<t<[ep(x)]?

X

BEY [ MA@Pdua) ~ 1M o S 11

BeT
To estimate I2, we can see that 1, (x) = 0 for © € Bg, o € Iz 2. Hence,
I = Z/ sup / Yo ()P, y) f(y)dp(y) ] du(x)
gex” Bs ez, , O<t<[en()]?
d(z,y)? P
< — d d .
S Y | meaea o (- e M elaw]

BET Bgs a€ls o
Since € Bg and y € By, a € g, then d(z,y) > rp, ~ p(x). Hence, we find that

ey [ / exp (= X210 ) ato)] )

BeT Bs a€lg,

/B /x W(B(, p())) P ( - dc(px(’xy));>If(y)ldu(y)]pdu(x).

ﬁeI
Moreover,

1 ox _d(ac,y)2
/XMB(x,p(x))) dl cp(a)?

NFWldn(y) S Mf(@).
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Inserting this into ([3]), we arrive at

L<Y / IMF@)Pdu() ~ IMI, o S 11D -

BET

This completes our proof. O

Lemma 5.5. Let {5 <p<landqé€ (p,00]N[1,00]. Then there exists k so that
for any 0 < e <1, we have

() [ > s Jpa(e)e @) - e B (fa) @

@I S eIl
ez 0<t<[ep(2)]? Le(x) ™ hatip.e(X)

for allfehatpe( ).

Proof. Due to Lemma[BIland Lemma[5.4it suffices to prove @) for any (p, g, p, €)-
atom a. Assume that a is a (p, ¢, p, €)-atom associated to B := B(xg,r). We then
set

Ii,p == {a: Ba N B(zo, p(x0))" # 0},
IQ’B = {a : B, N B(l‘o,p(l‘o))* = [Z)}

Hence,
p
|3 sw pa(@)eSata) - e (ava) (@)
ez 0<t<[ep(2))? Lr(x)
p
<3| s a@)efa(@) - e ava) (@) |
(45) (XEE:I 0<t<[ep(x)]? Lr(X)
<> L+ Y
acly B acls B
= J1+J2.

Since a1y, = 0 for all a € Ty g, then from Lemma B4 we conclude that

P
Jy = H sup |wa($)€_t£a(:§)| ‘
a;zﬁ 0<t<[ep(x)]? LP(X)
p
DD I
(46) QE;Q’B 0<t<[ep(w)]? L?(Ba)
P
S sup  |e a(z)| ‘ '
LP(X\B(zo0,p(z0))*)

oo 0<t<len(@)?

We can argue as in Lemma [5.2 and arrive at Jo < €.
It remains to show that J; < €®. To do this, we first note that due to Lemma

~

B4 t7, p < C where C is a constant independent of a. Hence, in order to prove
J1 S €7, it suffices to prove that for a € Z; g, we have

p
< €”.
Lr(x) ™

| s W) (o) - e (aba)(@)

0<t<[ep(2)]?
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Obviously,

p

| s ja(e)e Sale) - e (ava) @)

0<t<[ep(z)]?

S|osw fa(@)ea@) — e o) (@) |

0<t<[ep(2)]? Lr(4B)

o s e el - e @) |

0<t<[ep(a))? Lr(X\4B) -

Lr(X)

= Ju + Jia.

To take care of Ji1, using the fact that p(z) ~ p(z,) and Holder’s inequality, we
write

= ABO<t<SEE(x) / (@, y)(Ya (@) — wa(y))a(y)dﬂ(y)‘pd,u(;v)

: AB 0<t§SEE(x / P ( B d(%ty)z’) %W(yﬂd#(wrdu(x)
$ Lo e (- ) ot s

epu(B)l p/q
x,y)” q p/q
{/B(O<t<s}i5(z)]2/3 mexp (_ %)W@)‘dﬂ(y)) du(as)}

S| [ (M) duta)]”

4
S Eu(B)all, S e

~

where M is the Hardy-Littlewood maximal function.
We now take care of Ji5. To do this, we consider two cases.

Case 1 (ep(x0)/4 < r < ep(xp)). In this situation, we use the fact that d(x,y) ~
d(z,x0) and p(zq) ~ p(xg) for € X\4B and zg,y € B and the argument above
to obtain that

1 o [ Y@y dy),
ey P )
1
B N(B(x()ad(xaxo)))

J12 5/ sup
X\4B 0<t<[ep(x))?

o
X\4B 0<t<[ep(x)]?

T, T 2\ WVt
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This, in combination with (I6]), yields that for N > n(1 — p)/p we have

15 [, s (i) o o

S ePu(B)pljZ:B/S.(B) [M(B(xo’i{(%xo))) (d(;xo))Nrdu(z)

pZ( ZJB) 9—iNp

< (P Z 9—Ji(Np—(1-p)n) < P
Jj=3

Case 2 (r < ep(x0)/4). In this case, since [ a(y)du(y) =0, we have

"du(x)

/B B (2, 9)— (@, 20)) (P (2) — b (0) () dpa(y)

J12 :/ sup
X\4B 0<t<[ep(x)]?

wf s
X\4B 0<t<[ep(z)]?
= K71+ Ko.

| e 9) aa) = ) a)dto) d(o)

By (H) and the fact that p(z,) ~ p(zo) we have

5% o, () e
k| e
* ol LG
e (= HEE ) aty)auty)| o)

which along with (3] gives

/X\4B | / WO u(B(xo,lc«x,xo))) (;&(ﬁz))61a(y>du<y>\pdu<x>
<l / T %))51 e (o) duo)
S ETuEP” 1Z/ d(z, 7o) )61 M(B(xo,;(x,xo)))rd“(@

s (5) (¢ ?L?)

< 6511122*](5117*(1*17)") < e
Jj=3

This completes our proof. ([l
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5.1. Proof of Theorem [2.12l For each ¢t > 0 we define

soten =stew e [-(G55)"]

for all x,y € X (where §; is the constant in (A3)) and its associated operator by

Tt pf / Kt,p X y )du(y)

For each t > 0 we set

(47) Qt,p(xay) = 5t('ray) - Kt,p('ray) :5t('ray) |:1 - e{p\(/j)]él] .

Then we have the following estimate.

Lemma 5.6. Let Q;, be defined in [@T)). Then we have the following estimates:

\[ 51 x, 2
(48) |Qi(,y)| < {p(;)} ,u(B(th \/E)) oXp ( - %)

forallz,y € X andt > 0, and

49 It~ Qulr o)l < [ e o A

whenever d(y,yo) < d(x,y)/2 and t > 0.

Proof. Using (A2) and the inequality 1—e~® < z, valid for all > 0, we obtain (48]).
We now take care of ([@9]). Observe that

- . _[van
Qu(x,y) — Qulw, yo) = (Pe(x, y) — (2, y0)) {1 et } :
This, along with (A3) and the inequality 1 — e~ < 2 again implies ([@3). O

Lemma 5.7. Let 5~ <p<1landq¢€ (p,00]N[1,00]. Then there exists k so that
for any 0 < e <1, we have

(50) | s et emr@l | S
0<t<[ep(a)]? Lr(X)

forall f € hatpe( ).
Proof. Observe that

sup [(e7" = Ty,p) f(2))] Siglo)le_“:f(fﬂ)l S Mf(z).

0<t<[ep(z)]?

Hence, from this and Lemma [B1] it suffices to prove (B8] for all (p, g, p, €)-atoms.
Let a be a (p, g, p, €)-atom associated to a ball B := B(xg,r). We write

| s et ) @) |
0<t<[ep(x)]? Lr(X)
<| sw e -m)r@I|
e LP(4B)

0<t<[ep(x)]?

p
+H sup e~ T, f(z ‘
0<t§[ep(;ﬂ)]2|( to)F(@) Lr(X\4B)

=L+ L.
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Using (@8], Holder’s inequality and the L9-boundedness of M, we get that

NRL 1
Lz /43 [o<t§SEE(x)P {m} /B u(B(w, VD)
<esp (= I ) aue)]|an
poy 1-p/q .
Se ’ H(B) / [AB [0<t<SEE(r)]2/B m
<exp (= 20 o1y ()]
< epgl'u(B)lfp/q[AB [M(|a\)(gg)} qdu(x)]P/q

< Po1
The estimate of Is can be done by considering the following two cases.

Case 1 (ep(z0)/4 <1 < ep(xp)). By (@8] again, we can write

N 1
f2= /X\4B [0<t§SEIp)(w)]2/B (p(x)> w(B(x, VD)

< exp (= 200 0y )] dta)
PSLI 11D 1 d(z,10)?\1P
solalty [ [y o (- )]

which along with (5] implies that, for N > n(1 —p)/p,

BBy /X\4B [M(B(a?(), (li(x,:co))) (;(px(,x;g))]vrd“(x)

S Byt /X\4B [M(B(ato,ji(x,xo))) (d(a:;vo))Nrdu(I)

< PO,

Case 2 (r < ep(x0)/4). In this situation, [a(y)du(y) = 0. This implies that
L :/ ’ sup /(Qt(x,y) _Qt(iﬂ,xo))a(y)dp(y)’pdlu(x).
X\4B B

0<t<[ep(x)]?
Hence, by ([49]) we obtain that

- d(y, o)\ % 1
f2= /)(\43 [0<t§SEIp)(m)]2/B ( py(x)o ) w(B(x, V1))

r ™ d(, z0)? p
. /X\43 {/B (p(x)) /L(B(xo,il(z,xo))) oxp ( - C[(epTo]z)) \a(y)ldu(y)} dp(x)
er 01 »
: /X\4B {/B (d(x,xo)) M(B(ﬂﬁo,jl(x,mo))) Ia(y)ldu(y)} du(z)

5
Selp,

as long as p > n/(n + d1).
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This completes our proof. O

Proof of Theorem 2121 We first prove the continuous embedding

h‘g’tqp(X) — hi max p(X)
Since the space L?(X) is dense in both Ay (X) and A% 4 ,(X), it suffices to
show that h!,(X) N L2 (X) < hf 4 ,(X). Since fg , is dominated by M f, from
Lemma [5.1] it suffices to show that there exists C' so that
(51) lag s < C

for all (p, ¢, p)-atoms associated to balls B = B(xq, ).
To prove (B1), we first write

laz %0 < a5 am + a2 B aras = 1 + I

The first term can be handled easily by Holder’s inequality and the L2-boundedness
of M:

I < M(B)lip/q||az,pa||i<1(43) S (B p/qHMaHLq(X) C.
To take care of the term Iy we consider two cases.
Case 1 (p(xz9)/4 <1 < p(xg)). From (A2) we have

1 d(y, 2)° P
I 5/ sup sup /7exp — ’ a(2)|du(z)| dup(x).
7~ Jxvs 0<t<p(w)2d(x,y><t[ B 1(B(z, V1)) ( ct )‘ (=)ldu( )} ul)

This together with the fact that

exp(—M) Nexp(—M), as d(z,y) < t,

ct ct
implies that

T,z 2 p

We then apply (@) to obtain further

oo [ meyew (- e e,

Moreover, obverse that in this situation d(x,z) ~ d(x,z9). Hence, for N >

n(l-p)/p,
[ T, 70)? »
IEBS /X\4B _/B “(B(‘Tov:l(x,xo))) exp ( - %)M(y)du(y)} du(z)
[ x N P
. /X\43 /B u(B(:co,:l(x,xo))) (dé,ii)) |a(y)\du(y)} dp(z)

§ /X\4B /B p(B(zo, 2(957350))) (d(g:xo))N'a(y)du(y)}pdu(a?)
<C,

where in the second inequality we used (3.
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Case 2 (r < p(zo)/4). Observe that

- P
J / s sup | / Bi(y, 2)al=)dp(z) | dp(o)
X\4B 0<t<4r2 d(z,y)<t B

" P
+ / sup sup / Bu(y, 2)a(2)du(2)| dp(z)
X\4B 4r2<t<p(z)? d(z,y)<t'J B

= Iy + 2.

Fix N > n(1 — p)/p. Arguing similarly as above we obtain

fr 3 /X\4B 0<ts<upp(z)2 [/B m eXp ( - @) |a(z)|d/.t(2):|pdu(:13)
Vi N »
: /X\woftgrz [/B M(B(Z,ji(x,z))) (d(x,tz)) a()ldpu(2)] " du()

r N P
. /X\w [/B M(B(:vo,cli(x,xo))) (d(sr,xo)> ‘“(y)|du(y)} dp(x)
<C.

To take care of Is5 we use the cancellation property of a to arrive at

(52) Iggz/X sup sup ‘/ Dt (y, 2) — De(y, o)]a(z )d,u(z)‘pd,u(x).

\4B 47~2<t<p(ac)2 d(z,y)<t

From (A3), we have

B1(5.2) — ol 70| < (d(Z,xo))51 [M(B(l

Vit z, V1))
d(y, z)? d(y, z¢)?
coxp (- (yct) +M(B(x107\/%» exp (- (ycto) )]
Hence, for any x € (4B)¢ with d(z,y) <t we have, by (),
(Y, 2) — Pe(y, zo)|
d(z,20)\?° 1 d(z, z)*
<( \/{50 ) {N(B(Z,\/g)) exp (- ct )
1 d(z,10)?
NPTk Sl
d(z,x0)\? d(z, 2)?
= ( \/EO ) [M(B(z,ji(x,z))) exp(— (ct ) )
1 d(z, 20)?
+;L(B(x0,d(x,x0)))eXp<_ : ctO) )]

Note that d(x, z) ~ d(z, zo) and pu(B(z,d(x, 2))) ~ u(B(xo, d(z,z0))) as z € B and
€ (4B)°. From this and the inequality above we obtain

d(z,x ) g 1 d(xvx )2
\/{50 ) M(B(xo,d(;v,xo)))eXp(_ TO)

sup_[fe(y, 2) = Pr(y,20)] < (
d(z,y)<t
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Inserting this into (52)) we have

d(z,x0)\ % 1
BT N A VA G B ey

X, T 2 p
ALY o) =) )

d(z, o)\ .
$ Joun UL @) i o )] o)

r 81 1 »
s Uy Gom) i itz o )] o)
<C,
provided p > n/(n + d1). Therefore (5I) holds.

Since A%,

xexp(—

(X) c h’é rad p(X), to complete the proof it remains to prove that

£, max,p
P rad p(X) N LQ(X) — hf’;;lp(X) N L?(X). To do this we first note that for fixed
numbers €1, €2 € (0,1], there exists C' = C(ey, €2) so that
1
(53) c - ||h§;1051(x) <A -laze .« LX) =S cll - ||hgtqps (X)-

Hence, it suffices to prove that there exists €y € (0, 1] so that

(54) fllnze o S M1 lnn

at,p, eo £,rad,p
for all f € 1 .q,(X)N L?(X).

Indeed, we note that for each o € Z, fi, is supported in the ball B, =
B(zq, p(z4)). Hence, by Proposition 7] and a scaling argument, we can decom-
pose fi, into an atomic (p, g, p, €)-representation with (p, g, p, €)-atoms supported
in B}. Moreover, we have from Lemma B3 (a), the existence of ¢y so that

(X)»

cotp(ra) < plz) < cop(ze) for all x € B and all a € T.

Therefore, from Theorem [Z7] and Lemma [52] by a scaling argument we obtain

> b fllhes  (x)

o€l
SaeI o«ﬁi‘?xan ¢ ad] ‘ LP(X)
: = 0<t<?ilzwa)} ] ‘ Lr(B3) az; H o<t<s[$zm)]2 e (e )l ‘ ip(x\m)
S22 1T WD) O 5 + Z s W
e acT 0<til[lg€(.)]2 |e_t2(waf)(-)| Hip(B;)+ ¢ O;I ”w‘)‘fnfzﬁ’t‘fp,e(X)’

where € = cge.
As a consequence,

S oy, 0 S X s e wan)ON;

)
0<t<[ép(-)] Lr(Bg)

provided that e is small enough.
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This, along with the inequality
M 0% S Wl
a€l
further implies that
o P
Mg, 00 S 2z e wan)C]

o<t<[ep( )]2 Lr(BY)

sZH swp e 2 Waf)() — val)e O |

0<t<[En())? Lr(By)
P
+ H sup et — Ty ) f(
Z o0<t<[ep( )]2 ()[ tp] ()‘ Lr(By)
b e omso]
Z o<t<[ep(- )]2‘ () b | L?(By)
=: Il+I2+13.
From Lemma [3:4] we conclude that
LY s B0 - v Ol
. 0<t<[ep(+)]? Lr(X)
Hence, we have
171z, o
S| s e @O —va)e =10 |
Z 0<t<[ep(-)]2 Lr(X)
+H s e =T O] | s mre]]
0<t<[ep(-)]? Lr(X) 0<t<ep(-)2 Lr(X)

This along with Lemma and Lemma [5.7] deduces that

65) W, 0 €U oo+ s O

<p()? Lr(X)

as long as € = cpe < 1.
Note that since € = coe, from the definition of Hardy spaces hf;’ (X), there
exists C' independent of € so that

171z, ) < ClF Nz, xy
This together with (53] implies that

p < K p
s, .0 S Mg, oo+ _swo Tunf O,
Therefore, there exists ¢y so that
f hra ”<“H sup |Ti,f(- }
b o0 5 [ _soe Bos 0L,

On the other hand, from the expression of T} , we have

sup |T;,f(z]] < fgp(x) for all z € X.
0<t<p(z)? ’

Therefore,
1 N[ npa

at,p,eq

00 3 7] 1y = 12

Lradp
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This completes our proof of Theorem [2Z. 12 |

Remark 5.8. Assume that the measure p satisfies the extra condition of ‘reverse
doubling’. In [40] the authors characterized the local Hardy spaces h.: ' q € [1, 0]
in terms of radial maximal functions

Sy f(x):=sup  Spf(x),

kez,2=F<p(x)

where {Sk}rez is an approximation of the identity. See [40, Theorem 2.1]. By
replacing the semigroup {e~*} by the family {S }xez, our approach can be adapted
easily to give the radial maximal function S,j‘ characterization for the local Hardy
spaces hb:? .» With p,¢q as in Theorem We leave the details to the interested
reader.

5.2. Proof of Theorem [2.15l The proof of Theorem 2.15]is quite similar to that
of Theorem [2.12] and hence we just sketch the main points. We first prove the
following estimates which is similar to that in Lemma 5.7

Lemma 5.9. Let 55 <p<1andq€ (p,o0] N[1,00]. Then there exists k so
that for any 0 < e <1, we have

(56) | s et e o

@I S,
0<t<[ep(x)]? Le(x) "~ haitp,e(X)

for all f € K2 (X).

at,p,e

Proof. The proof is completely analogous to that of Lemma 5.7 with a minor mod-
ification of using (B2) and (B3) in place of (X)) and ([@9)), respectively. O

We now turn to the proof of Theorem 2.15]

Proof of Theorem LT85l As in the proof of Theorem 212} we first prove h})?,(X) N
L*(X) < HY max(X). We note that the maximal operator Mmax, 1, is dominated
by the Hardy—thtlewood maximal function M f. This fact along with Lemma [5.1]
reduces our task to showing

(57) HMmax,LaHIip S C
for some uniform constant C' and any (p, ¢, p)-atom a associated to a ball B =
B(zo, ).

We write

HMmax,LGHLP > ||Mmax La”Lp 4B) + HMmax,La||1[7,p(1V[\4B) =5+ I.

The first term can be estimated exactly the same as the term I; in the proof of
Theorem [2.12]
For the term I we consider two cases.

Case 1 (p(xo)/4 < r < p(z0)). From (B1) and the fact that r ~ p(zg) ~ p(z)
for z € B and d(z,y) ~ d(z,z¢) for y,xz9 € B and = € (4B)¢, we have, for
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N >n(1-p)/p,

1
23 /M\4B igg d(jf))q {/B 1(B(z, V1))
cexp (= Q2 (PN (o)) o)

ct 7
1
Sl [ wevm
cexp (= 2220 (PN ) )] .

ct \/E
Due to
exp(— d(yc,itz)z) ~ exp(— d(x#z)z)’ as d(;p,y) <t
we have
ks /X\4B >0 /B w(B oxp ( B d(SE;Z)z) (p(j;))Na(Z)du(z)]pdu(x)

sup
/X\4B >0 /BM (2, d (z,2)))

e (= ALY (L) o))t

This along with the fact that d(z, z) ~ d(z, zg) implies
2 S sup
X\4B t>0 LJB w(B(z,d(z,x0)))

< oxp (- o)y (Z20) o (2)]

T N p
: /X\4B {/B u(B(x,dl(x,xO))) (d(x,x0)> ‘G(Z)‘d/,(,(z)] dp(x)
<C.

Case 2 (r < p(zo)/4). We now break I5 into two terms as follows:

P
I 5/ sup  sup /pt(y,z)a(z)d,u(z)‘ du(z)
X\4B 0<t<4r? d(z,y)<t ' J B

—|—/ sup sup
X\4B 4r2<td(z,y)<t

= Ip1 + I2o.

/Bpt(y,z)a(z)du(z)‘pdu(a:)

The remaining parts can be done in the same manner as those in the proof of
Theorem using (B1) and (I4) in place of (A2) and (A3), and so we omit the
details. This completes the proof of (7).

Due to the fact that H} . (X) C Hf (X)), it remains to verify that H7 ., (X)
NL*(X) < hi? (X). This part can be done mutatis mutandis as in the proof of
Theorem by replacing T; , and Lemma 5.7 by e ' and Lemma 5.9, respec-
tively. ([l
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6. SOME APPLICATIONS

We now give some applications to the main results. The list is not exhaustive
but is intended to show the variety of possible applications and the generality of
our assumptions.

6.1. Schrodinger operators on non-compact Riemannian manifolds. Let X
be a complete connected Riemannian manifold, let i be the Riemannian measure
and let V be the Riemannian gradient. Let —A be the Laplace-Beltrami operator.
It is well known that —A satisfies (A4). The geodesic distance between x € X and
y € X will be denoted by d(z,y). Denote by B(z,r) the open ball of radius r > 0
and center z € X. Assume that the measure p satisfies the doubling property, that
is, there exists a constant C' > 0 and n > 0 so that

(58) w(B(x, Ar)) < CX*u(B(z,r))

forallz € X,r >0and A > 1.

We also assume that X admits a Poincaré inequality. That is, there exists a
constant C' > 0 such that for every function f € C5°(X) and every ball B C X, we
have

(59) (f 17 1aP an)" < cra( £ 9san)"

Denote by p;(x,y) the associated kernel to the semigroup e!®. It is well known
that the doubling condition (E8) and the Poincaré inequality (B9) imply Gaussian
and Holder continuity estimates for —A. More precisely, there exist C,¢ > 0 and
01 so that

B d(x,y)2>

(60) 0 <pi(z,y) < mexl)( p

forall t > 0,z,y € X, and

d(z,z')\ % 1 d(z,y)?
NG ) u(B(x’\/i))eXp(_ cty )

for all t > 0 and d(z,2') < (d(x,y) + V/t)/2. See for example [31,132].
Note that the conditions (60) and (GIl) imply that for any ¢ € (0, d1] we have

(62) [pe(z,y) — pela’,y)|
z,2')\9 z,y)? 2, y)?
SC<d(\/{t )) u(B(yl,\/i))[eXp<_¥)+eXp<_¥)}

forall t >0 and z,2",y € X.
Let p be a critical function on X. Hence we may apply Theorem 2 I2to £ = —A
to obtain the following.

©) i) = pila’ )| < O

Theorem 6.1. Forp € (#{51, 1] and q € [1,00] N (p, 0], we have

hg%?p(X) = hziA,max,p(X) = hp—A,rad,p(X)'

This result is new even for p = 1. Moreover, in the particular case p = 1, we
recover the result in [41].
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We now consider a Schrédinger operator L = —A + V where V € A, N RH,
with o > max{1,n/2}. See Subsection 6.1 for the definitions of the class A, and
RH,. Following the idea in [33] we define the critical function p on X by setting

2

r

63 p(z) =sup r>0:7/ Viy)du(y) < 1.
(%) ) =0 {r >0 im0 VOO <1
We then have the following result.

Theorem 6.2. Let (X,d,u) satisfy (BR) and BI). Let L = —A+V where V €
Asx NRH, with ¢ > max{1,n/2}, and let p be defined as in (63). Then L satisfies
(B1)-(B3) with £ = —A, 62 =2 —n/q and any 63 < min{dy, da}.

The proof of this theorem is quite long and will be given in Subsection More
precisely, the proof of (B1), (B2), and (B3) will be addressed in Propositions [[.12]
[C13 and [.15] respectively.

As a direct consequence of Theorem and Theorem [6.2] we obtain the follow-
ing.

Theorem 6.3. Assume that (X,d,u) satisfies B8) and BI). Let L = —-A+V
with V € Ao NRH, with ¢ > max{1,n/2}. Let p € (=, 1] and ¢ € [1, 00N (p, 0]
with §g = min{d1,2 — n/q}. Then we have

B (X) = HY o (X) = Y, (X).

at,p L,max

n+do’

The result in this theorem is new even for p = 1.

6.2. Laguerre operators. Let X = ((0,00)™, du(z)) where du(x) = dug(z1) - ..
dpim (Tm) and dpp = xi*dxy, ap > —1 for k = 1,...,m (dz; being the one
dimensional Lebesgue measure). We endow X with the distance d defined for
x=(21,...,%m) and y = (Y1,...,ym) € X as

m 1/2
da,y) = v =yl = (3 low = wel?)
k=1

Then it is clear that
(64) (B H Tp+T)

Note that this estimate implies the doubling property [@) with n = m+4a1+. . .+ay,.
For an element x € R™, unless specified otherwise, we shall write x for the kth
component of z, k=1,...,m.
We consider the second order Bessel differential operator

(65) _ _ _Zak 8

Tk 8xk

whose system of eigenvectors is defined by
T) = H Ex (@),  Ex (k) = (@de) "2 0 21y (@edn), Az € X,

where J(4, —1)/2 is the Bessel function of the first kind of order (ax —1)/2 (see [27]).
It is known that £(F)) = |A\|*E\. Moreover, the functions E), are eigenfunctions
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of the one dimension Bessel operators

32 (677 0
Lr=—F5————
&vk 2 Tk a,Tk
and indeed £;(Ey,) = )\%EA,C fork=1,...,m.

It is well known that £ satisfies (A1)-(A4) with §; = 1. See for example [27].
Hence, as a consequence of Theorem we have the following.

Theorem 6.4. Let £ be the Bessel operator defined in [@8) and let p be a critical
function on X. Ifp € (nL_H, 1] and g € [1,00] N (p, 0], then we have

hgfp(X) = h%,nlax7p(X) = hi,rad,p(X)'
We next consider the Laguerre operator defined by
m
(66) L:=) g +zf =g+ [z
k=1
It is well known that the heat kernel p;(z,y) associated to the semigroup e ** is
given by
‘T 2% 114e
(67) pe(z,y) = H 1_o % exp ( - im(ﬂf? + 1/32))
j=1

i—1)/2 2%
x (ajy)~ @Y/ f(aj—n/z(m%yj)

forallt >0, z,y € X and I(,; 1)/2 being the Bessel function. See for example [27].
We define the critical function p on X by setting

r2
(68) p(x) =sup{r>0: —/ lylPdu(y) <1;.
{ M(B(I7T)) B(z,r) }
Then by a simple calculation we can find that
(69) plw) ~ min{1, |z},

We have the following result.

Theorem 6.5. Let L be a Laguerre operator defined in (GO). Then L satisfies
(B1)-(B3) with £ defined in [@3)), d2 = 1, any d3 < 1, and with p defined in ([GJ).

Proof. We only prove that L satisfies (B1). Once this is proved, arguing similarly
to the proof of Theorem [6.2] we can show that L satisfies (B2)-(B3).

We first recall some basic properties of Bessel functions I,,,v > —1. It is well
known that

(70) 27 VI, (2) ~277, 2 € (0,1];
(71) I(2) S 27 Y%7 2 > 1;
and

d —v —v
(72) 4 1@ = 7 L o).

See for example [27].
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Due to (67) it suffices to prove (B1) for the one dimensional case m = 1. More
precisely we claim that for all N > 0, there exist positive constants ¢ and C so that

c d(z,y)? Vi ViyN
W(B D) T (-5 2+ o)

for all x,y € X and ¢t > 0. Here du = x%dx for « > —1 and

(73)  pe(z,y)| <

2e~2t 11+e ¥ o 2e~2t
pe(,y)= 1_ o4t exp ( 91— _4t( ?+ 1/2))(953/) ( 1)/2I(a—1)/2 (mﬂ/)-
Setting s = 12—:_:21“’ we rewrite

1146 %

1 —(o— Ty
pe(w,y) = S eXp ( - 5@(902 + ?JQ)) (zy) ( 1)/2I(a71)/2 (?)

We consider two cases.

Case 1 (zy < s). In this situation, we have z < /s or y < /s. Without the loss
of generality, we may assume that = < \/s and hence u(B(x,+/s)) ~ s(@T1/2,
Moreover, by ([0,

(xy)—m—l)/zf(a_lw(ﬁ) ~ g—(a=1)/2,
S

Hence,

—(a—1)/2 11+ —4t
S e
pieyy) S ——exp (- 31— (a2 + 1y?)

1 1 9 9
S mexp(— Z(|$| + [yl ))

On the other hand, we also have

(74)

—(a—1)/2 11+
S e
pi) S e (= AT a2 4 )

1 114e ¥
§mexp< 21— _4t(\x—y|2))-

From (74)) and (78]) we conclude that
(76)

(75)

p) S s e (= = o)) exp (= 06l + 1uP)).

IfO<t<1,thenl+e 4 ~1 1—e 4 ~¢t and s~ t. This together with (€J)
and (76) yields, for any N > 0,

) 5 e (= E e (= Gl + )
1 |z —y|? Vi VTN
e a ) m tm)
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Ift>1,thenl+e* ~1,1-e % ~1, and s ~ €2 > te!. This along with (76
implies

pe(.y) S m exp ( —cz — yl2> exp ( - é(lwl2 + |y|2))
" < 1 |z —y/? L2 2
S mexp(— p )GXP<— §(|33\ + ly| ))-
Moreover, we can see that
(78) Npu(B(z, 1)) < Cp(B(z, Ar))

forall z € X,r > 0 and A > 1, where K = min{1, 1+ «}. This, in combination with

([T@), implies

efﬁt/Z |(E _y‘2 1
< &7 _ Ty — (|22 + |y|? )
plog) S - pe s enn (= S e (= Gl + )
This and ([69) gives (73)).
Case 2 (zy > s). By (1)), we have
(79)
1 11+e 4
pe(z,y) S $ &P ( - 51_—6_“(@ - y|2))
4t
: exp( ) e () Ve ()
Yy s
1 11+e 1 4 L1
=—exp| — _+—(37(‘ exp +e Ty (xy)fa/2
NG 21 —e %
1 11+e ¥ _
Z—Sexp(—gm(\ —y| )eXP( ,Qtﬂﬁy)(ﬂﬁy) /2,
Moreover,

114e ¥ 2 1—e?
exp (= 57w = 9l%)) exp (= T2y

21— 1+e
11— 1—e 2
< —qyl? e —
—eXp( 21+e¢ *2t(| i )> eXp( 1+e*2twy>
1—e 2 5 5
= exp ( - m(m + [yl ))~
This along with ([79) implies
(80)
1+ 674t 2 1- 67215 —a/2
pe(z,y) S \/—eXP( m(@ =yl )) exXp ( - mazy)(xy) /
1—e? 9
X exp ( - m(m + [yl ))

We consider three subcases.

Subcase 2.1 (z,y > +/s). In this situation, we have u(B(z,/s)) ~ z%*/s and
#(B(y; V/s)) ~ y*V/s.
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If 0 <t <1, we find that

1
pe(x,y) S ——=exp ( -
t(zy)™

|z —y|?

EE ) exp (= et + tlyl)

ct
1

[0 (B D)11a (Blu VD)

<

a2
X exp < - cg) exp ( —c(tlz]* + t|y\2)>

This proves ([73]).
If ¢t > 1, similarly we have

) S e enw (= 2 e (= el + 1)
< 1
" et [a (Bl VDo (Blu V]
coxp (= By e (= el + %)),

This implies ([Z3]).

Subcase 2.2 (x > /s > y). If =1 < a <0, then
_ot

1—e 2t 1—e a/2
- —a/2 - =
1—|—e*2txy) (2y)™" 5 (1—1—6*%) ’

Substituting into (80) we get that

exp(—

1 14+ e % 1— e 2t\e/2
< dow () ()
pt(xa y) ~ \/g exp ( 4(1 . e_4t) (‘.’[ y| ) 1+ e—2t
1—e 2 9 9
xexp (= 5y gy (ol + o).

At this stage, using the same argument as above we conclude (73)).
If @ > 0, then

—2t

mxy) (zy) /< (wy) /2 <572
€

Inserting into ([B0) and using the argument as above, we also obtain the desired
estimate.

1—e
exp(—

Subcase 2.3 (y > /s > x). This subcase can be done in the same manner as in
Subcase 2.2 and we omit the details. O

From the above result and Theorem 2.5 we imply the following.

Theorem 6.6. Let L be a Laguerre operator defined in (€6) and let p be a critical
function as in ©@9). Let p € (;;47,1] and q € [1,00] N (p,oc]. Then we have

(X)) = HY (X)) = HY L (X).

at,p L,max

Note that the particular case m = 1 and « > 0 was obtained in [15]. Hence, the
theorem is new even for the case m = 1.
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6.3. Degenerate Schrodinger operators. Let w be a weight in Muckenhoupt
class A2(R%),d > 3. That is, there exist a constant C' > 0 so that

dfc / <C
|B|/ |B|

for all balls B C RY. Then the triple (X,d,du) = (Rd,\ . |,wdac) satisfies ().
Moreover, there exist 0 < Kk < n < oo so that

Nw(B(z,r)) < w(B(z, Ar)) S AN'w(B (x 7))

for all z € R4 7 > 0 and A > 1, where w( f g w(r)dr for any measurable
subset F C RY.
Let {a;;}¢ j=1 be a real symmetric matrix function satisfying, for some C' > 0

and every z,& € R?,

“HePw(x) < Zau )&i; < CléfPw(x).
We consider the degenerate elliptic operator £ defined by
1
(81) £f(z) = ) zj: 9i(ai;(-)0; f)(x).

Then the operator £ satisfies the assumptions (A1)-(A4) with some d; € (0,1). See
for example [22].

Let p be a critical function on R%. For p € (0,1] we define the Hardy space
P& rad p(Rd, | - |, w(x)dz) as the completion of

{fer®| | w@)da): [§, € PR |, w(z)dz) |

with respect to the norm

£l

£ radp

R4, w(z)dz) | Hfz p’ Lo @, - w(e)da)

Similarly, the Hardy space hf, (R4, | - |, w(x)dzr) as the completion of

£,max,p
{fe PR || w(x)d) : f&, € LP(RY, |- |, w(z)dz)}

with respect to the norm

1f11nz,
Hence Theorem 2.7] implies the following.

% o, p (B () Hfz,p‘

Lr(R%, ||, w(z)dz)

Theorem 6.7. Let £ be the operator in [&1) and let p be a critical function on RY.

Let p € (5, 1] and q € [1,00] N (p, o0]. Then we have
o (R |- | wdz) = B, o, (R |- [wdr) = B g (RY |- | wdi).

Let L = £ + V be a so-called degenerate Schriodinger operator with V &
RH,(RY,| - |,w(x)dz) with ¢ > n/2. We define the critical function p by setting

r?

(82) p(x) = sup {’I" >0: w(B@.) /B(x , V(y)w(y)dy < 1}.

It was proved that the degenerate Schrodinger operator L satisfies the conditions
(B1) and (B2) with d; = 2 —n/q. See for example [I6l40]. By a similar argument
to that in the proof of Proposition [[.15] we conclude that L satisfies (B3) for any
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03 < min{d1, d2}. Therefore Theorem may be applied to deduce the following
result.

Theorem 6.8. Let L = £+ V be a Schridinger operator with £ from @BI) and
V € RHy(X) for some g > n/2. Let p be defined as in 82). If p € (75,1 and
q € [1,00] N (p, 00] with 6o = min{d1,2 —n/q}, then we have

hd (RY |- |, wdz) = HY . (R, |- |,wdz) = H} (R, ]|, wdz).

at,p L,max

The equivalence between Hy, ,(X) and H7 . 4(X) for p = 1 was obtained in [16].

6.4. Schrodinger operators on Heisenberg groups. Let H” be a (2n + 1)-
dimensional Heisenberg group. Recall that H™ is a connected and simply connected
nilpotent Lie group with the underlying manifold R?" x R. The group structure is
defined by

(@, 8)(y,t) = (T +y. s+t +2 (Tayj¥j — TiYars))-
j=1

The homogeneous norm on H¢ is defined by
|(z,t)] = (|z]* + |t|*)'/* for all (z,t) € H.

See for example [28].

This norm satisfies the triangle inequality and hence induces a left-invariant
metric d((x,t), (y,s)) = |(—z, —t)(y, s)|. Moreover, there exists a positive constant
C such that |B((x,t),7)| = Cr?, where Q = 2d + 2 is the homogeneous dimension
of H" and |B((x,t),r)| is the Lebesgue measure of the ball B((z,t),r). Obviously,
the triplet (H",d, dx) satisfies the doubling condition (g]).

A Dbasis for the Lie algebra of left-invariant vector fields on H¢ is given by

0 0 0 0

a .
X2n+1:g,Xj:aTj+2$n+ja,Xn+j: —2.’11']&, j:1,...,n

Oy
and the sub-Laplacian —Ag» defined by

2n
Agn = — E X7
j=1

Furthermore, it was proved in [28] that the sub-Laplacian Ap- satisfies (A1)-(A4)
with d; = 1. Therefore from Theorem we have the following.

Theorem 6.9. Let p be a critical function on H™. Let p € (%,1] and q €
[1,00] N (p,0]. Then we have

hg;f?ﬂ (Hn) = hgﬂmma&P(Hn) = hZH" ,radyp(Hn)'
We now consider the Schrodinger operator on H” defined by L = Agr +V where
V € RH,(H"), ¢ > Q/2. We define the critical function p associated to V' by setting

1
(83) p(x) = p(x) = sup {r >0: 5 /B((z . V(y,s)dyds < 1}.

Then, the Schrédinger operator L satisfies conditions (B1) and (B2) with £ = Agn,
with any d2 = 2 — @Q/q. See for example [28]. Arguing similarly to the proof of
Proposition [[.15] we imply that L satisfies (B3) with any 0 < d3 < min{1,2—Q/q}.
Then from Theorem we obtain the following.



MAXIMAL FUNCTION CHARACTERIZATIONS 7275

Theorem 6.10. Let L = Agn + V where V. € RH (H"),q > Q/2 and let p be
defined in B3). Letp € (%, 1] and g € [1, 0o]N(p, o] where §o = min{1,2—Q/q}.
Then we have

WPy (H") = HY

at,p L,max

(H") = HY ,q(H").

In the particular case p = 1, the theorem is in line with that in [28]. Our result
corresponding to p < 1 is new.

6.5. Schrodinger operators on connected and simply connected nilpotent
Lie groups. For background on connected and simply connected nilpotent Lie
groups see [29/39]. Let G be a connected and simply connected nilpotent Lie group.
Let X = {Xy,..., Xk} be left-invariant vector fields on G satisfying the Hémander
condition. Let d be the Carnot-Carathéodory distance on G associated to X and
let 11 be a left-invariant Haar measure on G. Then, there exist 0 < K < n < 00
such that p(B(z,r)) = r® when 0 < r < 1, and u(B(z,r)) ~ r™ when r > 1; see
for example [29].

The sub-Laplacian is defined by Ag = —Z?zl X 32 Then the operator Ag
generates the analytic semigroup {e *A¢},~o whose kernels p;(x,y) satisfy (A1)-
(A4) with §; = 1. See for example [39]. Hence, Theorem T2 implies the following.

Theorem 6.11. Let p be a critical function on G. Let p € (;45,1] and q €
[1,00] N (p,0]. Then we have
hz%?p(G) = hgg,max,p(G) = hgcﬁrad,p(G)'

Let V be a non-negative locally integrable function on G. Assume that V €
RH,(G), ¢ > n/2 with its associated critical function p defined by

’1"2

(84) p(x) = sup {7“ >0: m /B(m‘) V(y)du(y) < 1}.

Then the operator L = Ag + V generates the semigroup {e=**}+¢ satisfying (B1)
and (B2) with £ = Ag and d3 = 2 — n/q. See for example [40]. The argument
used in the proof of Proposition yields that L satisfies (B3) with any 0 < d3 <
min{1,2 — ¢g/n}. Therefore, Theorem deduces the following result.

Theorem 6.12. Let L = Ag + V' be a Schrédinger operator with V€ RH,(G)
with ¢ >n/2 and let p be as in B4). Let p € (;75-,1] and q € [1,00] N (p, o0] with
0o = min{1,2 —n/q}. Then we have

W (G) = HY,

at,p L,max

(G) = HE 10a(G)-

In [40], the authors prove the equivalence between HY, (G) and H? (G) for p = 1.

at,p
Our result is new for p < 1.

7. APPENDICES

7.1. Muckenhoupt weights. Let X be a space of homogeneous-type as in Section
1. A weight w is a non-negative measurable and locally integrable function on X.
We say that w € A,, 1 < p < o0, if there exists a constant C such that for every

ball B C X,
(]{Bw(m)du(m)) (][Bw(x)—l/(p—l)du(gg))pil <C.
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For p = 1, we say that w € A; if there is a constant C' such that for every ball
B C X,

][Bw(y)du(y) < Cw(z) for a.e. x € B.

We set Aoo = U5, 4p-
The reverse Holder classes are defined in the following way: w € RH,, 1 < ¢ < oo,
if there is a constant C' such that for any ball B C X,

(fB () du(y) 1 <c][

The endpoint ¢ = oo is given by the condition: w € RH,, whenever there is a
constant C such that for any ball B C X,

) < C][ ) for a.e. x € B.
It is well known that w € Ay if and only if w € RH, for some g > 1.

7.2. Proof of Theorem In this subsection we always assume that X is a
manifold satisfying the doubling condition (E8]) and a Poincaré inequality (&9).

Our aim here is to give the proof of (B1)-(B3) in this setting. It is worth
mentioning that we in fact prove something more general than (B1) in Theorem
[[I0 by assuming V € A. Estimate (B1) will then be deduced from Theorem [710]
by restricting V' to RH, with ¢ > max{1,n/2} (Proposition [[12]). The approach
is based on the approach in [26] and recently improved in [30] in the setting of
Euclidean spaces. The main idea is to use the Fefferman—Phong inequality in [1]
in place of the Fefferman—Phong inequality from [33]. To keep our article self-
contained we give full details below.

Before giving the proof of the theorem we need some technical results. The first
is the improved Fefferman-Phong inequality in [I].

Lemma 7.1. Let V € Ay, and 1 < p < co. Then there are constants C > 0 and
B <1 depending only on the Ay, constant of V', on p, and on the constants in (BS)

and B9), such that for every ball B of radius rp >0 and u € W,

[ vu Vi) z 2RI D) [ e,

where

xﬁ, z>1,
mg(x) = T, r < 1.

We now consider some estimates related to weak subsolutions and weak solutions
of the heat equation involving Schrodinger operators.
We fix the following notation. The set @@ will denote the parabolic cylinder

Q= Qzq e, tq)
={(z,t) € X x (0,00) : d(zg,z) <rg and to—15H<t<lg}
Given a fixed cylinder @, we also write

Bq = B(zq,7q), Ig == [tq — 75, tql, 14 = [tg — 15, t).
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Definition 7.2. Let I be a closed interval in R and let 2 be an open subset of
X. Let V be a non-negative function on X. We say u is a weak subsolution of
(B —A+V)inIxQifue W, (IxQ)NL°(I xQ) and

(85) /I Q(utgb +Vu-Vo+Vup)dudt <0

for every ¢ € Cg°(I x Q).

Definition 7.3. We call u(z,t) a weak solution to (9 — A+ V)u =01in Q if
(a) u € L>® (IQ; WLQ(BQ)) N L? (IQ; W1’2(BQ)) and
(b) u satisfies for each t € Ig,

t
/ u(z,t)(w,t) du — / / (ugs + Vu - Vo + Vug) duds =0
Bq , Y Be
tQ—T‘Q
for all ¢ € D, where
D:={pec L*(Ig;W"*(Bg)) : ¢s € L*(1g; L*(Bg)) and o(x,tq,r5) =0}
We have the following simple result.

Lemma 7.4. Let I be a closed interval in R and let Q) be an open subset of X. Let
V be a non-negative function on X. Suppose u € Wy (I x Q)N L®°(I x Q) is a
weak subsolution of (0 — A+ V) in I x Q.

Let g : R — R satisfy ¢ > 0, ¢ > 0, and g(0) = 0. Then g(u) is a weak
subsolution of (0 — A+ V) in I x Q.

Proof. Let ¢ € C§°(I x ) be non-negative. We will check that g(u) and ¢ satisfy
(&3)

First, take ¢ = pg'(u) as a test function in (8h]). This gives

| (g (@) + Vu- Vo' (w) + Vieg' () dude < 0
IxQ
or
/ (urpg' (u) + ¢g" ()| Vul? + g’ (u)Vu - Voo + Vupg' (u)) dudt < 0.
IxQ

Therefore the proceeding inequality implies

/Mﬁ%(u) +Vg(u) - Vo + Vg(u)p
B /I><Q g’ (W)Oru+ Vg(u) - Vo + Vg(u)p

< / et @I + / Vo(g(u) — ug'(u))

IxQ
< / V(o) - ug'(w)
<0.

The second inequality holds because g” > 0. The final inequality holds because
V,¢ > 0 and the hypotheses ¢’ > 0 and ¢(0) = 0 imply that g(s) — sg’(s) < 0 for
all s e R. (]
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The following estimate can be viewed as a Cacciopoli’s inequality related to
Schrédinger operators in manifolds.

Lemma 7.5. Let V' be a non-negative function on X. Suppose that u is a weak
solution to (0 — A+ V)u =0 in 2Q. Then there exists C > 0 such that for every
€(0,1),

sup / |u|2d,u—|—/ |Vu|?> + Vul* duds < < / lul* du ds.
te[tg—(orqg)?,tq]l JoBg oQ
Proof. We adapt some ideas in [26] and proceed in the following steps.

Step 1 (The cutoff functions). We begin by defining some auxiliary functions: the
spatial cutoff x € C§°(Bg) with
0<x<I1, =1 Bg, VXIS ———
<x< X on 0Bq | XINTQ(l_U)
and the temporal cutoff n € C*°(R) with
1, tZtQ—(UT'Q)z,

! nt)=4¢ .. else,

0<n<1, |l 5
ol -o0) 0, t<tg-r.

Step 2 (The test function). Let u be a weak solution to (0 — A+ V)u = 0in 2Q in
the sense of Definition [[3] We may assume that u; € L*(2Q), since we can remove
this assumption by the argument in Aronson and Serrin (1967).

Take ¢(x,t) := n(t)%x(z)?u(x,t). Let us show that (;5 6 D. First, since u is a
weak solution, then u € L?(Ig; W'?(Bg)) and hence n*x?u € L? (IQ Wh2(Bg)).
Second, ¢ = (772X2U)t = 2ux?nme + n*x*ue € L?(Ig; L*(Bg)) since u, € L*(Bg).
Finally, ¢(x,tg — ré) =n*(tg — r%)xz(:ﬂ)u(w,tQ rQ) = 0 since n(tg — rQ) =0.
Therefore we may conclude ¢ € D.

Step 3 (The identity for weak solutions). Fix t € [tg — (org)?, tg]. We use the
notation Ié = [tg — 7“622, t]. By parts with respect to the variable s gives

/ / n2x2uu8duds:/ [772x2u2 ta—r3 / / u8 77 xu duds
1, JBq Bg e 1, JBq

(36) = [ e [ uoiea) duds
BQ I(tg BQ

since °(t) = 1 because t > 1, — (a7¢q)?.
Next the product rule with respect to s gives

// u@ nxu d,uds—Q// X2u277775d,uds+// 2 uu, dp ds.
15 JBg Bo 1t J Bg

Inserting (8Q) into (87) gives

/ / u(?s(n2x2u) d,uds:Q/ / 2u?nns dp ds
15, JBg t JBg
+/ x2u? dp — //uanxududs.
15 JBq
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Rearrange this to get

(88) / / uds (n*x*u) dpds:/ / Y2ulnns duds—k%/ 2u? dp.
1, / Bg 1t, /B Bo

Now take ¢ = n?x2u as a test function in Definition (b) to get

/ u?x? du—/ / u@s(n2x2u) duds
BQ Ié BQ

+ / Vu - V(nQXQu) + Vu(n2)(2u) duds = 0.
1, JBg

Insert (88)) into the above to get

) [ werde- [ [ deds
Bo 14, JBq

+ / Vu - V(nQXQu) + Vu(nQXQu) duds = 0.
1t, JBg

Noting that
Vu - V(n*x*u) = n°x*Vu - Vu +n*uVu - V(x?)
and inserting this into the third term of (89) gives

%/ X2u2du+// 772X2|Vu|2duds+// Vuln?x? dpds
Bo 1t, J Bq 15,/ Bq

(90) Z// X2U277775dud8—// n*uVu - V(x?) dp ds.
1t J Bg 11, /Bg

Step 4 (Control of the [|Vu|*> term). By the non-negativity of V, Cauchy—
Schwarzt’s inequality, Holder’s inequality , and by taking ¢ = tg in (@U) we ob-
tain

/|Vu|2)(2772 dpds
Q
2 2 2 2
< [ aninlduds + [ oPlulVu- VOE) duds
Q Q

< [ wlnlduds +2 | o lull V||V duds
Q Q

1/2 1/2
S/uzlns\dudﬁ?/ 772(/ \VUIQXQdu) (/ IVXIQUQdu> ds
Q I Bq Bq

Q

1
< / u2|ns\duds—|—2/ n? {—/ |Vu\2x2d,u+5/ |Vx|2u2d,u] ds,
Q Iq de Bq Bq

which along with the fact that VAVB < é\/z +evB gives

c
/|VU|2X2n2dﬂdsgm/ u2d,uds
Q T\t =29)" Ja

1 2.2 2 C'e 2
+ 5= [ [Vul*x*n"dpds + 5———5 [ u”duds.
25 Q TQ(].—O') Q
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By using the properties |1, < réQ(l — o) 2 and |[Vx| < rél(l — o)~ ! and taking
€ =1 we arrive at

C//
/QVU|2X2772 duds < m/@u2 duds + 3 /Q|Vu2x2n2 duds.
Q
Rearranging this inequality gives
20"
(91) / X*n?|Vul? dpds < 272/ u? dpds.
Q ro(l—0)? Jq

Step 5 (Control of the [ Vu? term). Taking ¢t = tg in ([@0) and applying a similar
argument to Step 4 we obtain

/Vu2x2n2dud8§/x2u2n|ns|dud8+/ N ul*Vu - V(x*) dp ds
Q Q Q

C+1

(92) <2 op

/ uw’dpds + 1 / |Vul?x*n? du ds.
Q Q
We now apply [@T) to the second term in the inequality above to conclude that
1
(93) / Vuly®n?dpds < 7/ u? dp ds.
Q 7”(22(1 — 0')2 Q

Step 6 (Control of the [u? term). Since V > 0, the left hand side of (@) is positive
and hence by applying a similar argument to Step 4 we have

swp [ 0@
te€ltg—(orq)?itel Y B

< 2/ X2u2n\ns\dud8+2/ n?|u|Vu - V(x?) duds
Q Q

C 1
< 242/ uzd,uds—l——/|Vu\2x2n2 dpds
TQ(l_U) Q e JQ

C'e
94 ——— | u?dpds.
(94) +Té(1_0)2/Qu J1ds
Taking ¢ = 1 and applying ([@1l), we derive

C//
sup / u?(z, t)x*(x) dp < ﬁ/ u2d,ud$+/|Vu|2x2172 duds
telto—(orq)?te] / Bg ry(l—0)? Jg Q

1
(95 < 7/ u? dpds.
) TQ(]. —(7)2 Q

Step 7 (Putting it all together). Equations (@I and ([@3)) give
(96) / |Vul?x*n? dp ds —1—/ Vulx*n?duds < %/ u? dpds.
Q Q rel—0)? Jg
Since x =1 on 0Bg, n=1for t > tg — (0rg)?, and noting that
oQ = {(y,5) € M x (0,00): d(zq,y) <orqg and tg— (org)*<s<tg}
we have by (@0])

/ |Vul? + Vu? duds < / (|Vu\2 + Vu2)n2x2 duds < u? dp ds.
oQ Q

Combining this final inequality with ([@5]) we obtain the required result. (Il
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We now record the following mean value inequality related to Laplace-Beltrami
operators.
Lemma 7.6. Let u be a weak subsolution of (0y — A)u <0 in Q. Then
C 1/2
sup |u(z,t)| < (2—/ u? dp dt) .
(z.t)eLQ TQM(BQ) 2Q
Proof. This is proved by Saloff-Coste in [311[32]. O

Lemma 7.7 (Mean value inequality for Schrodinger). Let u be a weak solution of
(0s —A+V)u=01in Q. Then

C 1/2
sup Ju(z,t)] < (2—/ u? d,udt) .
(,)€3Q ror(BQ) J2q

Proof. Suppose that u is a non-negative weak solution to (0 — A 4+ V)uy =0 in
Q. Then (0 — A)uy = —Vuy <0, since V is non-negative. Hence Lemma [0l
applies to u. O

Lemma 7.8. Let V € Ay and L = —A + V. Assume u is a weak solution of
(0y + L)Yu = 0 in 2Q for some parabolic cylinder Q). Then for each k > 0 there
exists C, > 0 such that

C
O7)  sup fu(z.t)] < -
(z,t)elQ (1+ TC22 fB(QOQ)
Remark 7.9.

(a) We can rewrite this in an equivalent form:

Ch 1 /2
suplul < i Bo) Jo b
3Q (1+tq FBzan/ia) V)" trontbe) Jo

V) {TéﬂzBQ) /Qu(x’t)Qd“ dt}m

(b) It is possible to improve this to exponential decay:

sup|u| < Crexp{—(1+¢ ][ V)g}{ ! /|u|2}1/2
> Uk - 2 D\
10 @ B(za\/fQ) ra(Bq) Jg

2

for some ¢ > 0.

Proof of Lemma [L8 Fix k € N. For each j =1,2,...,k+1set oj = %—i—% Our
aim is to prove that there exists C' > 0 such that for each 1 < j <k,

kQ
(98) / |u|? dz dt < C ; 55 / lu|? dp dt.
a;Q (]- +T'Q fBQ V) a;j+1Q
By iterating this k times we thus obtain
k2l~c

lul? dz dt < C / |u|? dy dt.
/%Q (1472 fs, V)" Ja

Then we may insert this into the basic subsolution estimate in Lemma [7.7] to obtain

k¥ 1 1/2
suplu| < C*/? / lu|? dp dt .
5Q (1472 fo, V)™ {Téu(BQ) Q }
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To arrive at ([@1), for each & > 0 we simply choose an integer N large enough so
that k < SN/2 and apply the preceding estimate to the integer N.
We proceed with obtaining ([@8]). For each 1 < j < k we pick two cutoff functions
as follows. First set
~ 1 2 g 1

@ = 5o+ aj) =3+ — o

Then for the spatial cutoff we pick x; € C§°(R™) with

~ k
supp x; C a;Bg, 0<x; <1, Xx; =1 on «;Bq, IVx;l < 6
For the temporal cutoff we pick n; € C§°(M) with 0 <n; <1 and
suppn; C (tg — (&er)z,tQ], n; =1 on (tg — (aer)Q,tQ].
Let us set

mg(B) := mg (7‘% ]{3 V).

Then for each j =1,...,k, we have

/ IUI2dudté/ njxjul? dpdt
Oth &JQ

rs.
<024 / VOGP + Vil e
5
< C,\~—/ QWJZ(X?|VU‘2 + U2|VXJ"2) + V|77iju‘2 dpdt
J

§Ck,\~7/ |u\2dudt
mp(;BQ) Ja;i1q
k2 9
mﬁ(BQ) aj+1Q
In the second line we applied the Fefferman-Phong inequality (Lemma[7T]) to n;x;u
and the ball a;Bg with p = 2. In the third line we used that

IV (nix;u)l” < 207 (x; | Vul® + u?|Vx; ).

In the fourth line we applied first |Vix;| < k/rg, and second Cacciopoli’s inequality
(Lemma [TH) to |[Vul? + V|u|? on aj11Q with 0 = - In this case we have

@jt1
(1-0)"2%= (2]“%)2 < k2. In the final line we used that V is doubling, and that
2/3<a; <1.
Next we obtain (@8)) by considering two cases. If r?Q fBQ V > 1, then using

2°75(Bg) > (1 + rg][ V)’
Bo

we obtain ([@8). On the other hand, if 7"(29 fBQ V <1, then since

(1+rg][ V)’ <20
Bq
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we may apply this with the trivial inequality

/ lul? dp dt < k2/ lul? dy dt
a;Q a;+1Q

which always holds. In either case we obtain (98]). O

In this section we apply the subsolution estimates to obtain the following.

Theorem 7.10 (Improved heat kernel bounds). Let V € Ay and L = —A+ V.
Then the heat kernel pi(xz,y) of L satisfies the following: for each k > 0 there exists
Cy > 0 and ¢ > 0 such that for all x,y,€ M and t >0

o (@) /et

ku(B(x, V1)
(1+th(w,ﬁ>V+th(z,ﬁ) V) n(B(x, V1))

pe(x,y) <

Proof. Fix z,y € X and t > 0 with & # y. Set u(z,s) := ps(z,y) for each s > 0
and z # y. We also define the cylinder ) by setting g = z, tg =t, and r?;) =1t/2.
Then clearly (z,t) € $Q and u is a weak solution of (2 +L)u = 0 in 2Q. Therefore
by the improved subsolution estimate in Lemma [(.8 we have for each k > 0 (note
that we write Bg := B(z,1g))

lpe(z,y)| < sup  |u(z,s)]
(z,8)€3Q

Cr 1 / 5
< lu(z, s)|* dz ds
(1472 Fatorer V)" {Téu(BQ) Q }

< Cy { 1 / e—cd(zy)*/s dst}l/Z
- (141 fB(x,TQ)V)k roi(Bq) Jo n(B(z,\/s))

< Ck 1

T (47 gy V) (B VD)

< Ck 1

(14 S fypuy V) 1(BE VD)

< Ck 1

St t o V) HBE VD)

In the third inequality we used the well-known Gaussian bounds on ps(z,y) since
V > 0. In the final inequality we used that V is a doubling measure.

In the fourth inequality we used that s is comparable to ¢ since s € [t — T?Q,t]
implies t > s > t — ré = t/2, and applied the following computation: if z €

B(z,rq) = B(z,/t/2) and \/t/2 < /s < V/t, then x € B(z,/s) since \/t/2 < \/s.
Then by the doubling property ([GS),

p((B(z, V1)) < p(B(2,2V1)) < Cu(B(z,V//2)) < Cu(B(z,v5)).
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Therefore

1 ! dzds
rgu(Bl.1q)) /t—ré /Bum) n(B(z,5))
<« / t / _ Cdzds
~ rpu(B(@,rq)) t—r2, JBorq) (B(z, V1))
¢
n(Bla,vD)*
Finally, from the Gaussian bounds on p.(z,y), we have
Ck 1
(1+ tJCB(a;,\/Z) V)k p(B(z, V1))
Ch e—cd(z,) /1t
(1 +1 fB(z,ﬁ) V)k #(B(xa \/E))

Taking square roots gives the estimate

|pt('/13) y)|2 S

|pt(337 y)|

<

R

o o—cd(z,)/t
(141t pp V)" 1Bl VD)
Now symmetry of the heat kernel p;(z,y) = pt(y, z) implies that

pi(a,y)* = pe(@,y) pe(y, @)

pe(z,y) <

_ C2 1 e—cd(zy)?/t
> % %
(4t favn V) (T4t fa,.05 V) n(B(z, V1))
ZkCI% e—cd(w,y)z/t

<
— k .
(4t fapun V +t fagwm V) #BE VD)
Taking square roots again gives the required estimate.
Note that we have used the inequality
(14 A+ B)* <281+ A)F(1+ B)*

valid for all A, B,k > 0. Indeed if z,5 > 1, then 27! + y~! < 2 and hence
(x4 y)* < 2FzFy*. Then it follows that

(1+A+B)F<(2+A+B)F=(1+A+1+B)" <2"(1+ A)*(1+ B)*.
0

We now record without proof some auxiliary results related to the critical func-
tion p. See for example [33,40].

Lemma 7.11. Let V € RH; N As with ¢ > max{1l,n/2} and let p be a function
defined as in [G3). Then we have the following:

(a) p is a critical function satisfying ([I2).

(b) There exists C > 0 so that

r2 T R?

2-n/q

forallz € X and R > r > 0.
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(¢) For any x € M, we have

_ @ -
mmememﬁ@@@L

We first prove that L satisfies (B1).

Proposition 7.12. Let L = —A +V be a Schridinger operator with V. € RH, N
Aco,q > max{1l,n/2}. Then for each N > 0 there exist C and ¢ > 0 so that

O (A Y VN
(99) ““wgmmaﬁ»p( (j)0+mw+mﬂ
forall z,y € X and t > 0. Hence, L satisfies (B1).

Proof. From the symmetry of the heat kernel it suffices to prove that

(100) e,y < —Fexp ( - d(x’y)Q) (1 + \/E))_N.

u(B(z, V1)) ct plx
By the fact that p;(z,y) satisfies Gaussian upper bounds (60), it suffices to prove
) for p() < VA
To do this, applying Lemma [Z.1T] we have

iy pla)\2-n/a
=@ f  veam <c(C2) T v

which implies

Vit \2-n/a
t V(y)du(y) > Cl —— .
Ty V090 = € (555)

This together with Theorem deduces ([I00). O
For t >0 and z,y € X, we set
0(x,y) = pel(x,y) — pi(@,y).
We now prove that L satisfies (B2). We have the following result.

Proposition 7.13. Let L = —A +V be a Schridinger operator with V.€ RH, N
Aco,q > max{1,n/2}. Then there exist C' and ¢ > 0 so that

Vi 2-n/q 1 d(z,y)z
(101) W“Wﬁobﬁja) Z@@iﬁ“ﬁ‘_ﬁ_)

forallz,y € X andt > 0.
In order to prove Proposition [[.13] we need the following technical lemma.

Lemma 7.14. Let V € RH, N Ay with ¢ > max{1,n/2} and let o > 0. For any
co > 0, there exist C > 0 and Ny > 2 —n/o so that:

(a) For all x € M and v/t < cop(x), we have

(102)
1 _d(z,y)? VN2l
v ) Je P (- T Ve <t (55T

(b) For allz € X and \/t > cop(x), we have

(103)
1 _d(l‘,y)2 —1 ﬁ No
BT ) Je o (- TVt <o (25)




7286 THE ANH BUI, XUAN THINH DUONG, AND FU KEN LY

Proof. The proof of (i) and (ii) can be done in a similar way to that in [I7, Lemma
5.1], and we omit the details. O

We are ready to give the proof of Proposition [.T3l

Proof of Proposition [[ 13l Note that from the Gaussian upper bounds of p;(x,y)
and py(z,y) we have

1 d(z,y)?
u(B(x,\/a)eXp(‘ )

Hence it suffices to prove ([086) for p(z) > /1.
It is well known that by the perturbation formula we have

lqe(z,y)| < C

g(z,y) = / /X B, )V (s (2 y)dp(2)ds

/2 t
:/ /+/ /...;:11+12.
0 X t/2JXx

We take care of I; first. Note that since ps(z,z) and p;—4(z,y) satisfy Gaussian
upper bounds, there exists C, ¢ > 0 so that for 0 < s < t/2,
(105)

Ds ({E, Z)ptis(z, y)

(104)

1 2d(z, 2)2 1 d(z,9)*
= LB ve) P (== )mB(y, VE=5)) e (- et —ys>)
1 d(z, 2)? d(z, z)*
S w(B(x,+/3)) P ( s ) xp ( o )
1 d(z,y)?
Bl =)
1 d(z,2)? 1 d(z,y)?
S BT eXp(_ cs )M(B(% Vi) exP(_ cty )

Inserting this into the expression of I and using (I2)), we obtain that

1 d(z,y)*\ ["* !
jlgmexp(— cty )/0 /Mm
X exp ( — d(%;)Q)V(Z)dN(Z)

d(z,y)2\ [Y? /s \2n/ads
w(B(x, /1)) P ( a cty ) /0 (m) 5

1 d(x,y)?\ 7 V't \2-n/a
w(B(x, /1)) P ( B cty ) (—) '

p(x)
Similarly we obtain that

<

A

S L (- ATy (VY

ct @
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This together with Lemma [Z.11] gives, for p(z) > v/,

2— n/q

n/q x, 0(2—n/q)
L3 me@(‘T)(T)Q (#)k 2
VE 2774 /E 4 d(, )\ Fo(2-7/a)
SM(B(;,\/E)) eXp( ct )(p—;) ( NG =)
)

A

o= () G
W(B(r, VD) v )\p(@)
This completes the proof of (I06]). O

We have the following result which shows that L satisfies (B3).

Proposition 7.15. Let L = —A +V be a Schridinger operator with V.€ RH, N
Aso,q > max{1,n/2}. Then for any 0 < 6 < min{d;,2 — n/q} there exist C' and
c> 0 so that

(106) |Qt($7y) - qt(fv y)'

. d(x,T)\® sd(x,T)\¢ 1 d(z,y)?
Scmm{( o ) o) }mB(w,ﬂ))eXp(‘Ty)

for allt >0, d(z,7) < d(x,y)/4 and d(z,T) < p(x).

Proof. By the perturbation formula, we have

@(@,y) — (T, y) = / /X (Bul 2) — Pl )V ()pe—a(z 9)dp(2)ds

t/2 t
0 X t/2JX

‘We now take care of Iy first. To do this we write

t/2 t/2
]1:/ / +/ / o= Iy + o,
0 B(z,B(z,d(z,y)/2) 0 X\B(z,B(z,d(z,y)/2)

Note that for z € B(x,d(z,y)/2), d(z,y) ~ d(x,y). This, together with (G2) and
the fact that t — s ~ ¢ for s € (0,t/2) gives

t/2 d(l‘,f) 8 1
me [ f () T
X {exp(—ﬂ%f)+exp(

1 d(z,y)? \/f
x (B(y7ﬁ))eXp(_ ot )(

p(x)? t/2
/ / / / o= Jr 4+ Jo,
B(z,2d(z,T) (z)? J B(z,2d(z,T))

where N is a sufficiently large number which will be fixed later.
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Note that p(z) ~ p(Z) for d(x,T) < p(z). This, together with Lemma [[.14] (a)
and § <2 —n/q, gives
1

NS ———F=
1(B(y, V)

x, VEN-N= (PO (T 2-n/qds

Xexp( d( ))(1 )) /0 d( )) (i) fads

ct oy
d(z,) d(x y)2 t\TNO
< v
< (o) S o () 0 )
This along with Lemma IEII 1mp11es that

xr,T T, 2 T, 0 \/_ —N=
125 s e (- S ) )T

Taking N = dkg, we have

(14 Lz VI (g dlmpye

p(y) p(y) Vit
Hence
r,T z,y)? z, o N
0 (f ))6u<B<y1,\/i>> o (- 4 )(”d(\/zy))ék (”T;) 6

d(xz,T)\? 1 d(z,y)? N
5( o(y ) w(B(y, V1)) exp(— Cty )(1+p(y)) ’

Similarly, by Lemma [T.14] (b) and Ny > 2 —n/q > §, we have

T, 2 ViEN-N- t/2 T, T s ods

J2 S M(B(;, Vi) eXP(_d( cty) )(1+p(yt)) : 5/{3(@2 (d(\/g U%%)N%
T, 2 T, T \/_ 0~ \/_ —N—do
5u<B<y1,ws>> ow (- 5 )(dﬁ)(x)))g(p(;))]v 6(1%—;)) h

1 d(z,y)%\ rd(z, )\ / p(y)\No—9 Vi \—N—6+No

s 1W(B(y, V) eXp(_ cty )( (@) ) (Z(i)) (”@) '

We now take N = Ny(ko + 1) and use the argument above to obtain that

d(z,T)\° 1 d(z,y)? N
B2 5 ( p(y) ) (B(y, V1)) exp(— cty )(1+@> ’

Arguing similarly we obtain

d(x,T)\° 1 d(z,y)? Vit —?
1125( o(y) ) M(B(y,\/g))eXp(_ cty )(1+@) '

Taking estimates Jy, Jo, and 15 into account we conclude that

d(z,T)\9 1 d(z,y)? Vi —9
h 5( p(y) ) (B(y, V1)) eXp<_ cty )(Hp(y))

. d(x,T)\® sd(x,T)\? 1 d(z,y)?
smm{( )G }M<B<y,\/z>)e’<p(‘ @)




MAXIMAL FUNCTION CHARACTERIZATIONS 7289

We turn to the term I5. By a change of variable we can rewrite

t/2
I :/0 /X(ﬁt,s(x,z) _ﬁtfs(fa Z))V(z)ps(z,y)d,u(Z)ds

Using (62), Proposition [[.12] and the fact that ¢ — s ~ ¢ for s € (0,t/2], we obtain

t/2 d(z,T)\? 1 d(z, 2)?
ps [ ) e e (- v

_Wp< ) 1)

t/2 (z,7) z,2)?
/ / (B zl,\/Z))eXp(_d(ct))V(z)

X m exp ( d(zc,sy) ) (1 + p\(/yg) ) 7Ndu(z)ds

= Iy + Is.

~—
QU
VA

Note that for s € (0,t/2] we have

d(:vvz)z) exp ( B d(z,y)z) < exp ( B d(w,y)z) exp ( B d(z,y)2>_

e _
*p ( ct cs c't c's

Inserting this into the expression of I3; we obtain, for N > Ny,

)

d(x,T)\? 1
05 () e, \/z?)) w (-

/t/2/ )eXp< d(

If t/2 > p(y), then by Lemma [T.T4] we have
[ e gy (- 520 ) e
WP J5N2nfads [ /5 \No s /5N ds
< (@) 5 +/p<y>2 (@> (@) B

)

)
~—

V)

Hence,
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If t/2 < p(y), then by Lemma [T.14] (a) we obtain

1< (U 7)) 1
n 5 Vi )u(ff(x,ﬁ))
XeXp(_d@,y)?)/ot“(f)zn/q( 5 \2- /a0 ds

't ) (y) s

(
d(z,T)\° 1
S0 ) wmev w (- S
P d(z ( )
~ u(B(z, V1))

25
5min{<d(f/’;))5, 5}# )exp(—%).

exp (

By a similar argument, we also have

1
I S

™ (B, V1))

d(z, y)Q)

ct

{
exp ( - M) min { (d(x,f))é, (d(q;,f))a}

exp(—

ct

<t
™ u(B(y, V1))

2 Z)\ 6
<1 w0 (- d(z,y) )(d(w,x)) _
1(B(y, V1)) ct P(y)
This completes our proof. (Il
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